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ABSTRACT. In this study, we prove the automatic continuity of surjective n-homomorphism
between complete p-normed algebras. We show also that ifA andB are complete *-p-normed
algebras,B is *simple andψ : A → B is a surjective n-homomorphism under certain conditions,
thenψ is continuous.
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2 M. ABOULEKHLEF, Y. TIDLI

1. I NTRODUCTION

In this paper, the algebras considered are assumed complex, commutative, and not necessarily
unitary.

Definition 1.1. Let A be a vector space andp a real number(0 < p ≤ 1). A real function
‖ · ‖p: A → R+ is called a p-norm if :

• ‖x‖p ≥ 0.
• ‖x‖p = 0 ⇐⇒ x = 0.
• ‖λx‖p = |λ|p‖x‖p ∀x ∈ A and∀λ ∈ C.
• ‖x+ y‖p ≤ ‖x‖p + ‖y‖p ∀x, y ∈ A

Definition 1.2. A(complex) p-normed algebra is a pair (A,‖ · ‖p) whereA is a complex al-
gebra and‖ · ‖p is a p-norm onA which is sub-multiplicative,i.e. for allx, y ∈ A we have
‖xy‖p ≤ ‖x‖p‖y‖p

A complete p-normed algebra is a p-normed algebra which is complete as a normed space.

2. PRELIMINARIES

It is convenient to begin by recalling some definitions and known results.
If A does not have a unit, then we can adjoin one as follows:

Proposition 2.1. A p-normed algebra without a unit can be embedded into a unital p-normed
algebraA# as an ideal of codimension one.

Proof. Let A# = A⊕ C Direct sum ofA and the field of complex numbers.
A# is a vector space under the usual operations :
+ : A# × A# −→ A#

((x, α), (y, β)) −→ (x+ y, α+ β)

. : C× A# −→ A#

(λ, (x, α)) → (λx, λα)

In addition to,A# is an algebra when defining a multiplication inA# by :
� : A# × A#. −→ A#

(x, α), (y, β)) −→ (x, α)� (y, β)
(x, α)� (y, β) := (x, α)(y, β) := (xy + βx+ αy, αβ)

The operation� is closed onA#, and
(
A#,+, .,�

)
is algebra with unit element(0, 1).

Now, define the function‖ · ‖p onA# by :
‖ · ‖p : A# −→ R+

(x, α) −→ ‖(x, α)‖p = ‖x‖p + |α|
then (A#,‖ · ‖p) is p-normed algebra.
LetB = {(x, 0) : x ∈ A}, and
Identify :
φ : A→ B

x→ (x, 0)
‖(x, 0)‖p = ‖x‖p + |0 |= ‖x‖p henceφ is isometric isomorphe.
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We write(x, λ) = (x, 0) + λ(0, 1), sinceB is an ideal inA× C of codimension 1.

Now, define the spectrum and the spectral radius:

Let A be an algebra :

(1) If A is unital with uniteA then the spectrum and the spectral radius ofx are defined by :

(2.1) spA(x) := {λ ∈ C : λeA − x /∈ Inv A}

ρA(x) := sup {|λ| : λ ∈ spA(x)}(2.2)

where InvA is the set of invertible elements ofA.
(2) If A is nonunital, we define the quasi-product� onA by

x � y = x+ y − xy (x, y ∈ A)

An element x ofA is called quasi-invertible if there isy ∈ A such thatx � y = 0 and
x � y = 0. The set of all quasi-invertible elements ofA is denoted byq − InvA.
Let A# the Banach algebra obtained by adjoining a unit toA, called the unitization of
A.
We define spectrum in non-unital Banach algebra :

spA(x) = {0} ∪
{
λ ∈ C\{0} : 1

λ
x /∈ q − Inv A

}
and it is easy to see thatspA(x) =

spA#((x, 0)) andρA(x) = ρA#((x, 0))

Definition 2.1. An involution∗ on an algebraA is a mapping∗ : A → A satisfying :

(x+ y)∗ = x∗ + y∗ (λx)∗ = λ̄x∗

(xy)∗ = y∗x∗

with involution∗ , A is called∗-algebra.

Remark 2.1. If A is involutive, defining an involution onA# by : (x, λ)∗ :=
(
x∗, λ̄

)
,∀(x, λ) ∈

A#

Definition 2.2. Let A and B be two algebras. A linear mapψ : A → B is called ann-
homomorphism if for eachα1, . . . , αn ∈ A thenψ (α1 . . . αn) = ψ (α1) . . . ψ (αn) .

An ideal J of∗-algebra is called a∗-ideal if J∗ ⊆ J (thenJ∗ = J).
Recall that an algebraA is called simple if it has no proper ideals. An∗-algebraA is called∗
-simple if it has no proper∗ -ideals.

Proposition 2.2. [7] LetA be an *-simple algebra, ifA is not simple. Then there exists a unitary
simple subalgebra J ofA such thatA = J ⊕ J∗

Definition 2.3. LetA be an algebra,A is called factorizable if for eachγ ∈ A there areα, β ∈ A
such thatγ = αβ.

Lemma 2.3. [9] LetA be a Banach algebra such thatxy = yx. Thenρ(x+ y) ≤ ρ(x) + ρ(y)
andρ(xy) ≤ ρ(x)ρ(y) for all x, y ∈ A

Definition 2.4. The (Jacobson) radical of an algebraA is denoted byrad A whererad A is the
intersection of all maximal left (right) ideals inA.
Recall that an algebraA is called semisimple ifrad A = {0}.
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Lemma 2.4. [5]. LetB be a Banach algebra, letp(z) be a polynomial with coefficients inB,
and letR > 0. Then

(2.3) ρB(p(1))2 ≤ sup
|z|=R

ρB(p(z)) sup
|z|= 1

R

ρB(p(z))

Lemma 2.5. LetA be a Banach algebra. Then

(1) givenx ∈ A and suppose thatρA (x1x2 · · ·xn−1x) = 0 for all x1, x2, . . . , xn−1 ∈ A,
thenx ∈ rad A.

(2) givenx ∈ A and suppose thatρA (xx1x2 · · ·xn−1) = 0 for all x1, x2, . . . , xn−1 ∈ A,
thenx ∈ rad A.

Recall the concept of separating space of a linear operator, letA and B be two Banach
algebras, and letψ : A −→ B be a linear mapping. The separating space ofψ is defined by :

(2.4) S(ψ) = {β ∈ B : there exists(αm)m in A such thatαm → 0 andψ (αm) → β}
We know thatS(ψ) is a closed linear subspace ofB. By the closed graph theorem,ψ is

continuous if and only ifS(ψ) = {0} [2, 5.1.2]

Proposition 2.6. Let A and B be topological algebras andψ : A → B be a dense range
n-homomorphism withψ(A) is factorizable. ThenS(ψ) is a closed (two-sided) ideal inB.

Proof. By [[2], Proposition 5.1.2],S(ψ) is a closed linear subspace ofB. Let y ∈ S(ψ) and
x ∈ A. There exists a net{xm} in A such thatxm → 0 andψ (xm) → y. Sinceψ(A) is a
factorizable algebra, there arex′1, . . . , x

′
n−1 ∈ A such thatψ(x) = ψ (x′1) · · ·ψ

(
x′n−1

)
. Since

x′1 · · ·x′n−1xm → 0 andψ
(
x′1 · · ·x′n−1xm

)
→ ψ (x′1) · · ·ψ

(
x′n−1

)
y = ψ(x)y, it follows that

ψ(x)y ∈ S(ψ). Similarly, yψ(x) ∈ S(ψ)
If y′ ∈ B then there exists a net{x′k} in A such thatψ (a′k) → y′ and soψ (x′k) y → y′y. Since
ψ (x′k) y ∈ S(ψ) andS(ψ) is closed, it follows thaty′y ∈ S(ψ). Similarly,yy′ ∈ S(ψ). Hence
S(ψ) is an ideal inB

3. M AIN RESULT

Theorem 3.1.LetA andB be completep-normed algebras, and letψ : A → B be a surjective
n-homomorphism, and suppose thatB is semisimple and factorizable. Thenψ is automatically
continuous.

Proof. Let A be a completep-normed algebra andxm → 0 in A such thatψ (xm) → y in B
Let x ∈ A with ψ(x) = y, and form ≥ 1, and letPm(z) = zψ (xm) + (ψ(x)− ψ (xm))
Then for allz ∈ C : ρB (Pm(z)) ≤ ‖Pm(z)‖p ≤ |z| ‖ψ (xm)‖p + ‖ψ(x)− ψ (xm)‖p

for all z ∈ C :
ρB

(
Pm(z)n−1

)
≤ ρA

(
(zxm + (x− xm))n−1) ≤ ∥∥(zxm + (x− xm))n−1

∥∥
p

≤ ‖zxm + (x− xm)‖n−1
p ≤

(
|z| ‖xm‖p + ‖x− xm‖p

)n−1

If λ ∈ spB (Pm(z)) thenλn−1 ∈ spB (Pm(z)n−1)
HenceρB (Pm(z)) ≤ |z| ‖xm‖p + ‖x− xm‖p for all m ≥ 1, and allR > 0:

ρB(y)2 ≤
(
R ‖xm‖p + ‖x− xm‖p

) (
R−1 ‖ψ (xm)‖p + ‖ψ(x)− ψ (xm)‖p

)
Letting firstm→∞, and thenR→∞, it follows thatρB(y) = 0.

B is factorizable, then for everyy′ ∈ B there arey′1, . . . , y
′
n−1 ∈ B such thaty′ = y′1 . . . y

′
n−1

By choosingx′i ∈ A, i = 1, . . . , n− 1, with ψ (x′i) = y′i, i = 1, . . . , n− 1,
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we havex′1 . . . x
′
n−1xm → 0 in A andψ

(
x′1 . . . x

′
n−1xm

)
→ y1 . . . y

′
n−1y = y′y in B ρB (y′y) =

0.
Sincey′ is arbitrary, by Lemma 2.5, it follows thaty ∈ rad B, and hencey = 0

Theorem 3.2.LetA andB be complete p-normed algebras withB is an unital, strongly semi-
simple algebra. Ifψ : A → B is a dense rangen-homomorphism such thatψ(A) is factorizable,
thenψ has a closed graph.

Proof. Let M be a maximal ideal ofB. SinceB is an unital complete p-normed algebra, M is
closed and so, by[1, 6.14(3)],B/M is a complete p-normed algebra. Since ideals inB/M are
in the form ofJ/M , whereJ is an ideal inB containingM , the only ideals ofB/M are zero
(that is,M ) andB/M . HenceB/M is simple.
Let π : A → B/M , which is the composition ofψ, and the canonical map fromB ontoB/M .
By Proposition 2.6,S (π) is an ideal ofB/M. On the other hand, by Lemma 2.4 we have

ρB/M (π(x)n−1) ≤ ρA (xn−1) (x ∈ A)

If λ ∈ spB/M (π(x)) thenλn−1 ∈ spB/M (π(x)n−1) and soρB/M (π(x)) ≤ ρA(x). If eB/M ∈
S (π) then there exists a net{xk} in A such thatxk → 0 in A andπ (xk) → eB/M in B.
Moreover,

1 = ρB/M

(
eB/M

)
≤ ρB/M (π (xk)) + ρB/M

(
eB/M − π (xk)

)
≤ ρA (xk) + ρB/M

(
eB/M − π (xk)

)
.

or ρA andρB/M are continuous at zero and so

ρA (xk) + ρB/M

(
eB/M − π (xk)

)
→ 0

which is a contradiction. HenceeB/M /∈ S (π). SinceB/M is simple, it follows thatS (π) =
M , that is,π is continuous and henceπ (xk) → 0, which implies thaty ∈ M . SinceM is an
arbitrary maximal ideal, we conclude thaty ∈ <(B). SinceB is strongly semisimple, we have
y = 0.

Theorem 3.3. Let ψ be a surjective n-homomorphism from a complete p-normed algebraA
onto a complete *-p-normed algebraB, and suppose thatB is *-simple. Thenψ is continuous.

Proof. SinceB is a *-simple algebra, there exists a unitary simple subalgebra J ofB such that:
B = J ⊕ J?; of the following algebraic isomorphism:J ' B/J?.
We deduce that J is a maximal ideal ofB. Hence J(resp.J? ) is closed inB. Hence, J (resp.J?)
is a complete p-normed subalgebra.
Let :Pr1 : B −→ J (resp.Pr2 : B −→ J∗) the canonical projection ofB on J (resp. ofB on
J?).
SincePr1 (resp.Pr2 ) is a continuous epimorphism,Pr1 ◦ ψ ( resp.Pr2 ◦ ψ) is continuous.
As a result,ψ = (Pr1 + Pr2) ◦ ψ = Pr1 ◦ ψ + Pr2 ◦ ψ is continuous.

Theorem 3.4. Let ψ be a surjective n-homomorphism from a complete p-normed algebraA
onto a complete *-p-normed algebraB. If B is *-semi-simple thenψ is continuous.

Proof. Let M un ideal *-maximum ofB andπ : B −→ B/M the canonical surjection. Asπ is
surjective and continuous, it, therefore, follows thatπ ◦ ψ is a surjective homomorphism in the
quotient algebraB/M which is *-simple. Since M is a closed ideal ofB, B/M is a complete
p-normed algebra. So, by Theorem 3.2,π ◦ ψ is continuous. as a result ,S(π ◦ ψ) = (0),or 0
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is the class of0.
Or S (π ◦ ψ) = π(S(ψ)) whenceπ(S(ψ)) = {0},
which impliesS(ψ) ⊆M
Since M is arbitrary, thenS(ψ) ⊆ ∩M or∩M = Rad∗(A) = {0} whenceψ is continuous.
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