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ABSTRACT. In this present work, we introduce a new type of finite dimensional cubic functional
equation of the form

Λ

(
φ∑

e=1

efe

)
=

∑
1≤e<f<g≤φ

Λ (efe + fff + gfg) + (3− φ)
∑

1≤e<f≤φ

Λ (efe + fff)

+
(

φ2 − 5φ + 6
2

) φ−1∑
e=0

(e + 1)3
(

Λ(fe+1)− Λ(−fe+1)
2

)
,

whereφ ≥ 4 is an integer, and derive its general solution. The main purpose of this work is
to investigate the Hyers-Ulam stability results for the above mentioned functional equation in
Fuzzy Banach spaces by means of direct and fixed point methods.
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1. I NTRODUCTION

A functionF : X → Y between real vector spaces is called a cubic function if

(1.1) F(2p + q) + F(2p− q) = 2F(p + q) + 2F(p− q) + 12F(p), p, q ∈ X.

TheFE (1.1) is known as a cubicFE . As of late, impressive consideration has been expanding
to the issue of fuzzy stability ofFEs. A few different fuzzy stability results concerning Cauchy,
basic quadratic, and cubicFEs have been examined [4, 6, 9], [12]-[15].

In demonstrating applied issues just halfway data might be known (or) there might be a level
of vulnerability in the boundaries utilized in the model or a few estimations might be uncertain.
Because of such highlights, we are enticed to think about the investigation ofFEs in the fuzzy
setting. Throughout the previous 40 years, the fuzzy hypothesis has become a particularly
unique space of assessment and a lot of progress has been made in the theory of fuzzy sets.
This branch finds a wide extent of employments in the field of science and planning.

A. K. Katsaras [10] introduced a thought about theFN on a linear space, around a similar
time Cpmgxin Wu [21] introduced a thought ofFNS to give a theory of the Kolmogoroff
normalized speculation for fuzzy topological linear spaces. In 1991, R. Biswas [3] portrayed
and considered fuzzy inner product spaces in linear space. In 1992, C. Felbin [7] introduced an
elective importance of aFN on linear topological plans of aFNS. In 1994, S. C. Cheng [5]
introduced an importance of theFNS so that the relating started fuzzy metric is of I. Kramosil
[11]. In 2003, T. Pack [1, 2] changed the importance of S. C. Cheng [5] by dispensing with
a normal condition. Actually various results have been analyzed by different makers one can
insinuate [16]-[20].

In this present work, we introduce a new type of finite dimensional cubicFE of the form

Λ

(
φ∑

e=1

efe

)
=

∑
1≤e<f<g≤φ

Λ (efe + fff + gfg) + (3− φ)
∑

1≤e<f≤φ

Λ (efe + fff)

+

(
φ2 − 5φ+ 6

2

) φ−1∑
e=0

(e + 1)3

(
Λ(fe+1)− Λ(−fe+1)

2

)
,(1.2)

whereφ ≥ 4 is an integer, and derive its general solution. The main purpose of this work is to
investigate theHUS results for the above mentionedFE in Fuzzy Banach spaces by means of
direct and fixed point approaches.

2. PRELIMINARIES

We recall some basic facts concerningFNSs and some preliminary results.

Definition 2.1. A functionN : X ×R → [0, 1] is called a fuzzy norm onX if

(FNS01)N (p, t) = 0 for t ≤ 0.
(FNS02)x = 0 ⇔ N (p, t) = 1, ∀ t > 0.

(FNS03)N (cp, t) = N
(
p, t
|g|

)
.

(FNS04)N (q + p, s+ t) ≥ min{N (q, s),N (p, t)}.
(FNS05) limt→inf N (p, t) = 0 andN (p, .) is non-decreasing onR.
(FNS06) Forx 6= 0,N (p, .) is continuous onR, ∀ p, q ∈ X , s, t ∈ R.

The pair(X ,N ) is called aFNS or fuzzy normed linear space.
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Example 2.1.Let (p, ‖.‖) be a normed linear space andα, β > 0. DefineN : X ×R → [0, 1]
by

N(p, t) =

{
αt

αt+β‖x‖ , if t > 0, p ∈ X
0, if t ≤ 0, p ∈ X .

It is easy to check thatN is fuzzy norm onX .

Theorem 2.1. If Λ : X → X is strictly contractive and(p, d) be a complete metric space.
Suppose thatd(Λk+1a,Λka) <∞, k ≥ 0, then

(1)
{
Λfe
}∞
n=1

converges to a fixed pointb ∈ X of Λ.
(2) b is the unique fixed point ofΛ in the setY = {q ∈ X |d(Λke, q) <∞}.
(3) d(y, b) ≤ 1

1−φd(q,Λq), ∀ q ∈ Y.

3. GENERAL SOLUTION FOR THE EQUATION (1.2)

In this part, we achieve the general solution of the cubicFE (1.2).

Theorem 3.1. If Λ : P → Q satisfies theFE (1.2), then the functionΛ : P → Q satisfies the
FE (1.1).

Proof. Assume thatΛ : P → Q satisfies theFE (1.2), for allf1, f2, f3, ..., fφ ∈ X . Substituting
(f1, f2, f3, ..., fφ) by (0, 0, 0, ..., 0) in (1.2), we receive

Λ(0) =

(
φ3 − 3φ2 + 2φ

6

)
Λ(0) + (3− φ)

(
φ2 − φ

2

)
Λ(0)

+

(
φ2 − 5φ+ 6

2

)(
φ4 − 2φ3 + φ2 + 1036φ− 1680

4

)
Λ(0)

=

(
4φ3 − 12φ2 + 8φ

24

)
Λ(0) +

(
36φ2 − 36φ− 12φ3 + 12φ2

24

)
Λ(0)

+ 3

(
φ2 − 5φ+ 6

6

)(
φ4 − 2φ3 + φ2 + 1036φ− 1680

4

)
Λ(0)

Λ(0) =

(
φ6 − 2φ5 + 51φ4 + 3064φ3 − 10446φ2 + 43848φ− 10108

24

)
Λ(0)

0 =

(
φ6 − 2φ5 + 51φ4 + 3064φ3 − 10446φ2 + 43848φ− 10108

24

)
Λ(0)

Λ(0) = 0.
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Replacing(f1, f2, f3, ..., fφ) by (f, 0, 0, ..., 0) in (1.2), we get

Λ(f) =

(
φ2 − 3φ+ 2

2

)
Λ(f) + (3− φ)(φ− 1)Λ(f) +

(
φ2 − 5φ+ 6

4

)
[Λ(f)− Λ(−f)]

=

(
−φ2 + 5φ− 4

2

)
Λ(f) +

(
φ2 − 5φ+ 6

4

)
Λ(f)−

(
φ2 − 5φ+ 6

4

)
Λ(−f)

=

(
−2φ2 + 10φ− 8 + φ2 − 5φ+ 6

4

)
Λ(f)−

(
φ2 − 5φ+ 6

4

)
Λ(−f)

=

(
−φ2 + 5φ− 2

4

)
Λ(f)−

(
φ2 − 5φ+ 6

4

)
Λ(−f)

= −
(
φ2 − 5φ+ 6

4

)
Λ(f)−

(
φ2 − 5φ+ 6

4

)
Λ(−f)

Λ(−f) = −Λ(f), ∀ f ∈ P .

HenceΛ is odd function. Again replacing(f1, f2, f3, ..., fφ) by (0, f, 0, ..., 0) in (1.2), we have

Λ(2f) =

(
φ2 − 3l + 2

2

)
Λ(2f) + (3− φ)(φ− 1)Λ(2f)

+ 8

(
φ2 − 5φ+ 6

2

)
Λ(f)

=

(
−φ2 + 5φ− 4

2

)
Λ(2f) + 8

(
φ2 − 5φ+ 6

2

)
Λ(f)

0 =

(
−φ2 + 5φ− 6

2

)
Λ(2f) + 8

(
φ2 − 5φ+ 6

2

)
Λ(f)

0 = −
(
φ2 − 5φ+ 6

2

)
Λ(2f) + 8

(
φ2 − 5φ+ 6

2

)
Λ(f)(

φ2 − 5φ+ 6

2

)
Λ(2f) = 8

(
φ2 − 5φ+ 6

2

)
Λ(f)

Λ(2f) = 8Λ(f), ∀ f ∈ P .(3.1)

Now, lettingf by 2f in (3.1), we get

Λ(22f) = 23Λ(2f) = 26Λ(f), ∀ f ∈ P .(3.2)

Now, lettingf by 2f in (3.2), we get

Λ(23f) = 26Λ(2f) = 29Λ(f), ∀ f ∈ P .(3.3)

In general,

(3.4) Λ(2ef) = 2eΛ(f), ∀ f ∈ P .
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Setting(f1, f2, f3, ..., fφ) by
(
p, −p

2
, p

3
, y

4
, 0, ..., 0

)
in (1.2), and using (3.1), we receive

Λ(p + q) = Λ(2p + q) + (2φ− 8)Λ(p + q)− (φ− 4)Λ(p− q) + (φ− 4)Λ(2p)

+

(
φ2 − 9l + 22

2

)
Λ(p) +

(
φ2 − 9l + 24

2

)
Λ(q) + 2(3− φ)Λ(p + q)

− (3− φ)Λ(p− q) + (3− φ)Λ(2p) +

(
φ2 − 5φ+ 6

2

)
Λ(p)

+

(
φ2 − 5φ+ 6

2

)
Λ(q)

= Λ(2p + q) + (2φ− 8 + 6− 2φ)Λ(p + q)− (φ− 4 + 3− φ)Λ(p− q)

+ (φ− 4 + 3− φ)Λ(2p)

+

(
φ2 − 9φ+ 22 + 6φ− 24− 2φ2 + 8φ+ φ2 − 5φ+ 6

2

)
Λ(p)

+

(
φ2 − 9φ+ 22 + 6φ− 24− 2φ2 + 8φ+ φ2 − 5φ+ 6

2

)
Λ(q)

= Λ(2p + q)− 2Λ(p + q) + Λ(p− q)− Λ(2p) + 2Λ(p) + 3Λ(q)

3Λ(p + q) = Λ(2p + q) + Λ(p− q)− 6Λ(p) + 3Λ(q), ∀ p, q ∈ X .(3.5)

Replacingq by−q in (3.5), we obtain

3Λ(p− q) = Λ(2p− q) + Λ(p + q)− 6Λ(p) + 3Λ(−q)

3Λ(p− q) = Λ(2p− q) + Λ(p + q)− 6Λ(p)− 3Λ(q), ∀ p, q ∈ X .(3.6)

Adding (3.5) and (3.6), We obtain our result (1.1).

4. STABILITY OF THE FE (1.2): D IRECT M ETHOD

In the rest of this section, we takeA, (B,P ) and(Z,Q) are linear space, fuzzy Banach space
andFNS, respectively. For notational convenience, we useΛ : P → Q by

DΛ (f1, f2, f3, ..., fφ) = Λ

(
φ∑

e=1

efe

)
−

∑
1≤e<f<c≤φ

Λ (efe + fff + gfg)− (3− φ)

∑
1≤e<f≤φ

Λ (efe + fff)

−
(
φ2 − 5φ+ 6

2

) φ−1∑
e=0

(e + 1)3

(
Λ(fe+1)− Λ(−fe+1)

2

)
,

for everyf1, f2, f3, ..., fφ ∈ P. In this section, we examine a fuzzy version of theHUS for the
FE (1.2) inFNSs by means of direct method.

Theorem 4.1.Letu ∈ {−1, 1} andχ : Aφ → Z is defined by

(4.1) Q (χ(0, 2uf, 0, ..., 0), ε) ≥ Q (ςuχ(0, f, 0, ..., 0), ε) , ς > 0,
( ς

23

)u
< 1,
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including

lim
m→∞

Q
(
χ(2umf1, 2

umf2, 2
umf3, ..., 2

umfφ), 2
3umε

)
= 1,

for all f1, f2, f3, ..., fφ ∈ P andε > 0. Then an odd mappingΛ : P → Q with Λ(0) = 0 fulfils

(4.2) P (DΛ(f1, f2, f3, ..., fφ), ε) ≥ Q(χ(f1, f2, f3, ..., fφ), ε),

for all f1, f2, f3, ..., fφ ∈ P andε > 0. Then the limit

C(f) = P − lim
m→∞

Λ(2umn)

23um
exists, ∀ f ∈ P

andC : P → Q is a unique cubic mapping such that

(4.3) P (Λ(f)− C(f), ε) ≥ Q(χ(f1, f2, f3, ..., fφ),

(
φ2 − 5φ+ 6

2

)
|23 − ς|ε),

for all f ∈ P andε > 0.

Proof. Initially, we considere = 1. Substituting(f1, f2, f3, ..., fφ) through(0, f, 0, ..., 0) in
(4.2), we reach

P

((
φ2 − 5φ+ 6

2

)
Λ(2f)− 8

(
φ2 − 5φ+ 6

2

)
Λ(f), ε

)
≥ Q(χ(0, f, 0, ..., 0), ε)

P

((
Λ(2f)

23

)
−
(

2ε

8(φ2 − 5φ+ 6)

)
, ε

)
≥ Q(χ(0, f, 0, ..., 0), ε),(4.4)

f ∈ P , ε > 0.

Exchangingf through2mf in (4.4), we acquire

P

((
Λ(2(m+1)f)

23

)
− Λ(2mf),

(
ε

8(φ2 − 5φ+ 6)

))
≥ Q(χ(2mf, 2mf, 0, ..., 0), ε)

P

((
Λ(2(m+1)f)

23(m+1)

)
− Λ(2mf)

23m
,

(
2ε

23(m+1)(φ2 − 5φ+ 6)

))
≥ Q(χ(0, 2mf, 0, ..., 0), ε),

f ∈ P , ε > 0.

Utilizing (4.1) and (3) in the above inequality, we reach

P

((
Λ(2(m+1)f)

23(m+1)

)
− Λ(2mf)

23m
,

(
2ε

23(m+1)(φ2 − 5φ+ 6)

))
≥ Q(χ(0, 2mf, 0, ..., 0),

ε

ςm
),

f ∈ P , ε > 0.

Switchingε throughςm in the last inequality, we acquire

P

((
Λ(2(m+1)f)

23(m+1)

)
− Λ(2mf)

23m
,

(
2ςmε

23(m+1)(φ2 − 5φ+ 6)

))
≥ Q(χ(0, 2mf, 0, ..., 0), ε),

(4.5)

f ∈ P , ε > 0.
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From (4.5), we obtain

P

((
Λ(2(m)f)

23(m)

)
− Λ(f),

m−1∑
e=0

(
2ςeε

23(e+1)(φ2 − 5φ + 6)

))

= P

(
m−1∑
e=0

(
Λ(2e+1f)
23(e+1)

− Λ(2af)
23(a)

)
,
m−1∑
e=0

(
2ςeε

23(e+1)(φ2 − 5φ + 6)

))

≥ min
0≤a≤m−1

P

((
Λ(2e+1f)
23(e+1)

− Λ(2af)
23(a)

)
,

(
2ςeε

23(e+1)(φ2 − 5φ + 6)

))
≥ Q(χ(0, f, 0, ..., 0), ε), ∀ f ∈ P, ε > 0,m ∈ N .(4.6)

Substitutingf by 2sf in (4.6) and utilizing (4.1) with (3), we acquire

P

((
Λ(2m+sf)

23(m+s)
− Λ(2sf)

23(s)

)
,

m−1∑
e=0

(
2ςeε

23(e+s+1)(φ2 − 5φ+ 6)

))
≥ Q(χ(0, 2sf, 0, ..., 0), ε)

≥ Q(χ(0, f, 0, ..., 0),
ε

ςs
).

Also

P

((
Λ(2m+sf)

23(m+s)
− Λ(2sf)

23(s)

)
,
m+s−1∑

e=s

(
2ςeε

23(e+s+1)(φ2 − 5φ+ 6)

))
≥ Q(χ(0, f, 0, ..., 0), ε),

∀ f ∈ P , ε > 0, s,m ≥ 0. Exchangingε through εPm+s−1
e=s

�
2ςe

23(e+1)(φ2−5φ+6)

� in the last inequality,

we obtain
(4.7)

P

((
Λ(2m+sf)

23(m+s)
− Λ(2sf)

23(s)

)
, ε

)
≥ Q

χ(0, f, 0, ..., 0),
ε∑m+s−1

e=s

(
2ςe

23(e+1)(φ2−5φ+6)

)
 ,

∀ f ∈ P , ε > 0, s,m ≥ 0. Since

∞∑
e=0

(
2ς

8(φ2 − 5φ+ 6)

)e

<∞,

it follows from (4.7) and (5) that
{

Λ(2mf)
23m

}∞
m=1

is Cauchy in(Q,P) for eachf ∈ P. Since

(Q,P) is a fuzzy Banach space, this sequence converges to some pointC(f) ∈ Q for each
f ∈ P. DefineC : P → Q by

C(f) = P − lim
m→∞

Λ(2mf)

23m
, f ∈ P .

SinceΛ is odd,C is odd. Lettings = 0 in (4.7), we obtain

(4.8) P

((
Λ(2mf)

23(m)
− Λ(f)

)
, ε

)
≥ Q

χ(0, f, 0, ..., 0),
ε∑m−1

e=0

(
2ςe

23(e+1)(φ2−5φ+6)

)
 ,
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∀ f ∈ P , ε > 0,m ≥ 1. Then

P (Λ(f)− C(f), ε+ α) ≥ min

{
P

((
Λ(2mf)

23(m)
− Λ(f)

)
, ε

)
,

P

((
Λ(2mf)

23(m)
− C(f)

)
, α

)}

≥ {Q

χ(0, f, 0, ..., 0),
ε∑m−1

e=0

(
2ςe

23(e+1)(φ2−5φ+6)

)
 ,

P

((
Λ(2mf)

23(m)
− C(f)

)
, α

)
},

∀ f ∈ P , ε > 0,m ≥ 1. Takingm→∞ in the last inequality and using (3.4), we have

P (Λ(f)− C(f), ε+ α) ≥ Q

(
χ(0, f, 0, ..., 0),

(
(φ2 − 5φ+ 6)

2

)
(2s − ς)ε

)
,

f ∈ P , ε, α > 0. Taking the limit asα → 0, we get (4.3). Now, we assert thatC is cubic. It is
clear that

P (DC(f1, f2, f3, ..., fφ), 2ε) ≥ min {P (DC(f1, f2, f3, ..., fφ)

− 1

23m
DΛ(2mf1, 2

mf2, 2
mf3, ..., 2

mfφ), ε

)
,

P

(
1

23m
DΛ(2mf1, 2

mf2, 2
mf3, ..., 2

mfφ), ε

)}
≥ min {P (DC(f1, f2, f3, ..., fφ)

− 1

23m
DΛ(2mf1, 2

mf2, 2
mf3, ..., 2

mfφ), ε

)
,

Q
(
χ(2mf1, 2

mf2, 2
mf3, ..., 2

mfφ), 2
3mε
)}
, f ∈ P , ε > 0.

Since

lim
m→∞

P

(
DC(f1, f2, f3, ..., fφ)−

1

23m
DΛ(2mf1, 2

mf2, 2
mf3, ..., 2

mfφ), ε

)
= 1

lim
m→∞

C
(
χ(2mf1, 2

mf2, 2
mf3, ..., 2

mfφ), 2
3mε
)

= 1.

We inferP (DC(f1, f2, f3, ..., fφ), 2ε) = 1 for all f1, f2, f3, ..., fφ ∈ P and allε > 0. Then
(2) impliesDC(f1, f2, f3, ..., fφ) = 0 for all f1, f2, f3, ..., fφ ∈ P. ThereforeC : P → Q is
cubic by Theorem 3.1. To show the uniqueness ofC, letD : P → Q be another cubic mapping
fulfilling (4.3). SinceC(2mf) = 23mC(f) andD(2mf) = 23mD(f),∀f ∈ P, m ∈ N . From
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(4.3) that

P (C(f)−D(f), ε) = P

((
C(2mf)

23(m)
− D(2mf)

23(m)

)
, ε

)
≥ min

{
P

((
C(2mf)

23(m)
− Λ(2mf)

23(m)

)
,
ε

2

)
,

P

((
Λ(2mf)

23(m)
− D(2mf)

23(m)

)
,
ε

2

)}
≥ minQ

(
χ(0, 2mf, 0, ..., 0),

(
(φ2 − 5φ+ 6)(23 − ς)

4

)
ε

)
≥ minQ

(
χ(0, f, 0, ..., 0),

(
(φ2 − 5φ+ 6)(23 − ς)

4ςm

)
ε

)
,

for all f ∈ P , ε > 0 and allm ∈ N . Since

lim
m→∞

(φ2 − 5φ+ 6)(23 − ς)

4ςm
= ∞,

we have

lim
m→∞

Q

(
χ(0, f, 0, ..., 0),

(
(φ2 − 5φ+ 6)(23 − ς)

4ςm

)
ε

)
= 1.

Consequently,P (C(f) − D(f), ε) = 1 for all f ∈ P and allε > 0. SoC(f) = D(f) for all
f ∈ P. Foru = −1, we can demonstrate the consequence through homogeneous procedure.
The proof of the theorem is now complete.

5. STABILITY RESULTS FOR THE FE (1.2): F IXED POINT M ETHOD

In this segment, we scrutinize the generalizedHUS of theFE (1.2) inFNSs through the
fixed point method. First, we defineψe a as a constant such that

ψe =

{
2, if e = 0
1
2
, if e = 1

and we considerΥ = {v : P → Q|v(0) = 0}.

Theorem 5.1.LetΛ : P → Q be a mapping withΛ(0) = 0 andχ : Pφ → Z with condition

(5.1) lim
m→∞

Q
(
χ (ψm1 f1, ψ

m
1 f2, ψ

m
1 f3, ..., ψ

m
1 fφ) , ψ

3m
1 ε
)

= 1,

for all f1, f2, f3, ..., fφ ∈ P , ε > 0 and satisfying the inequality

(5.2) P (DΛ(f1, f2, f3, ..., fφ), ε) ≥ Q(χ(f1, f2, f3, ..., fφ), ε),

for all f1, f2, f3, ..., fφ ∈ P , ε > 0. Letσ(f) = 2
(φ2−5φ+6)

χ
(
f
2
, f

2
, 0, 0, ..., 0

)
, for all f ∈ P. If

there existL = Le ∈ (0, 1) such that

(5.3) Q

(
1

ψ3
e

σ(ψen), ε

)
≥ Q(Lσ(f), ε), f ∈ P , ε > 0.

Then there existC : P → Q fulfilling

(5.4) P (Λ(f)− C(f), ε) ≥ Q

(
φ1−a

1− φ
σ(f), ε

)
, f ∈ P , ε > 0.
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Proof. Let ς be the generalized metric onΥ

ς(v, w) = inf{r ∈ (0,∞)|P (v(f)− w(f), ε) ≥ Q(rσ(f), ε), f ∈ P , ε > 0}

and we take, as usual,inf ∅ = +∞. DefineΛe : Υ → Υ by Λev(f) = 1
ψ3

e
v(ψef) for all f ∈ P.

Let v, w ∈ Υ be given such thatς(v, w) ≤ α. Then

P (v(f)− w(f), ε) ≥ Q(ασ(f), ε), f ∈ P , ε > 0,

whence

P (Λev(f)− Λew(f), ε) ≥ Q(
α

ψ3
e

σ(ψef), ε), ε > 0, f ∈ P .

From (5.3) that

P (Λev(f)− Λew(f), ε) ≥ Q(αLσ(f), ε), f ∈ P , ε > 0.

Hence, we haveς(Λe,Λew) ≤ αL. This showsς(Λe,Λew) ≤ φς(v, w), i.e., Λe is strictly
contractive onΥ. Substituting(f1, f2, f3, ..., fφ) by (0, f, 0, ..., 0) in (5.2) and utilizing(f3), we
get

(5.5) P

(
Λ(2f)

23
− Λ(f), ε

)
≥ Q

(
2χ(0, f, 0, ..., 0)

23(φ2 − 5φ+ 6)
, ε

)
, f ∈ P , ε > 0.

Using (5.3) whena = 0, it follows from (5.5) that

P

(
Λ(2f)

23
− Λ(f), ε

)
≥ Q (Lσ(f), ε) , f ∈ P , ε > 0.

Therefore

(5.6) ς(Λ0Λ,Λ) ≤ φ = φ1−a.

Exchangingn throughf
2

in (5.5), we obtain

P

(
Λ(f)− 23Λ

(
f

2

)
, 23ε

)
≥ Q

(
χ

(
f

2
,
f

2
, 0, ..., 0

)
, 23

(
φ2 − 5φ+ 6

2

)
ε

)
= Q

(
σ(f), 23

(
φ2 − 5φ+ 6

2

)
ε

)
, f ∈ P , ε > 0.

Therefore

(5.7) ς(Λ1Λ,Λ) ≤ φ = φ1−a.

Then from (5.6) and (5.7), we concludeς(ΛeΛ,Λ) ≤ φ1−a < ∞. Now from the fixed point
alternative Theorem 2.1, it follows that there exists a fixed pointC of Λe in Υ such that

(1) ΛeC = C andlimm→∞ ς(Λ
m
e Λ, C)

(2) E = {v ∈ Υ|d(Λ, v) <∞}
(3) ς(Λ, C) ≤ 1

1−φς(Λ,ΛeΛ).

Letting limm→∞ ς(Λ
m
e Λ, C) = αm, we get

P (Λm
e v(f)− C(f), ε) ≥ Q(αmσ(f), ε), f ∈ P , ε > 0.

Sincelimm→∞ αm = 0, we infer

C(f) = P − lim
m→∞

Λ(ψme f)

ψ2m
e

, f ∈ P .
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Switching(f1, f2, f3, ..., fφ) by (ψme f1, ψ
m
e f2, ψ

m
e f3, ..., ψ

m
e fφ) in (5.2), we obtain

P

(
1

ψ3m
e

DΛ(ψme f1, ψ
m
e f2, ψ

m
e f3, ..., ψ

m
e fφ), ε

)
≥ Q(χ(ψme f1, ψ

m
e f2, ψ

m
e f3, ..., ψ

m
e fφ),

ψ3m
e ε),

for all ε > 0, f1, f2, f3, ..., fφ ∈ P. Using the same argument as in the proof of Theorem 4.1,
we can prove the functionC : P → Q is cubic. Sinceς(ΛeΛ,Λ) ≤ φ1−a, it follows from (3)
that ς(Λ, C) ≤ φ1−a

1−φ which means (5.4). To prove the uniqueness ofC, let D : P → Q be
another cubic mapping fulfilling (5.4). SinceC(2mf) = 23mC(f) andD(2mf) = 23mD(f) for
all f ∈ P,m ∈ N , we have

P (C(f)−D(f), ε) = P

(
C(2mf)

23m
− D(2mf)

23m
, ε

)
≥ min

{
P

(
C(2mf)

23m
− Λ(2mf)

23m
,
ε

2

)
,

P

(
Λ(2mf)

23m
− D(2mf)

23m
,
ε

2

)}
≥ Q

(
φ1−a

1− φ
σ(2mf),

23mε

4

)
.

By (5.1), we have

lim
m→∞

Q

(
φ1−a

1− φ
σ(2mf),

23mε

4

)
= 1.

Consequently,P (C(f) − D(f), ε) = 1 for all f ∈ P and allε > 0. SoC(f) = D(f) for all
f ∈ P, which ends the proof.

The upcoming corollaries are instantaneous outcome of Theorems 4.1 and 5.1, regarding the
stability for the equation (1.2). Assume thatP , (Q,P) and(R, Q) be a linear space, a fuzzy
Banach space and aFNS, respectively.

Corollary 5.2. Suppose a functionΛ : P → Q fulfils Λ(0) = 0 and the inequality

P (DΛ(f1, f2, f3, ..., fφ), ε) ≥ Q

(
τ + θ

φ∏
e=1

‖fe‖q, ε

)
,

for all f1, f2, f3, ..., fφ ∈ P and allε > 0, whereτ , θ, q are real constants withlq ∈ (0, 3). Then
there exists a unique cubic mappingC : P → Q such that

P (C(f)−D(f), ε) ≥ Q(τ , 7ε), f ∈ P , ε > 0.

Corollary 5.3. Suppose a functionΛ : P → Q fulfils Λ(0) = 0 and

P (DΛ(f1, f2, f3, ..., fφ), ε) ≥ Q

(
α

φ∑
e=1

‖fe‖p + θ

φ∏
e=1

‖fe‖q, ε

)
,

for all f1, f2, f3, ..., fφ ∈ P and all ε > 0, whereα, θ, p andq are real constants withp, lq ∈
(0, 3) ∪ (3,+∞). Then there exists a unique cubic mappingC : P → Q such that

P (C(f)−D(f), ε) ≥ Q

(
α‖fe‖p,

(
φ2 − 5φ+ 6

2

)
|23 − 2p|ε

)
, f ∈ P , ε > 0.
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Corollary 5.4. Suppose a functionΛ : P → Q fulfils Λ(0) = 0 and the inequality

P (DΛ(f1, f2, f3, ..., fφ), ε) ≥ Q

(
θ

φ∏
e=1

‖fe‖q, ε

)
,

for all f1, f2, f3, ..., fφ ∈ P and all ε > 0, whereθ andq are real constants with0 < lq 6= 3.
ThenΛ is cubic.

6. CONCLUSION

The method of combining general solution of cubic functional was obtained in (1.2). Fur-
thermore the generalized Hyers-Ulam stability of Cubic functional of the form (1.2) in fuzzy
normed space using direct and fixed point methods.
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