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1. INTRODUCTION

Let A be the family of all normalized analytic function of the form

(1.1) ) =2+ an2"
n=2

in the unit disk U and S denote the class of all analytic univalent functions belonging to the
class A. Let the n — th section of f € A is defined as

(1.2) sn(2) =2+ Z A"
m=2

If a function f belonging to the class .4 is univalent in some neighbourhood of a point z, € U,
then it is locally univalent at that point, equivalently f’(zy) # 0. A function f € A is said to be
convex with respect to the origin if it maps U onto a convex domain with respect to the origin
and it is denoted by C. Necessary and sufficient condition for a function f(z) to be in the class

C %{1+ZJ{ZS)} >0, (z € U).

Definition 1.1. If f is of the form f(z) = z + Y~ , as,_12*""" and is a locally univalent odd
function, then f € B(\,t) if it satisfies the condition that

(L= HDEF() + (1 +2020"(2) + 2 ()] . 1
(- %( N2L(2) — BF(t)] + 2lf(2) — L (t2)] ) 773
forO0<A<land|t| <1, t#1

Remark 1.1. (i) For A = 0 and ¢ = 0, the class B(\, ¢) reduces to £ ( See [1]] ) which satisfies
the condition

2f"(z2) 1
(1.4) 9%(1+ e ) > =3

(i) For t = —3, the class B(), t) reduces to B(\, —1) which satisfies the condition
3‘%( 622 " (2) + (1 4 2X0)22f"(2) + 2f'(2)] > - 1
AZ2[4f"(2) = f"(=3)] + 22[2/"(2) + ['(=35)] 2
(iii) For ¢ = £, the class B(\, t) reduces to B(), 5) which satisfies the condition
§R( 2023 " (2) + (1 +20N)22f"(2) + zf'(2)] ) S 1
AZZ[4f"(2) = ["(5)] + 22[2f'(2) = J'(5)] 2
To investigate the problems in the theory of odd univalent functions, such as inverse func-

tions, coefficient bounds, etc. is intriguing. In fact, a Cauchy-Schwarz inequality application
demonstrates that the Robertson conjecture (1936) , which states that

1+ |C3|2 + |C5|2 + ...+ |Czn_1|2 S n,n Z 2,

for each odd function f(z) = 2 + ¢32% + ¢52° + ... of S implies the well-known Bieberbach
conjecture [see [2]]. In 1928, Szegé initiated the problem of finding the radius of univalence of
sections of f € S. As aresult of the Szego theorem [3]], every section s,,(z) of a function f € S
is univalent in the disk |z| < 1/4 (See [14]) . The radius }1 is best possible and reader can use
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second partial sum of kdebe function to verify the radius. Robertson determined the radius of
starlikeness of the section s,,(z) of f € S* in [8]] [also refer [[12]] as shown below:

Theorem 1.1. [8] If f € S is either starlike, convex, typically-real, or convex in the direction
of imaginary axis, then there is an N such that, for n > N, the partial sum s,(z) has the same
property inU, := z € U: |z| <r, wherer > 1 — 3(logn)/n.

Ruscheweyh [[11] proved a more profound result by showing that the partial sums of functions
[ are starlike in U, /4 for not only functions belonging to S, but also functions belonging to the
closed convex hull of S. Moreover, Robertson [8]] demonstrated that the constant 3 cannot be
replaced by a smaller constant in the Koebe function k(z). As a result of a known theorem by
Ruscheweyh and Sheil-Small [[10] on convolutions, we can automatically show that if f belongs
to C, §*, or IC, then its n — th section is respectively convex, starlike, or close-to-convex in the
disk |z| < 1 —3(logn)/n, for n > 5 . For different subclasses of S, many authors have solved
various problems related to sections (see [4} 8, 9, [13]) and the articles [5, [7]]. Ponnusamy et.al
[6]] considered the subclass F of the class /C, close to convex function which consists of locally
univalent function f € A which satisfies the condition . Sarit Agarwal et al. [[1]]Jconsidered
functions from F that have odd degrees. Whereas as an extension we use generalized sakaguchi
kind function of odd degree. The ultimate aim of this paper is to find the disk in which every
section So,—1(2) = 2z + Y. _, Gam—122%—1, Of f € B(A, 1), is convex; that is, 59,1 satisfies

(1= A3 (2) + (1+ 20228, (2) + 25hy (2)]
%< (s 1(2) — 51 (62)] + 2[5t (2) — thn_1(22) ]> >0

2. MAIN RESULT

Theorem 2.1. Every section of a function in B(\,t) is convex in the disk |z| < ¥2242.
The radius —V33_“3 cannot be replaced by a greater one.

Remark 2.1. Radius of convexity is shown in the below table for different classes:

Class Radius (|z] < r)
L r= \/?5

BOLY) = L5
B r= AF

3. PRE-REQUISITE
Lemma3.1. If f(2) = 2+ 0, as,—12°"" 1 € B(A, t), then we arrive at the following results:
1 [T 2ugy 1 +2m — 1
(2n - 1)7n HZm:Q 2m — 1 — U2m—1

forn > 2, wherevy, =1+2(n—1)\; u, = ll_f:-

3.1 (a) lagn—1] <

3r2
1—17r2

AL —)22f"(2) + (1+ X —t — 202 f"(2) + M2z f"(t2) + t[f'(t2) — f'(2)]
2Af(z) = ()] + [f'(2) = £f(¢2)]

for |z| = r < 1. Sharpness is studied using geometrical representation.

(b)

<

(C) Iff(Z) = 8277,—1(2) + 627171(2/)’ where 527171(2) = Zf::n—i-l a?m—122m71
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then for |z| = r < 1 we have
|2A[B—1(2) = 285, -1 (£2)] + B3y (2) = tBay_1 (t2)]] < 7(n,7)
and
IN(L=1)22 57,1 (2)+ (1H A=t =28) 285, 1 (2) + A2 285, 1 (£2) +t[B2,_1 (t2) = Bo,_1 ()] < m(n,7)

where
- 17" 2upy + 2k — 1
T(n,r) = 1— 2l [ k=1 - :|7,.2m—2
) mznz_t,_l( ) [1ito 2k — 1 — ugr—y
and
0 m—1
2Uop 2k —1
n(n,r) = Z [(2m — 2)(1 —t) + 2™ — 4] Hk;Ll Ugk—1 + 2m=2

“o2k — 1 —ugk—

m=n+1 k=2

All the series above are convergent according to the ratio test.

Proof. (a) Let
5 30 1 (L= 0D 4 (14 2 06) + o)
| 2" T2 T R - PR A R () — (2]
Evidently, p(z) = 14> | p,2" is analytic in U and  (p(z)) > 0 there and so by Carathéodory
lemma , we get |p,| < 2 for all n > 1. Substituting the expansion of f(z2), f”(z), f"'(z) and

p(z) in (3.2) we obtain
o
Z(Qn — 1)(2n —1- UQn_l)’ynGQn_len_
n=2

n—1
[ Z (2n —2m — 1)’Yn—mp2m—1U2n—2m—1a2n—2m—1] 222

m=1

M\C»D
M8

n=2

N)\OJ

n 1 00
+ [Z 2n — 2m — 1), mP2mU2n—2m—102n—2m— 1} -t

=2 Lm=1
Comparing 22" and 22”2 terms we get

o0

Z (27’L —2m — 1)7n—mp2m—1u2n—2m—1a2n—2m—1 =0
m=1
3 n—1
(3.3) (27”L - 1)(2n —1- u2n71)7na2n71 = 9 Z (27”L —2m — 1)'Yn—mp2mu2n72m7102n72m71
m=1
for all n > 2.
Therefore ,
3 n—1
1] < 2m — 1 _ —~1]-
|agn-1] < C T p—— mz_:l( m — 1)y, u2m—1|azm-1]

For n = 2, we obtain

1
az| < ————
| (3 —u3)vy
Forn =3, we get
3(2uz + 3)
as| < — |1 4+ 3y,usla ]g
a5l < 55— m[ 24311 < 5 ) — w)ns
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In general we can write ,

1 1% 2ugm 1 4 2m — 1
2n — 1)y, | [lmeo2m — 1 — ugm—1

lagn—1] < (

where y,, = 1+ 2(n — 1)\
For equality , it can easily be seen that

o0 -1
1 Hn L 2Uu9m—1+2m —1 on—1
(3.4) 2)=z+ [ =l 2"
fole) nZQ 2n = D)y, [ [Lneo2m — 1 — ugm—y

the above equation belongs to B(\, t).
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Fig 1.Graphical representation of B(\,¢) whent = 0,\ = 0,0.5,1
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Fig 3.Graphical representation of B(\,¢) whent = —0.5, A = 0,0.5,1

(b) According to the definition of B(\, t),
(1 =) ABF"(2) 4+ (142022 f"(2) + 2f'(2)] - 1+ 222

AZ2[f"(2) — 2 f"(t2)] + 2[f'(2) — tf'(t2)] 1-22
. A1—)22 f"(2)+(A4HX—t—=2Xt) 2 f" (2) + X2 2 f (t2)+t[f (tz)— ' (2)] 3
(i-e), AT P AT (Bt @) < =)

here < denotes subordination.

(c) From (a) we see that ,

|2A[B5,,—1(2) — t2 85,1 (t2)] + Boy_1(2) — tBh,_1(t2)]

< 3 @m - D+ (m— D21 — 2" agm1 [P < (n,r)
m=n+1

A1 = 1)2%85,1(2) + (14X =t = 22)285, 1 (2) + A28, 1 (t2) + t]Bo,_1(t2) — B _1(2)]]

< Z (2m — D[(2k — 2)(1 — ) + ™1 —4][1 + (m — 1)2)]|agm_1|r*™ 2 < n(n,r)
m=n-+1
We have proved our lemma. I

4. PROOF OF MAIN RESULT

For an arbitrary f(z) =z + > 7, as,—12°""1 € B(A,t), we first consider its third section
s3(2) = z + azz® of f. Simple calculation shows

(1 —)[A22s4 (2) + (1 + 202285 (2) + zs5(2)] . 3(3 — ug)yqa32?

A22[sl(2) — 1284 (t2)] + 2[sh(2) — tsh(tz)] 1+ 3uzyyazz?
By using 1; we have |a3| < W and hence
9%<(1 — 1[N (2) + (1 +20) 2284 (2) + zsé(z)]) — 3(3 — uz)yqa32? S 3|2]2
A22[s5(2) — 2s5(t2)] + 2[sh(2) — tsy(tz)] ) 1= 3ugygagz? — 1 — 2|2

which is positive for |z| < ¥37% Thus s3(z) is convex in the disk |z| < 7v?’3_u3

For the purpose of proving the constant |z| < 7v33_“3 is the best possible, we will consider the function
fo(z) defined in (3.4). Then we define the third partial sum of fy(2) as s30(z) such that s39(2) =

z+ (3_1}3)%> 23 and hence, we find

(1-— t)[)\z?’sg’o( )+ (1+ 2)\)z2sgo( ) + 285 0(2)] _ 3 —us + 922
A22[s5(2) — 1255 o (t2)] + 2[s5 9(2) — B85 o(t2)] 3 — ug + 3uzz®’
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This shows that

((l—t)[)\z?’sg,o( 2) + (14202785 (2 )+zs’3,0<z)]> _
Az2[s3 () — 1285 o(t2)] + 2[5 9 (2) — ts5 o(t2)]

when 22 = —( 3‘%) or|z| = (7V3") Therefore, the equality holds.
Next, let’s examine the case n = 3. In this case we aim to show that

(1 —t)[A23sY(2) + (1 + 2X) 2282 (2) + 255(2)] _ 1+ 975a32% + 2575a524 =0
A2?[s5(2) — 12s5(t2)] + 2[s5(2) — ts5(t2)] 1 + 375uzazz? + 5ygusasz?

for |z| < 7“)’:;““ Since the real part is harmonic in |z| < ¥ 3;“3, it suffices to check that

R 1+ 9v5a322 + 2573a5z4 >0
1 4+ 3vyusazz? + 5ysusaszt

for |z| < 7v33_“3 Also we see that,

R 1+ 975a32% + 25v5a52* 3 3 — ug — 5y3(buz — 3us)asz?
1+ 3yyuzazz? + 5ysusaszt ) us ug(1 + 3yqugasz? + Sysusasz?)
3 1
>

3 — u3 — 5y3(buz — 3us)asz?

1+ 3’)/2U3a322 + 5’Y3U5CL5Z4

thus by considering suitable rotation of f(z), the proof reduces to |z| < 33 “ which means that it is

enough to prove

T uz usg

3 81 — 5’73(5U3 — 3U5)(3 — U3)CL5
81 + 27you3(3 — uz)az + 5yzus(3 — us)?as

3 — us
From (3.3), we have

ag=—"L2 . g5 = 5 Busp) +p
ST 2B —ug) 0 107305 —us) 2B —ug)

Since |p2| < 2 and [p4| < 2, the last two equations can be rewritten as follows:

§ 3 [ 3uzd” N ]
ey s a5 = H
Vo(3 — u3) 573(5 — us)

as =
3—U3

for some |§| < 1 and |pu| < 1.
Substituting the values of a3 and a5 and applying the maximum principle in the last inequality, it suffices
to show that,

5—us 5—us 5—us 5—us

3—3u3 81 + 2Tu3d + Qugus (3—us )% + 3us(3—u3)?n

> ‘81 . 9u3(5uz—3us)d> _ 3(3—u3)(5uz—3us)u

for || = 1 = |p|. By triangle inequality we get,

3 — u3)é” Sus — 3us)6%|  Bus(3 — ug)?
olo + 3uys 1 U3usB )| g0 g us(Bus — 3us)0|  Bus(3 — us)
5 —us 5 — us 5 — us
which is equivalent to
= 3 —u3)d - Sus — 3us)d|  Suz(3 — uz)?
0[05 1 3ug + “3UsB =Wl 5o los  us(5us = 3us)d | Sus(3 — us)
5—’LL5 5—U5 5—U5

As |0| = 1. Write Re(6) = z and for convenience let us take A, = n — u, , B = buz — 3us. As a
result,it remains to show that

T(z) = 9%&1 +9uj + MM _ 1Sugundy | [54u 4 Guds A‘*}x e 3A3\/81 + "32 + 18 _ 80,2
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for -1 <z <1.
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1 08 ae & a2 o a2 LR GA a8 L A O Dl 24 03 1] A om DE 1
K-ax K
(a) (k)
]
34
s
=
04 08 o4 o a [k o4 e s

ich
Fig 4. Graph of T'(x) when (a)t =0, (b)t = 0.5 and (¢c) t = —0.5

Squaring both sides twice results in
x(z) = azt +ba® 4 ca® + dx + e

where

104976 A3
a= % [81u§u§ + 18438 + A§BQ]
5

 314928u3A;

b A

2024 A2B
{8111,3U5+9A3B+ Jusus s + usus Ay ]

As

¢ = 236196 [81@@ | 162ugus Ay + 36ufus Ay + 18(A3B — usus AY) + 2(u3A3B — A] B)}

As
© ooy | 2U8UEAL — 4458 — T2ugus A3B - 324ugui Al 2(uzuiAsB — uzus A3B?)
A2 ye
18udus A3 + 2u3 ASB 729(u AL B3 + 81uduB A3) — 4050u3 ASB
— 8100 s _3 =
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81u§U5A3 + 9u§U5A3 — 9U§U5A§ — 162U§U5A3 — ISU3A§B
As
Quiui A3 — u3 A3 B2 18u2us A3 B + 162udu? A2 uius A3B? — Juiui A3
Az Az A2
9u3A4 u§U5Ag
A2 A3

d = 78732 [729u3 + 81u3 — 8lug A3 +

— 24300 [

36ususAs  2uiu A3 + 4uiui A3
e:531441[81+“§+A§—QU§A§+18(u§—A§)_ uzus 3 uzuz Az + 4uzug 3}

As A2
324(uzus A3 — udus A3 — A3B) N 2(u3A3B? — usA3B?) + 18(ujul A2 — udu? A3)
As A2
ujug A3 900 81uA§ 18u3ASB  u3iASB? 1458 162(A3B —u3A%B)  2u}AiB3
A2 A3 A} As A3
81(4U3U5A3B — u3AZBQ) 18(uius A3 B? — ufu?A3B) — 162u3u3 A3 u3u5A4BT
A2 A} A}
[81(u§A§ —ujAl) — 7290} A4 N 162ujus A3 + 18u3 ASB N usASB? — 9u§u%Ag}
A2 A3 Al
324A3B%  w3A3B*]  625ujA$
+81 [ — + =5 ] +
A3 As As
By using long computation, for every order of differentiation , x(z) is increasing in —1 < x < 1. Thus
n = 3 is proved.
We next consider the general case for n > 4. It suffices to show that

+ 6561{

+ 450

A1—=1)22sh) 1 (2)+(1+A—t—2Xt)zsY,, _ (2)+ 2 zsY,, | (tz)+t[sh, _, (tz)—sh, _(2)]
%<1+ A ()T (i) 1[5, (2)—th, 1 (t2)] ) >0

3

for |z| = r = Y32, Therefore, it remains to find the largest r so that the last inequality holds for all

forn > 4.

AL =)z, 1 (2) + (L+ X =t = 2Xt)zs5, (=) + MPzsh,_ (82) + tsh,_y (t2) — shy_1(2)]
ZA[8h,_1(2) — t285, 1 (t2)] + [s5,,_1(2) — tsh,_(t2)]

By applying so,,—1(2) = f(2) — B5,,—1(#) and by simplification we get

1+

TQ

=1+

+NM
N

H—

T @

where

G=\1- t)zzf'”(z) + (1 + A=t =2X)zf"(2) + )\th’f”(tz) +t[f'(tz) — f(2)]
H = 2A[f"(2) = 1" (t2)] + [f'(z) — t'(t2)]
M = M1 —)2284,_1(2) + (1 + X —t = 2Xt)235,_(2) + M235,_(t2) + t[B_1 (t2) — Br_1(2)]

N =z) /2/n—1( ) — £ B 2n 1(t2)] + [/8/2n—1(z) —tﬂlzn—l(tz)]

w1 MO (2) (A= 6= 20zl (2) o+ APl (62) + Hshyy (12) = sho-a(2)]
2A[85y,1(2) = 1255, 4 (t2)] + [s5,,_1(2) — ts, 4 (t2)]
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o H LGN+ 1M

- H [H| — [N

By using Lemma (3.1]) we attain ,

§R<1 A1 - t)ZQS% 1(2) + (L + A =t = 2Xt)zsh,_4(2) + MP2sh,_q(t2) + sy, (t2) — Sén—l(z)}>
Z)‘[S/Q/nfl(z) - tQSgnfl(tZ)] + [S/anl(z) - tsénfl(tz)]

2
37’2 1317”2 T(?’L, T) + 77(7% ’l“)

Zl_l—rQ_ L
(1+r2)8

—7(n,r)

Thus
R <1 L AD2S HARA2)zsll, () APl l(tz)+t[s'2n1(tz)sgnl(z)]> -0

ZA[sh,_(z)—t2sl, | (tz)]+][sh,, _1(z)—tsh, _(tz)]

on condition that

<1 —4r2 (1+ 7“2)% 3ri¢r(n,r) —n(n,r) > -0
1—r? 1—r 1—(1—1—7“2)37(71,7‘)

or equivalently ,

2 3r2r(n,r) + (1 —r¥)n(n,r) 42
) ( 1—(1+7‘2)%T(n,1") )<1 !

v 3;“3. By choosing r = 3;“3

Next we show that the above equation holds for all n > 4 with r =
the last inequality becomes

(12;%) ((3 3ud)7'1(’n,, (E:;))g ((6 uaz:i?; @)) _ 4’LL39—3

CVB=w\ . (12—us\: (VB
M ) 3 T 9 T ) 3

Let us prove that p (n, v 3§u3> > 0 forn > 4 (ie),

() <

3 2*11,3)

Let

Njw

V3 — V3 — 27 duz — 3
T(TL,U?’)-FU(”’ u3> < 3 [ s } forn > 4.
3 3 (12 — us)>2
Proving the last inequality is sufficient , because if the last inequality is proven, then that implies that the
previous inequality is also true.

& m—1
vV : 2ugp—1 + 2k -1
T(n, M) + 77<n, Y3 —us u3> < E (1 —¢)(2m — 1)[ kfml Cok ]7’2’”2

3 3 S —1 k=2 Qk —1- U2k —1

o0
Hk 12U2k 1+2]€—1 2 _9
< 1-t)(2m—1) m
_Z( m [Hk 22k‘ 1 —u9p_q

00 1
Hk12u2k 1+2k=11 5, 5
=N (1-t)@2m-1) m
Z( mn |: Qk—l—Ule "

Hk 1 "Qugp1 + 2k — 1 ,2m—2
2k_1_u2k 1

N a-t@Em-1)
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by substituting r = 7v33_“3 it is evident that

< \/3—U3> < 3—U3> 27 [4U3—3:|
T\n,——— | +n{n, < 3
3 3 (12 —ug)z L 6 +u3

This completes the proof.

5. CONCLUSION

In this article, we have studied the class B(\, t) and proved that the radius |z| < 7Vg3_“3 is best possible.
For clear understanding we have varied the values of ¢t and X and projected in the graphical representation.
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