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ABSTRACT. In this paper, we proved that ifT ∈ B(H) is totally P -posinormal operator with

P (z) = zn +
n−1∑
j=1

cjz
j , c1 > 0, thenker(T − zI) ⊆ ker(T − zI)∗. Moreover, we study spectral

continuity and range kernel orthogonality of these class of operators.
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1. I NTRODUCTION AND PRELIMINARIES

LetH be an infinite dimensional complex Hilbert space andB(H) denotes the algebra of all
bounded linear operators onH. For T ∈ B(H), the nullspace and range ofT are denoted as
N (T ) andR(T ) respectively. An operatorT ∈ B(H) is said to behyponormalif T ∗T ≥ TT ∗,
M-hyponormalif ‖(T − zI)∗x‖ ≤ M‖(T − zI)x‖ for all z ∈ C and for allx ∈ H, and said
to bedominantif for eachz ∈ C, there exist a constantM(z) ≥ 0 such that‖(T − zI)∗x‖ ≤
M(z)‖(T − zI)x‖ for all x ∈ H. It is well known that all theM -hyponormal operators are
dominant.

An operatorT ∈ B(H) is said to beposinormalif λ2T ∗T ≥ TT ∗, for someλ ≥ 0 ([12]).
T ∈ B(H) is said to bepolynomially(P )-posinormalif λ2T ∗T ≥ P (T )P (T ∗), whereP (z)
is a polynomial with zero constant term and for someλ ≥ 0 ([11]). If P (z) = z, then all the
posinormal operator are polynomially(P )-posinormal. An operatorT ∈ B(H) is said to be
totally P -posinormalif ‖(P (T − zI))∗x‖ ≤ M(z)‖(T − zI)x‖ for all x ∈ H, whereP (z)
is a polynomial with zero constant term andM(z) is bounded on compact sets ofC ([11]). In
general,

hyponormal ⊂ M − hyponormal ⊂ totally P − posinormal.

An operatorT ∈ B(H) is dominant if and only ifT − zI is posinormal for allz ∈ C ([12]).

2. PROPERTIES OF TOTALLY P -POSINORMAL OPERATORS

Now, we prove that part of a totallyP -posinormal operator on a closed subspace is again a
totally P -posinormal operator.

Theorem 2.1.LetT ∈ B(H) and letM be a closed subspace ofH which is invariant underT.
If T is totallyP -posinormal operator, thenT |M is totallyP -posinormal.

Proof. Let P (z) = zn +
n−1∑
j=1

cjz
j. Let x ∈ M andQ be an orthogonal projection on toM.

SinceQT ∗|M = (T |M)∗,
(T |M − zI)∗x = Q(T − zI)∗x.

Q(T ∗)2|M = (T 2|M)∗, ((T |M − zI)2)
∗
x = Q(T − zI)∗2x.

Hence,((T |M − zI)n)∗ x = Q(T − zI)∗nx for all n ∈ N.
Thus,(P (T |M − zI))∗ x = Q (P (T − zI))∗ x.
SinceT is totallyP -posinormal, we have

‖ (P (T |M − zI))∗ x‖ = ‖Q (P (T − zI))∗ x‖
≤ M(z)‖(T − zI)x‖
= M(z)‖(T |M − zI)x‖.

This completes the proof.

Let PB denotes the collection of all totallyP -posinormal operators, whereP (z) = zn +
n−1∑
j=1

cjz
j, c1 > 0.

Theorem 2.2. If T ∈ B(H). If T ∈ PB, thenN (T − zI) ⊆ N (T − zI)∗.

Proof. SinceT is totallyP -posinormal operator, we have

(2.1) (P (T − zI)) (P (T − zI))∗ ≤ M(z)2(T − zI)∗(T − zI)

Let x ∈ N (T − zI). From equation (2.1), we have

(P (T − zI)) (P (T − zI))∗ x = 0.
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Therefore,‖ (P (T − zI))∗ x‖2 = 0. Hence,x ∈ N ((P (T − zI))∗).

Thus,c1(T − zI)∗x = −(T − zI)∗nx +
n−1∑
j=2

−cj(T − zI)∗jx.

Hence,

‖c1(T − zI)∗x‖ ≤ ‖ (P (T − zI))∗ x‖
≤ M(z)‖(T − zI)x‖.

Sincex ∈ N (T − zI), we havec1(T − zI)∗x = 0. As c1 > 0, we have(T − zI)∗x = 0. Hence,
N (T − zI) ⊆ N (T − zI)∗.

Let T ∈ B(H) andλ be an isolated point ofσ(T ). Then there existDλ = {z ∈ C : |z−λ| ≤
r} with Dλ ∩ σ(T ) = {λ}. The operator defined by

Eλ =
1

2πi

∫
∂Dλ

(zI − T )−1dz

is calledRiesz projectionof T with respect toλ, where∂Dλ denotes the boundary ofDλ. It is
well known that the Riesz projectionEλ satisfies the propertiesE2

λ = Eλ, EλT = TEλ, N(T −
λI) ⊆ R(Eλ) ([2]).

T ∈ B(H) is said to satisfy the propertyH(q), if H0(T − λI) = N (T − λI)q for all λ ∈ C
and for some integerq ≥ 1, whereH0(T ) = {x ∈ H : limn→∞ ‖T nx‖

1
n = 0}. It is well known

that totallyP -posinormal operators satisfy the propertyH(q). Hence the following theorem
holds for bounded totallyP -posinormal operators by ([6]).

Theorem 2.3. ([6]) LetT ∈ B(H). If T ∈ PB andσ(T ) = {λ}, thenT = λI.

In ([2]), M Cho and Y M Han proved that ifT ∈ B(H) is aM -hyponormal operator, then
N (Eλ) = R(T − λI). Now we prove this result holds for bounded totallyP -posinormal oper-
ators also. For proving the result we use the following.

Theorem 2.4. ([9]) SupposeT ∈ B(H) and Eλ be the Riesz projection with respect to an
isolated eigen valueλ. Then
(1) Eλ is a projection.
(2)R(Eλ) andN (Eλ) are invariant under T.
(3) σ(T |R(Eλ)) = {λ} andσ(T |N (Eλ)) = σ(T ) \ {λ}.
(4)N (T − λI) ⊆ R(Eλ).

Theorem 2.5.SupposeT ∈ B(H) is a totallyP -posinormal operator andλ is an isolated point
of σ(T ). ThenN (T − λI) = R(Eλ).

Proof. From Theorem 2.4, we haveN (T − λI) ⊆ R(Eλ).
RestrictionT |R(Eλ) is totallyP -posinormal, by Theorem 2.1. Sinceλ is an isolated eigen value
of T, we haveσ(T |R(Eλ)) = {λ}, by Theorem 2.4.
If λ = 0, thenσ(T |R(Eλ)) = {0}. From Theorem 2.3, we haveT |R(Eλ) = 0. Hence,R(Eλ) ⊆
N (T ). If λ 6= 0, thenσ(T |R(Eλ)) = {λ}. Thusσ(T |R(Eλ) − λI|R(Eλ)) = {0}. From Theorem
2.3, we have(T − λI)|R(Eλ) = 0. Hence,R(Eλ) ⊆ N (T − λI).

For T ∈ B(H), let σp(T ) and σa(T ) denotes the point spectrum and approximate point
spectrum ofT. If λ ∈ σp(T ) andλ ∈ σp(T

∗), thenλ is in the joint point spectrum,σjp(T ).

If λ ∈ σa(T ) andλ ∈ σa(T
∗), then we say thatλ is in the joint approximate point spectrum,

σja(T ).
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Theorem 2.6. [1] LetH be a complex Hilbert space. Then there exists a Hilbert spaceK ⊃ H
and φ : B(H) −→ B(K) satisfying the following properties for everyA, B ∈ B(H) and
α, β ∈ C.

(1) φ(A∗) = φ(A)∗, φ(IH) = IK, φ(αA + βB) = αφ(A) + βφ(B),
φ(AB) = φ(A)φ(B), ‖φ(A)‖ = ‖A‖, φ(A) ≤ φ(B) if A ≤ B

(2) φ(A) ≥ 0 if A ≥ 0
(3) σa(A) = σa(φ(A)) = σp(φ(A)).
(4) σja(A) = σjp(φ(A)).

Theorem 2.7.LetT ∈ B(H). If T ∈ PB, thenσa(T ) = σja(T ).

Proof. SinceT is totallyP -posinormal,

(2.2) M(z)2(T − zI)∗(T − zI)− (P (T − zI)) (P (T − zI))∗ ≥ 0

Hence from Theorem 2.6, we have
M(z)2(φ(T )− zI)∗(φ(T )− zI)− (P (φ(T )− zI)) (P (φ(T )− zI))∗

= M(z)2φ((T − zI)∗)φ(T − zI)− φ (P (T − zI)) φ (P (T − zI)∗)
= φ (M(z)2(T − zI)∗(T − zI)− (P (T − zI)) (P (T − zI))∗) .
Also from equation (2.2) and Theorem 2.6, we have

φ
(
M(z)2(T − zI)∗(T − zI)− (P (T − zI)) (P (T − zI))∗

)
≥ 0.

Henceφ(T ) is totallyP -posinormal.
From Theorem 2.6, we haveσa(T ) = σp(φ(T )). Sinceφ(T ) is totally P -posinormal, we

haveN (φ(T ) − zI) ⊂ N (φ(T ) − zI)∗ ( from Theorem 2.2). Hence,σp(φ(T )) = σjp(φ(T )).
From Theorem 2.6,σjp(φ(T )) = σja(T ). Henceσa(T ) = σja(T ).

Theorem 2.8.LetT ∈ B(H). If T ∈ PB, then

(1) If σ(T ) = {0}, thenT is nilpotent.
(2) The matrix representation ofT onH = N(T − λI)⊕ (N(T − λI))⊥ is

T =

(
λI 0
0 B

)
,

whereλ is a nonzero eigen value ofT. Also λ /∈ σp(B) for some operatorB and
σ(T ) = {λ} ∪ σ(B).

Proof. Sinceσ(T ) = {0}, it follows from Theorem 2.3 thatT = 0. HenceT is nilpotent.
Let λ be a nonzero eigen value ofT. SinceT ∈ PB, by Theorem 2.2, we haveN (T − λI) ⊆
N (T −λI)∗. Therefore,N (T −λI)⊥ is invariant underT. Hence,N (T −λI) reducesT. Thus,

T =

(
λI 0
0 B

)
,

whereB = T |N (T−λI)⊥ . Let x ∈ N (B − λI). Then

(T − λI)

(
0
x

)
=

(
0

(B − λI)x

)
=

(
0
0

)
.

Hence,x ∈ N (T − λI). SinceB = T |N (T−λI)⊥ , we havex ∈ N (T − λI)⊥. Thus,x = 0.
Hence,N (B − λI) = 0. i.e,λ /∈ σp(B). SinceT = λI ⊕B, we haveσ(T ) = {λ} ∪ σ(B).

LetL andS denotes the set of all compact and bounded subsets ofC respectively. Let(X, d)
be a metric space and the functionf : X → S is upper continuous (lower continuous) atx0

if for eachε > 0, there is aδ > 0 such thatf(x) ⊆ (f(x0))ε (respectively,f(x0) ⊆ (f(x))ε)
for all x with d(x, x0) < δ, where(f(x0))ε = {z ∈ C : dist(z, f(x0)} < ε}. Define spectral
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mapσ : B(H) −→ L, which mapsT ∈ B(H) to spectrum ofT ([3]). Spectral properties are
studied for many class of operators for instant ([4, 5, 7, 13, 15]). Now we discuss the continuity
of spectral map on the set of all totallyP -posinormal operators.

Theorem 2.9.The spectral mapσ is continuous on all class ofPB operators.

Proof. LetT ∈ B(H) andT ∈ PB. Then from Theorem 2.8, ifσ(T ) = {0}, thenT is nilpotent.
Also from the proof of Theorem 2.6,φ(T ) is totally P -posinormal. From Theorem 2.8 and [5,
Theorem 1.1], we have the spectral mapσ is continuous on the set of all totallyP -posinormal
operators.

3. FINITE OPERATOR

An operatorT ∈ B(H) is said to be afinite operatorif

‖I − (TX −XT )‖ ≥ 1

for all X ∈ B(H) ([14]). Finite operator is a starting point of commutator approximation,
which has many applications in quantum theory. In [14], J P Williams proved that all normal
and hyponormal operators are finite. Properties of finite operators is studied in [10].

Next we show that boundedT ∈ PB is a finite operator.

Theorem 3.1.LetT ∈ B(H). If T ∈ PB, thenT is a finite operator.

Proof. First we show thatσja(T ) 6= ∅. Let z ∈ σa(T ). Then there exist a sequence(xn) in H
with ‖xn‖ = 1 and(T − zI)xn → 0 asn →∞. SinceT is totallyP -posinormal, we have

‖(P (T − zI))∗xn‖ ≤ M(z)‖(T − zI)xn‖.
Hence,‖(P (T − zI))∗xn‖ → 0 asn →∞. We have,

(P (T − zI))∗xn = (T − zI)∗nxn +
n−1∑
j=1

cj(T − zI)∗jxn

Hence,

c1(T − zI)∗xn = (P (T − zI))∗xn − (T − zI)∗nxn +
n−1∑
j=2

−cj(T − zI)∗jxn. Sincec1 > 0, we

have

‖c1(T − zI)∗xn‖ ≤ ‖ (P (T − zI))∗ xn‖+ ‖(T − zI)∗nxn +
n−1∑
j=2

cj(T − zI)∗jxn‖

≤ 2‖ (P (T − zI))∗ xn‖.
Since‖(P (T − zI))∗xn‖ → 0 asn → ∞, we have‖c1(T − zI)∗xn‖ → 0 asn → ∞. As
c1 > 0, ‖(T − zI)∗xn‖ → 0 asn → ∞. Hence,z ∈ σa(T

∗). Thus, z ∈ σja(T ). Hence
σa(T ) = σja(T ). Since∂σ(T ) ⊂ σa(T ), we haveσja(T ) 6= ∅. Hence, from [14, Theorem 6]T
is a finite operator.

Let F be a complex Banach space. Leta, b ∈ F . If ‖a‖ ≤ ‖a + zb‖ for all z ∈ C then
we say thata is orthogonal tob in the sense of Birkhoff. Geometrically it means that the line
{a + zb : z ∈ C} is tangent to the open ball centered at zero and having radius‖a‖ ([10]).

If
‖A‖ ≤ ‖A− (TX −XT )‖

for all X ∈ B(H) and for allA ∈ N (δT ), whereδT (X) = TX −XT, then we say thatR(δT )
is orthogonal toN (δT ).

Next we show thatR(δT ) is orthogonal toN (δT ) for a totallyP -posinormal operator. For
proving the result we use the following lemma.
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Lemma 3.2. Let T ∈ B(H). If T ∈ PB andA ∈ B(H) is a normal operator withAT = TA.
Then

|λ| ≤ ‖A− (TX −XT )‖
for all λ ∈ σp(A) and for allX ∈ B(H).

Proof. Let λ ∈ σp(A). If λ = 0, the result trivially holds. Ifλ 6= 0. Let Dλ = N (A−λI). Since
A is a normal operator withAT = TA and by Fuglede-Putnam theorem, we haveA∗T = TA∗.
HenceDλ reducesT andA. Thus the matrix representation ofT andA onDλ ⊕D⊥

λ is

T =

(
T1 0
0 T2

)
, A =

(
λI 0
0 A2

)
Let

X =

(
X1 X2

X3 X4

)
HenceA− (TX −XT ) =

(
λI − (T1X1 −X1T1) B

R S

)
,

whereB, R, S ∈ B(H). Then

‖A− (TX −XT )‖ ≥ ‖λI − (T1X1 −X1T1)‖

= |λ| ‖I −
(

T1
X1

λ
− X1

λ
T1

)
‖

SinceDλ is invariant underT andT1 = T |Dλ
, we haveT1 is a totallyP -posinormal operator

from Theorem 2.1. Also from Theorem 3.1,T1 is a finite operator. Therefore,‖A − (TX −
XT )‖ ≥ |λ|.

Theorem 3.3.LetT ∈ B(H). If T ∈ PB andA ∈ B(H) is a normal operator withAT = TA.
ThenR(δT ) is orthogonal toN (δT ).

Proof. Let φ be the function as mentioned in Theorem 2.6. SinceA is normal,φ(A) is normal.
SinceT is totallyP -posinormal and from the proof of Theorem 2.7, we haveφ(T ) is totallyP -
posinormal. Also from Theorem 3.1,φ(T ) is a finite operator. SinceAT = TA, φ(A)φ(T ) =
φ(T )φ(A). Let λ ∈ σp(φ(A)). From Theorem 3.2, we have

(3.1) |λ| ≤ ‖φ(A)− (φ(T )φ(X)− φ(X)φ(T ))‖ = ‖A− (TX −XT )‖,
for all X ∈ B(H). Sinceφ(A) andA are normal, we have

(3.2) ‖φ(A)‖ = sup
µ∈σ(φ(A))

|µ| and ‖A‖ = sup
µ∈σ(A)

|µ|

SinceA is normal and from Theorem 2.6, we haveσ(A) = σa(A) = σp(φ(A)). Hence from
equation (3.1) and equation (3.2), we have

‖φ(A)‖ = ‖A‖ ≤ ‖A− (TX −XT )‖,
for all X ∈ B(H).
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