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ABSTRACT. In this paper, we obtain some new results regarding to the nowhere dense and first
category set in the semi-open subspace of a topological space. More precisely, we prove that a
nowhere dense set in the semi-open subspace of a topological space is equivalent as a nowhere
dense set in that topological space. This implies that a first category set in the semi-open subspace
of a topological space is equivalent as a first category set in that topological space. We also give
some applications of these results to give some new proofs relating to the properties of semi-open
set and Baire space.
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1. INTRODUCTION

Let (X, 7) be a topological spac®, C X,andry ={Y NU:U € 7}. Wecall(Y,7y)isa
subspaceof (X, 7). Note that,Y, 7y ) is also a topological space. A sBtc 7 (resp.Z € 7y)
is calledopenset in(X, 7) (resp. open setifY, 7y )). Meanwhile, asef’ C X (resp.F' C Y)
is calledclosedset in(X, 7) (resp. closed set Y, 7y)) if X\F € 7 (resp.Y'\F € 1y).

GivenZ C Y C X. Theinterior of Z in (X, 1) (resp. in(Y, 7y)), denoted bynt.(Z) (resp.
by int.,. (7)), is defined as the union of all open setg K, 7) (resp. in(Y, 7y)), contained in
Z. Theclosureof Z in (X, 7) (resp. in(Y,7y)), denoted byl (Z) (resp. bycl., (%)), is
defined as the intersection of all closed set&n ) (resp. in(Y, 7y )) containingZ. Using de
Morgan’s law, we can prove that for evefy C X, X\int.(Z) = cl.(X\Z) and X \cl.(Z) =
int,(X\Z). It also can be proved thatec cl,(Z) if and only if for everyU € 7\{0} such that
x € U,thenUN Z # 0.

The following is the defintion of semi-open set, introduced by [1], in a topological space.

Definition 1.1. Let (Y, 7y) be a subspace ofX,7) andZ C X (resp. Z C Y). The
set Z is calledsemi-openin (X, 7) (resp. in(Y,7y)) if Z C cl, (int,(Z)) (resp. Z C
clr(int.,(Z))). The set of all semi-open set X, 7) (resp. in(Y,7y)) is denoted by
SO(X, 1) (resp. SO(Y,71y)). If Y € SO(X, 1), we call(Y,7y) is asemi-open subspace
of (X, 7).

For every topological spacéX’, 7), itis easy to show that C SO(X, 7). This inclusion can
be a proper inclusion. Furthermorg,e SO(X, 7)\{0} if and only if there exist® € 7\{0}
such thatD C Z C ¢l,(O) (the proof similar to[[1, Theorem 1]). The following definition is
well known and can be seen, for example/in [2].

Definition 1.2. Let (Y, 7y ) be a subspace ¢, 7) andZ C X (resp.Z CY).

(1) Zis calleddensein (X, 7) (reps. in(Y, 7y)) if ¢/, (Z) = X (resp.cl.,. (Z) =Y).

(2) Z is callednowhere densein (X,7) (resp. in(Y,7y)) if int,(cl,(Z)) = O (resp.
intr, (clr, (2)) = 0).

(3) Z is calledfirst category in (X, 1) (resp. in(Y,7y)) if Z = U,enZ,, WhereZ, is
nowhere dense i(iX, 7) (resp. in(Y, 7y)) for everyn € N.

(4) Z is calledsecond categoryin (X, 7) (resp. in(Y,7y)) if Z is not first category in
(X, 7) (resp. in(Y, 7y)).

Given a topological spaceX, 1), Y € SO(X,7), andZ C Y. In this paper, we will prove
that Z is nowhere dense ifY, 7y ) if and only if Z is nowhere dense i(iX, 7). As a result of
this property, we have thd is first category (resp. second category set)tinry ) if and only
if Z is first category (resp. second category setinr). To the best of the authors knowledge,
these results are new. Furthermore, these results we use to provide simple proofs of some Baire
space properties obtained in [5].

2. RESULTS AND DISCUSSION

In this section, we will discuss the main results of this paper. We start with the simple lemma
below, which we believe is classical, but we can not find a reference that proved it formally.

Lemma 2.1. Let (X, 7) be a topological space and C X. The set”Z is nowhere dense in
(X, 7) if and only if there exist§l” € 7 and W is dense in( X, 7) such thatV C X\ Z.

Proof. Let Z be a nowhere dense (X, 7). Thenint,(cl.(Z)) = 0. So,
X = X\0 = X\int (cl.(2)) = cl(X\cl(Z)) = cl(int (X \Z)).
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SettinglV = int.(X\Z). Observe thatV € 7 andW is dense in X, 7) such thatl C X\ Z.
Let W satisfies the assumption above. We h&ve- cl. (W) = cl,(int.(W)) = cl.(int,(X\Z)).
Therefore

) =X\X = X\cl,(int.(X\Z)) = int.(X\int,(X\Z)) = int,(cl,(X\(X\Z))) = int, (cl.(Z)).
This meansZ is nowhere dense ifiX, 7). §

Lemma 2.2. Let (X, 7) be a topological spacey” € SO(X,7),andZ C Y. The setZ €
SO(X,r)ifandonlyifZ € SO(Y, y).

It is stated in[[5 6] that Lemnia 2.2 belongslto [7]. However, we will prove this lemma since
we do not have access to the paper [7]. Before we prove it, we need the following property.

Lemma 2.3. Let (X, 7) be a topological space; € SO(X,7),andO C Y. If O € 7y, then
0 e SO(X,T).

Proof. SinceO € 1y, thenO = ENY, forsomeE € 7. So,
int,(0) =int.(ENY) =int.(F)Nint,(Y) = ENint.(Y),
which gives us

(2.1) c-(ENint.(Y)) = cl,(int-(O)).
By the assumptioy” € SO(X, ), we have

(2.2) O=EnY CENnd,(int(Y)).
We claim that

(2.3) Encl(int,(Y)) C cl.(ENint(Y)).

Letz € ENcl (int.(Y)). ForeveryU € 7 such thatt € U, we haver € ENU € 7. Since
z € cl,(int,(Y)), thenENU Nint,.(Y) # 0. We conclude that € cl.(E Nint,.(Y)) (seel3,
p.13]) and the claim is proved. Combinirig (2.2), {2.3), (2.1), we obtain

O CENcl(int.(Y)) Cecl.(Enint.(Y)) = cl,(int-(O)).
The lemma is proveds
Now, we ready to prove Lemnja 2.2.

Proof of Lemma 2]2Let Z € SO(X, 7). ThenZ C cl,(int.(Z)). Sinceint,(Z) C Z C Y,
we havent.(Z)NY = int.(Z). Using the fact thaint, (Z)NY € 1y, we also havent,(Z)N
Y Cint,,(Z). Whenceint.(Z) C int.,.(Z) which gives usi.(int.(Z)) C cl,(int,, (Z)).
Thus,

Z=7ZnY Cd,(int(2))NY Ccl (int,, (2))NY = cl, (int,, (2))

which we obtained by combining all previous informations and the property in [2, p.7[7] or [3,
p.66]. ThereforeZ € SO(Y, Ty ). Observe that we do not use the assumptioa SO(X, )
for the proof of this necessary condition.

Let Z € SO(Y,7y). We may assum& # (). Then there exist® < 7, \{0} such that
O C Z C ¢l;,(0). According to Lemma 2|3, we have € SO(X, 7), which meansi.(O) C
cl,(int,(0)). SinceO C Z, we also havel. (int.(0)) C cl.(int,(Z)). By using the property
in[2, p.77] or [3, p.66], we conclude that

Z Cdlry(0) = (0)NY C el (int(0)) C cl.(int,(2)).
Thus,Z € SO(X, 7). 1
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Now we will investigate some properties which hold in semi-open subspace and also hold in
topological space contains that semi-open subspace.

Theorem 2.4. Let (X, 7) be a topological spacey” € SO(X,7),andZ C Y. The set” is
nowhere dense i, 7y ) if and only if Z is nowhere dense iX, 7).

Proof. Let Z be a nowhere dense {Y, 7y ). According to Lemml, there exidtig, € 7y
andW, is dense iY, 7y ), such that?, C Y\Z. LetW = int.(Wy U (X\Y)). ThenWV € .

We will show thati¥ is dense in(X, 7). Suppose thaD € 7\{0}. If ONY = (), then
O C X\Y C WU (X\Y). This meang®) C W and alsoO N W # (. On the other hand, if
oNY #0,thenONY e ry\{0}. SinceW, is dense inY, 7y ), thenONY NW, # (). Since
onyYnWw, € ty,thenONY NW, € SO(Y, Ty). By virtue of the assumptioll € SO(X, 1)
and Lemma 2]2, we obtail N Y N W, € SO(X, 7). Hence, there exist8’ € 7\{(} such that
O ConNnYnNnW, C O.We also have)’ C W by the definition ofii’. Therefore©’ C ONW
and alsaO N W # (). We conclude from these two caség,is dense in X, 7).

Notice thatiV, € Y\Z C X\Z andX\Y C X\Z. ThenW, U (X\Y) C X\Z. Thus
W C X\Z. From this and the facts théi' € 7 and1V is dense i X, ), by Lemmd 2.]1, we
conclude thatZ is nowhere dense ifiX, 7).

For the proof of the converse, we Btbe a nowhere dense (X, 7). Thenint;(cl,.(Z)) = (.
Sincecl,,. (Z) = cl.(Z)NY C cl.(Z), thenint,, (cl,,. (Z)) C cl.(Z). Clearly,int., (cl,, (Z)) €
SO(Y,ry). SinceY e SO(X,7), by Lemma| 2.2, we haveut,, (cl,, (Z)) € SO(X,T).
Hence,

int,, (clyy, (Z)) C el (int,(int,, (clr, (Z)))) C cl,(int (cl(Z))) = int.(0) = 0.
This tells us thatZ is nowhere dense ift, 7y ). &
As a result of Theorein 2.4, we get the following corollary.

Corollary 2.5. Let (X, 7) be a topological spacg/ € SO(X,7), andZ C Y. The set/ is
first category in(Y, 7y ) if and only if 7 is first category in X, 7).

Proof. Let Z be a first category iy, 7y). ThenZ = U,enZ,, WhereZ,, is nowhere dense in
(Y, 7y) for everyn € N. We have,Z,, is nowhere dense ifX, 7) for everyn € N, according
to Theorenj 2J4. Thus, we have proved thas first category in( X, 7).

Let Z be a first category ifi.X, 7). We haveZ = U,enZ,, WhereZ,, is nowhere dense in
(X, 7) for everyn € N. Therefore,Z,, is nowhere dense ifY, 7y) for everyn € N, by using
Theorenj 2.4. Thus7 is first category inY, 7y). 1

One of immediate consequences of Corolfary 2.5 is the following property.
Corollary 2.6. Let (X, 7) be a topological spaceg/ € SO(X,7), andZ C Y. The set/ is
second category ifY, Ty ) if and only if Z is second category ()X, 7).
3. SEMI-OPEN SET AND BAIRE SPACES

In this section, we give some applications of Corollary| 2.5 to study the properties of Baire
space. All theorems in this section are stated in [5]. However, we give a different and simple
proof in that theorems. We first recall the definition of Baire space.

Definition 3.1. Let (Y, 7y) be a subspace dfX, 7). The spacéX, 7) (resp.(Y, 7y)) is called
Baire spaceif for every {E,, : n € N} C 7 (resp.{E,, : n € N} C 7y) such thatl,.(E,) = X
(resp.cl,, (E,) = Y) for everyn € N, thencl, (N,enErn) = X (resp.clyy, (NpenEr) =Y).
We also callY, 7y ) is aBaire subspaceof (X, 7).
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The Baire spacéX, 7) can be characterized as followsY, 7) is a Baire space if and only if
for everyZ € 7\{0}, thenZ is second category iaX, 7). This classical property stated in [4,
p.295]. The following theorem generalized the previous characterization.

Theorem 3.1.[5, Theorem 2.8 et (X, 7) be a topological spacd,X, 1) is a Baire space if
and only if for everyZ € SO(X, 7)\{0}, thenZ is second category i(X, 7).

Proof. Let Z € SO(X, 7)\{0}. Suppose that is first category i X, 7). ThenZ = U,enZ,
whereint.(cl,(Z,)) = 0 for everyn € N. Thereforecl,(int,(X\Z,)) = X for everyn € N.
Since(X, 7) is a Baire space, thefi, (N,enint-(X\Z,)) = X. Observe that,

0 = X\cl; (Mpenint-(X\Z,)) = int; (X\ (Npenint-(X\Z,))) = int; (Unen (X \int-(X\Z,)))
= int; (Unencl-(X\(X\Z,))) = int; (Unencl-(Z,)) 2 int: (UnenZn) = int-(Z).

By assumptiorZ € SO(X,7)\{0}, we havel) # Z C cl.(int.(Z)) C 0. This is a contradic-
tion. Therefore, we must havé is second category ifiX, 7).
The converse of this theorem can be proved by similar methad in [4, pp.295#96].

The remaining theorems in this section proved by application of Corrgllaly 2.5.

Theorem 3.2.[5, Theorem 2.9]f (X, ) is a Baire space, then for evely € SO(X, 1),
(Y, Ty) is also a Baire space.

Proof. Let Z € SO(Y,7y)\{0}. Suppose that is first category in(Y, 7y ). According to
Lemmg 2.2 and Corollafy 2.5, we obtathe SO(X, 7)\{0} andZ is first category i X, 7).
This contradicts t¢ X, 7) is Baire space, by virtue of Theor¢ém Bil.

Definition 3.2. Let {U, : « € I} be a collection of subsets &f. The collection{U,, : « € I}
is calledpseudo-coverfor (X, 7) if cl;(UpeiUys) = X. If {U, : « € I} C SO(X, 1), we call
{U, : a € I} asemi-open pseudo-covefor (X, 7).

Theorem 3.3.[5, Theorem 2.10]f there exist a semi-open pseudo-cover (far, 7) such that
its member is a Baire subspace(df, 7), then(X, 7) is a Baire space.

Proof. Let Z € SO(X, 7)\{0}. According to the assumption, there exi§t§, : « € I}, such
that it is a semi-open pseudo-cover fof, 7) and(U,, 7y, ) is a Baire subspace 0¥, ), for
everya € [. Suppose thaf is first category in( X, 7). Then, there exists € [ such that
ZNUg # 0. Itis clear thatZ N Uy is first category in X, 7). From Lemm4 22, we obtain
Z € SO(Ug, y,). Using Corollary 2.p, we conclude thatn Uy is first category i(Us, 7v,)-
Since(Us, Ty, ) is a Baire space and by virtue of Theor‘@ 3.1, we have a contradigtion.

4. CONCLUSIONS

Let (X, 7) be a topological spac#, € SO(X, 1), andZ C Y. In this paper, we have proved
that Z is nowhere dense ifY, 7y ) if and only if Z is nowhere dense (X, 7). This implies
that 7 is first category (resp. second category)¥iry) if and only if Z is first category
(resp. second category) {tX, 7). As a consequences, we obtain some new, but simple, proof
regarding to the properties of Baire spaces.
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