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ABSTRACT. In this paper, we obtain some new results regarding to the nowhere dense and first
category set in the semi-open subspace of a topological space. More precisely, we prove that a
nowhere dense set in the semi-open subspace of a topological space is equivalent as a nowhere
dense set in that topological space. This implies that a first category set in the semi-open subspace
of a topological space is equivalent as a first category set in that topological space. We also give
some applications of these results to give some new proofs relating to the properties of semi-open
set and Baire space.
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1. I NTRODUCTION

Let (X, τ) be a topological space,Y ⊆ X, andτY = {Y ∩ U : U ∈ τ}. We call(Y, τY ) is a
subspaceof (X, τ). Note that,(Y, τY ) is also a topological space. A setZ ∈ τ (resp.Z ∈ τY )
is calledopenset in(X, τ) (resp. open set in(Y, τY )). Meanwhile, a setF ⊆ X (resp.F ⊆ Y )
is calledclosedset in(X, τ) (resp. closed set in(Y, τY )) if X\F ∈ τ (resp.Y \F ∈ τY ).

GivenZ ⊆ Y ⊆ X. Theinterior of Z in (X, τ) (resp. in(Y, τY )), denoted byintτ (Z) (resp.
by intτY

(Z)), is defined as the union of all open sets in(X, τ) (resp. in(Y, τY )), contained in
Z. The closure of Z in (X, τ) (resp. in(Y, τY )), denoted byclτ (Z) (resp. byclτY

(Z)), is
defined as the intersection of all closed sets in(X, τ) (resp. in(Y, τY )) containingZ. Using de
Morgan’s law, we can prove that for everyZ ⊆ X, X\intτ (Z) = clτ (X\Z) andX\clτ (Z) =
intτ (X\Z). It also can be proved thatx ∈ clτ (Z) if and only if for everyU ∈ τ\{∅} such that
x ∈ U , thenU ∩ Z 6= ∅.

The following is the defintion of semi-open set, introduced by [1], in a topological space.

Definition 1.1. Let (Y, τY ) be a subspace of(X, τ) and Z ⊆ X (resp. Z ⊆ Y ). The
set Z is calledsemi-open in (X, τ) (resp. in(Y, τY )) if Z ⊆ clτ (intτ (Z)) (resp. Z ⊆
clτY

(intτY
(Z))). The set of all semi-open set in(X, τ) (resp. in (Y, τY )) is denoted by

SO(X, τ) (resp. SO(Y, τY )). If Y ∈ SO(X, τ), we call (Y, τY ) is a semi-open subspace
of (X, τ).

For every topological spaces(X, τ), it is easy to show thatτ ⊆ SO(X, τ). This inclusion can
be a proper inclusion. Furthermore,Z ∈ SO(X, τ)\{∅} if and only if there existsO ∈ τ\{∅}
such thatO ⊆ Z ⊆ clτ (O) (the proof similar to [1, Theorem 1]). The following definition is
well known and can be seen, for example, in [2].

Definition 1.2. Let (Y, τY ) be a subspace of(X, τ) andZ ⊆ X (resp.Z ⊆ Y ).

(1) Z is calleddensein (X, τ) (reps. in(Y, τY )) if clτ (Z) = X (resp.clτY
(Z) = Y ).

(2) Z is callednowhere densein (X, τ) (resp. in(Y, τY )) if intτ (clτ (Z)) = ∅ (resp.
intτY

(clτY
(Z)) = ∅).

(3) Z is calledfirst category in (X, τ) (resp. in(Y, τY )) if Z = ∪n∈NZn, whereZn is
nowhere dense in(X, τ) (resp. in(Y, τY )) for everyn ∈ N.

(4) Z is calledsecond categoryin (X, τ) (resp. in(Y, τY )) if Z is not first category in
(X, τ) (resp. in(Y, τY )).

Given a topological space(X, τ), Y ∈ SO(X, τ), andZ ⊆ Y . In this paper, we will prove
thatZ is nowhere dense in(Y, τY ) if and only if Z is nowhere dense in(X, τ). As a result of
this property, we have thatZ is first category (resp. second category set) in(Y, τY ) if and only
if Z is first category (resp. second category set) in(X, τ). To the best of the authors knowledge,
these results are new. Furthermore, these results we use to provide simple proofs of some Baire
space properties obtained in [5].

2. RESULTS AND DISCUSSION

In this section, we will discuss the main results of this paper. We start with the simple lemma
below, which we believe is classical, but we can not find a reference that proved it formally.

Lemma 2.1. Let (X, τ) be a topological space andZ ⊆ X. The setZ is nowhere dense in
(X, τ) if and only if there existsW ∈ τ andW is dense in(X, τ) such thatW ⊆ X\Z.

Proof. Let Z be a nowhere dense in(X, τ). Thenintτ (clτ (Z)) = ∅. So,

X = X\∅ = X\intτ (clτ (Z)) = clτ (X\clτ (Z)) = clτ (intτ (X\Z)).
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SettingW = intτ (X\Z). Observe thatW ∈ τ andW is dense in(X, τ) such thatW ⊆ X\Z.
LetW satisfies the assumption above. We haveX = clτ (W ) = clτ (intτ (W )) = clτ (intτ (X\Z)).

Therefore

∅ = X\X = X\clτ (intτ (X\Z)) = intτ (X\intτ (X\Z)) = intτ (clτ (X\(X\Z))) = intτ (clτ (Z)).

This meansZ is nowhere dense in(X, τ).

Lemma 2.2. Let (X, τ) be a topological space,Y ∈ SO(X, τ), andZ ⊆ Y . The setZ ∈
SO(X, τ) if and only ifZ ∈ SO(Y, τY ).

It is stated in [5, 6] that Lemma 2.2 belongs to [7]. However, we will prove this lemma since
we do not have access to the paper [7]. Before we prove it, we need the following property.

Lemma 2.3. Let (X, τ) be a topological space,Y ∈ SO(X, τ), andO ⊆ Y . If O ∈ τY , then
O ∈ SO(X, τ).

Proof. SinceO ∈ τY , thenO = E ∩ Y , for someE ∈ τ . So,

intτ (O) = intτ (E ∩ Y ) = intτ (E) ∩ intτ (Y ) = E ∩ intτ (Y ),

which gives us

(2.1) clτ (E ∩ intτ (Y )) = clτ (intτ (O)).

By the assumptionY ∈ SO(X, τ), we have

O = E ∩ Y ⊆ E ∩ clτ (intτ (Y )).(2.2)

We claim that

(2.3) E ∩ clτ (intτ (Y )) ⊆ clτ (E ∩ intτ (Y )).

Let x ∈ E ∩ clτ (intτ (Y )). For everyU ∈ τ such thatx ∈ U , we havex ∈ E ∩ U ∈ τ . Since
x ∈ clτ (intτ (Y )), thenE ∩ U ∩ intτ (Y ) 6= ∅. We conclude thatx ∈ clτ (E ∩ intτ (Y )) (see [3,
p.13]) and the claim is proved. Combining (2.2), (2.3), and (2.1), we obtain

O ⊆ E ∩ clτ (intτ (Y )) ⊆ clτ (E ∩ intτ (Y )) = clτ (intτ (O)).

The lemma is proved.

Now, we ready to prove Lemma 2.2.

Proof of Lemma 2.2.Let Z ∈ SO(X, τ). ThenZ ⊆ clτ (intτ (Z)). Sinceintτ (Z) ⊆ Z ⊆ Y ,
we haveintτ (Z)∩Y = intτ (Z). Using the fact thatintτ (Z)∩Y ∈ τY , we also haveintτ (Z)∩
Y ⊆ intτY

(Z). Whenceintτ (Z) ⊆ intτY
(Z) which gives usclτ (intτ (Z)) ⊆ clτ (intτY

(Z)).
Thus,

Z = Z ∩ Y ⊆ clτ (intτ (Z)) ∩ Y ⊆ clτ (intτY
(Z)) ∩ Y = clτY

(intτY
(Z))

which we obtained by combining all previous informations and the property in [2, p.77] or [3,
p.66]. ThereforeZ ∈ SO(Y, τY ). Observe that we do not use the assumptionY ∈ SO(X, τ)
for the proof of this necessary condition.

Let Z ∈ SO(Y, τY ). We may assumeZ 6= ∅. Then there existsO ∈ τY \{∅} such that
O ⊆ Z ⊆ clτY

(O). According to Lemma 2.3, we haveO ∈ SO(X, τ), which meansclτ (O) ⊆
clτ (intτ (O)). SinceO ⊆ Z, we also haveclτ (intτ (O)) ⊆ clτ (intτ (Z)). By using the property
in [2, p.77] or [3, p.66], we conclude that

Z ⊆ clτY
(O) = clτ (O) ∩ Y ⊆ clτ (intτ (O)) ⊆ clτ (intτ (Z)).

Thus,Z ∈ SO(X, τ).
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Now we will investigate some properties which hold in semi-open subspace and also hold in
topological space contains that semi-open subspace.

Theorem 2.4. Let (X, τ) be a topological space,Y ∈ SO(X, τ), andZ ⊆ Y . The setZ is
nowhere dense in(Y, τY ) if and only ifZ is nowhere dense in(X, τ).

Proof. Let Z be a nowhere dense in(Y, τY ). According to Lemma 2.1, there existsW0 ∈ τY

andW0 is dense in(Y, τY ), such thatW0 ⊆ Y \Z. Let W = intτ (W0 ∪ (X\Y )). ThenW ∈ τ .
We will show thatW is dense in(X, τ). Suppose thatO ∈ τ\{∅}. If O ∩ Y = ∅, then

O ⊆ X\Y ⊆ W0 ∪ (X\Y ). This meansO ⊆ W and alsoO ∩ W 6= ∅. On the other hand, if
O ∩ Y 6= ∅, thenO ∩ Y ∈ τY \{∅}. SinceW0 is dense in(Y, τY ), thenO ∩ Y ∩W0 6= ∅. Since
O∩Y ∩W0 ∈ τY , thenO∩Y ∩W0 ∈ SO(Y, τY ). By virtue of the assumptionY ∈ SO(X, τ)
and Lemma 2.2, we obtainO ∩ Y ∩W0 ∈ SO(X, τ). Hence, there existsO′ ∈ τ\{∅} such that
O′ ⊆ O∩Y ∩W0 ⊆ O. We also haveO′ ⊆ W by the definition ofW . Therefore,O′ ⊆ O∩W
and alsoO ∩W 6= ∅. We conclude from these two cases,W is dense in(X, τ).

Notice thatW0 ⊆ Y \Z ⊆ X\Z andX\Y ⊆ X\Z. ThenW0 ∪ (X\Y ) ⊆ X\Z. Thus
W ⊆ X\Z. From this and the facts thatW ∈ τ andW is dense in(X, τ), by Lemma 2.1, we
conclude thatZ is nowhere dense in(X, τ).

For the proof of the converse, we letZ be a nowhere dense in(X, τ). Thenintt(clτ (Z)) = ∅.
SinceclτY

(Z) = clτ (Z)∩Y ⊆ clτ (Z), thenintτY
(clτY

(Z)) ⊆ clτ (Z). Clearly,intτY
(clτY

(Z)) ∈
SO(Y, τY ). SinceY ∈ SO(X, τ), by Lemma 2.2, we haveintτY

(clτY
(Z)) ∈ SO(X, τ).

Hence,

intτY
(clτY

(Z)) ⊆ clτ (intτ (intτY
(clτY

(Z)))) ⊆ clτ (intτ (clτ (Z))) = intτ (∅) = ∅.

This tells us thatZ is nowhere dense in(Y, τY ).

As a result of Theorem 2.4, we get the following corollary.

Corollary 2.5. Let (X, τ) be a topological space,Y ∈ SO(X, τ), andZ ⊆ Y . The setZ is
first category in(Y, τY ) if and only ifZ is first category in(X, τ).

Proof. Let Z be a first category in(Y, τY ). ThenZ = ∪n∈NZn, whereZn is nowhere dense in
(Y, τY ) for everyn ∈ N. We have,Zn is nowhere dense in(X, τ) for everyn ∈ N, according
to Theorem 2.4. Thus, we have proved thatZ is first category in(X, τ).

Let Z be a first category in(X, τ). We haveZ = ∪n∈NZn, whereZn is nowhere dense in
(X, τ) for everyn ∈ N. Therefore,Zn is nowhere dense in(Y, τY ) for everyn ∈ N, by using
Theorem 2.4. Thus,Z is first category in(Y, τY ).

One of immediate consequences of Corollary 2.5 is the following property.

Corollary 2.6. Let (X, τ) be a topological space,Y ∈ SO(X, τ), andZ ⊆ Y . The setZ is
second category in(Y, τY ) if and only ifZ is second category in(X, τ).

3. SEMI -OPEN SET AND BAIRE SPACES

In this section, we give some applications of Corollary 2.5 to study the properties of Baire
space. All theorems in this section are stated in [5]. However, we give a different and simple
proof in that theorems. We first recall the definition of Baire space.

Definition 3.1. Let (Y, τY ) be a subspace of(X, τ). The space(X, τ) (resp.(Y, τY )) is called
Baire spaceif for every{En : n ∈ N} ⊆ τ (resp.{En : n ∈ N} ⊆ τY ) such thatclτ (En) = X
(resp. clτY

(En) = Y ) for everyn ∈ N, thenclτ (∩n∈NEn) = X (resp. clτY
(∩n∈NEn) = Y ).

We also call(Y, τY ) is aBaire subspaceof (X, τ).
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The Baire space(X, τ) can be characterized as follows:(X, τ) is a Baire space if and only if
for everyZ ∈ τ\{∅}, thenZ is second category in(X, τ). This classical property stated in [4,
p.295]. The following theorem generalized the previous characterization.

Theorem 3.1. [5, Theorem 2.8]Let (X, τ) be a topological space,(X, τ) is a Baire space if
and only if for everyZ ∈ SO(X, τ)\{∅}, thenZ is second category in(X, τ).

Proof. Let Z ∈ SO(X, τ)\{∅}. Suppose thatZ is first category in(X, τ). ThenZ = ∪n∈NZn,
whereintτ (clτ (Zn)) = ∅ for everyn ∈ N. Therefore,clτ (intτ (X\Zn)) = X for everyn ∈ N.
Since(X, τ) is a Baire space, thenclτ (∩n∈Nintτ (X\Zn)) = X. Observe that,

∅ = X\clτ (∩n∈Nintτ (X\Zn)) = intτ (X\ (∩n∈Nintτ (X\Zn))) = intτ (∪n∈N (X\intτ (X\Zn)))

= intτ (∪n∈Nclτ (X\(X\Zn))) = intτ (∪n∈Nclτ (Zn)) ⊇ intτ (∪n∈NZn) = intτ (Z).

By assumptionZ ∈ SO(X, τ)\{∅}, we have∅ 6= Z ⊆ clτ (intτ (Z)) ⊆ ∅. This is a contradic-
tion. Therefore, we must haveZ is second category in(X, τ).

The converse of this theorem can be proved by similar method in [4, pp.295-296].

The remaining theorems in this section proved by application of Corrollary 2.5.

Theorem 3.2. [5, Theorem 2.9]If (X, τ) is a Baire space, then for everyY ∈ SO(X, τ),
(Y, τY ) is also a Baire space.

Proof. Let Z ∈ SO(Y, τY )\{∅}. Suppose thatZ is first category in(Y, τY ). According to
Lemma 2.2 and Corollary 2.5, we obtainZ ∈ SO(X, τ)\{∅} andZ is first category in(X, τ).
This contradicts to(X, τ) is Baire space, by virtue of Theorem 3.1.

Definition 3.2. Let {Uα : α ∈ I} be a collection of subsets ofX. The collection{Uα : α ∈ I}
is calledpseudo-coverfor (X, τ) if clτ (∪α∈IUα) = X. If {Uα : α ∈ I} ⊆ SO(X, τ), we call
{Uα : α ∈ I} asemi-open pseudo-coverfor (X, τ).

Theorem 3.3. [5, Theorem 2.10]If there exist a semi-open pseudo-cover for(X, τ) such that
its member is a Baire subspace of(X, τ), then(X, τ) is a Baire space.

Proof. Let Z ∈ SO(X, τ)\{∅}. According to the assumption, there exists{Uα : α ∈ I}, such
that it is a semi-open pseudo-cover for(X, τ) and(Uα, τUα) is a Baire subspace of(X, τ), for
everyα ∈ I. Suppose thatZ is first category in(X, τ). Then, there existsβ ∈ I such that
Z ∩ Uβ 6= ∅. It is clear thatZ ∩ Uβ is first category in(X, τ). From Lemma 2.2, we obtain
Z ∈ SO(Uβ, τUβ

). Using Corollary 2.5, we conclude thatZ ∩ Uβ is first category in(Uβ, τUβ
).

Since(Uβ, τUβ
) is a Baire space and by virtue of Theorem 3.1, we have a contradiction.

4. CONCLUSIONS

Let (X, τ) be a topological space,Y ∈ SO(X, τ), andZ ⊆ Y . In this paper, we have proved
thatZ is nowhere dense in(Y, τY ) if and only if Z is nowhere dense in(X, τ). This implies
that Z is first category (resp. second category) in(Y, τY ) if and only if Z is first category
(resp. second category) in(X, τ). As a consequences, we obtain some new, but simple, proof
regarding to the properties of Baire spaces.
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