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1. I NTRODUCTION

The theory of bicomplex numbers is an area of active research for quite a long time since the
innovative work of Segre in search of special algebras. In 1892, Segre proposed the concept of
bicomplex numbers which can be thought of as a generalization of complex numbers. Because
not every non zero bicomplex number has a multiplicative inverse, the set of bicomplex numbers
is a commutative ring with unity that contains the field of complex numbers but does not form a
field, the study of zero divisors in bicomplex analysis is introduced. For a long time, bicomplex
numbers have been explored. For a recent works on bicomplex analysis and its application we
refer to [1],[11],[12],[13] and [15].
The theory of one parameter semigroups of linear operators on Banach spaces began in the
early part of the twentieth century. The theory attained a certain level of knowledge in 1970s
and 1980s. Semigroups have become key tools for functional differential equations in quantum
physics and infinite dimensional control theory, in addition to classic areas such as partial dif-
ferential equations and stochastic processes.
For details on semigroups theory, we refer to [5], [6] and [7].

2. PRELIMINARIES

The setBC of bicomplex numbers is defined as

BC = {Z = w1 + jw2 | z1, z2 ∈ C(i)} ,

wherei andj are imaginary units such thatij = ji, i2 = j2 = −1 andC(i) is the set of complex
numbers with the imaginary uniti. The setBC of bicomplex numbers form a ring under the
usual addition and multiplication of bicomplex numbers. Moreover,BC is a module over itself.
The set of positive hyperbolic number is denoted byD+ which is a subset ofD is given by

D+ = {β1 + kβ2 : β2
1 − β2

2 ≥ 0, β1 ≥ 0}.
We can discuss three conjugations for bicomplex numbers in the same way we can do for usual
complex numbers, becauseBC comprises two imaginary units with squares equal to -1 and a
hyperbolic units with square equal to 1.

(i) Z = z1 + jz2 (the bar − conjugation);
(ii) Z† = z1 − jz2, (the † −conjugation);

(iii) Z∗ = z1 − jz2, (the ∗ −conjugation),

wherez1, z2 denote the usual complex conjugates toz1, z2 ∈ C(i).
If Z = z1 + jz2 6= 0 is such thatZ · Z† = z2

1 + z2
2 = 0, thenZ is a zero divisor. The set of zero

divisorsNC of BC is, thus, given by

NC =
{
Z | Z 6= 0, w2

1 + w2
2 = 0

}
,

and is called the null cone andNC0 = NC ∪ {0}.
The hyperbolic numberse ande† defined as

e =
1 + k

2
ande† =

1− k

2
,

are zero divisors, which are linearly independent in theC(i)-vector spaceBC and satisfy the
following properties:

e2 = e, (e†)2 = e†, e∗ = e, (e†)∗ = e†, e + e† = 1 ande · e† = 0.

Any bicomplex numberZ = z1 + jz2 can be uniquely written as

(2.1) Z = ew1 + e†w2,
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wherew1 = z1 − iz2 andw2 = z1 + iz2 are elements ofC(i). Formula (2.1) is called the
idempotent representation of a bicomplex numberZ. A hyperbolic numberα = β1 + kβ2 in
idempotent representation can be written as

α = eα1 + e†α2,

whereα1 = β1 + β2 andα2 = β1− β2 are real numbers. We say thatα is a positive hyperbolic
number ifα1 ≥ 0 andα2 ≥ 0.
Writing these hyperbolic numbers in their idempotent formα = eα1+e†α2 andγ = γ1e+γ2e

†,
with real numbersα1, α2, γ1 andγ2, we have that

α � γ iff α1 ≤ γ1 andα2 ≤ γ2.

If γ − α ∈ D+ \ {0}, we writeγ � α. This imples thatz ∈ D+ is equivalent toz � 0 and that
z ∈ D+ \{0} is equivalent toz � 0. Now, given two hyperbolic numbersa andb, a � b, the set

[a, b]D = {z ∈ D : a � z � b}

is called hyperbolic interval.
Consider the mappings

π1,i, π2,i : BC −→ C(i)

given by
πl,i(z) = πl,i(α1e + α2e

†) := αl ∈ C(i).

These maps are nothing but the projections onto thecoordinate axis in C2(i) with the basis
{e, e†}.

Definition 2.1. Let X be a subset ofBC. ThenX is said to be a product-type set ifX =
X1e + X2e

†, whereX1 := π1,i(X) andX2 := π2,i(X).

Definition 2.2. Let X be a product-type set inBC. Then a functionΦ : X = X1e + X2e
† ⊂

BC → BC is said to be a product-type function if there existΦi : Xi → C for i = 1, 2 such that
Φ(β1e + β2e

†) = Φ1(β1)e + Φ2(β2)e
† for all β1e + β2e

† ∈ X.

A module defined over the ring of bicomplex numbersBC (or ring of hyperbolic numbers
D) is called aBC-module (orD-module). Consider the setX1 = eX andX2 = e†X. Then
X1 ∩X2 = {0}. Thus, we can write

(2.2) X = eX1 + e†X2,

whereX1 = eX andX2 = e†X areC(i)-vector (orR-vector) spaces. Equation (2.2) is called
the idempotent decomposition ofX.

Definition 2.3. Let X be aBC-module. A function‖·‖D : X → D+ is said to be a hyperbolic-
valued norm (orD-valued norm) onX if it satisfies the following properties:

(a) ‖x‖D = 0 if and only if x = 0.
(b) ‖µx‖D = |µ|k ‖x‖D , ∀ x ∈ X, ∀ µ ∈ BC.
(c) ‖x + y‖D ≺ ‖x‖D + ‖y‖D , ∀ x, y ∈ X.

TheBC-module can be endowed canonically with the hyperbolic, orD-valued norm denoted
by ‖·‖D as follows:

‖x‖D =
∥∥x1e + x2e

†∥∥
D = ‖x1‖1 e + ‖x2‖2 e†(2.3)

Theorem 2.1. [10] A BC-module(X, ‖·‖) is aBC-Banach module if and only if(X1, ‖·‖1) and
(X2, ‖·‖2) are complex Banach spaces.
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Definition 2.4. The operatorΦt : X → X is calledD-bounded if there existsm ∈ D+ such
that for anyx ∈ X one has

‖Φt(x)‖D � m‖x‖D.

For further details, we refer the reader to [1], [3] [10], [11] and [15].

3. SOME BASIC PROPERTIES OF GENERATORS

In this section, we introduce the notion of differentiability of strongly continuous semigroup
and also we discuss some properties of generators of semigroup.
LetX be theBC-Banach module andL(X) denote the space of allD-bounded bicomplex linear
operators onX. We know thatL(X) is aD-normedBC-Banach algebra with respect to operator
norm

‖Φ‖D = sup {‖Φx‖D : ‖x‖D ≺ 1} .(3.1)

The norm in equation (3.1) is the hyperbolic norm ofΦ. Hence, we can write

‖Φ‖D = ‖Φ1‖1e + ‖Φ2‖2e
†,

where‖ · ‖1 and‖ · ‖2 are the usual norms onΦ1 andΦ2 respectively (cf. [1, page 76]).
Let Φ : D+ → L(X) be a mapping on a set of positive hyperbolic numbersD+. Write D+ =
R+e + R+e†, so that any elementt ∈ D+ is of the formt = t1e + t2e†, wheret1, t2 ∈ R+.
We can writeL(X) asL(X) = L(X1)e + L(X2)e

†, whereX1 andX2 are the Banach spaces
andΦt ∈ L(X) is a mapping fromX to X.
The linearity ofΦt gives

Φt[x] = Φt[xe · e + xe† · e†]
= Φt[xe] · e + Φt[xe†] · e†

= (Φt[xe] · e) · e + (Φt[xe†] · e†) · e†,
and introducing the operatorsΦ1,t andΦ2,t are given by

Φ1,t[x] = Φt[xe] · e, Φ2,t[x] = Φt[xe†] · e†.
Therefore, the idempotent representation of a bicomplex linear operatorΦt is given by

Φt = Φ1,te + Φ2,te
† = Φ1,t1e + Φ2,t2e

†,

whereΦ1,t1 : X1 → X1 andΦ2,t2 : X2 → X2 are the mappings onX1 andX2 respectively.

Definition 3.1. Let X be aBC-Banach module and let the mappingΦ : D+ → L(X) have the
property:
(i) For all t, s∈ D+, Φt+s = ΦtΦs andΦ0 = I, the identity operator onX.
(ii) lim

t→0+
‖Φt − I‖D = 0.

Then the familyF = {Φt : t ∈ D+} satisfying above two conditions is called uniformly
continuous semigroup of allD-bounded bicomplex linear operators onX. If the above two
conditions hold fort, s ∈ D, then we callF = {Φt : t ∈ D} a uniformly continuous group of
all D-bounded bicomplex linear operators onX.

Definition 3.2. A family Φt of D-bounded bicomplex linear operators onX, indexed byt ∈
D+ is called a strongly continuous semigroup or (C0-semigroup) if it satisfies the following
conditions:
(i) For all t, s∈ D+, Φt+s = ΦtΦs andΦ0 = I.
(ii) For all x ∈ X, we have
lim

t→0+
Φtx = x.
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If these properties hold forD instead ofD+, we callΦt indexed byt ∈ D a strongly continuous
group (orC0-group) onX.

Definition 3.3. Let Φ : Ω ⊂ BC −→ D+ be a bicomplex function. ThenΦ is said to be a right
derivatives, if

Φ
′
(w+) := lim

z→w+

Φ(z)− Φ(w+)

z − w+
= lim

NC0 63h→0+

Φ(w+ + h)− Φ(w+)

h

is exist, forz ∈ Ω ⊂ BC such thath = z − w+ is an invertible bicomplex number.

Example 3.1.Let us consider a product-typeBC-functionΦ : Ω = Ω1e+Ω2e
† ⊂ BC −→ BC

such that

Φ(z) = ze−
1
z , where z ∈ Ω.

Then

Φ
′
(z+) =


0, if z = 0+e + 0+e†(

α1−1
α1

)
eα−1

1 · e, if z = α1e + 0+e†, where α1 /∈ NC0(
α2−1

α2

)
eα−1

2 · e†, if z = 0+e + α2e
†, where α2 /∈ NC0.

Thus,Φ
′
(z+) exist i.e., right derivatives ofΦ(z) exist.

Example 3.2.Let us consider a product-typeBC-functionΦ : Ω = Ω1e+Ω2e
† ⊂ BC −→ BC

such that

Φ(z) = ze
1
z , where z ∈ Ω.

Then

Φ
′
(z+) =


doesnot exist, if z = 0+e + 0+e†

doesnot exist, if z = α1e + 0+e†, where α1 /∈ NC0

doesnot exist, if z = 0+e + α2e
†, where α2 /∈ NC0.

Thus,Φ
′
(z+) doesnot exist i.e., right derivatives ofΦ(z) doesnot exist.

Lemma 3.1. Let F = {Φt : t ∈ D+} be a C0-semigroup ofD-bounded bicomplex linear
operators onBC-Banach moduleX and letx ∈ X. If u : t 7→ Φtx is the orbit map, then the
following are equivalent:

(i) u is differentiable onD+.
(ii) u is right differentiable att = 0.

Proof. We only need to show (ii)⇒(i). Take h ∈ D+ \ NC0. Then h = h1e + h2e
† with

h1, h2 ∈ R+ \ {0}.
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Then we have

u′(t) = lim
h→0+

1

h
(u(t + h)− u(t))

= lim
h1→0+

1

h1

(u1(t1 + h1)− u1(t1)) e

+ lim
h2→0+

1

h2

(u2(t2 + h2)− u2(t2)) e†

= lim
h1→0+

1

h1

(Φ1,t1+h1x1 − Φ1,t1x1) e

+ lim
h2→0+

1

h2

(Φ2,t2+h2x2 − Φ2,t2x2) e
†

= Φ1,t1 lim
h1→0+

(
1

h1

(Φ1,h1x1 − x1)

)
e

+ Φ2,t2 lim
h2→0+

(
1

h2

(Φ2,h2x2 − x2)

)
e†

= Φ1,t1u
′
1(0)e + Φ2,t2u

′
2(0)e

†

= Φtu
′(0)

and henceu is right differentiable onD+.
On the other hand, forh ∈ [−t, 0)D we write

1

h
(Φt+h(x)− Φt(x))− Φtu

′(0) = Φt+h

(
1

h

(
x− Φ−h(x)

)
− u′(0)

)
+ Φt+hu

′(0)− Φtu
′(0), h /∈ NC0.

By the first part and the boundedness of‖Φt+h‖D for h ∈ [−t, t]D, the first term on the right
hand side converges to0 ash → 0−. The other term converges to zero becauseF is strongly
continuous semigroup. Hence,u is also left differentiable and its derivatives is

u′(t) = Φtu
′(0) ∀ t ∈ D+.

Thus the derivativeu′(0) of the orbit mapu(t) = Φtx at t = 0 determines the derivative at each
point t ∈ D+.

Definition 3.4. LetF be aC0-semigroup onBC-Banach moduleX. ThenG : DG ⊆ X → X
is said to be a generator ofF if it satisfies the following condition:

Gx = Φ′tx|t=0

= lim
NC0 63h→0+

1

h
(Φhx− x),(3.2)

defined for everyx in its domain. It’s domain is given by

DG =

{
x ∈ X : lim

NC0 63h→0+

1

h
(Φhx− x) exists

}
.

Theorem 3.2.SupposeG1 andG2 are the generators ofC0-semigroupsF1 = {Φ1,t1 : t1 ∈ R+}
andF2 = {Φ2,t2 : t2 ∈ R+} respectively. ThenG : DG ⊆ X → X is the generator ofC0-
semigroupF = {Φt : t ∈ D+} onBC-Banach moduleX.

Proof. SinceGm is the generator ofC0-semigroupFm. Then forxm ∈ Xm, we have

Gmxm = lim
hm→0+

1

hm

(Φm,hmxm − xm) ,
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whereXm is a Banach space, form = 1, 2. Now, we have to show thatG is the generator of
C0-semigroupF = {Φt : t ∈ D+}. For this letx = x1e + x2e

† ∈ X, wherex1 ∈ X1 and
x2 ∈ X2.
We can writeG as

Gx = G1x1e + G2x2e
†

= lim
h1→0+

1

h1

(Φ1,h1x1 − x1)e + lim
h2→0+

1

h2

(Φ2,h2x2 − x2)e
†

= lim
h→0+

(Φ1,h1x1e + Φ2,h2x2e
†)− (x1e + x2e

†)

h1e + h2e†

= lim
NC0 63h→0+

(Φhx− x)

h
.

Thus, the operatorG is generator ofC0-semigroupF onBC-Banach moduleX.

Theorem 3.3. LetG be the generator ofC0-semigroupF on BC-Banach moduleX. Then the
two operatorsG1 : DG1 ⊆ X1 → X1 andG2 : DG2 ⊆ X2 → X2 are the generators onX1 and
X2 respectively.

Proof. Given thatG is the generator ofC0-semigroupF onBC-Banach moduleX. We need to
prove thatG1 : DG1 ⊆ X1 → X1 andG2 : DG2 ⊆ X2 → X2 are the generators onX1 andX2

respectively.
Since G is the generator ofC0-semigroupF , we have

Gx = lim
NC0 63h→0+

(Φhx− x)

h
.

We can decomposeG as

Gx = G1x1e + G2x2e
†.

Then

G1x1e + G2x2e
† = lim

h1→0+

1

h1

(Φ1,h1x1 − x1)e

+ lim
h2→0+

1

h2

(Φ2,h2x2 − x2)e
†.(3.3)

Multiply (3.3) by e ande†, we get

G1x1 = lim
h1→0+

1

h1

(Φ1,h1x1 − x1), for x1 ∈ X1

and

G2x2 = lim
h2→0+

1

h2

(Φ2,h2x2 − x2), x2 ∈ X2.

Hence,G1 andG2 are the generators ofF1 andF2 respectively.

Lemma 3.4. LetF be aC0-semigroup on aBC-Banach module and ifG is theC0-semigroup’s
generator. Then we have the following properties:

(i) G : DG ⊆ X → X is a bicomplex linear operator.
(ii) If x ∈ DG, thenΦtx ∈ DG and

Φ′tx = ΦtGx = GΦtx, ∀t ∈ D+.
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Proof. (i) Let G = G1e + G2e
† be the generator onX, whereG1 andG2 are generators on

Banach spacesX1 andX2 respectively.
We know thatG is a bicomplex linear operator if and only ifG1 andG2 are linear.
(ii) For t ∈ D+ andx ∈ DG,

ΦtGx = Φ1,t1G1x1e + Φ2,t2G2x2e
†

= Φ1,t1 lim
h1→0+

1

h1

[Φ2,h1x1 − x1]e

+Φt2,2 lim
h2→0+

1

h2

[Φh2,2x2 − x2]e
†

= lim
h1→0+

1

h1

[Φ1,t1Φ1,h1x1 − Φ1,t1x1]e

+ lim
h2→0+

1

h2

[Φ2,t2Φ2,h2x2 − Φ2,t2x2]e
†

= lim
NC0 63h→0+

1

h
[ΦtΦhx− Φtx] = GΦtx.

So, we haveΦtx ∈ DG andΦtGx = GΦtx.
Next, we will compute the right derivative ofΦtx,

Φ′tx = lim
NC0 63h→0+

1

h
[Φt+hx− Φtx] = Φt lim

NC0 63h→0+

1

h
[Φhx− x] = ΦtGx.

Thus,

Φ′tx = ΦtGx

= GΦtx, ∀ t ∈ D+.

Lemma 3.5.LetG be the generator ofC0-semigroupF onBC-Banach module, then
∫

[0,t]D
Φsxds ∈

DG, for everyt ∈ D+, x ∈ X.

Proof. SinceG is the generator ofC0-semigroupF onBC-Banach moduleX. We can writeG
as

G = G1e + G2e
†,

whereG1 andG2 are the generators on Banach spacesX1 andX2 respectively.
Let Φ : [0, t]D → X given bys → Φsx be a continuous function on hyperbolic interval[0, t]D.
Then by [16], the Riemann integral is represented as∫

[0,t]D

Φsxds =

∫ t1

0

Φ1,s1x1ds1e +

∫ t2

0

Φ2,s2x2ds2e
†, s ∈ [0, t]D, x ∈ X.

SinceGm is the generator ofC0-semigroupFm = {Φm,tm : tm ∈ R+}, then for alltm ∈ R+

andxm ∈ Xm, we have ∫ tm

0

Φm,smxmdsm ∈ DGm ,

where the integral is the Riemann integral of the continuous functionsm → Φm,smxm, for
m = 1, 2 see [2].
Then, clearly we have

∫
[0,t]D

Φsxds ∈ DG, for everyt ∈ D+, x ∈ X.

Lemma 3.6. LetF be aC0-semigroup onBC-Banach moduleX and if G is the generator of
C0-semigroupF , then we have the following properties.
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(i) If x ∈ X, Φtx− x = G
∫

[0,t]D
Φsxds, for everyt ∈ D+.

(ii) If x ∈ DG, thenΦtx− x =
∫

[0,t]D
ΦsGxds, for everyt ∈ D+.

Proof. (i) Let x = x1e + x2e
† ∈ X. We can decompose the integral as

G

∫
[0,t]D

Φsxds = G1

∫ t1

0

Φ1,s1x1ds1e + G2

∫ t2

0

Φ2,s2x2ds2e
†.

If x1 ∈ X1 andx2 ∈ X2, then

Gm

∫ tm

0

Φm,smxmdsm = Φm,tmxm − xm,

whereGm is the generator ofC0-semigroupFm = {Φm,tm : tm ∈ R+}, for m = 1, 2. Now,

G

∫
[0,t]D

Φsxds = (Φ1,t1x1 − x1)e + (Φ2,t2x2 − x2)e
†

= Φtx− x.

(ii) Let x = x1e + x2e
† ∈ DG, wherex1 ∈ DG1 andx2 ∈ DG2 .

If xm ∈ DGm , then
∫ tm

0
Φm,smGmxmdsm = Φm,tmxm − xm, for m = 1, 2. Then, clearly∫

[0,t]D
ΦsGxds = Φtx− x.

Corollary 3.7. A C0-semigroupF = {Φt : t ∈ D+} has aD-bounded generatorG if and only
if it is uniformly continuous. In this case,

Φ′tx = ΦtGx = GΦtx(3.4)

for all x ∈ X and the limit in (3.2) is uniform with respect to theD-valued norm inX, i.e.,

lim
NC0 63h→0+

∥∥∥∥G− 1

h
(Φh − I)

∥∥∥∥
D

= 0.(3.5)

Moreover,

Φt = exp(tG) = I +
∞∑

k=1

1

k!
(tG)k, t ∈ D+.(3.6)

It is known that if lim
t→0+

sup ‖Φt − I‖D ≺ 1, then‖Φt − I‖D → 0 and hence the semigroup is

uniformly continuous and has the formetG for someD-bounded operatorG.

4. SOME RESULTS ON CLOSED BICOMPLEX LINEAR OPERATORS

In this section, we studied theC0-semigroups of closed bicomplex linear operators onBC-
Banach module and find some results in these direction.

Definition 4.1. [8] Let X be aBC-Banach module and also letG : DG ⊂ X → DG be a
bicomplex linear map such that

DG = {x ∈ X : Gx ∈ X}.
is a bicomplex submodule inX. Then the graph ofG is the set of all points inX × X of the
form (x, Gx) with x ∈ DG.
A bicomplex linear operatorG is said to be closed if its graphG = {(x, Gx) | x ∈ DG} is
closed in the product spacesX ×X i.e., wheneverxn ∈ DG, xn → x, Gxn → y implies that
x ∈ DG andGx = y.
Also the productX ×X of BC-Banach module is aBC-Banach module.
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Let DG be a linear submodule ofX. Write X = X1e + X2e
† andDG = DG1e + DG2e

†,
whereDG1 andDG2 are linear subspaces of Banach spacesX1 andX2 respectively.
Then the graph norm ofG1 andG2 is define by

‖x1‖G1
= ‖x1‖1 + ‖G1x1‖1 , for x1 ∈ DG1

and
‖x2‖G2

= ‖x2‖2 + ‖G2x2‖2 , for x2 ∈ DG2 .

Then, indeed‖·‖G1
and‖·‖G2

are norms onDG1 andDG2 respectively.
Forx = x1e + x2e

† ∈ X, we define

‖x‖G,D = ‖x1‖G1
e + ‖x2‖G2

e†,(4.1)

where‖·‖G,D is theD-valued norm onDG. Then the equation (4.1) can be seen as follows:
(i)

‖x‖G,D = 0 ⇔ ‖x1‖G1
e + ‖x2‖G2

e†

⇔ (‖x1‖1 + ‖G1x1‖1) e + (‖x2‖2 + ‖G2x2‖2) e
†

⇔ ‖x1‖1 + ‖G1x1‖1 = 0 and ‖x2‖2 + ‖G2x2‖2 = 0

⇔ x1 = 0 andx2 = 0.

(ii) Further for anyµ ∈ D,

‖µx‖G,D = ‖µ1x1‖G1
e + ‖µ2x2‖G2

e†

= (‖µ1x1‖1 + ‖µ1G1x1‖1) e + (‖µ2x2‖2 + ‖µ2G2x2‖2)e
†

= |µ1| (‖x1‖1 + ‖G1x1‖1) e + |µ2| (‖x2‖2 + ‖G2x2‖2)e
†

= |µ1| ‖x1‖G1
e + |µ2| ‖x2‖G2

e†

= |µ|k ‖x‖G,D .

(iii) Let x = x1e + x2e
†, y = y1e + y2e

† ∈ DG. Then

‖x + y‖G,D = ‖x1 + y1‖G1
e + ‖x2 + y2‖G2

e†

=
[
‖x1 + y1‖1 + ‖G1(x1 + y1)‖1

]
e

+
[
‖x2 + y2‖2 + ‖G2(x2 + y2)‖2

]
e†

�
(
‖x1‖1 e + ‖x2‖2 e†

)
+

(
‖y1‖1 e + ‖y2‖2 e†

)
+

(
‖G1x1‖1 e + ‖G2x2‖2 e†

)
+

(
‖G1y1‖1 e + ‖G2y2‖2 e†

)
= [(‖x1‖1 + ‖G1x1‖1) + (‖y1‖1 + ‖G1y1‖1)] e

+ [(‖x2‖2 + ‖G2x2‖2) + (‖y2‖2 + ‖G2y2‖2)] e
†

=
(
‖x1‖G1

+ ‖y1‖G1

)
e +

(
‖x2‖G2

+ ‖y2‖G2

)
e†

= ‖x‖G,D + ‖y‖G,D .

So, we can defineD-valued graph norm ofG by

‖x‖G,D = ‖x‖D + ‖Gx‖D , x ∈ DG.

Theorem 4.1.LetG be the generator ofC0-semigroupF . Then

(i) G is closed bicomplex linear operator.
(ii) DG is dense inX.
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Proof. (i) Let {xn} ⊂ DG be a Cauchy sequence inDG with respect to theD-valued graph
norm. Then the inequalities :

‖xn − xl‖D � ‖xn − xl‖G,D
and

‖Gxn −Gxl‖D � ‖Gxn −Gxl‖G,D

hold and so{xn} and{Gxn} are Cauchy sequences inX with respect toD-valued norm
‖·‖D . SinceX is a BC-Banach module, we see thatxn → x andGxn → y in X for some
x, y ∈ X.
For t ∈ D+ \ NC0, we have

Φtxn − xn =

∫
[0,t]D

ΦsGxnds.

The uniform convergence ofΦsGxn on [0, t]D for n →∞ implies that

Φtx− x =

∫
[0,t]D

Φsyds.

Dividing both sides byt ∈ D+ \ NC0 and lett → 0+, we get

Gx = lim
t→0+

Φtx− x

t
= lim

t→0+

1

t

∫
[0,t]D

Φsyds = y,

sox ∈ DG andGx = y. To conclude, we note that
‖x − xn‖G,D = ‖x − xn‖D + ‖Gx − Gxn‖D → 0 asn → ∞, i.e.,xn → x in D-valued graph
norm. Thus,G is a closed bicomplex linear operator.
(ii) Let x ∈ X be arbitrary and define

xt =
1

t

∫
[0,t]D

Φsxds, wheret ∈ D+ \ NC0.

By Proposition 3.5, we getxt ∈ DG. Since the mappings → Φsx is continuous, we have
xt → Φ0x = x for t → 0+.
Hence,DG is dense inX.

Theorem 4.2. Let S andT beC0-semigroups ofD-bounded bicomplex linear operators with
same generatorG. If S = S1e + S2e

†, T = T1e + T2e
† andG = G1e + G2e

†, whereSm,Tm

areC0-semigroups overXm with same generatorGm, m = 1, 2. Then

S = T

if and only if
S1 = T1 and S2 = T2.

Proof. Suppose thatS andT be aC0-semigroups with same generatorG. ThenS coincide
with T. We have to show thatC0-semigroupsSm andTm with same generator are coincide, for
m = 1, 2. Now,

S1 = Se

= Te = T1

implies,
S1 = T1.

Similarly,
S2 = T2.
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Thus,S1 coincide withT1 andS2 coincide withT2.
Conversely, suppose thatSm andTm, m = 1, 2 be C0-semigroups with the same generator.
ThenS1 = T1 andS2 = T2. We have to show thatS = T. Now

S = S1e + S2e
†

= T1e + T2e
† = T.

Thus,S coincide withT.

5. CONCLUSION

The author are working to extend the semi groups of linear operators with real and complex
scalars to bicomplex scalars. The authors establish generators of bicomplex and Hille-Yoshida
theorem in the bicomplex framework. Interesting future work will include study of semi groups
of linear operators, their generators and Hille-Yoshida theorem in locally convex bicomplex
module.
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