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1. INTRODUCTION

The theory of bicomplex numbers is an area of active research for quite a long time since the
innovative work of Segre in search of special algebras. In 1892, Segre proposed the concept of
bicomplex numbers which can be thought of as a generalization of complex numbers. Because
not every non zero bicomplex number has a multiplicative inverse, the set of bicomplex numbers
is a commutative ring with unity that contains the field of complex numbers but does not form a
field, the study of zero divisors in bicomplex analysis is introduced. For a long time, bicomplex
numbers have been explored. For a recent works on bicomplex analysis and its application we
refer to [1],[11],[12],[13] and[[15].

The theory of one parameter semigroups of linear operators on Banach spaces began in the
early part of the twentieth century. The theory attained a certain level of knowledge in 1970s
and 1980s. Semigroups have become key tools for functional differential equations in quantum
physics and infinite dimensional control theory, in addition to classic areas such as partial dif-
ferential equations and stochastic processes.

For details on semigroups theory, we refer to [5], [6] &nd [7].

2. PRELIMINARIES
The sefBC of bicomplex numbers is defined as
B(C = {Z = W1 +Jw2 | 21429 c C(l)},

wherei andj are imaginary units such thit= ji, i* = j> = —1 andC(i) is the set of complex
numbers with the imaginary unit The setBC of bicomplex numbers form a ring under the
usual addition and multiplication of bicomplex numbers. Moredél,is a module over itself.
The set of positive hyperbolic number is denotedloywhich is a subset db is given by

D* = {8, + kB, : 51 — 3 2 0,5, > 0}.
We can discuss three conjugations for bicomplex numbers in the same way we can do for usual

complex numbers, becauB& comprises two imaginary units with squares equal to -1 and a
hyperbolic units with square equal to 1.
() Z =%, + jZ (the bar — conjugation);

(i) Z' = 21 — jzo, (thet —conjugation);

(i) Z* =2z, — jza, (the * —conjugation),
wherez,, Z, denote the usual complex conjugatesitoz, € C(i).
If Z =2 +jz2 #0issuchthat? - ZT = 2} + 22 = 0, thenZ is a zero divisor. The set of zero
divisorsNC of BC is, thus, given by

NC={Z|Z#0, wj+w; =0},

and is called the null cone amiC, = NC U {0}.
The hyperbolic numbersande’ defined as

are zero divisors, which are linearly independent in @{#-vector spacéC and satisfy the
following properties:

e?=e, (el)2=el e*=¢, (el)"=e', e+ e =1ande-e' =0.
Any bicomplex numbe¥ = z; + jz, can be uniquely written as
(2.1) Z = ew; + elw,,
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wherew, = z — iz andw, = z; + iz, are elements of(i). Formula [2.]1) is called the
idempotent representation of a bicomplex numbBerA hyperbolic numbery = 3, + k3, in
idempotent representation can be written as

o =eq; + eTOZQ,

wherea; = 3, + 3, anday, = 3, — 3, are real numbers. We say thats a positive hyperbolic
number ifa; > 0 andasy > 0.

Writing these hyperbolic numbers in their idempotent ferm ea; +efa, andy = v,e+,ef,
with real numbersyy, as, v, and~,, we have that

a X yiff ap < v andas < 7,
If v —a € DT\ {0}, we writey = «. This imples that € D™ is equivalent to: > 0 and that
z € DT\ {0} is equivalent to: - 0. Now, given two hyperbolic numbersandb, a < b, the set
la,bp={z€D:a =<2 =<0}

is called hyperbolic interval.
Consider the mappings
14, T2 - BC — C(i)

given by

mi(2) = mi(age + ael) == a; € C(i).
These maps are nothing but the projections ontacthedinate axis in C%(i) with the basis
{e,el}.
Definition 2.1. Let X be a subset oBC. Then X is said to be a product-type set¥ =
Xle -+ XQBT, WhereX1 = ﬂ-l,i(X) andXQ = 7T2’i(X).

Definition 2.2. Let X be a product-type set lAC. Then a functiond : X = X e + Xyel C
BC — BC is said to be a product-type function if there exist: X; — C for: = 1, 2 such that
D(B e + Byel) = B1(5;)e + Po(3,)el for all 3,e + Byef € X.

A module defined over the ring of bicomplex numb& (or ring of hyperbolic numbers
D) is called aBC-module (orD-module). Consider the séf;, = eX and X, = efX. Then
X; N X, = {0}. Thus, we can write

(2.2) X =eX; +e' Xy,

whereX; = eX and.X, = e X areC(i)-vector (orR-vector) spaces. Equatign (2.2) is called
the idempotent decomposition af.

Definition 2.3. Let X be aBC-module. A function||-||, : X — D™ is said to be a hyperbolic-
valued norm (oiD-valued norm) onX if it satisfies the following properties:

(@) ||z|lp = 0ifand only if z = 0.
(b) [lpzlly = el llly, Vo € X, ¥ i € BC,
©) llz +yllp < llzllp + lyllp, ¥,y € X.

The BC-module can be endowed canonically with the hyperboli@)-ealued norm denoted
by ||-||, as follows:

(2.3) lzllp = [lz1e + z2el[|, = [|l21]l; e + [|z2]], e

Theorem 2.1.[10] ABC-module(X, ||-||) is aBC-Banach module if and only {7, ||-||,) and
(X2, |||l,) are complex Banach spaces.
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Definition 2.4. The operato®; : X — X is calledD-bounded if there exists: € D" such
that for anyz € X one has
1@t(z) ([ = m|z||p.

For further details, we refer the reader(to [1], [3][10],/[11] and [15].

3. SOME BASIC PROPERTIES OF GENERATORS

In this section, we introduce the notion of differentiability of strongly continuous semigroup
and also we discuss some properties of generators of semigroup.
Let X be theBC-Banach module an8(.X') denote the space of dll-bounded bicomplex linear
operators orX . We know thatg(X) is alD-normedBC-Banach algebra with respect to operator
norm

(3.1) [Pl = sup{|®z|p : [[z[lp <1}
The norm in equatiorj (3.1) is the hyperbolic normiofHence, we can write
2]l = [|@1]l1e + [|@2|e",

where|| - ||; and| - ||, are the usual norms cb, and®, respectively (cf.[[1, page 76]).

Let® : DT — £(X) be a mapping on a set of positive hyperbolic numfigrs Write D™ =
R*e 4+ R*ef, so that any elementc D is of the formt = t,e + t,ef, wheret,, t, € RT.

We can write€(X) as£(X) = £(X,)e + £(X,)el, whereX; and X, are the Banach spaces
and®; € £(X) is a mapping fromX to X.

The linearity of®, gives

Oifz] = Pyfze-e+azel el

= Ofre] - e+ difzel] - e

= (Oyfze]-e)-e+ (Pfzel]-ef) e,
and introducing the operatots ; and®,; are given by

Dy 4[z] = Oyfze] - e, Poyfz] = Byfwel] - el
Therefore, the idempotent representation of a bicomplex linear op@rat®given by
Py = Prie+ Py el = Oy e+ Pypel,

where®, ¢, : X; — X; and®,y, : Xo — X, are the mappings o; and.X, respectively.

Definition 3.1. Let X be aBC-Banach module and let the mappiflg Dt — £(X) have the

property:
() Forallt,se D*, & s = ®&dsandd, = I, the identity operator oiX.
(i) thr(g”fbt —I|lp = 0.

Then the familyF = {®; : t € Dt} satisfying above two conditions is called uniformly
continuous semigroup of alb-bounded bicomplex linear operators ah If the above two
conditions hold fott, s € D, then we callF = {®, : t € D} a uniformly continuous group of
all D-bounded bicomplex linear operators &n

Definition 3.2. A family &, of D-bounded bicomplex linear operators &n indexed byt €
D+ is called a strongly continuous semigroup 6k<{semigroup) if it satisfies the following
conditions:

() Forallt,se D", &, s = ®;Psandd, = I.

(if) For all x € X, we have

lim & = .
t—0+
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If these properties hold fdp instead ofD ", we call®, indexed byt € D a strongly continuous
group (orCy-group) onXx.

Definition 3.3. Let ® : ) ¢ BC — D™ be a bicomplex function. Thed is said to be a right

derivatives, if

d(z) — P(w™ d(wt — P(w™

¢ (wh) := lim —(z) (w?) = lim (w* +h) (w?)
z—wt z—wt NCoZh—0+t h

is exist, forz € Q C BC such thath = z — w™ is an invertible bicomplex number.

Example 3.1.Let us consider a product-tyfC-function® : Q = Qe + Qe’ ¢ BC — BC
such that

O(2) = ze, where z € Q.

Then

0, if z=0Te+0"el
P'(zF) = a=l) ear’ Lo if 2 = aje + 0Fel, where a; ¢ NCy

et el, if 2 =0%e + ase’, where ay ¢ NC,.

Thus,®(z*) exist i.e., right derivatives @b (z) exist.

Example 3.2.Let us consider a product-ty&C-function® : Q = Qe+ Qe’ ¢ BC — BC
such that

O(z) = ze*, where z € Q.
Then
doesnot exist, if z=0"e+ 0Tel

P (27) = < doesnot exist, if z=ae+ 0%el, where a; ¢ NCqy

doesnot exist, if z=0%e+ asel, where ay ¢ NCy.

Thus,® (%) doesnot exist i.e., right derivatives &f~) doesnot exist.

Lemma 3.1. Let F = {®; : t € D"} be aCy-semigroup ofD-bounded bicomplex linear
operators onBC-Banach moduleX and letx € X. If u : t — &z is the orbit map, then the
following are equivalent:
() u is differentiable orD™*.
(i) u is right differentiable at = 0.

Proof. We only need to show (i-(i). Takeh € D \ NCy. Thenh = hie + hoe' with
hy, hy € RT\ {0}.
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Then we have

W) =l (u(t+ B~ uft)
=l o ()~ w(t)e
+ hgli—r>%+ hiz (tata & ha) = ua(t) of

1
+ h2~>0+ h2 ( 2’t2+h2 2 27t2 2)

1
= (I)Ltl hm (h—(®17h1$1—$1))e

hl*>0jL 1
+ Doy, Tim (e (®apzs — ) ) ©f
2to h2E%+ Iy 2,ho L2 — T2
= & uj(0)e + Py ub(0)el
= (Ptu/(())
and hence is right differentiable oD .
On the other hand, for € [—t,0)p we write
1 1
(o) = 8(0) = 2l (0) = (0 - B0) - (0))
+ <I>t+hu/(0) - <I>tu/(0), h ¢ NCO
By the first part and the boundedness||@%. ||, for h € [—t,t]p, the first term on the right
hand side converges tbash — 0~. The other term converges to zero beca#sis strongly
continuous semigroup. Hencejs also left differentiable and its derivatives is
u'(t) = dp/(0) Vte DT,
Thus the derivative’(0) of the orbit mapu(t) = &z att = 0 determines the derivative at each
pointt € D g

Definition 3.4. Let F be aC-semigroup orBC-Banach moduleX. ThenG : Dg C X — X
is said to be a generator & if it satisfies the following condition:

Gz = P
1
2 = li —(Ppx —
42 oo BT

defined for every: in its domain. It's domain is given by

: 1 .
Dg = {x €eX: Ncol%riw E(q)hx — ) emsts} .

Theorem 3.2. Supposé&-; and G, are the generators af\,-semigroupsF; = {®;, : t; € RT}
and F, = {®yy, : to € RT} respectively. Thed’ : Do C X — X is the generator o€’-
semigroupF = {®; : t € D*} onBC-Banach moduleX.

Proof. SinceG,, is the generator of',-semigroup?,,,. Then forz,, € X,,, we have

GmZm = Im — (P py T — Tin)
hm—0+ Ry,
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whereX,, is a Banach space, for = 1,2. Now, we have to show thdt is the generator of
Co-semigroupF = {®, : t € DT}. For this letr = z,e + z.e’ € X, wherer; € X; and
X9 € XQ.

We can writelG as

Gr = Glmle—l—szQeT

1 1
= lim —(@thl’l — xl)e + lim _(®27h2x2 — J]Q)GT

m—0t Iy ha—0t ho

— lim (Cbl,hll’le + ‘I)Q,hgl‘geT) — (xle + xQeT)
h—0F hie + hoet

= lim —(CIth )
NCoFh—0+ h ’

Thus, the operata® is generator of’,-semigroupF on BC-Banach moduleX. g

Theorem 3.3. Let G be the generator of’y-semigroupF on BC-Banach moduleX. Then the
two operators=; : Dg, € X; — X; andGs : Dg, € X, — X, are the generators oxX; and
X, respectively.

Proof. Given thatG is the generator afy-semigroup? on BC-Banach moduleX. We need to
prove that, : D, C X; — X; andGs : Dg, C Xy — X, are the generators oXi; and X,
respectively.

Since G is the generator 6f-semigroup¥, we have

[0)) —
Gr= lim —( ne :C)
NCoZh—0+ h
We can decomposg as
Gz = Gizre + Gozsel.

Then
1
Glxle + GQIQGT = lim —((I)thﬁl — 1’1)8
h1—0t hl
1
; _ _ T
(3.3) +h2hi%+ h2(¢2,h2«%’2 zp)e’.

Multiply (B.3) by e andef, we get

G1$1 = lim _(®1,h1x1 — .1'1), for x| € X1
h1—0+ Ry
and

Goxog = lim — (P91 2o — Xo), To € Xo.
2% h2—>0+h2( 2,ha T2 2), T2 2

Hence,7; and(G, are the generators ¢f; and.F; respectivelys

Lemma 3.4. Let F be aCy-semigroup on BC-Banach module and & is theCy-semigroup’s
generator. Then we have the following properties:

() G: Dg C X — X is a bicomplex linear operator.

(i) If z € Dg, then®x € D and

bir = &,Gr = GOy, Vt e DT
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Proof. (i) Let G = G,e + G-e' be the generator oX, whereG, and G, are generators on
Banach space&; and X, respectively.

We know that(7 is a bicomplex linear operator if and onlyGf; andG, are linear.

(i) Fort € D™ andz € Dg,

CI)tGZL‘ = @17t1G1$1e+¢)27t2G2$26T

) 1
= (I)Ltl lim —[@27h1x1—$1]e
h:[‘>0+ 1

. 1
+®, 2 hifcl)+ h—Q[‘th,szQ — x9)e!

1
= lim —CD“CI)lhxl—(I)“xle
h1—>0+h1[ t1 = 1,h1 Ast ]

1
lim —[®yy, Pop e — Doy, 2s]e’
+h21—>0+ h2[ 2t P2 h, T2 2.to 2]

1
= lim —[®Prr — Prz] = GOy,
NCoZh—0+ h

So, we haveb,x € D; and®Gxr = GOyx.
Next, we will compute the right derivative df;z,

Oix = lim l[CIDHha: — Pux] =Py lim l[CIDhyc —z] = &Gu.
NCoFh—0+ h NCoFh—0+
Thus,
dx = PG
= Gdux, VteD'.
|

Lemma 3.5. LetG be the generator af’,-semigroupF onBC-Banach module, theff0 th b xds €
D¢, foreveryt e DY, z € X.

Proof. SinceG is the generator af,-semigroup? on BC-Banach moduleX. We can write?
as

G = Gle + GQGT,

whereG; and(, are the generators on Banach spakesnd X, respectively.
Let® : [0,t]p — X given bys — ®,x be a continuous function on hyperbolic interj@lt|p,.
Then by [16], the Riemann integral is represented as

11 to
/ O xds = / Py g, x1dsre +/ ®y o, Todsse’, s € [0,t]p, z € X.
[Ovt]D 0 0

SinceG,, is the generator of’y-semigroup?,,, = {®,.+,, : t,, € RT}, then for allt,, € R*
andz,, € X,,, we have

tm
/ ©m757rzxmd8m € DG'm?
0

where the integral is the Riemann integral of the continuous functipn— &, ; z,,, for
m = 1,2 seel[2].
Then, clearly we havﬁovt]m ®,xds € D¢, foreveryt e DT,z € X. 1

Lemma 3.6. Let F be aCy-semigroup oBC-Banach moduleX and if G is the generator of
Cy-semigroupF, then we have the following properties.
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() fzeX, dx—2=0G f[o 1, Psads, for everyt € D,

(i) If z € Dg, then®dx — x = f[o 1, LsGuds, for everyt € D+,

Proof. (i) Let z = z,e + x2e’ € X. We can decompose the integral as
t1 t2
G/ d.xds = G, / Py 5, x1ds1€ + GQ/ QQ,SQxQdSQeT.
[O7t]D 0 0
If z; € X, andzy € X5, then
tm
Gm/ q)m,smxmdsm = CI)m,tmxm — T,
0
whereG,, is the generator of,-semigroup?,,, = { P+, : tm € RT}, form = 1,2. Now,

G/ Qxds = (Pryx1 —21)e+ (Do, z0 — z9)el
[O,th@

= q)t.lf — X.
(II) Letz =ze+ ZL’QGT € Dg, wherer; € DG1 andzx, € DGQ.
If 2,, € Dg,,, then [[" @, Grtmdsy = Put,Tm — Tm, for m = 1,2. Then, clearly
f[o b & . Grds = O — 2. 1

Corollary 3.7. A Cy-semigroupF = {®; : t € D'} has aD-bounded generataf if and only
if it is uniformly continuous. In this case,

(3.4) Pr = OGr =GP
for all z € X and the limit in [3.2) is uniform with respect to tievalued norminX, i.e.,
1
3.5 li G——(®,—-1)|| =0.
(3.5) N(Co;;gi0+ h( . ) D
Moreover,
= 1
(3.6) O = exp(tG) =1+ H(tG)’f, teD*.
k=1

It is known that iflirrisup |®¢ — I]|p < 1, then]||®; — I||, — 0 and hence the semigroup is
t—0

uniformly continuous and has the fort¥ for someD-bounded operato€.

4., SOME RESULTS ON CLOSED BICOMPLEX LINEAR OPERATORS

In this section, we studied th&,-semigroups of closed bicomplex linear operatorsBdit
Banach module and find some results in these direction.

Definition 4.1. [8] Let X be aBC-Banach module and also l&t : Dgs € X — Dg be a
bicomplex linear map such that

D = {reX:GreX}.

is a bicomplex submodule iX. Then the graph of- is the set of all points inX' x X of the
form (xz, Gz) with z € Dg.

A bicomplex linear operato€ is said to be closed if its grapfi = {(z,Gz) | * € Dg} is
closed in the product spacés x X i.e., whenever,, € Dg, =, — =, Gz, — y implies that
r € Dg andGzr = y.

Also the productX x X of BC-Banach module is BC-Banach module.

AJMAA Vol. 20(2023), No. 1, Art. 17, 13 pp. AIMAA
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Let D be a linear submodule of. Write X = X,e + Xyel andDg = Dg,e + Dg,e',
whereDg, and D¢, are linear subspaces of Banach spafesnd X, respectively.
Then the graph norm a@¥, andG, is define by

|z1llg, = [le1ll, + |Giza ], , forzy € D,
and
z2lle, = [l22ll; + |Gazally, for z2 € Da,.
Then, indeed-||;, and|-|,, are norms orD¢, and D, respectively.
Forz = z1e + xz0ef € X, we define
(4.1) Izlep = lillg, e+ llz2llg, e,
where||-||; , is theD-valued norm onD¢. Then the equatio.l) can be seen as follows:
(i)
lzlep =0 & lzillg, e+ llzzlg, e
& (lally + 1Gi1lly) e+ (22l + 1Gaz2]l,) €f
& laally +1Gizally = 0and ||lzally + [[Gozall, = 0
& ;= 0andzy, = 0.
(ii) Further for anyu € D,

||N$||G,]D> = |mzillg, e+ lpazallq, ef

= (lmxlly + I Grzally) e + (luaall, + l1aGawally)e’
=l (lzally + [Grzally) e + |l (2lly + [Gaall,)e’
=l llzill, e+ lual 22]lg, €f
= |ulllzllgn-

(i) Let z = z1e + xqef, y = y1e + yoet € Dg. Then

|z + yHG,]D) = o1+ y1HG1 e+ ||lzg + y2||G2 ef

= [llz1 +wll, +1Gi(z1 + i), Je

+[ o + yally + 1Ga(za + 1o)ll, |

(I1lly e + llzally €F) + (vl e + llyall, )

+ (|Gl e + [|Gazzll,€) + (|Giunll, e + [ Gaell, )

= [(laally + IGrzlly) + (lwally + [|Gayally)] e

+[(lz2lly + 1Gawally) + (ly2lly + [Gagell,)]
= (lzille, + llvill,) e+ (lz2llg, + lv2lls,) €
= HxHG,ID) + H?JHG,D'

So, we can defin®-valued graph norm off by

A

l2llgp = llzllp + G2llp, = € De-.

Theorem 4.1. Let G be the generator of’y-semigroupF. Then

(i) G is closed bicomplex linear operator.
(i) D¢ is dense inX.
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Proof. (i) Let {z,} C D¢ be a Cauchy sequence In; with respect to thé)-valued graph
norm. Then the inequalities :

|2n — 2illp = |70 — leG,ID)
and
|G, — Gl 2 |Gy — G|

hold and so{x,} and{Gx,} are Cauchy sequences I with respect taD-valued norm
|-/lp - SinceX is aBC-Banach module, we see that — x andGz,, — y in X for some
z,y € X.
Fort € D* \ NC,, we have

oz, — x, = / d.Gz,ds.
[Ovt}D
The uniform convergence df,G'z,, on [0, t|p for n — oo implies that

O — x = / D yds.
[Ovt]D

Dividing both sides by € D* \ NC, and lett — 0", we get

Oixr —

Gz = lim = lim E b yds =y,
t—0+ t t—ot 1 [0,t]p
sox € Dg andGx = y. To conclude, we note that
|z — zullep = || — zu|lp + |G — Gzyllp — 0 @sn — oo, i.e.,z,, — « in D-valued graph
norm. Thus( is a closed bicomplex linear operator.
(i) Let x € X be arbitrary and define

Ty = —/ d,xds, wheret € D'\ NC,.
[Ovt}D

By Proposition] 3.6, we get; € Dg. Since the mapping — &,z is continuous, we have
r — Por =z fort — 0.
Hence,D is dense inX. §

Theorem 4.2. LetS and T be Cy-semigroups ob)-bounded bicomplex linear operators with
same generatofi. If S = S;e + Syef, T = Tye + Teef andG = Gie + Goef, whereS,,,, T,,
are C,-semigroups ovek,, with same generatot,,,, m = 1,2. Then

S=T
if and only if
Sl = T1 and S2 = TQ.

Proof. Suppose tha8 and T be aCj-semigroups with same generat@r ThenS coincide
with T. We have to show that,-semigroupss,, andT,,, with same generator are coincide, for
m =1,2. Now,

S; = Se
= Te=1T
implies,
S, =T;.
Similarly,
S, =T,.
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Thus,S; coincide withT; andS, coincide withT.
Conversely, suppose that, andT,,, m = 1,2 be Cy-semigroups with the same generator.
ThenS, = T, andS, = T5. We have to show th&d = T'. Now

S = Sle + SQGT
Tle + TzeT =T.

Thus,S coincide withT. g

5. CONCLUSION

The author are working to extend the semi groups of linear operators with real and complex
scalars to bicomplex scalars. The authors establish generators of bicomplex and Hille-Yoshida
theorem in the bicomplex framework. Interesting future work will include study of semi groups
of linear operators, their generators and Hille-Yoshida theorem in locally convex bicomplex
module.
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