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ABSTRACT. Inthis paper, we introduce a new general subclass of analytic functions with respect
to symmetric points in the domain of sine function. We obtain sharp coefficient bounds and
upper bounds for the Fekete-Szeg6 functional. Also we get sharp bounds for the logarithmic
coefficients of functions belonging to this new class.
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1. INTRODUCTION AND PRELIMINARIES

Let A be the class of all functionswhich are holomorphic inthe regidh= {z € C : |z] < 1}
with the normalizatiory (0) = f'(0) — 1 = 0. Therefore, forf € A, one has

(1.1) f(z)=z+ Zakzk (z e D).
k=2

We write g; < go, if there is an analytic functior in D, with limitations~(0) = 0 and
lv(z)| < 1, suchthay,(z) = g2(v(2)), (2 € D). In case of univalency af, in D, the following
relation holds:

91(2) < g2(2), (2 €D) <= ¢1(0) = g2(0) and g;(D) C go(D).

By varying the function right hand side of subordinations, we can define some subclasses of the
setS which have several interesting geometric properties, (see[2,3,14,5/6, 7, 8,10,11, 12, 14]).
From among these subfamilies we recall here the families that are associated with trigopnometric
function as follows:

1.2) Kain = {feA: 1+Z;/;(ZZ)) < 1+ sin(z), ZE]D)},
(1.3) St = {f cA: Z;((Z";) < 1+4sin(z), 2 € D} :
(1.4) Ren={f € A: f'(z) < 1+sin(z), z € D}.

The classes;;, andR;, were established by Clet al. [3] and Khanet al. [17], respectively.

In the light of the above definitions, we introduce a new general subcladsnth respect to
symmetric points.

Definition 1.1. The functionf € A is in the classSIC)# (sin) if
2z F/(#(z)

(1.5) Pon®) = Fra(—2) < 1 +sin(z) (z e D),
where
(1.6) Fru(2) = (1= X+ p) f(2) + (A = p) 2f'(2) + Mz £ (2)

and0 < pu <A< 1.

Remark 1.1. (i) For ;. = 0, we get the following new clasSK? (sin)
2[A2f"(2) + 2f'(2)]

[f'(2) + f(=2)] + (L= M) [f(2) = f(=2)]

(i) For = 0 and X\ = 1, we get the following new class; (sin),

N P15 (ORI 6
) = {7 e 4 e

(iii) For . = 0 andX = 0, we get the clas§; (sin) , [18],

2zf'(2)
f(z) = f(=2)

SlC?(sin):{fGA:)\Z —<1+sin(z),z€]D)}.

< 1+sin(z), z € ]D)}.
< 1+sin(z), z € D}.

Ss(sin):{fE.A:
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2. A SET OF LEMMAS
Let P be the family of functiong that are holomorphic if» with ® (p(z)) > 0 and the power
series form as follows:
(2.1) p(z) =1+ chzk (z € D).
k=1

Lemma 2.1.[9,[13]If p € P be expressed in series expansi@r)), then
(2.2) lex| < 2 for k>1,
and for complex number, we have
(2.3) o — 2| < 2 max{1, |2y — 1]},
Lemma 2.2.[1] Letp € P has power series expansin 1), then
| J&} — Keyeo + Les| < 2[J]+2|K —2J|+2|J — K + L.
Lemma 2.3. [15] Letm, n,[ andr satisfy the inequalitie8 <m < 1,0 <r < 1, and
8r(1—r) [(mn —20)* + (m(r + m) — n)*] + m(1 —m)(n —2rm)* < 4m*(1 —m)*r(1 —r).
If p € P and has power series expansifihl]), then

3
lc‘ll + 7‘03 + 2mecics — éncf@ — oyl < 2.

3. COEFFICIENTS ESTIMATES AND FEKETE-SZEGO INEQUALITY

Theorem 3.1. If the functionf of the form(T.1]) belongs taSKC}** (sin), then
< 1
Tkl + -1\ —p+kn)]

k=24

|a|

and
1

k=1 1+ k-1 \—pu+kp)]

lag| < ( k=3,5.
The bounds are sharp.
Proof. Let the functionf € SK)* (sin) be of the form(L.1). Let us define the function(z) by
2z F§ (2)
3.1 z) = e
e O
The LHS of the equatiof3.1) gives
22 Fy ,(2) = [Fau(z) = Fxu(=2) q(2) (2 €D).
Sincea; = 1, in view of the above equality, we obtain

=1+qz+q@+--- (z€D).

J
(3.2) 2j902ja2j = (2j—1 T q2j—3P3a3 + -+ + q1Pg;_1A25—1 = Z Q2n—1P2j—2n+192j—2n+1

n=1

and

J
(3.3) 2j902j+1a2j+1 = (25 T q2j—2p303 + -+ + G2Pg;_ 10251 = Z Q2nP2j_on4102j—2n+1

n=1

where
(3.4) p1=1, ¢op=1+(k-1)(A—p+kAu (k>2).
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Furthermore by Definitiofi. T}, we get
q(z) < 1 +sin(z) (z e D).
On the other hand, from the definition of subordination there exists a Schwarz fun¢tipn
with v(0) = 0 and|v(z)| < 1, in such a way that
(3.5) q(z) =1+sin(v(2)) (z eD),
whereg is defined by(3.1) , or equivalently
2z f"(2) + (A =+ 22)2° f"(2) + 2f'(2)]
Az [f"(z) = ["(=2) + (A =)z [f'(2) + f'(=2)]| + (1 = A+ ) [f(2) = f(=2)]
= 1+sin(v(2)) (z€D).

Now, define a functior with
1+ v(2)

1 —v(2)
Clearly, we have: € P and

(3.6)

h(z) =1+ciz+cpz+ - (zeD).

h(z) =1  crz+c2® +e2®+ -
h(z) +1 2+4ciz+ce?+c3zd34 -

v(z) =

This gives
1 2 5 3
Lsin(z) = 14505+ (-% n 5) 2y (E _aa, 5) E
1 D 1 1 1
(37) + (_3_20411 + 1_60%02 - 50103 - ch + 504) ,2’4 + .-
From (3.1, (3.5) and(3.7)), we get
1
qa = 501,
1 1,
Q2 = 5 Co — 501 ,
1 5
q3 = 5 c3 — CcaC1 + ﬂcl ,

1 1, 5 4
qs = 5 C4—6361—§CQ+§6261——61

which imply by (3.2) and(3.3) that

(3.8) w= e
(3.10) aq = 8174 (Cs - 26201 + 11—25’)
(3.12) a5 = 8175 <c4 eyer — icg + gCQC§>
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Now implementing[2.2)) in (3.8)), we obtain

1
(3.12) lag| < —.
2¢,
Now implementing(2.3)) in (3.9, we obtain
1
(3.13) ag| < —.
a2 204
Implementation of triangle inequality and Lemfa]in (3.10), leads us to
1
(3.14) ay| < —.
las 4o,
By applying Lemma.3]in (3.11)), it provides
1
(3.15) las| < —.
45

The equalities ir(3.12))-(3.15]) hold for the functionsf given by (3.6) with v (z) = z, v (z) =

22, v (2) = 23 andv (z) = 2*, respectivelys
Conijecture 3.2. If the functionf of the form(T.1)) belongs taSK}* (sin), then

Tor , keven
|ak’ S )

1
whereyp, is defined by(3.4) .

Remark 3.1. The above conjecture has been verified for the values2, 3, 4, 5 by the Theo-
rem3.1l

Letting x = 0, A = 0 in Theorenf3.I], we get the following result.

Corollary 3.3. [16] If the functionf of the form(1.1]) belongs taS; (sin), then
ool <50 ol < 50 e < 5 lasl <
-2’ -2’ 4’ 4

The bounds are sharp.

Remark 3.2. It is worthy to note that iff € S; (sin), then Conjectur.2] holds for the value
n = 6, seel[16].

Theorem 3.4.If the functionf of the form(T.1)) belongs taSKC)* (sin), then for any complex
numberp

1 14+2(\—p+ 3\

max
L+2(N—p+ 3 )] 14+ (\—p+ 2 )]
Proof. From (3.8) and(3.9)), we get
1 1, ct 1 3 2
4o, (02 - 501) ~ 1643 e (2 “Pagg)
Application of (2.3)) leads us td3.16)) . &
Letting . = 0, A = 0 in Theoren.4] we get the following consequence.

1

|as — pas| = " g,
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Corollary 3.5. [18] If the functionf of the form(L.1)) belongs taS; (sin), then for any complex

numberp
1
}ag — pa§| < Emax {1, %}

Forp = 1 in Theorenf3.4] we obtain the following result.

Corollary 3.6. If the functionf of the form(L.1)) belongs taS/C)* (sin), then for any complex
numberp
1

T4+2(A—p+3Au)]

’a?’_a%’ S 2[

4. LOGARITHMIC COEFFICIENTS

For a functionf € S, the logarithmic coefficients, (n € N) are defined by
f(2) S
4.1 log ——= =2 " D
(4.1) 0g n§1 On2 (z € D),

and play a central role in the theory of univalent functions.

Theorem 4.1.Let f € SKX* (sin) be given by(T.1) and the coefficients dbg (f(z)/z) be
given by(4.1) . Then
1 1 1
0| < — 0o < — 03] < —
| 1’_4902’ | 2‘_4903’ | 3|_8904’
whereyp, is defined by(3.4) . The bounds are sharp.

Proof. Firstly, for a functionf given by(L.1]), by differentiating(4.1)) and equating coefficients,
we have

1 1
(53 = 5 <(Z4 — Qo3 + gag) .

Substituting foras, a3 anda, from (3.8)-(3.10) we obtain

1
8y
1 1 %)
@ w-ifo- ()9

1 3 2 1 P4 P4 3
63 =— |cz3— | = —+ :
’ 16 {03 (4 * 2@2@3) at <12 dpyipg 2490% “a

Using Lemma2.1] and Lemma2.2], we get the desired results. The equalities in Thedfeln
hold for the functionsf given by (3.6) with v (2) = 2z, v (2) = 2%, v (2) = 2® andv (2) = 24,
respectivelys
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Conjecture 4.2. If the functionf of the form(L.1)) belongs taSX}* (sin), then

1
o , keven

|5k,’| S ! )
e, 0 kodd

whereyp, is defined by(3.4) .
Letting o = 0, A = 0 in Theoreni. 1] we get the following result.

Corollary 4.3. [16] Let f € S; (sin) be given by(l.1)) and the coefficients dbg (f(z)/z) be
given by(4.1) . Then

|51| S ) |52‘ S ) ‘53‘ S

> =
e
0| =

The bounds are sharp.

Theorem 4.4.Let f € SK2* (sin) be given by(L.1) and the coefficients dbg (f(z)/z) be
given by(4.1) . Then for anyy € C, we have

1
o2 =207 < o fa, ESI,

4 4¢3
whereyp, is defined by(3.4) .
Proof. By using(4.2) and(4.3)), the desired result is obtained from the equality

1 Ly gl
Oy — 402 == |eg— | =+ =2 + ) &2 C
o= lo- (g rag)d]  0eo
and Lemm&.1] x
Letting . = 0, A = 0 in Theoreni.4], we get the following result.

Corollary 4.5. Let f € S, (sin) be given by(L.1]) and the coefficients dfg (f(z)/z) be given
by (4.1) . Then for anyy € C, we have

1 1
o) < o1 1)

4

If we takey = 1 in Theorenjl.4], then we get the following consequence.

Corollary 4.6. Let f € SK)* (sin) be given by(I1) and the coefficients dbg (f(z)/z) be
given by(4.1) . Then

|02 — 03| <

o |
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