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ABSTRACT. Our goal is to study the system of piecewise linear difference equationsxn+1 =
|xn| − yn − b andyn+1 = xn − |yn| + 1 wheren ≥ 0 andb ≥ 6. We can prove that the
behavior of the solution can be divided into 2 types depending on the region of initial condition
(x0, y0). That is, the solution eventually becomes the equilibrium point. Otherwise, the solution
eventually becomes the periodic solution of prime period5. All regions of initial condition for
each type of solution are determined.
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2 A. L AOHARENOO, R. BOONKLURB AND W. REWLIRDSIRIKUL

1. I NTRODUCTION

The first order system of piecewise difference equation of the form

(1.1) xn+1 = |xn| − ayn − b and yn+1 = xn − c |yn|+ d

for n ≥ 0 with a given initial condition(x0, y0) has been considered by several researchers.
Especially, Grove, Lapierre, Tikjha and their team, see [13] - [17] and references therein. This
system is also the generalization of the Lozi mapxn+1 = −a|xn| + yn + 1 andyn+1 = bxn,
wherea, b ∈ R (see [2] and [9]) and the Devaney’s Gingerbreadman mapxn+1 = |xn|−xn−1+1
considered in [7].(xn, yn)∞n=0 is called the solution of (1.1) with a given initial condition(x0, y0)
provided that the sequences(xn)∞n=0 and(yn)∞n=0 satisfy (1.1) and the given initial conditions
for all n ≥ 0. The solution(xn, yn)∞n=0 of (1.1) is said to be eventually becomes the equilibrium
point (x̄, ȳ) of (1.1) if there exist an integerN , real numbers̄x and ȳ and an integerN such
that (xn, yn) = (x̄, ȳ) for all n ≥ N . In addition, the solution(xn, yn)∞n=0 of (1.1) is said
to be eventually periodic with prime periodp if p is the smallest positive integer such that
(xn+p, yn+p) = (xn, yn) for all n ≥ N , for some integerN . If the reader need more information
about the system of difference equations and their solutions, please see [4] and [5].

In 2021, Busakorn et al. [1] proved that fora = c = d = 1 and b = 4, the solution of
(1.1) eventually becomes the equilibrium point(−1,−2). Moreover, they also showed that for
given the initial condition(x0, y0) with large values of|x0| and |y0|, the solution eventually
becomes the equilibrium point or the periodic solution of prime period5 for b ≥ 5. Recently,
Rewlirdsirikul [10] proved case-by-case that, globally, all solution of (1.1) fora = c = d = 1
andb = 5 eventually becomes the equilibrium point(−1,−3).

In this paper, we use the recurrence algorithm technique to tackle the behavior of the solution
of (1.1) for the case thata = c = d = 1 andb ≥ 6. That is, we consider the following system

(1.2) xn+1 = |xn| − yn − b and yn+1 = xn − |yn|+ 1,

for n ≥ 0 andb ≥ 6. Let us first recall the lemmas about the equilibrium and the periodicity of
the solution of (1.2) which are proven in [1].

Lemma 1.1. [1] Let b ≥ 6.

(1) The equilibrium point of(1.2) is (−1,−b + 2).
(2) Let (xn, yn)∞n=0 be the solution of(1.2). Assume that there exists a positive integerN

such thatyN = −xN − b + 1 ≤ 0 andxN ≤ 0. Then,(xn, yn) = (−1,−b + 2) for all
n > N .

Lemma 1.2. [1] Let {(xn, yn)}∞n=0 be the solution of system(1.2). Suppose that there exists a
positive integerN such that(xN , yN) = (−5, b− 4). Then, the solution eventually becomes the
periodic with period5.

The following Lemmas 1.3 - 1.7 consider the region of initial condition in the first quadrant
of R2.

Lemma 1.3.Let{(xn, yn)}∞n=0 be the solution of system(1.2)with the initial condition(x0, y0) ∈
R+

0 × R+
0 such thatx0 − y0 = b−3

7
. Then, the solution eventually becomes the periodic with

prime period5.
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Proof. Note thatb ≥ 6. By direct calculation, we have

x1 = |x0| − y0 − b = −6b + 3

7
< 0, y1 = x0 − |y0|+ 1 =

b + 4

7
> 0.

x2 = |x1| − y1 − b = −2b + 1

7
< 0, y2 = x1 − |y1|+ 1 = −b < 0.

x3 = |x2| − y2 − b =
2b + 1

7
> 0, y3 = x2 − |y2|+ 1 = −9b− 6

7
< 0.

x4 = |x3| − y3 − b =
4b− 5

7
> 0, y4 = x3 − |y3|+ 1 = −b + 2 < 0.

x5 = |x4| − y4 − b =
4b− 19

7
> 0, y5 = x4 − |y4|+ 1 = −3b− 16

7
< 0.

x6 = |x5| − y5 − b = −5, y6 = x5 − |y5|+ 1 =
b + 4

7
> 0.

x7 = |x6| − y6 − b = −8b− 31

7
< 0, y7 = x6 − |y6|+ 1 = −b + 32

7
< 0.

x8 = |x7| − y7 − b =
2b + 1

7
= x3, y8 = x7 − |y7|+ 1 = −9b− 6

7
= y3.

Thus, by the mathematical induction, the proof is completed.

Lemma 1.4.Let{(xn, yn)}∞n=0 be the solution of system(1.2)with the initial condition(x0, y0) ∈
R+

0 × R+
0 such thatx0 − y0 = − b+4

7
. Then, the solution eventually becomes the periodic with

prime period5.

Proof. Note thatb ≥ 6. By direct calculation, we obtain

x1 = |x0| − y0 − b = −8b + 4

7
< 0, y1 = x0 − |y0|+ 1 = −b− 3

7
< 0.

x2 = |x1| − y1 − b =
2b + 1

7
> 0, y2 = x1 − |y1|+ 1 = −9b− 6

7
< 0.

Similar to Lemma 1.3, we have thatx7 = x2 andy7 = y2. Thus, by the mathematical induction,
the proof is completed.

Lemma 1.5.Let{(xn, yn)}∞n=0 be the solution of system(1.2)with the initial condition(x0, y0) ∈
R+

0 × R+
0 such that− b+4

7
< x0 − y0 < b−3

7
. Then, the solution eventually becomes the equilib-

rium point(−1,−b + 2).

Proof. First, we have

x1 = |x0| − y0 − b = (x0 − y0)− b < 0, y1 = x0 − |y0|+ 1 = (x0 − y0) + 1.

Case 1:If x0 − y0 ∈
(
− b+4

7
,−1

)
, theny1 < 0. Thus,

x2 = |x1| − y1 − b = −2(x0 − y0)− 1 > 0, y2 = x1 − |y1|+ 1 = 2(x0 − y0)− b + 2 < 0.

x3 = |x2| − y2 − b = −4(x0 − y0)− 3 > 0, y3 = x2 − |y2|+ 1 = −b + 2 < 0.

x4 = |x3| − y3 − b = −4(x0 − y0)− 5, y4 = x3 − |y3|+ 1 = −4(x0 − y0)− b < 0.

Case 1.1:If x0 − y0 ∈
(
−5

4
,−1

)
, thenx4 < 0 and

x5 = |x4| − y4 − b = 8(x0 − y0) + 5 < 0, y5 = x4 − |y4|+ 1 = −8(x0 − y0)− b− 4 < 0.

Sincey5 = −x5 − b + 1, by Lemma 1.1,(xn, yn) = (−1,−b + 2) for n ≥ 6.
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Case 1.2:x0 − y0 ∈
(
− b+4

7
,−5

4

]
. We define sequences of real numbersαk, βk, γk, ωk andek

by

αk =
−(b + 4)23k−1 + (4b− 19)

7 · 23k−1
, βk =

(b + 4)(1− 23k)

7 · 23k
, γk =

−(b + 4)23k+1 + (2b + 1)

7 · 23k+1

ωk =
−(b + 4)23k+2 + (4b− 5)

7 · 23k+2
andek =

(b + 4)(1− 23k)

7

for k ∈ N. Note that− b+4
7

< αk+1 < ωk < γk < βk < αk, αk, βk, γk andωk tend to− b+4
7

as
k →∞,

4ek − 5 =
−(b + 4)23k+2 + (4b− 19)

7
= 23k+2αk+1,

8ek − b− 4 =
(b + 4)(1− 23k+3)

7
= ek+1,

ek + b− 6 =
−(b + 4)23k + (4b− 19)

7
= 23kαk,

ek = 23kβk,

2ek − 1 =
−(b + 4)23k+1 + (2b + 1)

7
= 23k+1γk and

4ek − 3 =
−(b + 4)23k+2 + (4b− 5)

7
= 23k+2ωk.

Consider the following algorithm.

(1) If x0 − y0 ∈
(
− b+4

7
, αk

]
, thenx5k−4 ≥ 0 and

x5k =− 5, y5k = −23k(x0 − y0) + ek.

(2) If x0 − y0 ∈ (βk, αk], theny5k < 0,

x5k+1 = 23k(x0 − y0)− ek − b + 5 < 0, y5k+1 = −23k(x0 − y0) + ek − 4 < 0

and(xn, yn) = (−1,−b + 2) for n ≥ 5k + 2.
(3) If x0 − y0 ∈

(
− b+4

7
, βk

]
, theny5k ≥ 0 and

x5k+1 = 23k(x0 − y0)− ek − b + 5 < 0, y5k+1 = 23k(x0 − y0)− ek − 4 < 0.

x5k+2 = −23k+1(x0 − y0) + 2ek − 1, y5k+2 = 23k+1(x0 − y0)− 2ek − b + 2 < 0.

(4) If x0 − y0 ∈ (γk, βk], thenx5k+2 < 0 and(xn, yn) = (−1,−b + 2) for n ≥ 5k + 3.
(5) If x0 − y0 ∈

(
− b+4

7
, γk

]
, thenx5k+2 ≥ 0 and

x5k+3 = −23k+2(x0 − y0) + 4ek − 3, y5k+3 = −b + 2.

(6) If x0 − y0 ∈ (ωk, γk], thenx5k+3 < 0,

x5k+4 = 23k+2(x0 − y0)− 4ek + 1 < 0, y5k+4 = −23k+2(x0 − y0) + 4ek − b < 0

and(xn, yn) = (−1,−b + 2) for n ≥ 5k + 5.
(7) If x0 − y0 ∈

(
− b+4

7
, ωk

]
, thenx5k+3 ≥ 0 and

x5k+4 = −23k+2(x0 − y0) + 4ek − 5, y5k+4 = −23k+2(x0 − y0) + 4ek − b < 0.

(8) If x0 − y0 ∈ (αk+1, ωk], thenx5k+4 < 0,

x5k+5 = 23k+3(x0 − y0)− 8ek + 5 < 0, y5k+5 = −23k+3(x0 − y0) + 8ek − b− 4 < 0

and(xn, yn) = (−1,−b + 2) for n ≥ 5k + 6.
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To prove that this algorithm explains the behavior of the solution for (1.2), letk = 1, we have

α1 = −5

4
, β1 = −b + 4

8
, γ1 = −2b + 9

16
,

ω1 = −4b + 19

32
, e1 = −(b + 4), and α2 = −4b + 21

32
.

Each item of the algorithm holds as follows.

• If x0 − y0 ∈
(
− b+4

7
,−5

4

]
, thenx4 ≥ 0 and

x5 = |x4| − y4 − b = −5,

y5 = x4 − |y4|+ 1 = −8(x0 − y0)− b− 4 = −23(x0 − y0) + e1.

• If x0 − y0 ∈
(
− b+4

8
,−5

4

]
, thenx4 < 0. Thus,

x6 = |x5| − y5 − b = 8(x0 − y0) + 9 = 23(x0 − y0)− e1 − b + 5,

y6 = x5 − |y5|+ 1 = −8(x0 − y0)− b− 8 = −23(x0 − y0) + e1 − 4

with x6 ≤ −1 < 0 andy6 < −4 < 0. Sincey6 = −x6 − b + 1, by Lemma 1.1,
(xn, yn) = (−1,−b + 2) for n ≥ 7.

• If x0 − y0 ∈
(
− b+4

7
,− b+4

8

]
, theny5 ≥ 0. Thus,

x6 = |x5| − y5 − b = 8(x0 − y0) + 9 = 23(x0 − y0)− e1 − b + 5 ≤ −b + 5 < 0,

y6 = x5 − |y5|+ 1 = 8(x0 − y0) + b = 23(x0 − y0)− e1 − 4 ≤ −4 < 0.

x7 = |x6| − y6 − b = −16(x0 − y0)− 2b− 9 = −24(x0 − y0) + 2e1 − 1,

y7 = x6 − |y6|+ 1 = 16(x0 − y0) + b + 10 = 24(x0 − y0)− 2e1 − b + 2 ≤ −b + 2 < 0.

• If x0 − y0 ∈
(
−2b+9

16
,− b+4

8

]
, thenx7 < 0. Sincey7 = −x7 − b + 1, by Lemma 1.1,

(xn, yn) = (−1,−b + 2) for n ≥ 8.
• If x0 − y0 ∈

(
− b+4

7
,−2b+9

16

]
, thenx7 ≥ 0. Thus,

x8 = |x6| − y6 − b = −32(x0 − y0)− 4b− 19 = −25(x0 − y0) + 4e1 − 3,

y8 = x6 − |y6|+ 1 = −b + 2.

• If x0 − y0 ∈
(
−4b+19

32
,−2b+9

16

]
, thenx8 < 0. Thus,

x9 = |x8| − y8 − b = 32(x0 − y0) + 4b + 17 = 25(x0 − y0)− 4e1 + 1 ≤ −1 < 0,

y9 = x8 − |y8|+ 1 = −32(x0 − y0)− 5b− 16 = −25(x0 − y0) + 4e1 − b < −b + 3 < 0.

Sincey9 = −x9 − b + 1, by Lemma 1.1,(xn, yn) = (−1,−b + 2) for n ≥ 10.
• If x0 − y0 ∈

(
− b+4

7
,−4b+19

32

]
, thenx8 ≥ 0. Thus,

x9 = |x8| − y8 − b = −32(x0 − y0)− 4b− 21 = −25(x0 − y0) + 4e1 − 5,

y9 = x8 − |y8|+ 1 = −32(x0 − y0)− 5b− 16 = −25(x0 − y0) + 4e1 − b

with y9 < −3b−16
7

< 0.
• If x0 − y0 ∈

(
−4b+21

32
,−4b+19

32

]
, thenx9 < 0. Thus,

x10 = |x9| − y9 − b = 64(x0 − y0) + 8b + 37 = 26(x0 − y0)− 8e1 + 5,

y10 = x9 − |y9|+ 1 = −64(x0 − y0)− 9b− 36 = −26(x0 − y0) + 8e1 − b− 4.

with x10 ≤ −1 < 0 andy10 < −b + 6 < 0. Sincey10 = −x9 − b + 1, by Lemma 1.1,
(xn, yn) = (−1,−b + 2) for n ≥ 11.
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Next, letk ∈ N such that the algorithm holds. Consider each item of the algorithm as we
replacek by k + 1.

• If x0 − y0 ∈
(
− b+4

7
, αk+1

]
⊂

(
− b+4

7
, αk

]
, then

x5k+4 = −23k+2(x0 − y0) + 4ek − 5 = −23k+2((x0 − y0)− αk+1) ≥ 0,

y5k+4 = −23k+2(x0 − y0) + 4ek − b < 0.

Thus,

x5k+5 = |x5k+4| − y5k+4 − b = −5,

y5k+5 = x5k+4 − |y5k+4|+ 1 = −23k+3(x0 − y0) + 8ek − b− 4

= −23k+3((x0 − y0)− βk+1).

• If x0 − y0 ∈ (βk+1, αk+1], theny5k+5 < 0. Thus,

x5k+6 = |x5k+5| − y5k+5 − b = 23k+3(x0 − y0)− ek+1 − b + 5,

= 23k+3((x0 − y0)− αk+1)− 1 ≤ −1 < 0,

y5k+6 = x5k+5 − |y5k+5|+ 1 = −23k+3(x0 − y0) + ek+1 − 4,

= −23k+3((x0 − y0)− βk+1)− 4 < −4 < 0.

Sincey5k+6 = −x5k+6− b+1, by Lemma 1.1,(xn, yn) = (−1,−b+2) for n ≥ 5k +7.
• If x0 − y0 ∈

(
− b+4

7
, βk+1

]
, theny5k+5 ≥ 0. Thus,

x5k+6 = |x5k+5| − y5k+5 − b = 23k+3(x0 − y0)− ek+1 − b + 5

= 23k+3((x0 − y0)− βk+1)− b + 5 ≤ −b + 5 < 0,

y5k+6 = x5k+5 − |y5k+5|+ 1 = 23k+3(x0 − y0)− ek+1 − 4

= 23k+3((x0 − y0)− βk+1)− 4 ≤ −4 < 0.

x5k+7 = |x5k+6| − y5k+6 − b = −23k+4(x0 − y0) + 2ek+1 − 1

= −23k+3((x0 − y0)− γk+1),

y5k+7 = x5k+6 − |y5k+6|+ 1 = 23k+4(x0 − y0)− 2ek+1 − b + 2

= 23k+4((x0 − y0)− βk+1)− b + 2 ≤ −b + 2 < 0.

• If x0 − y0 ∈ (γk+1, βk+1], thenx5k+7 < 0. Sincey5k+7 = −x5k+7 − b + 1, by Lemma
1.1,(xn, yn) = (−1,−b + 2) for n ≥ 5k + 8.

• If x0 − y0 ∈
(
− b+4

7
, γk+1

]
, thenx5k+7 ≥ 0. Thus,

x5k+8 = |x5k+7| − y5k+7 − b = −23k+5(x0 − y0) + 4ek+1 − 3

= −23k+5((x0 − y0)− ωk+1),

y5k+8 = x5k+7 − |y5k+7|+ 1 = −b + 2 < 0.

• If x0 − y0 ∈ (ωk+1, γk+1], thenx5k+8 < 0. Thus,

x5k+9 = |x5k+8| − y5k+8 − b = 23k+5(x0 − y0)− 4ek+1 + 1

= 23k+5((x0 − y0)− γk+1)− 1 ≤ −1 < 0,

y5k+9 = x5k+8 − |y5k+8|+ 1 = −23k+5(x0 − y0) + 4ek+1 − b,

= −23k+5((x0 − y0)− ωk+1)− b + 3 < −b + 3 < 0.

Sincey5k+9 = −x5k+9−b+1, by Lemma 1.1,(xn, yn) = (−1,−b+2) for n ≥ 5k+10.
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• If x0 − y0 ∈
(
− b+4

7
, ωk+1

]
, thenx5k+8 ≥ 0. Thus,

x5k+9 = |x5k+8| − y5k+8 − b = −23k+5(x0 − y0) + 4ek+1 − 5

= −23k+5((x0 − y0)− αk+2),

y5k+9 = x5k+8 − |y5k+8|+ 1 = −23k+5(x0 − y0) + 4ek+1 − b < −3b− 16

7
< 0.

• If x0 − y0 ∈ (αk+2, ωk+1], thenx5k+9 < 0. Thus,

x5k+10 = |x5k+9| − y5k+9 − b = 23k+6(x0 − y0)− 8ek+1 + 5

= 23k+6((x0 − y0)− ωk+1)− 1 ≤ −1 < 0,

y5k+10 = x5k+9 − |y5k+9|+ 1 = −23k+6(x0 − y0) + 8ek+1 − b− 4

= −23k+6((x0 − y0)− αk+2)− b + 6 < −b + 6 < 0.

Sincey5k+10 = −x5k+10−b+1, by Lemma 1.1,(xn, yn) = (−1,−b+2) for n ≥ 5k+11.

Hence, by the mathematical induction this algorithm holds for allk ∈ N. This implies that
the solution eventually becomes the equilibrium point(−1,−b + 2) for every x0 − y0 ∈
(αk+1, αk]. This is because(αk+1, ωk] ∪ (ωk, γk] ∪ (γk, βk] ∪ (βk, αk] = (αk+1, αk]. Next,
since,

⋃
k∈N(αk+1, αk] =

(
− b+4

7
,−5

4

]
and(αi+1, αi] ∩ (αj+1, αj] = ∅, for everyi, j ∈ N with

i 6= j, we have{αk}k∈N is a partition of
(
− b+4

7
, 5

4

]
. Hence, for everyx0−y0 ∈

(
− b+4

7
, 5

4

]
, there

exists a uniquem ∈ N such thatx0 − y0 ∈ (αm, αm+1]. Thus, the solution of (1.2) eventually
becomes the equilibrium point(−1,−b + 2).
Case 2:If x0 − y0 ∈

[
−1, b−3

7

)
, theny1 ≥ 0. Thus,

x2 = |x1| − y1 − b = −2(x0 − y0)− 1, y2 = x1 − |y1|+ 1 = −b < 0.

Case 2.1:If x0 − y0 ∈
[
−1,−1

2

)
, thenx2 > 0. Thus,

x3 = |x2| − y2 − b = −2(x0 − y0)− 1 > 0, y3 = x2 − |y2|+ 1 = −2(x0 − y0)− b < 0.

x4 = |x3| − y3 − b = −1 < 0, y4 = x3 − |y3|+ 1 = −b + 2 < 0.

x5 = |x4| − y4 − b = 4(x0 − y0) + 1 < 0, y5 = x4 − |y4|+ 1 = −4(x0 − y0)− b < 0.

Sincey5 = −x5 − b + 1, by Lemma 1.1,(xn, yn) = (−1,−b + 2) for n ≥ 6.
Case 2.2:If x0 − y0 ∈

[
−1

2
, b−3

7

)
, thenx2 ≤ 0. Thus,

x3 = |x2| − y2 − b = 2(x0 − y0) + 1 ≥ 0, y3 = x2 − |y2|+ 1 = −2(x0 − y0)− b < 0.

x4 = |x3| − y3 − b = 4(x0 − y0) + 1, y4 = x3 − |y3|+ 1 = −b + 2 < 0.

Next, we define sequences of real numbersαk, βk, γk, ωk andek by

αk =
(b− 3)23k−2 − (2b + 1)

7 · 23k−2
, βk =

(b− 3)23k−1 − (4b− 5)

7 · 23k−1
,

γk =
(b− 3)23k−1 − (4b− 19)

7 · 23k−1
, ωk =

(b− 3)23k − (b + 4)

7 · 23k
,

and

ek =
(b− 3)23k−1 − (4b + 9)

7
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for k ∈ N. Note thatαk < βk < γk < ωk < αk+1 < b−3
7

, αk, βk, γk andωk tend to b−3
7

as
k →∞ and

ek + 1 =
(b− 3)23k−1 − (4b + 2)

7
= 23k−1αk,

8ek + 4b + 11 =
(b− 3)23k+2 − (4b− 5)

7
= 23k+2βk+1,

8ek + 4b + 9 =
(b− 3)23k+2 − (4b + 9)

7
= ek+1,

ek + 2 =
(b− 3)23k−1 − (4b− 5)

7
= 23k−1βk,

ek + 4 =
(b− 3)23k−1 − (4b− 19)

7
= 23k−1γk,

2ek + b + 2 =
(b− 3)23k − (b + 4)

7
= 23kωk and

4ek + 2b + 5 =
(b− 3)23k+1 − (2b + 1)

7
= 23k+1αk+1.

Consider the following algorithm.

(1) If x0 − y0 ∈ [αk, βk), thenx5k−1 < 0,

x5k =− 23k−1(x0 − y0) + ek < 0, y5k = 23k−1(x0 − y0)− ek − b + 1 < 0

and(xn, yn) = (−1,−b + 2) for n ≥ 5k + 1.
(2) If x0 − y0 ∈

[
βk,

b−3
7

)
, thenx5k−1 ≥ 0 and

x5k = 23k−1(x0 − y0)− ek − 4, y5k = 23k−1(x0 − y0)− ek − b + 1 < 0.

(3) If x0 − y0 ∈ [βk, γk), thenx5k < 0,

x5k+1 = −23k(x0 − y0) + 2ek + 3 < 0, y5k+1 = 23k(x0 − y0)− 2ek − b− 2 < 0

and(xn, yn) = (−1,−b + 2) for n ≥ 5k + 2.
(4) If x0 − y0 ∈

[
γk,

b−3
7

)
, thenx5k ≥ 0 and

x5k+1 = −5, y5k+1 = 23k(x0 − y0)− 2ek − b− 2.

(5) If x0 − y0 ∈ [γk, ωk), theny5k+1 < 0,

x5k+2 = −23k(x0 − y0) + 2ek + 7 < 0, y5k+2 = 23k(x0 − y0)− 2ek − b− 6 < 0

and(xn, yn) = (−1,−b + 2) for n ≥ 5k + 3.
(6) If x0 − y0 ∈

[
ωk,

b−3
7

)
, theny5k+1 ≥ 0 and

x5k+2 = −23k(x0 − y0) + 2ek + 7 < 0, y5k+2 = −23k(x0 − y0) + 2ek + b− 2 < 0.

x5k+3 = 23k+1(x0 − y0)− 4ek − 2b− 5, y5k+3 = −23k+2(x0 − y0) + 4ek + b + 6 < 0.

(7) If x0 − y0 ∈ [ωk, αk+1), thenx5k+3 < 0 and(xn, yn) = (−1,−b + 2) for n ≥ 5k + 4.
(8) If x0 − y0 ∈

[
αk+1,

b−3
7

)
, thenx5k+3 ≥ 0 and

x5k+4 = 23k+2(x0 − y0)− 8ek − 4b− 11, y5k+4 = −b + 2 < 0.
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To prove that this algorithm explains the behavior of the solution for (1.2), letk = 1, we have

α1 = −1

2
, β1 = −1

4
, γ1 =

1

4
,

ω1 =
b− 4

8
, α2 =

2b− 7

16
, and e1 = −3.

• If x0 − y0 ∈
[
−1

2
,−1

4

)
, thenx4 < 0 and

x5 = |x4| − y4 − b = −4(x0 − y0)− 3 = −22(x0 − y0) + e1 < −1 < 0,

y5 = x4 − |y4|+ 1 = 4(x0 − y0)− b + 4 = 22(x0 − y0)− e1 − b + 1 < −b + 3 < 0.

Sincey5 = −x5 − b + 1, by Lemma 1.1,(xn, yn) = (−1,−b + 2) for n ≥ 6.
• If x0 − y0 ∈

[
−1

4
, b−3

7

)
, thenx4 ≥ 0. Thus,

x5 = |x4| − y4 − b = 4(x0 − y0)− 1 = 22(x0 − y0)− e1 − 4,

y5 = x4 − |y4|+ 1 = 4(x0 − y0)− b + 4 = 22(x0 − y0)− e1 − b + 1 < −3b− 16

7
< 0.

• If x0 − y0 ∈
[
−1

4
, 1

4

)
, thenx5 < 0. Thus,

x6 = |x5| − y5 − b = −8(x0 − y0)− 3 = −23(x0 − y0) + 2e1 + 3 ≤ −1 < 0,

y6 = x5 − |y5|+ 1 = 8(x0 − y0)− b + 4 = 23(x0 − y0)− 2e1 − b− 2 ≤ −b + 6 ≤ 0.

Sincey6 = −x6 − b + 1, by Lemma 1.1,(xn, yn) = (−1,−b + 2) for n ≥ 7.
• If x0 − y0 ∈

[
1
4
, b−3

7

)
, thenx5 ≥ 0. thus,

x6 = |x5| − y5 − b = −5,

y6 = x5 − |y5|+ 1 = 8(x0 − y0)− b + 4 = 23(x0 − y0)− 2e1 − b− 2.

• If x0 − y0 ∈
[

1
4
, b−4

8

)
, theny6 < 0. Thus,

x7 = |x6| − y6 − b = −8(x0 − y0) + 1 = −23(x0 − y0) + 2e1 + 7 ≤ −1 < 0,

y7 = x6 − |y6|+ 1 = 8(x0 − y0)− b = 23(x0 − y0)− 2e1 − b− 6 < −4 < 0.

Sincey7 = −x6 − b + 1, by Lemma 1.1,(xn, yn) = (−1,−b + 2) for n ≥ 8.
• If x0 − y0 ∈

[
b−4
8

, b−3
7

)
, theny6 ≥ 0. Thus,

x7 = |x6| − y6 − b = −8(x0 − y0) + 1 = −23(x0 − y0) + 2e1 + 7 ≤ −b + 3 < 0,

y7 = x6 − |y6|+ 1 = −8(x0 − y0) + b− 8 = −23(x0 − y0) + 2e1 + b− 2 ≤ −4 < 0.

x8 = |x7| − y7 − b = 16(x0 − y0)− 2b + 7 = 24(x0 − y0)− 4e1 − 2b− 5,

y8 = x7 − |y7|+ 1 = −16(x0 − y0) + b− 6 = −24(x0 − y0) + 4e1 + b + 6 ≤ −b + 2 < 0.

• If x0 − y0 ∈
[

b−4
8

, 2b−7
16

)
, thenx8 < 0. Sincey8 = −x6 − b + 1, by Lemma 1.1,

(xn, yn) = (−1,−b + 2) for n ≥ 9.
• If x0 − y0 ∈

[
2b−7
16

, b−3
7

)
, thenx8 ≥ 0. Thus,

x9 = |x8| − y8 − b = 32(x0 − y0)− 4b + 13 = 25(x0 − y0)− 8e1 − 4b− 11,

y9 = x8 − |y8|+ 1 = −b + 2 < 0.

Next, letk ∈ N such that the algorithm holds. Consider each item of the algorithm as we
replacek by k + 1.
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• If x0 − y0 ∈ [αk+1, βk+1) ⊂
[
αk+1,

b−3
7

)
, then

x5k+4 = 23k+2(x0 − y0)− 8ek − 4b− 11 = 23k+2((x0 − y0)− βk+1) < 0,

y5k+4 = −b + 2 < 0.

Thus,

x5k+5 = |x5k+4| − y5k+4 − b = −23k+2(x0 − y0) + 8ek + 4b + 9

= −23k+2((x0 − y0)− αk+1)− 1 ≤ −1 < 0,

y5k+5 = x5k+4 − |y5k+4|+ 1 = 23k+2(x0 − y0)− 8ek − 5b− 8

= 23k+2((x0 − y0)− αk+1)− b + 2 ≤ −b + 2 < 0.

Sincey5k+5 = −x5k+5− b+1, by Lemma 1.1,(xn, yn) = (−1,−b+2) for n ≥ 5k +6.
• If x0 − y0 ∈

[
βk+1,

b−3
7

)
⊂

[
αk+1,

b−3
7

)
, then

x5k+4 = 23k+2(x0 − y0)− 8ek − 4b− 11 = 23k+2((x0 − y0)− βk+1) ≥ 0,

y5k+4 = −b + 2 < 0.

Thus,

x5k+5 = |x5k+4| − y5k+4 − b = 23k+2(x0 − y0)− 8ek − 4b− 13

= 23k+2((x0 − y0)− γk+1),

y5k+5 = x5k+4 − |y5k+4|+ 1 = 23k+2(x0 − y0)− 8ek − 5b− 8

= 23k+2(x0 − y0)− ek+1 − b + 1 < −3b− 16

7
< 0.

• If x0 − y0 ∈ [βk+1, γk+1), thenx5k+5 < 0. Thus,

x5k+6 = |x5k+5| − y5k+5 − b = −23k+3(x0 − y0) + 2ek+1 + 3,

= −23k+3((x0 − y0)− βk+1)− 1 ≤ −1 < 0,

y5k+6 = x5k+5 − |y5k+5|+ 1 = 23k+3(x0 − y0)− 2ek+1 − b− 2,

= 23k+3((x0 − y0)− γk+1)− b + 6 ≤ −b + 6 ≤ 0.

Sincey5k+6 = −x5k+6− b+1, by Lemma 1.1,(xn, yn) = (−1,−b+2) for n ≥ 5k +7.
• If x0 − y0 ∈

[
γk+1,

b−3
7

)
, thenx5k+5 ≥ 0. Since

x5k+6 = |x5k+5| − y5k+5 − b = −5,

y5k+6 = x5k+5 − |y5k+5|+ 1 = 23k+3(x0 − y0)− 2ek+1 − b− 2

= 23k+3((x0 − y0)− ωk+1).

• If x0 − y0 ∈ [γk+1, ωk+1), thenx5k+6 < 0. Thus,

x5k+7 = |x5k+6| − y5k+6 − b = −23k+3(x0 − y0) + 2ek+1 + 7

= −23k+3((x0 − y0)− γk+1)− 1 ≤ −1 < 0,

y5k+7 = x5k+6 − |y5k+6|+ 1 = 23k+3(x0 − y0)− 2ek+1 − b− 6

= 23k+3((x0 − y0)− ωk+1)− 4 < −4 < 0.

Sincey5k+7 = −x5k+7− b+1, by Lemma 1.1,(xn, yn) = (−1,−b+2) for n ≥ 5k +8.
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• If x0 − y0 ∈
[
ωk+1,

b−3
7

)
, theny5k+6 ≥ 0. Thus,

x5k+7 = |x5k+6| − y5k+6 − b = −23k+3(x0 − y0) + 2ek+1 + 7

= −23k+5((x0 − y0)− ωk+1)− b + 5 ≤ −b + 5 < 0,

y5k+7 = x5k+6 − |y5k+6|+ 1 = −23k+3(x0 − y0) + 2ek+1 + b− 2

= −23k+3((x0 − y0)− ωk+1)− 4 ≤ −4 < 0.

x5k+8 = |x5k+7| − y5k+7 − b = 23k+4(x0 − y0)− 4ek+1 − 2b− 5

= 23k+4((x0 − y0)− αk+2),

y5k+8 = x5k+7 − |y5k+7|+ 1 = −23k+4(x0 − y0) + 4ek+1 + b + 6

= −23k+3((x0 − y0)− ωk+1)− b + 2 ≤ −b + 2 < 0.

• If x0 − y0 ∈ [ωk+1, αk+2), thenx5k+8 < 0. Sincey5k+8 = −x5k+8 − b + 1, by Lemma
1.1,(xn, yn) = (−1,−b + 2) for n ≥ 5k + 9.

• If x0 − y0 ∈
[
αk+2,

b−3
7

)
, thenx5k+8 ≥ 0. Thus,

x5k+9 = |x5k+8| − y5k+8 − b = 23k+5(x0 − y0)− 8ek+1 − 4b− 11,

y5k+9 = x5k+8 − |y5k+8|+ 1 = −b + 2.

Hence, by the mathematical induction this algorithm holds fork ∈ N. This implies that the
solution eventually becomes the equilibrium point(−1,−b+2) for everyx0− y0 ∈ [αk, αk+1).
This is because[αk, βk)∪[βk, γk)∪[γk, ωk)∪[ωk, αk+1) = [αk, αk+1). Since,

⋃
k∈N[αk, αk+1) =[

−1
2
, b−3

7

)
, and [αi, αi+1)∩ [αj, αj+1) = ∅, for everyi, j ∈ N with i 6= j, we have{αk}k∈N

is a partition of
[
−1

2
, b−3

7

)
. Hence, for everyx0 − y0 ∈

[
−1

2
, b−3

7

)
, there exists a uniquem ∈ N

such thatx0− y0 ∈ [αm, αm+1). Thus, the solution of (1.2) eventually becomes the equilibrium
point (−1,−b + 2).

Lemma 1.6.Let{(xn, yn)}∞n=0 be the solution of system(1.2)with the initial condition(x0, y0) ∈
R+

0 × R+
0 such thatx0 − y0 ∈

(
b−3
7

,∞
)
. Then, the solution eventually becomes the periodic

with prime period5.

Proof. By direct calculation, we have

x1 = |x0| − y0 − b = (x0 − y0)− b, y1 = x0 − |y0|+ 1 = (x0 − y0) + 1 > 0.

Case 1:If x0 − y0 ∈ [b,∞), thenx1 ≥ 0. Thus,

x2 = |x1| − y1 − b = −(2b + 1) < 0, y2 = x1 − |y1|+ 1 = −b < 0.

x3 = |x2| − y2 − b = −2b + 1 > 0, y3 = x2 − |y2|+ 1 = −3b < 0.

x4 = |x3| − y3 − b = 4b + 1 > 0, y4 = x3 − |y3|+ 1 = −b + 2 < 0.

x5 = |x4| − y4 − b = 4b− 1 > 0, y5 = x4 − |y4|+ 1 = 3b + 4 > 0.

x6 = |x5| − y5 − b = −5, y6 = x5 − |y5|+ 1 = b− 4.

Hence, by Lemma 1.2, the solution eventually becomes the periodic with prime period5 for
n ≥ 6.
Case 2:If x0 − y0 ∈

(
b−3
7

, b
)
, thenx1 < 0. Thus,

x2 = |x1| − y1 − b = −2(x0 − y0)− 1 < 0, y2 = x1 − |y1|+ 1 = −b < 0.

x3 = |x2| − y2 − b = 2(x0 − y0) + 1 > 0, y3 = x2 − |y2|+ 1 = −2(x0 − y0)− b < 0.

x4 = |x3| − y3 − b = 4(x0 − y0) + 1 > 0, y4 = x3 − |y3|+ 1 = −b + 2 < 0.

x5 = |x4| − y4 − b = 4(x0 − y0)− 1 > 0, y5 = x4 − |y4|+ 1 = 4(x0 − y0)− b + 4.
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Case 2.1:If x0 − y0 ∈
[

b−4
4

, b
)
, theny5 ≥ 0. Thus,

x6 = |x5| − y5 − b = −5, y6 = x5 − |y5|+ 1 = b− 4.

Hence, by Lemma 1.2, the solution eventually becomes the periodic with prime period5 for
n ≥ 6.
Case 2.2:If x0 − y0 ∈

(
b−3
7

, b−4
4

)
. We define sequences of real numbersαk andek by

αk =
(b− 3)23k−1 + (3b− 16)

7 · 23k−1
and ek =

(−b + 3)23k + (b + 4)

7

for k ∈ N. It is easy to check thatb−3
7

< αk+1 < αk, andαk tends tob−3
7

ask →∞. Note that

4ek − b =
(−b + 3)3k+2 − (3b− 16)

7
= −23k+2αk+1 and

8ek − b− 4 =
(−b + 3)23k+3 + (b + 4)

7
= ek+1.

This implies thatek+1 = −23k+2αk+1 + b− 4. Now, consider the following algorithm.
(1) If x0 − y0 ∈

(
b−3
7

, αk

)
, theny5k < 0 and

x5k+1 = −5, y5k+1 = 23k(x0 − y0) + ek > 0,

x5k+2 = −23k(x0 − y0)− ek − b + 5 < 0, y5k+2 = −23k(x0 − y0)− ek − 4 < 0.

x5k+3 = 23k+1(x0 − y0) + 2ek − 1 > 0, y5k+3 = −23k+1(x0 − y0)− 2ek − b + 2 < 0.

x5k+4 = 23k+2(x0 − y0) + 4ek − 3 > 0, y5k+4 = −b + 2.

x5k+5 = 23k+2(x0 − y0) + 4ek − 5 > 0, y5k+5 = 23k+2(x0 − y0) + 4ek − b.

(2) If x0 − y0 ∈ [αk+1, αk), theny5k+5 ≥ 0 and

x5k+6 = −5, y5k+6 = b− 4.

To prove that this algorithm explains the behavior of the solution for (1.2), letk = 1, we have
α1 = b−4

4
, α2 = 5b−16

32
ande1 = −b + 4. Each item of the algorithm holds as follows.

• If x0 − y0 ∈
(

b−3
7

, b−4
4

)
, theny5 < 0. Thus,

x6 = |x5| − y5 − b = −5,

y6 = x5 − |y5|+ 1 = 8(x0 − y0)− b + 4 = 23(x0 − y0) + e1 >
b + 4

7
> 0.

x7 = |x6| − y6 − b = −8(x0 − y0) + 1 = −23(x0 − y0)− e1 − b + 5 < −8b− 31

7
< 0,

y7 = x6 − |y6|+ 1 = −8(x0 − y0) + b− 8 = −23(x0 − y0)− e1 − 4 < −b + 32

7
< 0.

x8 = |x7| − y7 − b = 16(x0 − y0)− 2b + 7 = 24(x0 − y0) + 2e1 − 1 >
2b + 1

7
,

y8 = x7 − |y7|+ 1 = −16(x0 − y0) + b− 6 = −24(x0 − y0)− 2e1 − b + 2 < −9b− 6

7
.

x9 = |x8| − y8 − b = 32(x0 − y0)− 4b + 13 = 25(x0 − y0) + 4e1 − 3 >
4b− 5

7
> 0,

y9 = x8 − |y8|+ 1 = −b + 2.

x10 = |x9| − y9 − b = 32(x0 − y0)− 4b + 11 = 25(x0 − y0) + 4e1 − 5 >
4b− 19

7
> 0,

y10 = x9 − |y9|+ 1 = 32(x0 − y0)− 5b + 16 = 25(x0 − y0) + 4e1 − b.
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• If x0 − y0 ∈
[

5b−16
32

, b−4
4

)
, theny10 ≥ 0. Thus,

x11 = |x10| − y10 − b = −5, y11 = x10 − |y10|+ 1 = b− 4.

Hence, by Lemma 1.2, the solution eventually becomes the periodic with prime period5 for
n ≥ 11.

Next, letk ∈ N such that the algorithm holds. Consider each item of the algorithm as we
replacek by k + 1.

• If x0 − y0 ∈
(

b−3
7

, αk+1

)
⊂

(
b−3
7

, αk

)
. Then,

x5k+5 = 23k+2(x0 − y0) + 4ek − 5 > 0,

y5k+5 = 23k+2(x0 − y0) + 4ek − b = 23k+2((x0 − y0)− αk+1) < 0.

Thus,

x5k+6 = |x5k+5| − y5k+5 − b = −5,

y5k+6 = x5k+5 − |y5k+5|+ 1 = 23k+3(x0 − y0) + ek+1

= 23k+3((x0 − y0)− αk+1) + b− 4.

Note that23k+3((x0 − y0) − αk+1) > 23k+3
(

b−3
7
− αk+1

)
= 6b−32

7
. Hence,y5k+6 >

b+4
7

> 0 and

x5k+7 = |x5k+6| − y5k+6 − b = −23k+3(x0 − y0)− ek+1 − b + 5

= −23k+3((x0 − y0)− αk+1)− 2b + 9 < −8b− 31

7
< 0,

y5k+7 = x5k+6 − |y5k+6|+ 1 = −23k+3(x0 − y0)− ek+1 − 4

= −23k+3((x0 − y0)− αk+1)− b < −b + 32

7
< 0.

x5k+8 = |x5k+7| − y5k+7 − b = 23k+4(x0 − y0) + 2ek+1 − 1

= 23k+4((x0 − y0)− αk+1) + 2b− 9 >
2b + 1

7
> 0,

y5k+8 = x5k+7 − |y5k+7|+ 1 = −23k+4(x0 − y0)− 2ek+1 − b + 2

= −23k+4((x0 − y0)− αk+1)− 3b + 10 < −9b− 6

7
< 0.

x5k+9 = |x5k+8| − y5k+8 − b = 23k+5(x0 − y0) + 4ek+1 − 3

= 23k+5((x0 − y0)− αk+1) + 4b− 19 >
4b− 5

7
> 0,

y5k+9 = x5k+8 − |y5k+8|+ 1 = −b + 2 < 0.

x5k+10 = |x5k+9| − y5k+9 − b = 23k+5(x0 − y0) + 4ek+1 − 5

= 23k+5((x0 − y0)− αk+1) + 4b− 21 >
4b− 19

7
> 0,

y5k+10 = x5k+9 − |y5k+9|+ 1 = 23k+5(x0 − y0) + 4ek+1 − b

= 23k+5((x0 − y0)− αk+2).

• If x0−y0 ∈ [αk+2, αk+1) ⊂
(

b−3
7

, αk+1

)
, then(x0−y0)−αk+2 ≥ 0. Hence,y5k+10 ≥ 0.

Thus,

x5k+11 = |x5k+10| − y5k+10 − b = −5, y5k+11 = x5k+10 − |y5k+10|+ 1 = b− 4.
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Hence, by Lemma 1.2, the solution of (1.2) eventually becomes periodic with period5
for n ≥ 5k + 11.

Therefore, by the mathematical induction, the algorithm holds fork ∈ N. Since
⋃

k∈N[αk+1, αk) =(
b−3
7

, b−4
4

)
and [αi+1, αi) ∩ [αj+1, αj) = ∅, for everyi, j ∈ N with i 6= j, this implies that

{αk}k∈N is a partition of
(

b−3
7

, b−4
4

)
. Hence, for everyx0 − y0 ∈

(
b−3
7

, b−4
4

)
, there exists a

uniquem ∈ N such thatx0 − y0 ∈ [αm+1, αm). Thus, the solution of (1.2) eventually becomes
periodic with prime period5 for n ≥ 5m + 6. This completes the proof.

Lemma 1.7.Let{(xn, yn)}∞n=0 be the solution of system(1.2)with the initial condition(x0, y0) ∈
R+

0 ×R+
0 such thatx0− y0 ∈

(
−∞,− b+4

7

)
. Then, the solution eventually becomes the periodic

with prime period5.

Proof. First, we have

x1 = |x0| − y0 − b = (x0 − y0)− b < 0, y1 = x0 − |y0|+ 1 = (x0 − y0) + 1 < 0.

x2 = |x1| − y1 − b = −2(x0 − y0)− 1 > 0, y2 = x1 − |y1|+ 1 = 2(x0 − y0)− b + 2 < 0.

x3 = |x2| − y2 − b = −4(x0 − y0)− 3 > 0, y3 = x2 − |y2|+ 1 = −b + 2 < 0.

x4 = |x3| − y3 − b = −4(x0 − y0)− 5 > 0, y4 = x3 − |y3|+ 1 = −4(x0 − y0)− b.

Case 1:If x0 − y0 ∈
(
−∞,− b

4

]
, theny4 ≥ 0. Thus,

x5 = |x4| − y4 − b = −5, y5 = x4 − |y4|+ 1 = b− 4.

Hence, by Lemma 1.2, the solution of (1.2) eventually becomes the periodic with prime period
5 for n ≥ 5.
Case 2:If x0 − y0 ∈

(
− b

4
,− b+4

7

)
, we define sequences of real numbersαk andek by

αk =
−(b + 4)23k−1 − (3b− 16)

7 · 23k−1
and ek =

(b + 4)(1− 23k)

7
,

for k ∈ N. Note thatαk < αk+1 < − b+4
7

, αk tends to−b + 4

7
ask →∞,

4ek − b =
−(b + 4)23k+2 − (3b− 16)

7
= 23k+2αk+1 and

8ek − b− 4 =
(b + 4)(1− 23k+3)

7
= ek+1.

This implies thatek+1 = 2(4ek − b) + b− 4 = 23k+3αk+1 + b− 4. Now, consider the following
algorithm.

(1) If x0 − y0 ∈
(
αk,− b+4

7

)
, theny5k−1 < 0 and

x5k = −5, y5k = −23k(x0 − y0) + ek < 0.

x5k+1 = 23k(x0 − y0)− ek − b + 5 < 0, y5k+1 = 23k(x0 − y0)− ek − 4 < 0.

x5k+2 = −23k+1(x0 − y0) + 2ek − 1 > 0, y5k+2 = 23k+1(x0 − y0)− 2ek − b + 2 < 0.

x5k+3 = −23k+2(x0 − y0) + 4ek − 3 > 0, y5k+3 = −b + 2 < 0.

x5k+4 = −23k+2(x0 − y0) + 4ek − 5 > 0, y5k+4 = −23k+2(x0 − y0) + 4ek − b.

(2) If x0 − y0 ∈ (αk, αk+1], theny5k+4 ≥ 0 and

x5k+5 = −5, y5k+5 = b− 4.

To prove that this algorithm explains the behavior of the solution for (1.2), letk = 1, we have
α1 = − b

4
, α2 = −5b+16

32
ande1 = −(b + 4). Each item of the algorithm holds as follows.
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• If x0 − y0 ∈
(
− b

4
,− b+4

7

)
, theny4 < 0 and

x5 = |x4| − y4 − b = −5,

y5 = x4 − |y4|+ 1 = −8(x0 − y0)− b− 4 = −23(x0 − y0) + e1 >
b + 4

7
> 0.

x6 = |x5| − y5 − b = 8(x0 − y0) + 9 = 23(x0 − y0)− e1 − b + 5 < −8b− 31

7
< 0,

y6 = x5 − |y5|+ 1 = 8(x0 − y0) + b = 23(x0 − y0)− e1 − 4 < −b + 32

7
< 0.

x7 = |x6| − y6 − b = −16(x0 − y0)− 2b− 9 = −24(x0 − y0) + 2e1 − 1 >
2b + 1

7
> 0,

y7 = x6 − |y6|+ 1 = 16(x0 − y0) + b + 10 = 24(x0 − y0)− 2e1 − b + 2 < −9b− 6

7
< 0.

x8 = |x7| − y7 − b = −32(x0 − y0)− 4b− 19 = −25(x0 − y0) + 4e1 − 3 >
4b− 5

7
> 0,

y8 = x7 − |y7|+ 1 = −b + 2 < 0.

x9 = |x8| − y8 − b = −32(x0 − y0)− 4b− 21 = −25(x0 − y0) + 4e1 − 5 >
4b− 19

7
> 0,

y9 = x8 − |y8|+ 1 = −32(x0 − y0)− 5b− 16 = −25(x0 − y0) + 4e1 − b.

• If x0 − y0 ∈
(
− b

4
,−5b+16

32

]
, theny9 ≥ 0. Thus,

x10 = |x9| − y9 − b = −5, y10 = x9 − |y9|+ 1 = b− 4.

Hence, by Lemma 1.2, the solution of (1.2) eventually becomes the periodic with prime
period5 for n ≥ 10.

Next, letk ∈ N such that the algorithm holds. Consider each item of the algorithm as we
replacek by k + 1.

• If x0 − y0 ∈
(
αk+1,− b+4

7

)
⊂

(
αk,− b+4

7

)
. Then,

x5k+4 = −23k+2(x0 − y0) + 4ek − 5 > 0,

y5k+4 = −23k+2(x0 − y0) + 4ek − b = −23k+3((x0 − y0)− αk+1) < 0.

Thus,

x5k+5 = |x5k+4| − y5k+4 − b = −5,

y5k+5 = x5k+4 − |y5k+4|+ 1 = −23k+3(x0 − y0) + 8ek − b− 4

= −23k+3((x0 − y0)− αk+1) + b− 4.
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Note that23k+3((x0 − y0) − αk+1) < −23k+3
(

b+4
7

+ αk+1

)
= 6b−32

7
. Hence,y5k+5 >

b+4
7

> 0 and

x5k+6 = |x5k+5| − y5k+5 − b = 23k+3(x0 − y0)− ek+1 − b + 5

= 23k+3((x0 − y0)− αk+1)− 2b + 9 < −8b− 31

7
< 0,

y5k+6 = x5k+5 − |y5k+5|+ 1 = 23k+3(x0 − y0)− ek+1 − 4

= 23k+3((x0 − y0)− αk+1)− b < −b + 32

7
< 0.

x5k+7 = |x5k+6| − y5k+6 − b = −23k+4(x0 − y0) + 2ek+1 − 1

= −23k+4((x0 − y0)− αk+1) + 2b− 9 >
2b + 1

7
> 0,

y5k+7 = x5k+6 − |y5k+6|+ 1 = 23k+4(x0 − y0)− 2ek+1 − b + 2

= 23k+4((x0 − y0)− αk+1)− 3b + 10 < −9b− 6

7
< 0.

x5k+8 = |x5k+7| − y5k+7 − b = −23k+5(x0 − y0) + 4ek+1 − 3

= −23k+5((x0 − y0)− αk+1) + 4b− 19 >
4b− 5

7
> 0,

y5k+8 = x5k+7 − |y5k+7|+ 1 = −b + 2 < 0.

x5k+9 = |x5k+8| − y5k+8 − b = −23k+5(x0 − y0) + 4ek+1 − 5

= −23k+5((x0 − y0)− αk+1) + 4b− 21 >
4b− 19

7
> 0,

y5k+9 = x5k+7 − |y5k+7|+ 1 = −23k+5(x0 − y0) + 4ek+1 − b

= −23k+5((x0 − y0)− αk+2).

• If x0−y0 ∈ (αk+1, αk+2] ⊂
(
αk+1,− b+4

7

)
, then(x0−y0)−αk+2 ≤ 0. Hence,y5k+9 ≥ 0.

Thus,
x5k+10 = −5, y5k+10 = b− 4.

Therefore, by Lemma 1.2, the solution of (1.2) eventually becomes periodic with prime
period5 for n ≥ 5k + 10.

Thus, by the mathematical induction, the algorithm holds fork ∈ N. Since
⋃

k∈N(αk, αk+1] =(
− b

4
,− b+4

7

)
, and(αi, αi+1] ∩ (αj, αj+1] = ∅, for everyi, j ∈ N with i 6= j, this implies that

{αk}k∈N is a partition of
(
− b

4
,− b+4

7

)
. Hence, for everyx0 − y0 ∈

(
− b

4
,− b+4

7

)
, there exists a

uniquem ∈ N such thatx0 − y0 ∈ (αm, αm+1]. Thus, the solution of (1.2) eventually becomes
periodic with prime period5 for n ≥ 5m + 5. This completes the proof.

The following Lemmas 1.8 - 1.10 consider the region of initial condition on the third quadrant
of R2.

Lemma 1.8.Let{(xn, yn)}∞n=0 be the solution of system(1.2)with the initial condition(x0, y0) ∈
R− × R− such thatx0 + y0 = −9b+1

7
. Then, the solution eventually becomes the periodic with

prime period5.

Proof. Note thatb ≥ 6 calculation, we obtain

x1 = |x0| − y0 − b =
2b + 1

7
> 0, y1 = x0 − |y0|+ 1 = −9b− 6

7
< 0.
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Similar to Lemma 1.3, we have thatx6 = x1 andy6 = y1. Thus, by the mathematical induction,
the proof is completed.

Lemma 1.9.Let{(xn, yn)}∞n=0 be the solution of system(1.2)with the initial condition(x0, y0) ∈
R−×R− such thatx0+y0 ∈

(
−∞,−9b+1

7

)
. Then, the solution eventually becomes the periodic

with prime period5.

Proof. Note thatx0, y0 < 0. Thus,

x1 = |x0| − y0 − b = −(x0 + y0)− b > 0, y1 = x0 − |y0|+ 1 = (x0 + y0) + 1 < 0.

x2 = |x1| − y1 − b = −2(x0 + y0)− 2b− 1 > 0, y2 = x1 − |y1|+ 1 = −b + 2 < 0.

x3 = |x2| − y2 − b = −2(x0 + y0)− 2b− 3 > 0, y3 = x2 − |y2|+ 1 = −2(x0 + y0)− 3b + 2.

Case 1:If x0 + y0 ∈
(
−∞,−3b−2

2

]
, theny3 ≥ 0. Thus,

x4 = |x3| − y3 − b = −5, y4 = x3 − |y3|+ 1 = b− 4.

Hence, by Lemma 1.2, the solution eventually becomes the periodic with prime period5 for
n ≥ 4.
Case 2:If x0 + y0 ∈

(
−3b−2

2
,−9b+1

7

)
, we define sequences of real numbersαk andek by

αk =
−(9b + 1)23k−2 − (3b− 16)

7 · 23k−2
and ek =

−(9b + 1)23k−1 + (b + 4)

7

for k ∈ N. Note thatαk < αk+1 < −9b+1
7

, αk tends to−9b+1
7

ask →∞,

4ek − b =
−(9b + 1)23k+1 − (3b− 16)

7
= 23k+1αk+1 and

8ek − b− 4 =
−(9b + 1)23k+2 + (b + 4)

7
= ek+1.

This implies thatek+1 = 2(4ek − b) + b− 4 = 23k+2αk+1 + b− 4. Now, consider the following
algorithm.

(1) If x0 + y0 ∈
(
αk,−9b+1

7

)
, theny5k−2 < 0 and

x5k−1 = −5, y5k−1 = −23k−1(x0 + y0) + ek > 0.

x5k = 23k−1(x0 + y0)− ek − b + 5 < 0, y5k = 23k−1(x0 + y0)− ek − 4 < 0.

x5k+1 = −23k(x0 + y0) + 2ek − 1 > 0, y5k+1 = 23k(x0 + y0)− 2ek − b + 2 < 0.

x5k+2 = −23k+1(x0 + y0) + 4ek − 3 > 0, y5k+2 = −b + 2 < 0.

x5k+3 = −23k+1(x0 + y0) + 4ek − 5 > 0, y5k+3 = −23k+1(x0 + y0) + 4ek − b.

(2) If x0 + y0 ∈ (αk, αk+1], theny5k+3 ≥ 0 and

x5k+4 = −5, y5k+4 = b− 4.

To prove that this algorithm explains the behavior of the solution for (1.2), letk = 1 and
k = 2, we haveα1 = −3b−2

2
, α2 = −21b

16
ande1 = −5b. Each item of the algorithm holds as

follows.
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• If x0 + y0 ∈
(
−3b−2

2
,−9b+1

7

)
, theny3 < 0. Thus,

x4 = |x3| − y3 − b = −5,

y4 = x3 − |y3|+ 1 = −4(x0 + y0)− 5b = −22(x0 − y0) + e1 >
b + 4

7
> 0.

x5 = |x4| − y4 − b = 4(x0 + y0) + 4b + 5 = 22(x0 + y0)− e1 − b + 5 < −8b− 31

7
< 0,

y5 = x4 − |y4|+ 1 = 4(x0 + y0) + 5b− 4 = 22(x0 + y0)− e1 − 4 < −b + 32

7
< 0.

x6 = |x5| − y5 − b = −8(x0 + y0)− 10b− 1 = −23(x0 + y0) + 2e1 − 1 >
2b + 1

7
> 0,

y6 = x5 − |y5|+ 1 = 8(x0 + y0) + 9b + 2 = 23(x0 + y0)− 2e1 − b + 2 < −9b− 6

7
< 0.

x7 = |x6| − y6 − b = −16(x0 + y0)− 20b− 3 = −24(x0 + y0) + 4e1 − 3 >
4b− 5

7
> 0,

y7 = x6 − |y6|+ 1 = −b + 2 < 0.

x8 = |x7| − y7 − b = −16(x0 − y0)− 20b− 5 = −24(x0 + y0) + 4e1 − 5 >
4b− 19

7
> 0,

y8 = x7 − |y7|+ 1 = −16(x0 − y0)− 21b = −24(x0 + y0) + 4e1 − b.

• If x0 + y0 ∈
(
−3b−2

2
,−21b

16

]
, theny8 ≥ 0. Thus,

x9 = |x8| − y8 − b = −5, y9 = x8 − |y8|+ 1 = b− 4.

Hence, by Lemma 1.2, the solution of (1.2) eventually becomes the periodic with prime period
5 for n ≥ 9.

Next, letk ∈ N such that the algorithm holds. Consider each item of the algorithm as we
replacek by k + 1.

• If x0 + y0 ∈
(
αk+1,−9b+1

7

)
⊂

(
αk,−9b+1

7

)
. Then,

x5k+3 = −23k+1(x0 + y0) + 4ek − 5 > 0,

y5k+3 = −23k+1(x0 + y0) + 4ek − b = −23k+1((x0 + y0)− αk+1) < 0.

Thus,

x5k+4 = |x5k+3| − y5k+3 − b = −5,

y5k+4 = x5k+3 − |y5k+3|+ 1 = −23k+2(x0 + y0) + 8ek − b− 4 = −23k+2(x0 + y0) + ek+1

= −23k+2((x0 + y0)− αk+1) + b− 4.
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Note that23k+2((x0 + y0) − αk+1) < 23k+2
(
−9b+1

7
− αk+1

)
= 6b−32

7
. Hence,y5k+4 >

b+4
7

> 0, and

x5k+5 = |x5k+4| − y5k+4 − b = 23k+2(x0 + y0)− ek+1 − b + 5

= 23k+2((x0 + y0)− αk+1)− 2b + 9 < −8b− 31

7
< 0,

y5k+5 = x5k+4 − |y5k+4|+ 1 = 23k+2(x0 + y0)− ek+1 − 4

= 23k+2((x0 + y0)− αk+1)− b < −b + 32

7
< 0.

x5k+6 = |x5k+5| − y5k+5 − b = −23k+3(x0 + y0) + 2ek+1 − 1

= −23k+3((x0 + y0)− αk+1) + 2b− 9 >
2b + 1

7
> 0,

y5k+6 = x5k+5 − |y5k+5|+ 1 = 23k+3(x0 + y0)− 2ek+1 − b + 2

= 23k+4((x0 − y0)− αk+1)− 3b + 10 < −9b− 6

7
< 0.

x5k+7 = |x5k+6| − y5k+6 − b = −23k+4(x0 + y0) + 4ek+1 − 3

= −23k+4((x0 + y0)− αk+1) + 4b− 19 >
4b− 5

7
> 0,

y5k+7 = x5k+7 − |y5k+7|+ 1 = −b + 2 < 0.

x5k+8 = |x5k+7| − y5k+7 − b = −23k+4(x0 + y0) + 4ek+1 − 5

= −23k+4((x0 − y0)− αk+1) + 4b− 21 >
4b− 19

7
> 0,

y5k+8 = x5k+7 − |y5k+7|+ 1 = −23k+4(x0 + y0) + 4ek+1 − b

= −23k+4((x0 + y0)− αk+2).

• If x0 + y0 ∈ (αk+1, αk+2] ⊂
(
αk+1,−9b+1

7

)
, then (x0 + y0) − αk+2 ≤ 0. Hence,

y5k+8 ≥ 0. Thus,

x5k+9 = |x5k+8| − y5k+8 − b = −5, y5k+9 = x5k+8 − |y5k+8|+ 1 = b− 4.

Hence, by Lemma 1.2, the solution eventually becomes periodic with prime period5
for n ≥ 5k + 9.

Thus, by the mathematical induction, the algorithm holds fork ∈ N. Since
⋃

k∈N(αk, αk+1] =(
−3b−2

2
,−9b+1

7

)
, and(αi, αi+1]∩ (αj, αj+1] = ∅, for everyi, j ∈ N with i 6= j, this implies that

{αk}k∈N is a partition of
(
−3b−2

2
,−9b+1

7

)
. Hence, for everyx0 + y0 ∈

(
−3b−2

2
,−9b+1

7

)
, there

exists a uniquem ∈ N such thatx0 + y0 ∈ (αm, αm+1]. Thus, the solution of (1.2) eventually
becomes periodic with prime period5 for n ≥ 5m + 4. This complete the proof.

Lemma 1.10.Let{(xn, yn)}∞n=0 be the solution of system(1.2)with the initial condition(x0, y0) ∈
R−×R− such thatx0+y0 ∈

(
−9b+1

7
, 0

)
. Then, the solution eventually becomes the equilibrium

point (−1,−b + 2).

Proof. Note thatx0, y0 < 0. Thus,

x1 = |x0| − y0 − b = −(x0 + y0)− b, y1 = x0 − |y0|+ 1 = (x0 + y0) + 1.
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Case 1:If x0 + y0 ∈ [−1, 0), theny1 ≥ 0 andx1 < −(b + 1) < 0. Thus,

x2 = |x1| − y1 − b = −1, y2 = x1 − |y1|+ 1 = −2(x0 + y0)− b < 0.

x3 = |x2| − y2 − b = 2(x0 + y0) + 1, y3 = x2 − |y2|+ 1 = −2(x0 + y0)− b < 0.

Case 1.1:If x0 + y0 ∈
[
− 1,−1

2

)
, thenx3 < 0. Sincey3 = −x3 − b + 1, by Lemma

2, (xn, yn) = (−1,−b + 2) for n ≥ 4.

Case 1.2:If x0 + y0 ∈
[
− 1

2
, 0

)
, thenx3 ≥ 0. Thus,

x4 = |x3| − y3 − b = 4(x0 + y0) + 1, y4 = x3 − |y3|+ 1 = −b + 2 < 0.

Case 1.2.1:If x0 + y0 ∈
[
− 1

2
,−1

4

)
, thenx4 < 0. Thus,

x5 = |x4| − y4 − b = −4(x0 + y0)− 3 < 0,

y5 = x4 − |y4|+ 1 = 4(x0 + y0)− b + 4 < 0.

Sincey5 = −x5 − b + 1, by Lemma 2,(xn, yn) = (−1,−b + 2) for n ≥ 6.

Case 1.2.2:If x0 + y0 ∈
[
− 1

4
, 0

)
, thenx4 ≥ 0. Thus,

x5 = |x4| − y4 − b = 4(x0 + y0)− 1 < 0,

y5 = x4 − |y4|+ 1 = 4(x0 + y0)− b + 4 < 0.

x6 = |x5| − y5 − b = −8(x0 + y0)− 3 < 0,

y6 = x5 − |y5|+ 1 = 8(x0 + y0)− b + 4 < 0.

Sincey6 = −x6 − b + 1, by Lemma 2,(xn, yn) = (−1,−b + 2) for n ≥ 7.

Case 2:If x0 + y0 ∈
(
−9b+1

7
,−1

)
, theny1 < 0.

Case 2.1:If x0 + y0 ∈ (−b,−1), thenx1 < 0. Sincey1 = −x1 − b + 1, by Lemma 1.1,
(xn, yn) = (−1,−b + 2) for n ≥ 2.

Case 2.2:If x0 + y0 ∈
(
−9b+1

7
,−b

]
, we define sequences of real numbersαk, βk, γk, ωk and

ek by

αk =
−(9b + 1)23k−3 + (2b + 1)

7 · 23k−3
, βk =

−(9b + 1)23k−2 + (4b− 5)

7 · 23k−2
,

γk =
−(9b + 1)23k−2 + (4b− 19)

7 · 23k−2
, ωk =

−(9b + 1)23k−1 + (b + 4)

7 · 23k−1

and

ek =
−(9b + 1)23k−2 + (4b− 5)

7
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for k ∈ N. Note that−9b+1
7

< αk+1 < ωk < γk < βk < αk, αk, βk, γk andωk tend to−9b+1
7

as
k →∞ and

ek + 1 =
−(9b + 1)23k−2 + (4b + 2)

7
= 23k−2αk,

8ek − 4b + 5 =
−(9b + 1)23k+1 + (4b− 5)

7
= ek+1,

ek =
−(9b + 1)23k−2 + (4b− 5)

7
= 23k−2βk,

ek − 2 =
−(9b + 1)23k−2 + (4b− 19)

7
= 23k−2γk,

2ek − b + 2 =
−(9b + 1)23k−1 + (b + 4)

7
= 23k−1ωk,

4ek − 2b + 3 =
−(9b + 1)23k + (2b + 1)

7
= 23kαk+1.

Consider the following algorithm.
(1) If x0 + y0 ∈

(
−9b+1

7
, αk

]
, thenx5k−4 ≥ 0 and

x5k−3 =− 23k−2(x0 + y0) + ek, y5k−3 = −b + 2 < 0.

(2) If x0 + y0 ∈ (βk, αk], thenx5k−3 < 0,

x5k−2 = 23k−2(x0 + y0)− ek − 2 < 0, y5k−2 = −23k−2(x0 + y0) + ek − b + 3 < 0

and(xn, yn) = (−1,−b + 2) for n ≥ 5k − 1.
(3) If x0 + y0 ∈

(
−9b+1

7
, βk

]
, thenx5k−3 ≥ 0 and

x5k−2 = −23k−2(x0 + y0) + ek − 2, y5k−2 = −23k−2(x0 + y0) + ek − b + 3 < 0.

(4) If x0 + y0 ∈ (γk, βk], thenx5k−2 < 0,

x5k−1 = 23k−1(x0 + y0)− 2ek − 1 < 0, y5k−1 = −23k−1(x0 + y0) + 2ek − b + 2 < 0

and(xn, yn) = (−1,−b + 2) for n ≥ 5k.
(5) If x0 + y0 ∈

(
−9b+1

7
, γk

]
, thenx5k−2 ≥ 0 and

x5k−1 = −5, y5k−1 = −23k−1(x0 + y0) + 2ek − b + 2.

(6) If x0 + y0 ∈ (ωk, γk], theny5k−1 < 0,

x5k = 23k−1(x0 + y0)− 2ek + 3 < 0, y5k = −23k−1(x0 + y0) + 2ek − b− 2 < 0

and(xn, yn) = (−1,−b + 2) for n ≥ 5k + 1.
(7) If x0 + y0 ∈

(
−9b+1

7
, ωk

]
, theny5k−1 ≥ 0 and

x5k = 23k−1(x0 + y0)− 2ek + 3 < 0, y5k = 23k−1(x0 + y0)− 2ek + b− 6 < 0.

x5k+1 = −23k(x0 + y0) + 4ek − 2b + 3, y5k+1 = 23k(x0 + y0)− 4ek + b− 2 < 0.

(8) If x0 + y0 ∈ (αk+1, ωk], thenx5k+1 < 0 and(xn, yn) = (−1,−b + 2) for n ≥ 5k + 2.
To prove that this algorithm explains the behavior of the solution for (1.2), letk = 1, we have

α1 = −b, β1 = −2b + 1

2
, γ1 = −2b + 3

2
,

ω1 = −5b

4
, α2 = −10b + 1

8
, and e1 = −(2b + 1).

Each item of the algorithm holds as follows.
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• If x0 + y0 ∈
(
−9b+1

7
,−b

]
, thenx1 ≥ 0 and

x2 = |x1| − y1 − b = −2(x0 + y0)− 2b− 1 = −2(x0 + y0) + e1,

y2 = x1 − |y1|+ 1 = −b + 2 < 0.

• If x0 + y0 ∈
(
−2b+1

2
,−b

]
, thenx2 < 0. Thus,

x3 = |x2| − y2 − b = 2(x0 + y0) + 2b− 1 = 2(x0 + y0)− e1 − 2 ≤ −1 < 0,

y3 = x2 − |y2|+ 1 = −2(x0 + y0)− 3b + 2 = −2(x0 + y0) + e1 − b + 3 < −b + 3 < 0.

Sincey3 = −x3 − b + 1, by Lemma 1.1,(xn, yn) = (−1,−b + 2) for n ≥ 4.
• If x0 + y0 ∈

(
−9b+1

7
,−2b+1

2

]
, thenx2 ≥ 0. Thus,

x3 = |x2| − y2 − b = −2(x0 + y0)− 2b− 3 = −2(x0 + y0) + e1 − 2,

y3 = x2 − |y2|+ 1 = −2(x0 + y0)− 3b + 2 = −2(x0 + y0) + e1 − b + 3 ≤ −3b− 16

7
< 0.

• If x0 + y0 ∈
(
−2b+3

2
,−2b+1

2

]
, thenx3 < 0. Thus,

x4 = |x3| − y3 − b = 4(x0 + y0) + 4b + 1 = 22(x0 + y0)− 2e1 − 1 ≤ −1 < 0

y4 = x3 − |y3|+ 1 = −4(x0 + y0)− 5b = −22(x0 + y0) + 2e1 − b + 2 < −b + 6 ≤ 0.

Sincey4 = −x4 − b + 1, by Lemma 1.1,(xn, yn) = (−1,−b + 2) for n ≥ 5.
• If x0 + y0 ∈

(
−9b+1

7
,−2b+3

2

]
, thenx3 ≥ 0. Thus,

x4 = |x3| − y3 − b = −5,

y4 = x3 − |y3|+ 1 = −4(x0 + y0)− 5b = −22(x0 + y0) + 2e1 − b + 2.

• If x0 + y0 ∈
(
−5b

4
,−2b+3

2

]
, theny4 < 0. Thus,

x5 = |x4| − y4 − b = 4(x0 + y0) + 4b + 5 = 22(x0 + y0)− 2e1 + 3 ≤ −1 < 0,

y5 = x4 − |y4|+ 1 = −4(x0 + y0)− 5b− 4 = −22(x0 + y0) + 2e1 − b− 2 < −4 < 0.

Sincey5 = −x5 − b + 1, by Lemma 1.1,(xn, yn) = (−1,−b + 2) for n ≥ 6.
• If x0 + y0 ∈

(
−9b+1

7
,−5b

4

]
, theny4 ≥ 0. Thus,

x5 = |x4| − y4 − b = 4(x0 + y0) + 4b + 5 = 22(x0 + y0)− 2e1 + 3 ≤ −b + 5 < 0,

y5 = x4 − |y4|+ 1 = 4(x0 + y0) + 5b− 4 = 22(x0 + y0)− 2e1 + b− 6 ≤ −4 < 0.

x6 = |x5| − y5 − b = −8(x0 + y0)− 10b− 1 = −23(x0 + y0) + 4e1 − 2b + 3,

y6 = x5 − |y5|+ 1 = 8(x0 + y0) + 9b + 2 = 23(x0 + y0)− 4e1 + b− 2 ≤ −b + 2 < 0.

• If x0 + y0 ∈
(
−10b+1

8
,−5b

4

]
, thenx6 < 0. Sincey6 = −x6 − b + 1, by Lemma 1.1,

(xn, yn) = (−1,−b + 2) for n ≥ 7.

Next, letk ∈ N such that the algorithm holds. Consider each item of the algorithm as we
replacek by k + 1.

• If x0 + y0 ∈
(
−9b+1

7
, αk+1

]
⊂

(
−9b+1

7
, αk

]
, then

x5k+1 = −23k(x0 + y0) + 4ek − 2b + 3 = −23k((x0 + y0)− αk+1) ≥ 0,

y5k+1 = 23k(x0 + y0)− 4ek + b− 2 < 0.
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Thus,

x5k+2 = |x5k+1| − y5k+1 − b = −23k+1(x0 + y0) + 8ek − 4b + 5

= −23k+1(x0 − y0) + ek+1,

= −23k+1((x0 − y0)− βk+1).

y5k+2 = x5k+1 − |y5k+1|+ 1 = −b + 2 < 0.

• If x0 + y0 ∈ (βk+1, αk+1], thenx5k+2 < 0. Thus,

x5k+3 = |x5k+2| − y5k+2 − b = 23k+1(x0 + y0)− ek+1 − 2

= 23k+1((x0 + y0)− αk+1)− 1 ≤ −1 < 0,

y5k+3 = x5k+2 − |y5k+2|+ 1 = −23k+1(x0 + y0) + ek+1 − b + 3

= −23k+1((x0 + y0)− αk+1)− b + 2 ≤ −b + 2 < 0.

Sincey5k+3 = −x5k+3− b+1, by Lemma 1.1,(xn, yn) = (−1,−b+2) for n ≥ 5k +4.
• If x0 + y0 ∈

(
−9b+1

7
, βk+1

]
, thenx5k+2 ≥ 0. Thus,

x5k+3 = |x5k+2| − y5k+2 − b = −23k+1(x0 + y0) + ek+1 − 2

= −23k+1((x0 + y0)− γk+1),

y5k+3 = x5k+2 − |y5k+2|+ 1 = −23k+1(x0 + y0) + ek+1 − b + 3 < −3b− 16

7
< 0.

• If x0 + y0 ∈ (γk+1, βk+1], thenx5k+3 < 0. Thus,

x5k+4 = |x5k+5| − y5k+5 − b = 23k+2(x0 + y0)− 2ek+1 − 1

= 23k+2((x0 + y0)− βk+1)− 1 ≤ −1 < 0,

y5k+4 = x5k+5 − |y5k+5|+ 1 = −23k+2(x0 + y0) + 2ek+1 − b + 2

= −23k+2((x0 + y0)− γk+1)− b + 6 < −b + 6 < 0.

Sincey5k+4 = −x5k+4− b+1, by Lemma 1.1,(xn, yn) = (−1,−b+2) for n ≥ 5k +5.
• If x0 + y0 ∈

(
−9b+1

7
, γk+1

]
, thenx5k+3 ≥ 0. Thus,

x5k+4 = |x5k+6| − y5k+6 − b = −5,

y5k+4 = x5k+3 − |y5k+3|+ 1 = −23k+2(x0 + y0) + 2ek+1 − b + 2

= −23k+2((x0 + y0)− ωk+1).

• If x0 + y0 ∈ (ωk+1, γk+1], theny5k+4 < 0. Thus,

x5k+5 = |x5k+4| − y5k+4 − b = 23k+2(x0 + y0)− 2ek+1 + 3

= 23k+2((x0 + y0)− γk+1)− 1 ≤ −1 < 0,

y5k+5 = x5k+4 − |y5k+4|+ 1 = −23k+2(x0 + y0) + 2ek+1 − b− 2

= −23k+2((x0 + y0)− ωk+1)− 4 < −4 < 0.

Sincey5k+5 = −x5k+5− b+1, by Lemma 1.1,(xn, yn) = (−1,−b+2) for n ≥ 5k +6.

AJMAA, Vol. 20 (2023), No. 1, Art. 12, 33 pp. AJMAA

https://ajmaa.org


24 A. L AOHARENOO, R. BOONKLURB AND W. REWLIRDSIRIKUL

• If x0 + y0 ∈
(
−9b+1

7
, ωk+1

]
, theny5k+4 ≥ 0. Thus,

x5k+5 = |x5k+4| − y5k+4 − b = 23k+2(x0 + y0)− 2ek+1 + 3

= 23k+2((x0 + y0)− ωk+1)− b + 5 ≤ −b + 5 < 0,

y5k+5 = x5k+4 − |y5k+4|+ 1 = 23k+2(x0 + y0)− 2ek+1 + b− 6

= 23k+2((x0 + y0)− ωk+1)− 4 ≤ −4 < 0.

x5k+6 = |x5k+5| − y5k+5 − b = −23k+3(x0 + y0) + 4ek+1 − 2b + 3

= −23k+3((x0 + y0)− αk+2),

y5k+6 = x5k+5 − |y5k+5|+ 1 = 23k+3(x0 + y0)− 4ek+1 + b− 2

= 23k+3((x0 + y0)− ωk+1)− b = 2 ≤ −b + 2 < 0.

• If x0 + y0 ∈ (αk+2, ωk+1], thenx5k+6 ≥ 0. Sincey5k+6 = −x5k+6 − b + 1, by Lemma
1.1,(xn, yn) = (−1,−b + 2) for n ≥ 5k + 7.

Hence, by the mathematical induction, this algorithm holds fork ∈ N. This implies that the
solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2) for everyx0 + y0 ∈
(αk+1, αk]. This is because(βk, αk] ∪ (γk, βk] ∪ (ωk, γk] ∪ (αk+1, ωk] = (αk+1, αk]. Since,⋃

k∈N(αk+1, αk] =
(
−9b+1

7
,−b

]
, and(αi+1, αi] ∩ (αj+1, αj] = ∅, for everyi, j ∈ N with i 6= j,

this implies that{αk}k∈N is a partition of
(
−9b+1

7
,−b

]
. Hence, for everyx0+y0 ∈

(
−9b+1

7
,−b

]
,

there exists a uniquem ∈ N such thatx0 + y0 ∈ (αm, αm+1]. Thus, the solution of (1.2)
eventually becomes the equilibrium point(−1,−b + 2).

The following Lemma 1.11 is for the region of initial condition on the fourth quadrant ofR2.

Lemma 1.11.Let{(xn, yn)}∞n=0 be the solution of system(1.2)with the initial condition(x0, y0)
is in R+

0 × R−. Then, the solution eventually becomes the equilibrium point(−1,−b + 2) or
eventually becomes the periodic with prime period5.

Proof. Note thatx0 − y0 > 0. Thus,

x1 = |x0| − y0 − b = (x0 − y0)− b, y1 = x0 − |y0|+ 1 = (x0 + y0) + 1.

Case 1: x0 − y0 ∈ [b,∞) and x0 + y0 ∈ [−1,∞). Then,x1 ≥ 0 and y1 ≥ 0. That is
(x1, y1) ∈ R+

0 × R+
0 andx1 − y1 = −2y0 − b− 1 ∈ (−(b + 1),∞).

• if y0 ∈
(
−4b+2

7
,−6b+3

14

)
, then−2y0 − b − 1 ∈

(
− b+4

7
, b−3

7

)
. Thus, by Lemma 1.5, the

solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
• if y0 ∈

(
−∞,−4b+2

7

]
∪

[
−6b+3

14
, 0

]
, then−2y0− b− 1 ∈

(
−(b + 1),− b+4

7

]
∪

[
b−3
7

,∞
)
.

Thus, by Lemmas 1.3, 1.4, 1.6 and 1.7, the solution of (1.2) eventually becomes the
periodic with prime period5.

Case 2:x0− y0 ∈ [b,∞), x0 + y0 ∈ (−∞,−1), x0 ∈
[

b−2
2

,∞
)

andy0 ∈
(
−∞,−2b+1

2

]
. Then,

x2 = |x1| − y1 − b = −2y0 − 2b− 1, y2 = x1 − |y1|+ 1 = 2x0 − b + 2.

That is(x2, y2) ∈ R+
0 × R+

0 andx2 − y2 = 2(x0 + y0)− b− 3 ∈ (−(b + 1),∞).

• if x0+y0 ∈
(
−4b+9

7
,−6b+17

14

)
, then−2(x0+y0)−b−3 ∈

(
− b+4

7
, b−3

7

)
. Thus, by Lemma

1.5, the solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
• if x0+y0 ∈

(
−∞,−4b+9

7

]
∪

[
−6b+17

14
,−1

)
, then−2(x0+y0)−b−3 ∈

(
−(b + 1),− b+4

7

]
∪[

b−3
7

,∞
)
. Thus, by Lemmas 1.3, 1.4, 1.6 and 1.7, the solution of (1.2) eventually be-

comes the periodic with prime period5.
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Case 3:x0 − y0 ∈
[

3b−2
2

,∞
)
, x0 + y0 ∈

(
−∞,−2b+3

2

]
, x0 ∈

[
0, b−2

2

)
andy0 ∈

(
−∞,−2b+1

2

]
.

Then, we have the same(x2, y2) as shown in Case 2 and

x3 = |x2| − y2 − b = −2(x0 + y0)− 2b− 3, y3 = x2 − |y2|+ 1 = 2(x0 − y0)− 3b + 2.

That is(x3, y3) ∈ R+
0 × R+

0 andx3 − y3 = −4x0 + b− 5 ∈ (−(b + 1), b− 5].

• if x0 ∈
(

3b−16
14

, 8b−31
28

)
, then−4x0 + b − 5 ∈

(
− b+4

7
, b−3

7

)
. Thus, by Lemma 1.5, the

solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
• if x0 ∈

[
0, 3b−16

14

]
∪

[
8b−31

28
, b−2

2

)
, then−4x0 + b− 5 ∈

(
−(b + 1),− b+4

7

]
∪

[
b−3
7

, b− 5
]
.

Thus, by Lemmas 1.3, 1.4, 1.6 and 1.7, the solution of (1.2) eventually becomes the
periodic with prime period5.

Case 4:x0−y0 ∈
[

2b+3
2

, 3b−2
2

)
, x0+y0 ∈

(
−∞,−2b+3

2

]
, x0 ∈

[
0, b−2

2

)
andy0 ∈

(
−5b

4
,−2b+3

2

]
.

Then, we have the same(x2, y2) and(x3, y3) as shown in Case 3 and

x4 = |x3| − y3 − b = −4x0 − 5 < 0, y4 = x3 − |y3|+ 1 = −4y0 − 5b.

That is (x4, y4) ∈ R− × R− and x4 − y4 = −4(x0 + y0) − 5b − 5 ∈ (−(b + 1), 0) ⊆(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the solution of (1.2) eventually becomes the equilibrium

point (−1,−b + 2).
Case 5:x0−y0 ∈

[
2b+3

2
, 3b−2

2

)
, x0+y0 ∈

(
−∞,−2b+3

2

]
, x0 ∈

[
0, b−2

2

)
andy0 ∈

(
−3b−2

2
,−5b

4

]
.

Then, we have the same(x2, y2)− (x4, y4) as shown in Case 4 withy4 ≥ 0 and

x5 = |x4| − y4 − b = 4(x0 + y0) + 4b + 5 < 0, y5 = x4 − |y4|+ 1 = −4(x0 − y0) + 5b− 4.

Sincex0 − y0 ≥ −y0 ≥ 5b
4

, we have4(x0 − y0) − 5b + 4 ≥ 4 > 0 which implies thaty5 < 0.
Hence,(x5, y5) ∈ R− × R− andx5 − y5 = 8y0 + 9b + 1 ∈ (−3b + 9,−b + 1].

• if y0 ∈
(
−9b+1

7
,−5b

4

]
, then8y0 + 9b + 1 ∈

(
−9b+1

7
,−b + 1

]
. Hence, by Lemma 1.10,

the solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
• if y0 ∈

(
−3b−2

2
,−9b+1

7

]
, then8y0 + 9b + 1 ∈

(
−3b + 9,−9b+1

7

]
. Thus, by Lemmas 1.8

and 1.9, the solution of (1.2) eventually becomes the periodic with prime period5.

Case 6:x0−y0 ∈
(
−∞, 3b−2

2

)
, x0+y0 ∈

(
−2b+3

2
,− b+3

2

)
, x0 ∈

[
0, b−2

2

)
andy0 ∈

(
−∞,−2b+1

2

]
.

Then, we have the same(x2, y2) and (x3, y3) as shown in Case 3 withy3 < 0. That is
(x3, y3) ∈ R− × R− andx3 + y3 = −4y0 − 5b − 1 ∈ [−b + 1, 0) ⊆

(
−9b+1

7
, 0

)
. Hence,

by Lemma 1.10, the solution of 1.2 eventually becomes the equilibrium point(−1,−b + 2).
Case 7: x0 − y0 ∈

[
3b−2

2
, 4b−1

2

)
, x0 + y0 ∈

(
−2b+3

2
,− b+3

2

)
, x0 ∈

(
b−4
4

, b−2
2

]
and y0 ∈(

−∞,−2b+1
2

]
. Then, we have the same(x2, y2) − (x4, y4) as shown in Case 4 withy4 < 0.

That is(x4, y4) ∈ R− × R− andx4 + y4 = −4(x0 − y0) + 5b− 3 ∈ (−(3b + 1),−b + 1].

• if x0 − y0 ∈
[

3b−2
2

, 11b−5
7

)
, then−4(x0 − y0) + 5b − 3 ∈

(
−9b+1

7
,−b + 1

]
. Hence, by

Lemma 1.10, the solution of (1.2) eventually becomes the equilibrium point(−1,−b +
2).

• if x0 − y0 ∈
[

11b−5
7

, 4b−1
2

)
, then−4(x0 − y0) + 5b− 3 ∈

(
−(3b + 1),−9b+1

7

]
. Thus, by

Lemmas 1.8 and 1.9, the solution of (1.2) eventually becomes the periodic with prime
period5.

Case 8: x0 − y0 ∈
[

3b−2
2

, 6b−3
4

)
, x0 + y0 ∈

(
−2b+3

2
,− b+3

2

)
, x0 ∈

(
b−5
4

, b−4
4

]
and y0 ∈(

−∞,−2b+1
2

]
. Then, we have the same(x2, y2) − (x4, y4) as shown in Case 4 withy4 ≥ 0

and

x5 = |x4| − y4 − b = 4(x0 − y0)− 6b + 3, y5 = x4 − |y4|+ 1 = 4(x0 + y0) + 3b + 6.
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Sincex0 + y0 = 2x0 − (x0 − y0) < 2
(

b−4
4

)
−

(
3b−2

2

)
= −b− 1, we obtainy5 < −b + 2 < 0.

Thus,(x5, y5) ∈ R− × R−. Notice that

x0 − y0 = 2x0 − (x0 + y0) < 2

(
b− 4

4

)
+

2b + 3

2
=

3b− 1

2
and

y0 = (x0 + y0)− x0 > −
(

2b + 3

2

)
−

(
b− 4

4

)
= −5b + 2

4
.

Then, we havex5 + y5 = 8x0 − 3b + 9 ∈ (−(b + 1),−b + 1) ⊆
(
−9b+1

7
, 0

)
. Hence, by Lemma

1.10, the solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
Case 9: x0 − y0 ∈

[
6b−3

4
, 3b−1

2

)
, x0 + y0 ∈

(
−2b+3

2
,− b+3

2

)
, x0 ∈

(
b−5
4

, b−4
4

]
and y0 ∈(

−10b+3
8

,−5b+1
4

]
. Then, we have the same(x2, y2) − (x5, y5) as shown in Case 8 withx5 ≥ 0

and

x6 = |x7| − y7 − b = 8y0 − 10b− 3, y6 = x7 − |y7|+ 1 = 8x0 − 3b + 10 < 0.

Then,x6 < 0 andy0 = x0 − (x0 − y0) ≤
(

b−4
4

)
−

(
6b−3

4

)
= −5b+1

4
. Thus,(x6, y6) ∈ R− ×R−

andx6 + y6 = 8(x0− y0)− 13b+7 ∈ (−b+1,−b+3) ⊆
(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10,

the solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
Case 10: x0 − y0 ∈

[
6b−3

4
, 3b−1

2

)
, x0 + y0 ∈

(
−2b+3

2
,− b+3

2

)
, x0 ∈

(
b−5
4

, b−4
4

]
and y0 ∈(

−5b+2
4

,−10b+3
8

]
. Then, we have the same(x2, y2) − (x6, y6) as shown in Case 9 withx6 ≥ 0

and

x7 = |x6| − y6 − b = −8(x0 + y0)− 8b + 13, y7 = x6 − |y6|+ 1 = 8(x0 − y0)− 13b + 8 < 0.

Sincex0 + y0 > −2b+3
2

, we havex7 < −1 < 0 which implies that(x7, y7) ∈ R− × R− and
x7 + y7 = −16y0 − 21b − 5 ∈ [−b + 1,−b + 3) ⊆

(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the

solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
Case 11:x0 − y0 ∈ [b,∞), x0 + y0 ∈ (−∞,−1), x0 ∈

[
0, b−2

2

)
andy0 ∈

(
−2b+1

2
,− b+1

2

)
.

Then, we have the same(x2, y2) as shown in Case 2 withy2 < 0. Thus,(x2, y2) ∈ R− × R−
andx2 + y2 = 2(x0 − y0) − 3b + 1 ∈ [−b + 1, 0) ⊆

(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the

solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
Case 12:x0 − y0 ∈ [b,∞), x0 + y0 ∈

(
− b+2

2
,−1

)
, x0 ∈

[
b−2
2

, 2b−1
2

)
andy0 ∈

(
−2b+1

2
,− b+1

2

)
.

Then, we have the same(x2, y2) as shown in Case 2 withy2 ≥ 0 and

x3 = |x2| − y2 − b = −2(x0 − y0) + 2b− 1, y3 = x2 − |y2|+ 1 = −2(x0 + y0)− b− 2.

We havey3 < 0. Sincex0 − y0 ≥ b, we havex3 = −2(x0 − y0) + 2b − 1 ≤ −1 < 0 and
x0 + y0 >

(
b−2
2

)
−

(
2b+1

2

)
= − b+3

2
. Thus,(x3, y3) ∈ R− ×R− andx3 + y3 = −4x0 + b− 3 ∈

(−(3b + 1),−b + 1).

• if x0 ∈
[

b−2
2

, 4b−5
7

)
, then−4x0 + b− 3 ∈

(
−9b+1

7
,−b + 1

]
. Hence, by Lemma 1.10, the

solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
• if x0 ∈

[
4b−5

7
, 2b−1

2

)
, then−4x0 + b − 3 ∈

(
−(3b + 1),−9b+1

7

)
. Thus, by Lemmas 1.8

and 1.9, the solution of (1.2) eventually becomes the periodic with prime period5.

Case 13:x0−y0 ∈ [b,∞), x0+y0 ∈
(
− b+3

2
,− b+2

2

]
, x0 ∈

[
b−2
2

, 2b−3
4

)
andy0 ∈

(
−2b+1

2
,− b+1

2

)
.

Then, we have the same(x2, y2) and(x3, y3) as shown in Case 12 withy3 ≥ 0 and

x4 = |x3| − y3 − b = 4x0 − 2b + 3, y4 = x3 − |y3|+ 1 = 4y0 + 3b + 2.

Sincey0 = (x0 + y0)− x0 < − b−2
2
− b−2

2
= −b, we obtainy4 < −b + 2 < 0. Since

x0 = (x0 + y0)− y0 < −b + 2

2
+

2b + 1

2
=

b− 1

2
and
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x0 − y0 = (x0 + y0)− 2y0 < −b + 2

2
+ 2

(
2b + 1

2

)
=

3b

2
,

we havex4 < 0. Thus,(x4, y4) ∈ R−×R− andx4+y4 = 4(x0+y0)+b+5 ∈ (−(b+1),−b+1] ⊆(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the solution of (1.2) eventually becomes the equilibrium

point (−1,−b + 2).
Case 14: x0 − y0 ∈

(
3b−1

2
, 6b−1

4

)
, x0 + y0 ∈

(
− b+3

2
,− b+2

2

]
, x0 ∈

[
2b−3

4
, b−1

2

)
and y0 ∈(

−2b+1
2

,− b+1
2

)
. Then, we have the same(x2, y2) − (x4, y4) as shown in Case 13 withx4 ≥ 0

and

x5 = |x4| − y4 − b = 4(x0 − y0)− 6b + 1, y5 = x4 − |y4|+ 1 = 4(x0 + y0) + b + 6 < 0

andx0 − y0 = 2x0 − (x0 + y0) > 2
(

2b−3
4

)
+ b+2

2
= 3b−1

2
. Thus,x5 < 0. Therefore,(x5, y5) ∈

R− × R− andx5 + y5 = 8x0 − 5b + 7 ∈ [−b + 1,−b + 3) ⊆
(
−9b+1

7
, 0

)
. Hence, by Lemma

1.10, the solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
Case 15: x0 − y0 ∈

[
6b−1

4
, 3b

2

)
, x0 + y0 ∈

(
− b+3

2
,− b+2

2

]
, x0 ∈

[
2b−3

4
, b−1

2

)
and y0 ∈(

−2b+1
2

,− b+1
2

)
. Then, we have the same(x2, y2) − (x5, y5) as shown in Case 14 withx5 ≥ 0

and

x6 = |x5| − y5 − b = −8y0 − 8b− 5, y6 = x5 − |y5|+ 1 = 8x0 − 5b + 8 < 0.

Since,y0 > −2b+1
2

, we havex6 < −1 which implies that(x6, y6) ∈ R− × R− andx6 + y6 =

8(x0 − y0) − 13b + 3 ∈ [−b + 1,−b + 3) ⊆
(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the solution

of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
Case 16:x0 − y0 ∈ (0, b) andx0 + y0 ∈ (−b, 1). Then,x1 < 0 and−b < −(x0 − y0) ≤
x0 + y0 < x0 < x0 − y0 < b. Thus,y1 < 0. Therefore,(x1, y1) ∈ R− × R− andx1 + y1 =
2x0−b+1 ∈ [−b+1, 0) ⊆

(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the solution of (1.2) eventually

becomes the equilibrium point(−1,−b + 2).
Case 17:x0 − y0 ∈ (0, b), x0 + y0 ∈ [−1, b) andy0 ∈

(
− b

2
, 0

)
. Then,y1 ≥ 0 and

x2 = |x1| − y1 − b = −2x0 − 1 < 0, y2 = x1 − |y1|+ 1 = −2y0 − b

andy0 = 1
2
((x0 + y0) − (x0 − y0)) > − b+1

2
. Thus,y2 < 0. So, (x2, y2) ∈ R− × R− and

x2 + y2 = −2(x0 + y0)− b− 1 ∈ (−(3b + 1),−b + 1].

• if x0 +y0 ∈
[
−1, b−3

7

)
, then−2(x0 +y0)−b−1 ∈

(
−9b+1

7
,−b + 1

)
. Hence, by Lemma

1.10, the solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
• if x0+y0 ∈

[
b−3
7

, b
)
, then−2(x0+y0)−b−1 ∈

(
−(3b + 1),−9b+1

7

)
. Thus, by Lemmas

1.8 and 1.9, the solution of (1.2) eventually becomes the periodic with prime period5.

Case 18:x0 − y0 ∈ (0, b), x0 + y0 ∈
[
−1,−1

2

)
andy0 ∈

(
− b+1

2
,− b

2

]
. Then, we have the same

(x2, y2) as shown in Case 17 withy2 ≥ 0 and

x3 = |x2| − y2 − b = 2(x0 + y0) + 1, y3 = x2 − |y2|+ 1 = −2(x0 − y0) + b.

Sincex0 − y0 = (x0 + y0)− 2y0 > −1 + 2
(

b
2

)
= b− 1, we havey3 < −b + 2 < 0. Since

x0 + y0 = (x0 − y0) + 2y0 < b + 2

(
− b

2

)
= 0 and

x0 = (x0 − y0) + y0 < b +

(
− b

2

)
=

b

2
,

we havex3 < 0. Thus,(x3, y3) ∈ R− ×R− andx3 + y3 = 4y0 + b + 1 ∈ (−(b + 1),−b + 1] ⊆(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the solution of (1.2) eventually becomes the equilibrium

point (−1,−b + 2).
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Case 19:x0 − y0 ∈ (0, b), x0 + y0 ∈
[
−1,−1

2

)
, x0 ∈

[
b−1
2

, 2b−1
4

)
andy0 ∈

(
− b+1

2
,− b

2

]
. Then,

we have the same(x2, y2) and(x3, y3) as shown in Case 18 withx3 ≥ 0 and

x4 = |x3| − y3 − b = 4x0 − 2b + 1, y4 = x3 − |y3|+ 1 = 4y0 + b + 2 < 0

andx0 = (x0 + y0) − y0 ≥ −1
2

+ b
2

= b−1
2

which impliesx4 < 0. Thus,(x4, y4) ∈ R− × R−
andx4 + y4 = 4(x0 + y0)− b + 3 ∈ [−b + 1,−b + 3) ⊆

(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10,

the solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
Case 20:x0 − y0 ∈ (0, b), x0 + y0 ∈

[
−1,−1

2

)
, x0 ∈

[
2b−1

4
, b

2

)
andy0 ∈

(
− b+1

2
,− b

2

]
. Then,

we have the same(x2, y2)− (x4, y4) as shown in Case 19 withx4 ≥ 0 and

x5 = |x4| − y4 − b = 4(x0 − y0)− 4b− 1, y5 = x4 − |y4|+ 1 = 4(x0 + y0)− b + 4.

Sincex0 − y0 < b andx0 + y0 < 0, we havex5 < −1 < 0 andy5 < −b + 4 < 0 which implies
that(x5, y5) ∈ R−×R− andx5 + y5 = 8x0− 5b + 3 ∈ [−b + 1,−b + 3) ⊆

(
−9b+1

7
, 0

)
. Hence,

by Lemma 1.10, the solution of (1.2) eventually becomes the equilibrium point(−1,−b+2).

The following Lemma 1.12 is the region for the initial condition in the second quadrant of
R2.

Lemma 1.12.Let{(xn, yn)}∞n=0 be the solution of system(1.2)with the initial condition(x0, y0)
is in R− × R+

0 . Then, the solution eventually becomes the equilibrium point(−1,−b + 2) or
eventually becomes the periodic with prime period5.

Proof. Note thatx0 − y0 < 0. Thus,

x1 = |x0| − y0 − b = −(x0 + y0)− b, y1 = x0 − |y0|+ 1 = (x0 − y0) + 1.

Case 1:x0 + y0 ∈
(
−∞,−3b−2

2

]
. Then,x1 > 0. Sincex0 − y0 ≤ x0 ≤ x0 + y0 ≤ −3b−2

2
, we

havey1 ≤ −3b−2
2

+ 1 = −3b−4
2

and

x2 = |x1| − y1 − b = −2x0 − 2b− 1 > 0,

y2 = x1 − |y1|+ 1 = −2y0 − b + 2 < 0.

x3 = |x2| − y2 − b = −2(x0 − y0)− 2b− 3 > 0,

y3 = x2 − |y2|+ 1 = −2(x0 + y0)− 3b + 2 ≥ 0.

This implies that(x3, y3) ∈ R+
0 × R+

0 andx3 − y3 = 4y0 + b − 5 ∈ [b − 5,∞) ⊆
[

b−3
7

,∞
)
.

Thus, by Lemmas 1.3 and 1.6, the solution of (1.2) eventually becomes the periodic with prime
period5.
Case 2:x0 + y0 ∈ (−b,∞) andx0− y0 ∈ (−∞,−1). Then,y1 < 0. Thus,(x1, y1) ∈ R−×R−
andx1 + y1 = −2y0 − b + 1 ∈ (−∞,−b + 1].

• If y0 ∈
[
0, b+4

7

)
, then−2y0 − b + 1 ∈

(
−9b+1

7
,−b + 1

]
. Hence, by Lemma 1.10, the

solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
• If y0 ∈

[
b+4
7

,∞
)
, then−2y0 − b + 1 ∈

(
−∞,−9b+1

7

]
. Thus, by Lemmas 1.8 and 1.9,

the solution of (1.2) eventually becomes the periodic with prime period5.

Case 3:x0 + y0 ∈ (−b,∞), x0 − y0 ∈ [−1, 0) andy0 ∈
[
0, 1

2

)
. Then,y1 ≥ 0 and

x2 = |x1| − y1 − b = 2y0 − 1, y2 = x1 − |y1|+ 1 = −2x0 − b.

Sincex0 ≥ y0−1 ≥ −1, we havey2 = −2x−b ≤ −b+2 < 0. Moreover, sincey0 ≤ x0+1 < 1
and x0 + y0 = 2x0 − (x0 − y0) < 1, we havex2 < 0. Thus, (x2, y2) ∈ R− × R− and
x2 + y2 = −2(x0 − y0) − b − 1 ∈ (−(b + 1),−b + 1] ⊆

(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10,

the solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
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Case 4:x0 + y0 ∈
[
0, 1

2

)
, x0 − y0 ∈ [−1, 0) andy0 ∈

[
1
2
, 1

)
. Then, we have the same(x2, y2)

as shown in Case 2 withx2 ≥ 0 and

x3 = |x2| − y2 − b = 2(x0 + y0)− 1, y3 = x2 − |y2|+ 1 = −2(x0 − y0)− b < 0.

Thus,x0 + y0 = (x0− y0)+2y0 ≥ −1+2
(

1
2

)
= 0 andx3 < 0. Therefore,(x3, y3) ∈ R−×R−

andx3 + y3 = 4y0 − b − 1 ∈ [−b + 1,−b + 3) ⊆
(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the

solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
Case 5:x0 + y0 ∈

[
1
2
, 1

)
, x0 − y0 ∈ [−1, 0) andy0 ∈

[
1
2
, 1

)
. Then, we have the same(x2, y2)

and(x3, y3) as shown in Case 4 withx3 ≥ 0 and

x4 = |x3| − y3 − b = 4x0 − 1 < 0, y4 = x3 − |y3|+ 1 = 4y0 − b < 0.

Sincey0 < 1, we havey4 = 4y0 − b < −b + 4 < 0 which implies that(x4, y4) ∈ R− ×R− and
x4 + y4 = 4(x0 + y0) − b − 1 ∈ [−b + 1,−b + 3) ⊆

(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the

solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
Case 6:x0 + y0 ∈

(
−3b−2

2
,−b

]
andx0 ∈

(
−2b+1

2
, 0

)
. Then,x0 − y0 ≤ x0 + y0 ≤ −b which

implies thatx1 ≥ 0, y1 < 0 and

x2 = |x1| − y1 − b = −2x0 − 2b− 1, y2 = x1 − |y1|+ 1 = −2y0 − b + 2 < 0.

Then,x2 < 0. Thus,(x2, y2) ∈ R−×R− andx2 + y2 = 2(x0 + y0)− 3b + 1 ∈ [−b + 1,−1) ⊆(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the solution of (1.2) eventually becomes the equilibrium

point (−1,−b + 2).
Case 7:x0 + y0 ∈

(
−3b−2

2
,−b

]
, x0 − y0 ∈

(
−2b+3

2
,−2b+1

2

]
andx0 ∈

(
−∞,−2b+1

2

)
. Then, we

have the same(x2, y2) as shown in Case 6 withx2 ≥ 0 and

x3 = |x2| − y2 − b = −2(x0 − y0)− 2b− 3, y3 = x2 − |y2|+ 1 = −2(x0 + y0)− 3b + 2 < 0.

Sincex0 − y0 ≤ x0 ≤ −2b+1
2

, we havex3 < 0. Thus,(x3, y3) ∈ R− × R− andx3 + y3 =

−4x0 − 5b − 1 ∈ [−b + 1, 0) ⊆
(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the solution of (1.2)

eventually becomes the equilibrium point(−1,−b + 2).
Case 8:x0 + y0 ∈

(
−3b−2

2
,−b

]
, x0 − y0 ∈

(
−∞,−2b+3

2

]
, x0 ∈

(
−∞,−5b

4

]
andy0 ∈

[
5
4
,∞

)
.

Then, we have the same(x2, y2) and(x3, y3) as shown in Case 7 withx3 ≥ 0 and

x4 = |x3| − y3 − b = 4y0 − 5, y4 = x3 − |y3|+ 1 = −4x0 − 5b.

Sincex0 = 1
2
[(x0 − y0) + (x0 + y0)] ≤ 1

2

(
−2b+3

7
− b

)
= −4b+3

4
, we havex4 ≥ 0. Thus,

(x4, y4) ∈ R+
0 × R+

0 andx4 − y4 = 4(x0 + y0) + 5b− 5 ∈ (−(b + 1), b− 5].

• If x0 + y0 ∈
(
−36b−31

28
,−17b−16

14

)
, then4(x0 + y0) + 5b − 5 ∈

(
− b+4

7
, b−3

7

)
. Hence, by

Lemma 1.5, the solution of (1.2) eventually becomes the equilibrium point(−1,−b+2).
• If x0 + y0 ∈

(
−3b−2

2
,−36b−31

28

]
∪

[
−17b−16

14
,−b

]
, then4(x0 + y0) + 5b− 5 ∈(

−(b + 1),− b+4
7

]
∪

[
b−3
7

, b− 5
]
. Thus, by Lemmas 1.3, 1.4, 1.6 and 1.7, the solution

of (1.2) eventually becomes the periodic with prime period5.

Case 9:x0 +y0 ∈
(
−3b−2

2
,−5b−4

4

)
, x0−y0 ∈

(
−∞,−2b+3

2

]
, x0 ∈

(
−∞,−5b

4

]
andy0 ∈

[
0, 5

4

)
.

Then, we have the same(x2, y2)− (x4, y4) as shown in Case 8 withx4 < 0 and

x5 = |x4| − y4 − b = 4(x0 − y0) + 4b + 5 < 0, y5 = x4 − |y4|+ 1 = 4(x0 + y0) + 5b− 4.

Sincex0 + y0 < −5b
4

+ 5
4

= −
(

5b−5
4

)
, we havey5 < 0. Thus,(x5, y5) ∈ R− × R−. Note that

−6b + 1

4
= −3b− 2

2
− 5

4
< (x0 + y0)− y0 = x0 ≤ −5b

4

which implies thatx5 + y5 = 8x0 + 9b + 1 ∈ (−(3b + 1),−b + 1].
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• If x0 ∈
(
−9b+1

7
,−5b

4

]
, then8x0 + 9b + 1 ∈

(
−9b+1

7
,−b + 1

]
. Hence, by Lemma 1.9,the

solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
• If x0 ∈

(
−6b+1

4
,−9b+1

7

]
, then8x0 + 9b + 1 ∈

(
−(3b + 1),−9b+1

7

]
. Thus, by Lemmas

1.8 and 1.9, the solution of (1.2) eventually becomes the periodic with prime period5.

Case 10: x0 + y0 ∈
[
−5b−4

4
,−5b−5

4

)
, x0 − y0 ∈

(
−∞,−2b+3

2

)
, x0 ∈

(
−10b+1

8
,−5b

4

]
and

y0 ∈
[
0, 5

4

)
. Then, we have the same(x2, y2)− (x5, y5) as shown in Case 9 withy5 ≥ 0 and

x6 = |x5| − y5 − b = −8x0 − 10b− 1, y6 = x5 − |y5|+ 1 = −8y0 − b + 10.

Sincey0 = (x0 + y0)− x0 ≥ −5b−4
4

+ 5b
4

= 1, we havey6 ≤ −b + 2 < 0. Moreover, we obtain
that

x0 = (x0 + y0)− y0 > −5b− 4

4
− 5

4
= −5b + 1

4
and

x0 − y0 = (x0 + y0) + 2y0 > −5b− 4

4
− 2

(
5

4

)
= −5b + 6

4
.

Hence,x6 < 0. Thus,(x6, y6) ∈ R− × R− andx6 + y6 = −8(x0 + y0) − 11b + 9 ∈ (−(b +
1),−b + 1] ⊆

(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the solution of (1.2) eventually becomes the

equilibrium point(−1,−b + 2).
Case 11:x0 + y0 ∈

[
−5b−4

4
,−5b−5

4

)
, x0 − y0 ∈

(
−10b+11

8
,−5b+5

4

]
, x0 ∈

(
−5b+1

4
,−10b+1

8

]
and

y0 ∈
[
0, 5

4

)
. Then, we have the same(x2, y2)− (x6, y6) as shown in Case 10 withx6 ≥ 0 and

x7 = |x6| − y6 − b = −8(x0 − y0)− 10b− 11,

y7 = x6 − |y6|+ 1 = −8(x0 + y0)− 11b + 10 < 0.

Sincex0 − y0 = 2x0 − (x0 + y0) ≤ 2
(
−10b+11

8

)
+ 5b−4

4
= −5b+5

4
, we havex7 < 0. Thus,

(x7, y7) ∈ R−×R− andx7 + y7 = −16x0− 21b− 1 ∈ [−b + 1,−b + 3) ⊆
(
−9b+1

7
, 0

)
. Hence,

by Lemma 1.10, the solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
Case 12:x0 + y0 ∈

[
−5b−4

4
,−5b−5

4

)
, x0 − y0 ∈

(
−5b+6

4
,−10b+11

8

]
, x0 ∈

(
−5b+1

4
,−10b+1

8

]
and

y0 ∈
[
0, 5

4

)
. Then, we have the same(x2, y2)− (x7, y7) as shown in Case 11 withx7 ≥ 0 and

x8 = |x7| − y7 − b = 16y0 − 21, y8 = x7 − |y7|+ 1 = −16x0 − 21b.

Sincey0 < 5
4

andx0 > −5b+1
4

, we havex8 ≤ −1 < 0 andy8 < −b + 4 < 0 which implies
that (x8, y8) ∈ R− × R− andx8 + y8 = −16(x0 − y0) − 21b − 21 ∈ [−b + 1,−b + 3) ⊆(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the solution of (1.2) eventually becomes the equilibrium

point (−1,−b + 2).
Case 13:x0 +y0 ∈

(
−3b−2

2
,−b

]
, x0−y0 ∈

(
−∞,−2b+3

2

)
, x0 ∈

(
−5b

4
,−4b+3

4

]
andy0 ∈

[
0, 5

4

)
.

Then, we have the same(x2, y2) − (x4, y4) as shown in Case 8 withx4 < 0. Thus,(x4, y4) ∈
R− × R− andx4 + y4 = −4(x0 − y0)− 5b− 5. Note that

−5b + 5

4
= −5b

4
− 5

4
< x0 − y0 < −4b + 3

4
.

Therefore,−4(x0 − y0) − 5b − 5 ∈ [−b + 1, 0) ⊆
(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10, the

solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
Case 14:x0 + y0 ∈

(
−3b−2

2
,−b

]
, x0 − y0 ∈

(
−5b+4

4
,−2b+5

2

)
, x0 ∈

(
−5b

4
,−4b+3

4

]
andy0 ∈[

5
4
, b

4

)
. Then, we have the same(x2, y2)− (x4, y4) as shown in Case 8 withx4 ≥ 0 and

x5 = |x4| − y4 − b = 4(x0 + y0) + 4b− 5 < 0, y5 = x4 − |y4|+ 1 = −4(x0 − y0)− 5b− 4.

Sincex0 + y0 ∈
(
−3b−2

2
,−b

]
, y0 ∈

[
5
4
, b

4

)
andx0 − y0 = (x0 + y0)− 2y0, we have−2b + 1 <

−3b−2
2
− 2

(
b
4

)
< x0 − y0 < −b − 2

(
5
4

)
= −2b+5

2
. Then,y5 < 0. Thus,(x5, y5) ∈ R− × R−
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andx5 + y5 = 8y0 − b− 9 ∈ (−b + 1, min{b− 9, 0}) ⊆
(
−9b+1

7
, 0

)
. Hence, by Lemma 1.10,

the solution of (1.2) eventually becomes the equilibrium point(−1,−b + 2).
Case 15: x0 + y0 ∈

(
−3b−2

2
,−b

]
, x0 − y0 ∈

(
−2b + 1,−5b+4

4

]
, x0 ∈

(
−5b

4
,−4b+3

4

]
and

y0 ∈
[

5
4
, b

4

)
. Then, we have the same(x2, y2)− (x5, y5) as shown in Case 14 withy5 ≥ 0 and

x6 = |x5| − y5 − b = −8y0 + 9 < 0, y6 = x5 − |y5|+ 1 = 8x0 + 9b.

Sincex0 + y0 ≤ −b, we havex0 = 1
2
((x0 + y0) + (x0 − y0)) ≤ 1

2

(
−b− 5b+4

4

)
= −9b+4

8
. Thus,

y6 ≤ −4 < 0. Note thaty0 ≥
5

4
. Thus,x6 ≤ −1 < 0. This implies that(x6, y6) ∈ R− × R−

andx6 + y6 = 8(x0 − y0) + 9b + 9 ∈ (−7b + 17,−b + 1].
• If x0 − y0 ∈

(
−9b+8

7
,−5b+4

4

]
, then8(x0 − y0) + 9b + 9 ∈

(
−9b+1

7
,−b + 1

]
. Hence, by

Lemma 1.10, the solution of (1.2) eventually becomes the equilibrium point(−1,−b +
2).

• If x0−y0 ∈
(
−2b + 1,−9b+8

7

)
, then8(x0−y0)+9b+9 ∈

(
−7b + 17,−9b+1

7

]
. Thus, by

Lemmas 1.8 and 1.9, the solution of (1.2) eventually becomes the periodic with prime
period5.

After we go through Lemmas 1.3 - 1.12, we can conclude the global behavior of the solution
of (1.2) by the following theorem.

Theorem 1.13. Let {(xn, yn)}∞n=0 be the solution of system (1.2) with the initial condition
(x0, y0) is in R2. Then, the solution eventually becomes the equilibrium point(−1,−b + 2)
or eventually becomes the periodic of prime period5.

The following Figure 1 shows the shaded region where the initial condition(x0, y0) induces
the equilibrium behavior and the outside region where the initial condition(x0, y0) induces the
periodic behavior with prime period5.

Figure 1: Shaded region where the initial condition(x0, y0) induces the equilibrium behavior and outside region
where the initial condition(x0, y0) induces the periodic behavior with prime period5
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2. CONCLUSION AND DISCUSSION

This manuscript extends the result of [1] where we consider real numberb such thatb ≥ 6. It
can be seen that by using our approach we cannot conclude the maximum number of iterations
where the behavior becomes either equilibrium or periodic with prime period5. However, it
makes our prove more compact. It is also very interesting that the behavior of the solution of
(1.2) b = 4 or 5 is different from the one whenb ≥ 6. We conjecture that for4 < b < 5, the
solution of (1.2) eventually becomes equilibrium. We also would like to expose in the future to
find the critical value ofb where5 < b < 6 such that the behavior changes. Some other interests
may involve the consideration of a full analysis of the solution of (1.2) whereb < 4. We also
encourage the future interest to explore the behavior of the solution of the system similar to
(1.1) with others parameters involved.
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