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ABSTRACT. Our goal is to study the system of piecewise linear difference equations =

|Zn| — yn — b andy,+1 = =, — |yn| + 1 wheren > 0 andb > 6. We can prove that the
behavior of the solution can be divided into 2 types depending on the region of initial condition
(z0,yo0). Thatis, the solution eventually becomes the equilibrium point. Otherwise, the solution
eventually becomes the periodic solution of prime pefiod\ll regions of initial condition for
each type of solution are determined.
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2 A. LAOHARENOO, R. BOONKLURB AND W. REWLIRDSIRIKUL

1. INTRODUCTION

The first order system of piecewise difference equation of the form
(1-1) Tpt1 = |$n| —ay, —b and Yn+1 = Tpn — C ‘yn‘ +d

for n > 0 with a given initial condition(z¢, y9) has been considered by several researchers.
Especially, Grove, Lapierre, Tikjha and their team, seé [13] - [17] and references therein. This
system is also the generalization of the Lozi map; = —a|z,| + y, + 1 andy,,1 = bz,
wherea, b € R (seel[2] and [9]) and the Devaney’s Gingerbreadmanmap = |z, | —z,_1+1
considered in[7](z,, y, )52, is called the solution of (1] 1) with a given initial conditiar, yo)
provided that the sequences, )>>, and (y,,)>2, satisfy [1.1) and the given initial conditions
for all n > 0. The solution(z,,, y,);>, of (1.1) is said to be eventually becomes the equilibrium
point (z, y) of (1.1) if there exist an intege¥, real numbers: andy and an integeV such
that (z,,,v,) = (z,y) for all n > N. In addition, the solutior{z,, y,,)>>, of (1.1) is said
to be eventually periodic with prime periqdif p is the smallest positive integer such that
(Tntps Yntp) = (2, yn) foralln > N, for some integelN. If the reader need more information
about the system of difference equations and their solutions, please see [4] and [5].

In 2021, Busakorn et al.[ [1] proved that far= ¢ = d = 1 andb = 4, the solution of
(1.1) eventually becomes the equilibrium pofrtl, —2). Moreover, they also showed that for
given the initial condition(z, yo) with large values ofxy| and|y,|, the solution eventually
becomes the equilibrium point or the periodic solution of prime pefidolr b > 5. Recently,
Rewlirdsirikul [10] proved case-by-case that, globally, all solutior of|(1.1yfef c = d = 1
andb = 5 eventually becomes the equilibrium poinrt1, —3).

In this paper, we use the recurrence algorithm technique to tackle the behavior of the solution
of (L.1) for the case that = ¢ = d = 1 andb > 6. That is, we consider the following system

(1.2) Tnyl = |xn| —Yn—0b and y,p =z, — ‘ynl +1,

forn > 0 andb > 6. Let us first recall the lemmas about the equilibrium and the periodicity of
the solution of[(1.R) which are proven in [1].

Lemma 1.1.[1] Letb > 6.

(1) The equilibrium point of1.3)is (—1, —b + 2).

(2) Let(x,,yn),, be the solution offI-2). Assume that there exists a positive integer
suchthatyy = —zy — b+ 1 < 0andxy < 0. Then,(z,,y,) = (=1, b+ 2) for all
n > N.

Lemma 1.2. [1] Let{(z,, y.)}:>, be the solution of syste(fi.d). Suppose that there exists a
positive integetV such that(zy,yn) = (—5,b—4). Then, the solution eventually becomes the
periodic with periods.

The following Lemmas$ 1]3[- 1.7 consider the region of initial condition in the first quadrant
of R?.

Lemma1.3.Let{(z,,yn)}°, be the solution of systeffh.2)with the initial condition(zo, yo) €

Ry x Ry such thatzg — yo = 1%3 Then, the solution eventually becomes the periodic with
prime periods.

AJMAA Vol. 20(2023), No. 1, Art. 12, 33 pp. AIMAA


https://ajmaa.org

COMPLETE ANALYSIS OF GLOBAL BEHAVIOR OF CERTAIN SYSTEM OF PIECEWISELINEAR DIFFERENCEEQUATIONS 3

Proof. Note thath > 6. By direct calculation, we have

xlz\xol—yo—b:—%%g<0, y1:x0—|y0\+12b+74>0.
xgz\x1|—y1—b:—2b—;—1<0, yo =11 — |yn| +1=-b<0.
x3:|x2|—y2—b:2b—;_1>0, y3:x2—|y2|—|—1:—9bT_6<0.
x4:|x3|—y3—b:4bT_5>O, ys =x3—|ys| +1=-b+2<0.
x5:\x4|—y4—b:4b;19>07 y5:a:4—|y4|+1:—3b;16<0.
xrg = |x5| — ys — b= =5, y6:$5—|y5\—|—1:b+—4>0.
x7:\x6]—y6—b:—8b;31<0, y7:x6—|y6\—|—1:—b+Tg2<O.
r=lorl -y =2 ma, gmmle1= -2y,

Thus, by the mathematical induction, the proof is compleged.

Lemma 1.4.Let{(x,, y,)}>°, be the solution of systefh.Z)with the initial condition(zy, yy) €
RS x Ry such thatry — yo = —%. Then, the solution eventually becomes the periodic with
prime period5.

Proof. Note thath > 6. By direct calculation, we obtain

8b+ 4 b—3
$1=|Io|—yo—b:—T<0, y1:x0—|y0|+1:_7<0,

20+1 9% — 6
$2:|$1|_yl_b:T>0v 92=$1—|y1|+1:—T<0.

Similar to Lemma 1.3, we have tha = 2, andy; = y». Thus, by the mathematical induction,
the proof is completed

Lemmal1.5.Let{(z,,yn)}°, be the solution of systeffh.2)with the initial condition(zo, yo) €
Ry x R§ such that-2 < 25 — yo < %2, Then, the solution eventually becomes the equilib-
rium point(—1, —b + 2).

Proof. First, we have
r1 = |2o| — Yo — b= (z0 — yo) — b <0, y1 =20 — |yo| +1 = (g — yo) + L.
Case LiIf 2y — yo € (—%*, —1), theny, < 0. Thus,

To=l|x1| —tph —b=—-2(xg—v) —1>0, yo=21— || +1=2(xo—yo) —b+2<0.
—4($0—y0>—3>0, y3:x2—|y2|+1:—b+2<0.
$4:|$3\—y3—b:—4($0—yo)—57 y4:a:3—|y3|+1=—4(x0—y0)—b<0.

I3:|Z’2‘—y2—b:

Case 1.1:lf 2o — yo € (=2, 1), thenz, < 0 and
T5 = |24] —ys —b=8(zo — 1) +5<0, ys =24 —|ya| +1=—8(xo—y) —b—4<0.
Sinceys = —z5 — b+ 1, by Lemmd L.ll(z,, y,) = (—1,—b + 2) for n > 6.
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gase 1.2:x0 —yo € (—”74, —;51] We define sequences of real numbefss,., v, wr andeg
y

= (b+4)2% 4 (4b —19) (b +4)(1—2%) = (b+4)2% 4 (204 1)
Ok = 7. 93k—1 e = 7. 93k v Tk = 7. 93k+1
—(b+ 4)23%+2 4+ (4b — 5) (b+4)(1 — 23F)
W = T andek = 7

for k € N. Note that—" < .y < wy, <, < By < o, o, By, 7y, @ndwy, tend to—2E2 as
k — o0,

—(b+ 4)23+2 + (4b — 19) g2

4e, — 5 = - Ay,
b 4)(1 — 23k+3
86/€—b—4=<Jr )<7 >=6k+1,
_ 3k _
er+b—6= (b+4)2 7+ (4b - 19) = 2%y,
€ = 23kﬁk>
—(b+ 4)23k+1 2b+1
_ 4 23k+2 4h —
Consider the following algorithm.
D fxg—yo € —b+—4 ,ap|, thenxs,_, > 0 and
( Y
Tsk = — 9, s = —2% (o — yo) + €x.
(2) If To — Yo € (6k7 Oék], theny5k <0,
Tsgat1 = 23k<I0 — y()) — € — b + 5 < O, Ysk+1 — —23k(370 — y()) + Cr — 4 < 0

and(x,,y,) = (—=1,—b+2) forn > 5k + 2.
(3) Ifzg—yo € (— b*‘*,ﬁk} thenys, > 0 and

Tshp1 = 23k($0 — o) —exr—b+5<0, yspi1 = 23k(:v0 — o) —exr —4<0.
Tspro = =2 (29 — yo) + 2ex — 1, Yskro = 22 (20 — yo) — 2ex — b+ 2 < 0.

(4) If xo — yo € (7, Bi)s thenzs,, o < 0and(z,,y,) = (=1, —b+ 2) for n > 5k + 3.
(5) If 20 — yo € (=%, 7,], thenz;,.» > 0 and

Tsprs = —2°2 (29 — yo) + 4ex — 3, Ysk43 = —b+ 2.
(6) If 20 — yo € (Wi, Vi), thenasys <0,
Tipya = 272 (g — o) — dep +1 <0, Ysia = —2%72 (20 — yo) +4e, —b < 0

and(x,,y,) = (—1,—b+2) forn > 5k + 5.
(7) If g — Yo € (—M wk} then$5k+3 > 0and

Tsera = =272 (20 — yo) + dex — 5, Ysipa = =22 (g — o) + 4ep, — b < 0.
(8) If xg — yo € (g1, ws], thenzs,,y <0,
Lsk+5 = 23k+3($0 — ) —8er +5 <0,  Yspis = —23k+3(950 —Yo) +8e, —b—4<0
and(x,,y,) = (=1, —b+2) for n > 5k + 6.
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To prove that this algorithm explains the behavior of the solutior] for (1.2}, 4etl, we have

5 5o _btd 249
Q= 47 1 — 8 ) 71 = 16 9
4b+ 19 4b + 21

w1 3 e (b+4), and 5

Each item of the algorithm holds as follows.
o If 2o —yo € (—%*, 2], thenz, > 0 and
x5:]x4]—y4—b:—5,
ys = x4 — |ya| + 1= —=8(zo — yo) — b — 4 = —2%(zo — yo) + €1.
o If g —yp € (—M ——] thenz, < 0. Thus,
26 = |w5| —ys — b= 8(xo — yo) +9 = 2°(xo — yo) — €1 — b+ 5,
Ye = T5 — |ys| + 1= —8(xg —yo) —b—8 = —2%(xg —yo) + €1 — 4
with zg < —1 < 0 andys < —4 < 0. Sinceys = —xs — b + 1, by Lemmg 1.1,
(Tn,yn) = (=1, —b+2) forn > 7.
o If g —yo € (—24, 1], theny; > 0. Thus,
w6 = |o5| —ys —b=8(wg —yo) +9 =29 —yo) —e1 —b+5< —b+5<0,
Ye = T5 — |ys| +1=8(zo — o) +b= 20 —yo) —e1 —4 < —4 < 0.
17 = |wg| —ys — b= —16(xg — yo) — 2b — 9 = —2%(wy — yo) + 2e1 — 1,
yr =26 — |ys| +1 = 16(zg —yo) + b+ 10 = 2*(zg —yo) —2e1 —b+2< —b+2 < 0.

o If 2y —yo € (-2, —4] thenz; < 0. Sincey; = —z7 — b+ 1, by Lemm,

(T, yn) = (=1, =b+2) forn > 8.
o If 2o —yo € ( b+4, 2b+9} thenz,; > 0. Thus,

rg = ’I6|—y6—b:—32($0—y0) 4b—19— 2 (xo—y0)+4€1—3
y8:$6—’y6‘+1:—b+2

o If To— Yo € (—4b;’r219, 2b+9} thenilfg < 0. Thus,

J]gz|JZ8|—yg—b:32(%0—y0)+4b+17:25<J]0—y0)—4€1+1§—1<0,
ygzl'g—|y8|+1:—32($0—y0)—5b—16:—25<$0—y0)+461—b<—b+3<0

Sinceyy = —x9 — b+ 1, by Lemmd L.l(x,, y,) = (=1, —b + 2) for n > 10.
o If mg—yp € (-2, — 2221, thenzs > 0. Thus,

Tg = |wg| —ys — b= —32(x0 — yo) — 40— 21 = _25(370 —Yo) +4e1 — 5,
Yo = x5 — |ys| + 1 = —32(zo — yo) — 5b — 16 = —2°(xg — yo) + de; — b

with yo < —216 < 0.
o If g —yo € (—222L, —2219] thenzy < 0. Thus,

T10 = |fL’9| — Yg — b= 64(ZL‘0 — yo) + Sb—f— 37 = 26<CL’0 — yo) — 861 -+ 5,
Y10 = L9 — |y9| +1= —64<£L'0 — yo) —9h—36 = —26(1'0 — y()) + 8e; — b—4.

with 210 < —1 < 0 andy,p < —b+ 6 < 0. Sincey;p = —x9 — b+ 1, by Lemmg 111,
(Tn,yn) = (—1,—=b+ 2) forn > 11.
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Next, letk € N such that the algorithm holds. Consider each item of the algorithm as we
replacek by k + 1.

o If 2o — Yo € (—b+74,041§+1} C (—b#,ak},then

Tora = =272 (w0 — o) + dex — 5 = —2((w0 — o) — 1) = 0,
Ysiaa = =272 (20 — o) + dep — b < 0.
Thus,
Tskys = |Tskya| — Yskia — b= =5,
Yskrs = Tskra — |Ysiaa + 1= =253 (29 — yo) +8er, —b—4

= —23k+3(($0 —Y0) — Brg1)-
o If 2o — Yo € (Bk:-i-l’ ak—f—l]’ theny5k+5 < 0. Thus,

Ts5k+6 = |$5k+5| — Ysk+5 — b= 23k+3($0 - yo) — €k41 — b+ 5,

= 23k+3(($0 —Yo) — apy1) — 1 < =1 <0,

Yskrs = Tskis — |Uskrs| + 1= =233 (2 — yo) + ex1 — 4,

= 2% ((mg — yo) — Bjpy) —4 < —4 < 0.
Sinceyskss = —xsk6 — b+ 1, by Lemmd TN (z,,, y,,) = (=1, —b+2) forn > 5k +7.
o If g —yo € (—2*, Bris], thenys, s > 0. Thus,
Tskrs = |Tsprs| — Ysues — b= 2% (zg — yo) —epar —b+5

_ 23k+3((x0 — o) —5k+1) -b+5<-b+5<0,

Yshi6 = Tskrs — |Uskas| + 1= 223 (mg — o) — gy — 4
= 23 (29 — yo) — Bry) —4< -4 <0.
_23k+4(

Tsp7 = |Tskre] — Yskre — b = Zo — Yo) + 2€p41 — 1

= —23k+3(($0 - yo) - 7k+1),
Ysks7 = Tskao — |Yskrs| + 1 = 2% (2o — yo) — 2e541 — b+ 2
= 2% (29 — yo) — Bry1) —b+2< —b+2 < 0.

o If 29— yo € (Vis1, Brsal, thenzs, 7z < 0. Sinceysp7 = —xsp47 — b+ 1, by Lemma

1.3, (20, yn) = (=1, —b+2) forn > 5k + 8.
o If 2o — Yo € (_#’7k+1]! thenI5k+7 > 0. Thus,

Tskys = |Tskqr| — Yskgr — b = —23k+5<550 — o) +4er1 — 3

= —23k+5(($0 —Y0) — Wr+1),
Yskts = Tsker — |Ysear| + 1= —b+2 < 0.
o If 29 — yo € (Wit1, V), thenzs,,s < 0. Thus,
Tshso = |Tokrs| — Yskas — b= 2""2(z0 — yo) — dexpr + 1
= 2""%((20 — o) = Y1) — 1 < =1 <0,
Yo = Toprs — |Yskas| + 1 = =20 (29 — yo) + degrs — b,
= 2% ((1g — o) —wie1) —b+3 < —b+3<0.

Sinceysi+9 = —wsk9 —b+1, by Lemma LlL(z,, y,) = (—1, —b+2) forn > 5k+10.
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o If To— Yo € (—%,wkﬂ], thenl’5k+8 > 0. Thus,

_23k+5(

Toktro = |Tskts| — Ysktrs — b = To — Yo) +4ekt1 — 5

= —2%15((29 — yo) — apr2),
3b—16

< 0.
7

Ysk+9 = Tsk+8 — ’y5k+8‘ +1= —23k+5($0 - yo) +4ep — b < —
o If To— Yo € (()ék+2,wk+1], then$5k+9 < 0. Thus,

Tskr10 = |Tskro| — Yskro — b = 2370 (2g — yo) — 8ep1 +5
= 240 ((2g — yo) —wiy1) — 1 < =1 <0,
g3k

Ysk+10 = Tsk+o — |Yskro| +1 = 2o — Yo) + 8epp1 —b—4

= —2%6((2g — o) — App2) —b+6 < —b+6<0.

Sinceysii10 = —xskr10—b+1, by Lemma 1.l(z,, y,) = (—1, —b+2) forn > 5k+11.
Hence, by the mathematical induction this algorithm holds foka#t N. This implies that
the solution eventually becomes the equilibrium pdintl, —b + 2) for every zy — yo €

(ag41, o). This is becauséoy 1, wi] U (wi, vl U (Ve B U (Bgs ax] = (g1, ax). Next,

since,Ucn (s, a] = (=22, 3] and(qis1, i) N (@11, o] = 0, for everyi, j € N with

7 4
i # j, we have{ay}ren is a partition of(— %4, 3]. Hence, for every, —yo € (=%, 2], there

exists a uniquen € N such thateg — yo € (aum, am+1]. Thus, the solution of (1]2) eventually
becomes the equilibrium poift-1, —b + 2).
Case 2:If zy — yo € [-1,%2), theny; > 0. Thus,

T = ’%1‘ —yl—b: —2($0—y0)—1, Yoy = X1 — |y1’+1 = —b<0
Case 2.1:If 2o — yo € [-1,—3), thenz, > 0. Thus,

$3=|352|—y2—b=—2(330—?/0)—1>07 y3=3?2—|y2|+1:—2($0—yo)—b<0-
$4:|$3|—y3—b:—1<0, y4=x3—|y3|+1:—b—|—2<0
335:]$4\—y4—b:4(x0—yo)+1<0, y5:x4—|y4!+1=—4(xo—yo)—b<0.
Sinceys = —z5 — b+ 1, by Lemmd L.]l(x,, y,) = (—1,—b + 2) for n > 6.
Case 2.2iIf zg — yo € [—3,%2), thenz, < 0. Thus,
3= |r3| —yp —b=2(w0 —yo) +1>0, ys=x2— || +1=—2(z0 — 1) —0<0.
I4:|$3|—y3—b:4(I0—y0)+17 y4:$3—|y3|+1:—b+2<0

Next, we define sequences of real numherss,, v, w, ande; by

(b—3)2%2 _ (2b+ 1) (b— 3)2%-1 — (4b — 5)

Xk = 7. 93k—2 ) Pr = 7. 93h—1 )
~ (b—3)2%1 — (4b—19)  (b—3)2%% — (b+4)
T 7. 2%k ’ k= 7 2% ’
and
(b—3)231 — (4b+9)
€ =

7
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for k € N. Note thato, < 8, < v, < wi < aps1 < =2, o, By, v, andwy, tend to%=2 as
k — oo and

(=325 — (4+2)

e+ 1= - ks
&%+4b+11=(b_3ﬁwﬁ;_pw_5)=2%”ﬁmp
8er +4b+9 = (b- 3)23k+§ — (46 +9) = €p+1,
T 3)2%—; —(h=5) ey
€k+4::a»—$2%4%—@b—1w::2%47m
2e, +b+2 = (b— 3)23’;_ (b+4) — 2%y, and
dor b1 5— 07 3)23’”; — (@1 _ gseng,
Consider the following algorithm.
(1) If xzg — yo € [, By,), thenzs, 1 < 0,
Tap = — 2% (2o — yo) +ex <0, Ysi = 2 N(wg — o) —er —b+1<0
and(x,,y,) = (—1,—b+2) forn > 5k + 1.
(2) If 20 — yo € [B), Z2), thenzs;,, > 0 and
Top = 257 (20 — yo) — e — 4, Yk = 2 (zg — o) —er —b+1 < 0.

(3) If zo — yo € [By, Vi), thenzs, < 0,
Tspi1 = —2%%(zg — yo) + 2e, +3 < 0, Yskrr = 2% (z0 — yo) — 26, —b—2 <0

and(z,,y,) = (—1,—b+ 2) forn > 5k + 2.

(4) If 3y — yo € [, 52), thenzs;, > 0 and

Tskp1 = —9, Ysir1 = 2°% (w0 — yo) — 265 — b — 2.
(5) fzo —yo € [y, wi), thenys, <0,
T5k+2 = —23k(1‘0 — yo) + 2€k +7< 0, Ysk+2 = 23k($0 - yo) - 26k —b—-6<0

and(x,,y,) = (—=1,—b+2) forn > 5k + 3.
(6) If To — Yo € {wk, 17773)' theny5k+1 > 0and

Tspra = =27 (19 — yo) + 26, +7 <0,  yspro = —2%(zg — yo) +2ex +b—2 < 0.
Tsias = 227 (2o — yo) — dex — 26— 5, yspys = 272 (29 — yo) + dep, + b+ 6 < 0.

(7) If xzo — yo € [wk, ag11), thenzs,, s < 0and(x,,y,) = (—1,—b+ 2) for n > 5k + 4.
(8) If 2 — yo € [an1, 1;—73), thenzs;,3 > 0 and

Tokya = 272 (w0 — yo) — 8ex — 4b — 11, Ysera = —b+2 < 0.
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To prove that this algorithm explains the behavior of the solutior] for (1.2}, 4etl, we have

1 1 1
al__§7 61__17 WI_Za
b—4 20—-7
W1 :T, @2:1—6, and €1 = —3.

o If 2o —yo € [-3,—1), thenz, < 0 and
955:|954’—y4—b:—4(950—3/0)—3:—22($0—yo)+€1<—1<0,
Ys = T4 — |ya| + 1 =4(zo — o) —b+4=2* 20 —9o) —e1 —b+1< —-b+3<0.

Sinceys = —x5 — b+ 1, by Lemmd L.]L(z,, y,) = (—1,—b + 2) for n > 6.
o If xg —yp € [—l —) thenz, > 0. Thus,

335:|$4|—y4—b:4($0—y0)—1:2 (ro — yo) — €1 — 4,
3b— 16

< 0.
7

Ys = x4 — [ya| + 1 =4(zo —yo) —b+4=2"(xo—yo) —e1 — b+ 1< —

o If 2o —yo € [-1,1), thenz; < 0. Thus,
T = |rs] —ys — b= —8(xg —yo) — 3= —2%(zo — o) +2e; +3 < —1 <0,
Yo = x5 — |ys| + 1 =8(xo —yo) —b+4 = 2*(xo —yo) —2e1 —b—2 < —b+6 <0.
Sinceys = —x6 — b+ 1, by Lemmd L.]L(z,, y,) = (—1,—b+ 2) forn > 7.
o If 2o —yo € [}, 2), thenzs > 0. thus,
$6:|I5|—y5—b:—5,
y6:ZE5—|y5|+1:8($0—y0)—b+4:23($0—y0)—261—b—2.
o If g —yo € [1,%5?), thenys < 0. Thus,
w7 = |wg| —ys — b= —8(x0 —yo) + 1 = —2%(mo — o) +2e1 +7< —1 <0,
y7:x6—|y6|—|—1:8(1'0—y0)—b:23(x0—y0)—261—b—6<—4<O.
Sincey; = —x — b+ 1, by Lemmd L.]l(z,, y,) = (—1,—b+ 2) for n > 8.
o If 2o —yo € %%, %2), thenys > 0. Thus,
w7 = |wg| —ys — b= —8(x0 —yo) + 1 = —2%(mo — o) +2e1 +7< —b+3 <0,
yr =6 — |ys| + 1= —8(xg —yo) +b—8=—2%(wg —yo) +2e; +b—2< —4 <0.
xy = |o7| — yr — b= 16(20 — yo) — 2b+ 7 = 2" (2o — yo) — 4ey — 20 — 5,
ys = a7 — |y7| + 1= —16(x0 — yo) +b— 6 = —2*(zg — o) + de1 +b+6 < —b+2 < 0.
o If 2o —yy € [b*‘* 27, thenzs < 0. Sinceys = —xg — b+ 1, by Lemma 1L,
(Tn, yn) = (—1 2) forn > 9.
o If zg—yo € [27 ,1%3) thenzg > 0. Thus,
zg = |as| — ys — b = 32(xo — yo) — 4b + 13 = 2° (g — yo) — 8ey — 4b — 11,
y9:$8—|y8’+1:—b+2<0

Next, letk € N such that the algorithm holds. Consider each item of the algorithm as we
replacek by k + 1.
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o If To— Yo € [O./k_,_l,ﬁkJrl) C [Oz;.H_l, %), then
Tpra = 2772 (20 — yo) — 8ex — 4b — 11 = 272 (29 — yo) — Brsq) <O,
Ysk4+4 = —-b+2<0.
Thus,
_  o3k42
Tskrs5 = |Tokpa| — Yskpa — b= =27 (20 — yo) + 8ep, +4b+9
= =22 (29 — yo) — apy1) — 1 < =1 <0,
Yskss = Tskia — |Yskra] + 1 = 232 (mg — y9) — 8ep, — 5b — 8

= 252 ((2g — o) — apy1) —b+2< —b+2<0.

Sinceyskss = —xsk45 — b+ 1, by Lemmd LN (z,,, y,,) = (=1, —b+2) for n > 5k +6.
o If To— Yo € [6k+17 b_TS) C [ak+1, b—T?,)’ then

Tapra = 222 (w0 — yo) — 8ex — 4b — 11 = 2% ((wg — yo) — By 1) > 0,
Ysk4+4 = —b+2<0.
Thus,
Tsprs = |Tsppa| — Yshra — b= 22 (2 — yo) — 8e, — 4b — 13
= 22 (g — o) — Vit1)s

Yskss = Tskea — |Yshra] + 1 = 232 (mg — y9) — 8ej, — 5b — 8

3b— 16
:23k+2($0—y0>—6k+1—b+1 < — 7 < 0.
o If Lo — Yo € [ﬁk+17’7k+1)’ thenx5k+5 < 0. ThUS,
Tsk4+6 = ’335k+5| — Yskts — b= —23k+3(f’50 - Z/o) + 2ep41 + 3,

= 2% (g — o) — Bpy) — 1 < =1 <0,
Yski6 = Toirs — |Ysks| + 1= 23 (zg — yo) — 2e401 — b — 2,
= 23k+3((x0 —Yo) — Vpy1) —b+6 < —-b+6<0.
Sinceyskss = —xskr6 — b+ 1, by Lemmd TN (z,,, y,) = (=1, —b+2) forn > 5k +7.
o If zg — yo € [Vpy1, 552), thenzs,,s > 0. Since
Tokt6 = |Tsk+s| — Yskas — b= =D,
Yskt6 = Tsks — |Yskas| + 1= 2% (20 — yo) — 2ep01 — b — 2

= 23k+3((£0 - yo) - wk+1)-

o If 2o — Yo € [Vip1, Wr1), thenzs,y6 < 0. Thus,

Tsprr = |Tskrs| — Ysrs — b = =233 (29 — yo) + 2ep1 + 7
= —2%"3((zg — yo) — Ypy1) —1 < =1 <0,
23]€+3(

Ysk+7 = Tskt6 — |Yskre] + 1 = o — Yo) — 26541 —b—6

= 23k+3((l’0 — y[)) — wk+1) —4 < —-4<0.

Sinceysp+7 = —xsk7 — b+ 1, by Lemmd T (z,,, y,,) = (=1, —b+2) for n > 5k +38.
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o If 2o —yp € [Wk+1, b_TS), thenys,¢ > 0. Thus,

Tskt7 = | Tkt — Ysks — b = —23k+3($0 — o) +2ep11 + 7
= —23k+5(($0 — yo) — wk+1) —b+5 < -b+5< 0,
Yshir = Tsprs — |Uswrs| + 1= =233 (20 — o) + 2441 + b — 2

= 2% (g — yo) — wiy1) —4 < -4 <0.

Tokis = |Tskar| — Ysiir — b= 2T (@g — yo) — 4 — 20— 5
= 24 (20 — o) — Qukta),

Yskrs = Tokr — |Yskar| + 1= =2 (20 — yo) + deppr +b+6
= 2% ((mg —yo) —wpp) —b+2< —b+2<0.

o If 29— yo € [Wri1, ko), thenzs, s < 0. Sinceysps = —x5108 — b+ 1, by Lemma

1.3, (z, yn) = (=1, —b+2) for n > 5k + 9.

o If To— Yo € [Ckqug, 17_73), thenﬂf5k+8 > 0. Thus,

Tokro = |Tskss| — Yskes — b= 2" (w9 — yo) — Bew1 — 4b — 11,

Ysk+o = Tskes — |Yseas| + 1= —b+ 2.
Hence, by the mathematical induction this algorithm holdsifas N. This implies that the
solution eventually becomes the equilibrium pdintl, —b + 2) for everyz, — yo € [k, i1)-
This is becausgv, 3,,)U[By, 71) U7k Wi)Ulwk, Qpg1) = [, agg1). SincelJ, o low, ars1) =
[-1,28), and [0y, 1) Ny, a541) = 0, for everyi, j € Nwith i # j, we have{oy }ren
is a partition of[—1, 222). Hence, for every,, — yo € [—3,%2), there exists a unique € N
such thatey — yo € [am, amt1). Thus, the solution of (112) eventually becomes the equilibrium
point(—1,—b+2). 1
Lemma 1.6.Let{(x,, y,)}>°, be the solution of systefh.Z)with the initial condition(zy, yy) €
Ry x RJ such thatry — yo € (1%3, oo). Then, the solution eventually becomes the periodic
with prime periodb.

Proof. By direct calculation, we have
z1 = 20| —yo — b= (w0 — y0) — b, y1 =9 — |yo| + 1 = (zo — yo) + 1 > 0.
Case 1:If 2y — yo € [b, ), thenz; > 0. Thus,

To= |11 =11 —b=—(2b+1) <0, Yo =21 — Y| +1=—-b<0.
r3=|xo| —y2 —b=—-2b+1>0, Yys =To — |yo| + 1 =—-3b<0.
gy =|x3] —ys —b=4b+1 >0, ya=x3—|ys] +1=-b+2<0.
x5 = |r4| —ys—b=4b—1>0, Ys = T4 — |ya| + 1 =3b+4 > 0.
xe = |5 —ys — b= =5, Yo = x5 — |ys| + 1 =0— 4.

Hence, by Lemma 1].2, the solution eventually becomes the periodic with prime pefdod
n > 6.
Case 2:If g — yo € (2,b), thenz; < 0. Thus,

o= |r1| —1h —b==2(xg—) —1<0, yo=21— || +1=-b<0.

x3=|ra] — Yo —b=2(xo—yo) +1 >0, yz=a2— |y2| +1=—-2(xg—yo) —b<0.
ry=|w3] —ys—b=4(xo—yo) +1>0, wy=x3—|yz| +1=-b+2<0.
xy=lxyl —ys—b=4(xg—yo) =1 >0, ys =14 — |ys| +1=4(xg —yo) — b+ 4.
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Case 2.1f zo — yo € [%52,0), thenys > 0. Thus,
T = |vs] —ys — b= -5, Yo =25 — |ys| + 1 =0b—4.

Hence, by Lemma 1] 2, the solution eventually becomes the periodic with prime peitod
n > 6.
Case 2.2:If 2o — yo € (%2, %), We define sequences of real numbegsande,, by
b — 3)23k1 b—1 —b 2%k 4 (b4+4
O-P @16 (b 3P b4

7. 231 7
for k € N. Itis easy to check tha2 < a1 < oy, andey, tends to”=2 ask — co. Note that

(D% @D =16) g

A =

dey, — b= 7 k41 and
—b+3)233 L (b+4
Sep —b—d = =0F3) - o+ _

This implies that; ., = —2%*2q,,, + b — 4. Now, consider the following algorithm.
(1) If 20 — yo € (=2, au), thenys, < 0 and
Tog1 = —9, Ysiar = 2% (20 — yo) + €, > 0,
Topys = =22 (20 — o) —er —b+5 <0, Yspys = =2 (29 — o) —ex, — 4 < 0.
= 2%t (g — o) + 2, — 1 > 0, Ysips = =25 (29 — o) — 2e, — b+ 2 < 0.
L5k+4 o — Yo)

+4e, — 3 >0, y5k+4:—b+2.
Tohas = 2272 (xo — yo) +4exy — 5 >0,  ysias = 27 (zo — yo) + ey — b.
(2) If 2o — yo € [ar41, ), thenyse,s > 0 and

(
_2 +2(

Tskt6 = —9, Yskre = b — 4.
To prove that this algorithm explains the behavior of the solution[fol (1.2); letl, we have
o =2y = 20 ande = —b + 4. Each item of the algorithm holds as follows.
. If To — Yo e (22,21), thenys < 0. Thus,
Tg = |ZL‘5|—y5—b:—5,
b+ 4
Yo = |y5\+1—8(9ﬁo—yo)—b+4:2(33'0—3/0)+€1>T>0-
8b — 31
a:7:]x6|—yﬁ—b:—S(xo—yO)—i-l:—23(x0—y0)—el—b+5<— z <0,
b+ 32
y7:x6—|y6|—|—1:—8(x0—y0)+b—8:—23(1‘0—y0)—61 4 < —T < 0.
2b+1
xsy = |7 — yr — b= 16(z0 — yo) — 2b+ 7 = 2*(xo — yo) + 263 — 1 > 7
9b — 6
y8:$7—|y7|+1:—16($0—’y0)+b—6— 2 ($0—y0)—2€1—b+2< —T
5 4b—5
xg = x| —ys — b =32(xg — yo) — 4b+ 13 = 2°(xg — yo) + 43 — 3 > > 0,
y9:$8—’yg‘+1:—b+2
5 4b — 19
ZEl():|l‘g|—yg—b:32($0—y0)—4b+11:2(l‘g—yo)+4€1—5> 7 >O,

Y10 = L9 — |y9| + 1= 32(1‘0 — y0> — 5b -+ 16 = 25(1’0 — y()) + 461 —b.
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o If To— Yo € [51)3_216, b?T4), theny10 > 0. ThUS,

z11 = |z10] — Y10 — b= -5, Y11 = T10 — |[y1o| +1=b—4.

Hence, by Lemma 1].2, the solution eventually becomes the periodic with prime pefdod
n > 11.

Next, letk € N such that the algorithm holds. Consider each item of the algorithm as we
replacek by k + 1.

o If 2o —yp € (b_TS,ozkH) C (5—737 ak). Then,
Tsiys = 2% (20 — yo) + dey — 5 > 0,
Ysirs = 25572 (20 — o) + dex — b = 2372 (29 — yo) — app1) < 0.
Thus,
Tskt6 = |Tskts| — Yskrs — b= =5,
Yskre = Tokis — [Yskis| + 1= 2773 (2 — o) + exa
= 213 (w0 — yo) — k1) +b— 4,

Note that2**3((zg — yo) — ajs1) > 2303 (522 — o) = %222, Hence,ysiie >

b4 > 0 and
Tsprr = |Tsprs] — Yskre — b= —2% 3 (20 — yo) —epp1 — b+ 5
3k+3 8b — 31
= -2 ((ZEo—yo)—Oék+1)—2b+9<— 7 <0,
Yskr7 = Tskys — [Usirs] + 1= =283 (20 — yo) — epp1 — 4
b+ 32

Tsprs = |Tskir| — Yswrr — b = 2% (wg — yo) + 2441 — 1

2641
9% (g — o) — prn) + 25— 9 > % >0,

—2%H (g — yo) — 2ep41 — b+ 2
9 —6

Ysk+8 = Tokt7 — |Yskhir| +1 =

= —23k+4((.7)0 - yo) - Oék+1) —3b+10 < —T < 0.
Tshro = |Tsers| — Yskrs — b = 2% (z0 — yo) + dejsr — 3
4b — 5
= 25 (g — yo) — Qpy1) +4b— 19 > >0,

Yskt+9 = Tokpts — |Yskts| +1 = —b+2 <0.

Tspr10 = |Tskro| — Yskro — b = 2372 (29 — yo) + dep1 — 5

4b — 19
= 23k+5((1’0 — yo) — ak+1) +4b — 21 >

> 0,

Yski10 = Tskio — |Ysero| + 1 = 232 (2g — yo) + ey — b
= 23k+5(($0 - 3/0) - 04k+2)-

o If 20—y € [Qhp2, A1) C ($, Oék+1), then(zo—yo) — axt2 > 0. Henceysyi19 > 0.
Thus,

Tsk411 = |Tsk+10] — Ysk+10 — b = =5, Ysk+11 = Lok+10 — |Yskt10| +1=0—4.
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Hence, by Lemmf 1] 2, the solution pf ([1.2) eventually becomes periodic with geriod
forn > 5k + 11.

Therefore, by the mathematical induction, the algorithm holds ferN. Sincel J, .y [ax+1, ax) =

(2, 24) and[aiy1, a;) N [aje1, o) = 0, for everyi,j € N with i # j, this implies that

{ay ke is a partition of (2, 2=1). Hence, for everyr, — yo € (%2,%%), there exists a

uniquem € N such thaty — yo € [mi1, @ ). Thus, the solution oiZ) eventually becomes
periodic with prime period for n > 5m + 6. This completes the prook

Lemmal.7.Let{(z,,yn)};>, be the solution of systeffh.2)with the initial condition(xo, yo) €
Ry x R such thatry — yo € (—oo, —%*). Then, the solution eventually becomes the periodic
with prime periods.

Proof. First, we have
21 = |zo| — yo — b = (20 —yo) — b <0, y1 =10 — [yo| +1 = (w0 — yo) + 1 <0.
To=|x1|—1n —b=—-2(xg—yo) —1>0, yo=21— || +1=2(x0—w)—0+2<0.
T3 =|ra| —yo —b=—4(xg —yo) —3>0, ys=a2— || +1=-b+2<0.
ry=|xs| —ys —b=—4(xg —yo) =5 >0, ys=x3—|ys| +1=—4(zo — o) — b.
Case 1:If g — yo € (—o0, —2], theny, > 0. Thus,

x5 = |x4| —ys — b= =5, Ys =4 — Y| +1=0b—4.

Hence, by Lemmp 1] 2, the solution pf ([L.2) eventually becomes the periodic with prime period
5forn > 5.

Case 2:If 2y — yo € (—2, —%), we define sequences of real numbefsande;, by

—(b+4)23%-1 — (3b— 16 b+ 4)(1— 23

o >7'23k_1< ) and o= 0TO0-2Y
b+ 4
for k£ € N. Note that;, < a1 < —25=, oy tends to—T ask — oo,
. 3k+2 _ .
tor b (b+4)2 : (3 =16) _ jusay  ang
2)(1 = 23k+3
8€k—b—4:<b+ )(7 ):6k+1.

This implies thak, 1 = 2(de, — b) +b — 4 = 233, + b — 4. Now, consider the following
algorithm.

(1) If 20 — yo € (o, —22), thenys,_; < 0 and
Tsp = —D, Ysi = —2%% (20 — yo) + ex < 0.
Topy1 = 2% (29 — o) —ex — b+ 5 <0, Ysir = 2% (zg — o) — er, — 4 < 0.
Topyo = =22 (g —yo) +2ex — 1 >0, yspso = 2 (mg — o) — 2ex —b+2 < 0.
Topys = =222 (29 — o) +4ex —3 >0, yspys = —b+2<0.
Toiaa = =22 (29 —yo) +der, —5 >0,  ysppa = =22 (29 — yo) + dex — b.

(2) If xo — yo € (g, ag11], thenys,,4 > 0 and

Tsk+5 = —9, Yskis = b —4
To prove that this algorithm explains the behavior of the solution[for (1.2); tetl, we have
o = =2, a; = =28 ande; = —(b + 4). Each item of the algorithm holds as follows.
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o If wg—yo € (-2 —%1), theny, < 0and

x5 = |x4| —ys — b= =5,
b+ 4
y5=9€4—|y4|+1:—8(900—%)—5—4:—23($0—y0)+61>T>0-
8b — 31
26 = |ws| —ys — b= 8(xo — o) +9 = 2°(xo —yo) —e1 —b+5 < — - <0,
. b+ 32
yﬁ:xS_’y5‘+1:8($0—Z/0)+b:23($o—y0)—61—4<—T<(),
2b+ 1
T7 = |zg| —ys — b= —16(xg — o) — 20 — 9 = —2* (29 — yo) +2¢; — 1 > il > 0,
y7:x6—]y6|+1:16(:v0—y0)—|—b+10:2(mo—yo)—261—6+2<— < 0.
; -5
1:8:\x7|—y7—b=—32(x0—y0)—4b—19:—2(xo—yo)—|—461—3> >0,
ys =7 — |yr] +1=—-b+2<0.
. 4b — 19
.71:9:\xgl—yg—b:—32(m0—y0)—4b—21:—2(a:o—yo)+4el—5> 7 > 0,

Yo = s — |ys| + 1 = —32(z¢ — yo) — Hb — 16 = —2°(xg — Yo) + 4de; — b.

o If mg—yp € (=2, —2L1%], thenyy > 0. Thus,

Tio= || —yo—b=—=5,  yro=x9— |yo| +1=b—4.

Hence, by Lemmp 1] 2, the solution pf ([1.2) eventually becomes the periodic with prime
period5 for n > 10.

Next, letk € N such that the algorithm holds. Consider each item of the algorithm as we
replacek by k + 1.

o If To — Yo € (Oék_H, —b+74> C (Oék, —#) Then,

Tspra = —2 2 (29 — yo) +dep — 5 > 0,

Yskra = =252 (20 — yo) + dey, — b= =233 (2 — yo) — 1) < 0.

Thus,

Tskts = |Tskta| — Yskra — b = —b,
Yskss = Tokia — |Yskra] + 1= =233 (20 —yo) + 8ep, —b—4
= 2% (3 — yo) — 1) + b — 4.
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Note that23+3((zg — yo) — 1) < —2%F3 (B2 + aypyy) = %222, Henceysprs >
b4 > g and

Tskre = |Tskrs| — Yswos — b= 23 (mg — yg) —exp1 — b+ 5
8b — 31

= 223 (19 — o) — ary1) — 26+ 9 < — <0,

Ysks6 = Tskes — |Uskrs| + 1 = 2373 (20 — yo) — exn — 4

b+ 32
= 283 (20 — o) — k1) —b < — +7 <0.
= — — b= -2 (g, — 2ep1 — 1
Tskt7 = |Tskt6| — Yskte = (Zo — Yo) + 2€x41
2b+ 1

= =2 (2o — yo) — Qps1) +2b6—9 >

> 0,

Ysksr = Tskao — |Uskrs| + 1 = 2% (2o — yo) — 2ep41 — b+ 2
—6

90
= 2% (29 — o) — ape1) — 3D+ 10 < — < 0.

Tors = |Tsiar| — Ysir — b= =272 (2o — yo) + dej1 — 3
4b — 5
= —23k+5(<l'0 — yo) — Oék+1) +4b—19 > > 0,
Yskts = Tskt7 — |Yskrr| +1=—b+2 < 0.
Tsiro = |Tsrrs| — Ysers — 0 = =237 (29 — yo) + dep1 — 5
3k+5 4b—19
= —2°""((xg — yo) — agt1) +4b—21 > — > 0,

_93k+5 (

Ysk+9 = Tskt7 — |Yskir| +1 = To — Yo) + 4ept1 — b

= _23k+5(($0 - yo) - Oék+2)-

o If To—Yo € (Oék+1,ak+2] C (akJrl, —b+74>, then(a:o—yo)—ozk+2 < 0. Hencey5k+9 > 0.
Thus,
Tsk10 = —9, Ysk+10 = b — 4.

Therefore, by Lemmja 1].2, the solution pf (1.2) eventually becomes periodic with prime

period5 for n > 5k + 10.
Thus, by the mathematical induction, the algorithm holdsifar N. Sincel J, o (ax, ax41] =
(=%, =24, and (i, i) N (aj, o44) = 0, for everyi, j € N with i # j, this implies that
{ou}ren is a partition of(—2, —24). Hence, for every, — yo € (—2, —21), there exists a

47 4
uniquem € N such thatry — yo € (o, @mt1]. Thus, the solution of (1]2) eventually becomes

periodic with prime period for n > 5m + 5. This completes the prook

The following Lemma§ 1]8[- 1.10 consider the region of initial condition on the third quadrant
of R?.

Lemma 1.8.Let{(x,, y,)}5°, be the solution of systefh.Z)with the initial condition(zy, yy) €
R~ x R~ such thatrg + yo = —&;ﬂ. Then, the solution eventually becomes the periodic with
prime periods.

Proof. Note thath > 6 calculation, we obtain
20+ 1 9 —6

I1:|x0|_y0_b:T>07 y1:$0—|y0|+1:—T<0
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Similar to Lemma 13, we have thag = z; andys = y;. Thus, by the mathematical induction,
the proof is completec

Lemmal1.9.Let{(z,,y.)}°, be the solution of systeffh.Z)with the initial condition(zo, yo) €
R~ xR~ such thatrg+yo € (—oo, —2). Then, the solution eventually becomes the periodic
with prime periods.

Proof. Note thatr,, o < 0. Thus,

x1=lxo| —yo—b=—(xg +yo) —b>0, y1 =120 — |vo| + 1= (zo+v) +1<0.
.TQZ|$1‘_y1_b:_2($0+y0>_2b_1>0, y2:x1—|y1]—|—1:—b+2<0
= |2a] —yo — b= —2(z0 +yo) —20—3>0, y3 =12 —|yo| +1 = —2(x0 +yo) — 3b+ 2.

Case 1:If zy + yo € (—o0, —222], theny; > 0. Thus,
$4:|$3|—y3—b:—5, y4:$3—|y3|+1:b—4
Hence, by Lemma 1].2, the solution eventually becomes the periodic with prime pefdod

n > 4.
Case 2:If 2+ yo € (—2%2, —22), we define sequences of real numbegsande;, by

—(9b + 1)2%=2 — (3b — 16) and e —(9b + 1)2%%=1 4 (b + 4)
k p—t

o= 7. 282 7

for k € N. Note thatoy, < ay41 < —2%H, o tends to— 22 ask — oo,

—(9b+ 1)23k+1 — (3b—16)
7

—(9b+1)236+2 4 (b+ 4
Sep—b—d = —PFD - al U >:ek+1.

e, — b= = 23k+104k+1 and

This implies thak, 1 = 2(4e, — b) +b — 4 = 23**2q,; ; + b — 4. Now, consider the following
algorithm.

(1) If 20+ yo € (o, —2), thenys,_» < 0 and

Tsk—1 = —9, Ysio1 = —2°" (o + yo) + ex, > 0.
Tsp = 23k_1($0 + y0> — € — b +5< O, Ys = 23k_1($0 + yo) — € — 4 < 0.
Tiy1 = —2°% (20 + yo) + 2, — 1 > 0, Ysir1 = 2°F(zo + yo) — 2e, — b+ 2 < 0.

Tspro = =22 (2o + yo) +4ex —3 >0,  yspro=—b+2<0.
Tsprs = =2 (20 + yo) + dep, — 5 > 0, Yskrs = —2 (20 + o) + dey, — b.

(2) If 20+ yo € (i, ary1], thenys,, 3 > 0 and
Tsgpra = —9, Yskra = b —4
To prove that this algorithm explains the behavior of the solution[fof (1.2); let 1 and

k = 2, we haven; = —%, g = —=2 and61 = —5b. Each item of the algorithm holds as
follows.
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o If To + Yo € (—%, —L;rl), thenyg < 0. ThUS,

$4:|$3|—y3—b:—5,
b+ 4
3/42333—‘y3|+1:—4(1’0+y0)—552—22(350—90)‘1‘61>T>0-
) 8h — 31
s = 4] —ys —b=4(xo+yo) +4b+5=2(xg+yo) —€e1 —b+5< — - <0,
b+ 32
y5:x4—|y4|+1:4(x0+yo)+56—4:22(3:0+y0)—61—4<—T<0.
2b+1
ZL’6:|.Z‘5|—y5—b:—8($0+y0)—10b—1:—23($0+y0)+261—1> >0,
9 — 6
y6:x5—|y5|+1:8($0+y0)+9b+2:23(1’0+y0)—261—b+2<—T<0
4b -5
T7 = |x6|—yG—b:—16(x0+y0)—2Ob—3:—24(m0+y0)+461—3> 7 > 0,
y7:$6—|y6|+1:—b+2<0.
\ 4b— 19
Igz|.Z'7|—’y7—b:—16<I0—y0>—20b—5:—2 ($0+y0)+461—5> 7 >0,

ys = 27 — |y7| + 1 = —16(xg — yo) — 21b = —2* (o + yo) + 4ey — b.
o If To+ Yo € (—%, _21_1617} , thenyg > 0. ThUS,
Ty = |wg| — yg — b = -5, Yo =18 — |ys| + 1 =0—4.

Hence, by Lemmp 1] 2, the solution pf ([1.2) eventually becomes the periodic with prime period
5forn > 9.

Next, letk € N such that the algorithm holds. Consider each item of the algorithm as we
replacek by k + 1.

o If xg + Yo € (ozk+1, —%T—H) - (Oék, —%T—H) Then,

Tskt3 = —23k+1($0 + yo) +4de, — 5> 0,
Yskrs = =2 (20 + yo) + dep, — b= =28 ((wg + yo) — app1) < 0.

Thus,

Tshqs = |[Tspqs] — Yskasz — b= —5,
Yshra = Ttz — |Yskas| 1= =22 (20 + o) + 8e, — b — 4 = =2 (25 + yo) + €x
= —23k+2((l’0 + yo) — Oék+1) + b—4.
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Note that23k+2((330 + yo) — Oék+1) < 28k+2 <_96T+1 — ak+1) = 6b;32_ Hence,y5k+4 >
b4 > 0, and

Tsk+5 = |$5k+4\ — Yskya — b= 23k+2($0 + yo) —eky1 —b+5
8h — 31

= 22 (g + yo) — Qpy1) — 26+ 9 < — - < 0,
Yskts = Tska — |Yskaa| + 1= 2% (20 + yo) — ep1 — 4
= 22((mg + o) — py1) — b < _IH-T32 < 0.
Tskro = |Tsers| — Yskes — b = =23 (z0 + o) + 2€441 — 1
2b+1

= —23k+3(($0 + y()) — Oék_H) + 2b — 9>

> 0,

Yshio = Tskrs — |Yseas| + 1= 23320 + o) — 2ep41 — b+ 2

9 — 6
= 23k+4((l’0 — y0> — Oék+1) —3b+ 10 < —T < 0.

Tskrr = |Tsers] — Yskre — b = =2 (2o + o) + dep1 — 3
= 2% (20 + o) — pp1) +4b— 19 > =5 > 0,

Ysk+7 = Tskt7 — |Yskir| +1=—b+2 < 0.

Tskys = |Tohsr| — Yswer — b = =22 (2o + yo) + depr — 5
— —23k+4((a:0 —Yo) — Qgy1) +4b—21 > 4b— 19 > 0,

Ysk+s = Tskt7 — |Yskar| +1 = —23k+4($0 +Yo) + dep1 — b

= =22 ((20 + o) — kta).

o If 2o+ yo € (apsr, Ayl C (i1, —2), then(zg + yo) — a2 < 0. Hence,
Ysk+s = 0. Thus,

Tskto = |Tok+s| — Yskes — b = =5, Ysk+9 = Tskts — |Yskes| +1=0—4.

Hence, by Lemma 1]2, the solution eventually becomes periodic with prime period
forn > 5k 4+ 9.

Thus, by the mathematical induction, the algorithm holdsifar N. SincelJ, o (o, apt1] =
(—2=2, -2 "and(a;, i) N (aj, aj41] = 0, for everyi, j € Nwith i # j, this implies that

{ay}ken is a partition of(—22-2, —9£1) Hence, for everys, + yo € (—3252, — %41, there

exists a uniquen € N such thateg + yo € (m, am+1]. Thus, the solution of (1]2) eventually
becomes periodic with prime periégdor n > 5m + 4. This complete the proof

Lemma 1.10.Let{(z,, y.)}>>, be the solution of systefh.d)with the initial condition(z, yo) €
R~ xR~ such thatrg+yo € (—2,0). Then, the solution eventually becomes the equilibrium
point(—1, —b+ 2).

Proof. Note thatr,, y, < 0. Thus,

1 = |xo] —yo — b= —(x0 + o) — b, Y1 = 2o — |yo| + 1= (w0 +yo) + 1.
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Case 1:If 2y +yo € [-1,0), theny, > 0 andz; < —(b+ 1) < 0. Thus,

x2:|x1|—y1—b:—1, ygle—|y1|+1:—2(x0+y0)—b<0.
x3 = |Ta| — Y2 — b =2(x0 + 1y0) + 1, Ys = Ta — |2 + 1= —2(z0 + yo) — b < 0.

2
B, (20, yn) = (=1, —b+2) forn > 4.

1
Case 1.2:f zo + 1y € {— 3 0) , thenz; > 0. Thus,

1 .
Case1.1df zog+yo € | — 1, ——> , thenzs < 0. Sincey; = —x3 — b+ 1, by Lemma

$4:|$3|—y3—b:4(l’0+y0)+1, y4:I3—|y3|+1:—b+2<0

1 1
Case 1.2.11f o+ 9o € [— 2 —1> , thenz, < 0. Thus,
T5 = |r4] —ys — b= —4(x0 +yo) — 3 <0,
ys = T4 — |ya| +1 =4(zo +1y0) —b+4 < 0.

Sincey; = —x5 — b+ 1, by Lemmd 2(z,,, y,,) = (—1,—b+ 2) for n > 6.

1
Case 1.2.21f o+ o € {— 1,0) , thenz, > 0. Thus,

x5 = |24 —ya — b= 4(zo +yo) — 1 <O,

ys =24 — |ya| + 1 =4(x0 + o) —b+4 < 0.
x6 = |5| —ys — b= —8(x0 + o) — 3 <0,
Yo =5 — |ys| + 1 =8(zo +yo) —b+4 < 0.

Sinceys = —z — b+ 1, by Lemmd 2(z,,,y,) = (=1, —b+2) forn > 7.

Case 2:If zy + yo € (-2, —1), theny; < 0.

Case 2.1:If zg + yo € (—b,—1), thenz; < 0. Sincey; = —a; — b+ 1, by Lemmg 1.]i,
(Tnyyn) = (=1, —=b+2) forn > 2.

Case 2.2If o+ yo € (—L;rl, —b} , we define sequences of real numbeyrss,, v, wr and

ex, by

= (9D +1)2%73 + (20 + 1) ~ —(9b+1)2%2 4 (4b — 5)

Xk = 7. 93k—3 7 Pr = 7. 93h—2 )
—(9b+ 1)232 + (4b — 19) —(9b + 1)23%1 4 (b + 4)
T 7. 0%2 ’ kT 7. 2%
and
—(9b+ 1)23%2 4 (4b — 5)
€ —

7
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for k € N. Note that— 2 < .y < wy, <7, < By < g, o, By, 7, @Ndwy, tend to— 22 as
k — oo and

_ 3k—2
11— (9+1)2"" + (40 +2) o3h-2,,

7 ks
Sep —4b+5 = 20T 1)2%; i) S
o — —(9 + 1)2i”"f7—2 +(4b—5) _ Q-2
en—2— —(9b + 1)2%;2 +(4b—19) _ g2,
2ep — b2 — —(9 + 1)2321 +(0+4) g1,
dop — 243 — —(9b + 1)237’*“ +(2b+1) _ 9%y,

Consider the following algorithm.
(1) If 2o+ yo € (-2, o], thenzs;,_, > 0 and
Tsp_s = — 272 (2o + o) + ex, Ysk_3 = —b+2<0.
(2) If zo +yo € (B4, ], thenzs,_5 < 0,
Tsho = 2% (@0 +yo) —exr —2<0,  Yspa=—2"3(zg+yo) +ex—b+3<0

and(z,,y,) = (—1,—b+2) forn > 5k — 1.
(3) If o+ yo € (— 2, 3,], thenzs;,_5 > 0 and

Tsp_o = —2% (20 + yo) + ex — 2, Ysk—o = —2°2(z0 +yo) + e — b+ 3 < 0.
(4) If xo + yo € (v, Bi)s thenzs, o < 0,
Top_1 = 23k_1(l‘0 + yo) —2e, — 1 <0, Ysk—1 — —23k_1($0 + yo) + 2ep, — b+2<0

and(x,,y,) = (=1, —b+ 2) for n > 5k.
(5) If 2o+ yo € (—22, v, ], thenzz,_, > 0 and

Tsp—1 = —, Ysio1 = —2% (2o + yo) + 2e5 — b+ 2.
(6) If z0 + yo € (Wi, Vi), thenys,_1 < 0,
T5p = 23 (20 4 yo) — 2e, + 3 < 0, Ysi = — 2 Nwo + o) + 2, —b—2 <0
and(x,,y,) = (—1,—b+2) forn > 5k + 1.
(7) If 20+ yo € (=22, wy], thenys,_; > 0 and
T = 23k_1(x0 + yo) — 2e +3 <0, Ysk = 23k_1(x0 +yo) — 2ex +b—6 < 0.
Tsps1 = —2% (w0 +yo) +4dex — 2064+ 3,  yspr = 2% (20 + o) —der +b—2 <0,

(8) If xg + yo € (agy1,ws], thenzs,; < 0and(x,,y,) = (—1,—b+ 2) forn > 5k + 2.
To prove that this algorithm explains the behavior of the solutior{ fof (1.2}, 4etl, we have

2b+1 2b+3
= —b = - = —-——
o1 ) 51 5 71 5
5b 106 + 1
“i= - oy =g and e = —(2b+1),

Each item of the algorithm holds as follows.
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o If zg+yo € (—2, —b], thenz; > 0 and

1'2:|(L’1|—y1—b:—2(l’0+y0)—2b—1:—2(l’0+y0)+61,
Yyo=x1 — |n| +1=-b+2<0.

o If 29+ yo € (—2, —b], thenz, < 0. Thus,
ZL‘3:|IL‘2|—yg—b:2($0+y0>+2b—1:2($0+y0)—61—2S—1<07
y3:x2—|y2\—|—1:—2(:co—i—yo)—3b+2:—2(x0+y0)+61—b+3<—b+3<0.

Sincey; = —xz3 — b+ 1, by Lemmd L.]l(z,, y,) = (—1,—b + 2) for n > 4.
o If To+ Yo € (_9b;r1, 2b+1] thenSCQ > 0. Thus,

IL‘3:|£L'2|—yg—b:—2($0+y0)—2b—3:—2($0+y0)+61—2,

3b— 16

ygzxg—’y2|+1:—2<£€0+y0)—3b+2:—2($0+y0)+€1—b+3§— < 0.

o If 2o+ yo € (—222, —22H] thenz; < 0. Thus,
2y = |zs] —ys — b= 4(zo + yo) + 40+ 1= 2°(xg + yo) — 261 — 1 < =1 <0
y42$’3—’y3|+1:—4<$0+y0)—5b:—22($0+y0)—|—2€1—b+2<—b+6§0

Sincey, = —xz4, — b+ 1, by Lemmd L.]l(z,, y,) = (—1,—b + 2) for n > 5.
o If To+ Yo € (_9b;r1, 2b+3] thenSCg > 0. Thus,
Ty = |ZL‘3|—y3—b:—5,
Yy = T3 — |y3| + 1= —4(1‘0 —l—yo) — 5b = —22($0 +y0) —|—2€1 —b—|— 2.
o If 2o+ yo € (-2, —22E3] theny, < 0. Thus,
Ty = \x4|—y4—b:4(x0—|—y0)+4b+5:22(9c0+y0)—261+3§ -1<0,
Ys = 14 — lys| + 1= —4(x0 +y0) — 5b — 4 = —2*(z0 +yo) + 261 —b—2 < —4 < 0.

Sinceys = —z5 — b+ 1, by Lemmd L./l(z,, y,) = (—1,—b + 2) for n > 6.
o If 29+ yo € (— 2, -], theny, > 0. Thus,
x5 = |T4] —ya —b=4(x0 +yo) +4b+5=2%(xg + o) — 261 +3 < —b+5 <0,
Ys = T4 — |ya| + 1 =4(x0 + o) +5b— 4 =2%(mo +yo) — 21 +b— 6 < —4 < 0.
r6 = |o5| —ys — b= —8(x0 +yo) — 10b — 1 = —23(z¢ + yo) + 4e; — 2b + 3,
Ye = T5 — |ys| + 1 =8(zo +10) +90+2=2%(zg +1o) —4e; +b—-2< —b+2<0.

o If wg+yo € (—1%H, —2], thenzg < 0. Sinceys = —xg — b+ 1, by Lemmg 1.1,
(T, yn) = (=1, =0+ 2) forn > 7.

Next, letk € N such that the algorithm holds. Consider each item of the algorithm as we
replacek by k + 1.

o If To + Yo € ( ;—I,Oék_;,_l} C (—ﬂ Ozk} then

T = —2% (20 + yo) + dex — 2b+ 3 = =23 (w9 + o) — 1) > 0,
Ysiy1 = 2% (w0 + yo) — dep +b— 2 < 0.
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Thus,

Tsera = |Tspr1]| — Yserr — b= =23 (2 + yo) + 8e, — 4b+ 5
_ _23k+1(

To — Yo) + k41,

= —23k+1((9€0 - ?/0) - 5k+1)-
Yskt+2 = Tskt1 — |Yskr1| + 1= —b+2 <0.

o If 2o +yo € (Bjy1, kpa], thenzs, o < 0. Thus,

Tsks = |Tsera] — Yskro — b = 2% (20 + yo) — €xpr — 2
= 2 (w0 + yo) — 1) —1 < =1 <0,

Yskts = Tokya — |Yskra| + 1= =2 (20 + o) + €xp1 — b+ 3
= 2% (29 + o) —py1) —b+2< —b+2<0.

Sinceysi+s = —xsr43 — b+ 1, by Lemmd T (z,,, y,,) = (=1, —b+2) for n > 5k + 4.
o If 2o+ yp € (—L?l,ﬁkﬂ}, thenzsg, o > 0. Thus,

_23k+l (

Tokts = |Tskta| — Yskro — b = Zo + Yo) + k1 — 2

= —23k+1(($0 +%0) = Vir1),
3b— 16
7

Yskis = Tspso — |Yswaal + 1= =2 (2o + o) + e —b+3 < — < 0.

o If 2o+ Yo € (Vip1s Bryi)s thenzs,, s < 0. Thus,

Tskrd = |Tsers] — Yskrs — b= 2720 + yo) — 2ep41 — 1
= 22 (29 4+ yo) — Brsq) — 1 < =1 <0,

Yshd = Toprs — |Yskas| + 1 = =272 (2g + yo) + 2ep41 — b+ 2
= 2% (2 + yo) — Y1) =0+ 6 < —b+6 < 0.

Sinceysk+a = —xspra — b+ 1, by Lemmd LN (x,,, y,) = (=1, —b+2) for n > 5k +5.
o If mg+yo € (—2,79544], thenzs,, 3 > 0. Thus,

Tsk+4 = |x5k+6‘ — Yskye — b= —5,
Yskid = Tskes — |Yswrs| + 1= =232 (20 4+ yo) + 2ep41 — b+ 2

= —23k+2(($0 + yo) — wk+1).

o If To+ Yo € (wk+1,’}/k+1], theny5k+4 < 0. Thus,

Tsprs = |Tskra] — Yswra — b = 2352 (g 4+ yo) — 2ep41 + 3
= 23k+2((x0 +yo) — Ypp1) —1 < -1 <0,
Yskis = Tsprd — |Yshoal + 1= =252 (2 + yo) + 241 — b — 2

= =22 ((ao + yo) —wps1) —4 < —4 <0

Sinceysi+s = —xsr45 — b+ 1, by Lemmd T (z,,, y,,) = (=1, —b+2) for n > 5k +6.
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o |f To + Yo € ( - 1,wk+1] theny5k+4 > 0. Thus,

Tskrs = |Tspra| — Yskra — b= 22 (zg + o) — 2ep41 + 3
= 22 (g + yo) — wii1) —b+5< —b+5 <0,
Yskas = Tspra — |Yskra| + 1 =22 (z0 4+ yo) — 2e441 +b— 6
= 2 F2((mg + yo) — wip1) —4 < —4 < 0.
Tskr6 = |Tks| — Yskrs — b= —2%3(z + yo) + deppr — 20+ 3
=293 (20 + o) — anya),
Yski6 = Tskes — |Yskes| + 1 =273 (zg 4 yo) — depyr +b— 2
= 283 (1 +yo) —wrg1) —b=2< —b+2<0.

o If 2o+ yo € (pyo,wii1], thenzs, g > 0. Sinceysp6 = —xs5106 — b+ 1, by Lemma
, (Tn,Yn) = (—1,—b+2) forn > 5k 4+ 7.

Hence, by the mathematical induction, this algorithm holdskfar N. This implies that the
solution of [1.2) eventually becomes the equilibrium pdint, —b + 2) for everyz, + yo €
(ags1, o). This is becausés,, ax] U (7, 8] U (Wi, Vi) U (@gr1,wi] = (s, agl. Since,
Uren (g1, ai] = ( 9b;L1 ] and(a;1, ;] N (41, ;] = 0, for everyi, j € N with i # 7,
this implies thaf{a, }xew is a partition of(— 22 —b]. Hence, for everyo+y, € (— 9”7“,'—4
there exists a unique: € N such thatz, + Yo € (@m,am1]. Thus, the solution of (112)
eventually becomes the equilibrium poirt1, —b + 2).

The following Lemma 1.1]1 is for the region of initial condition on the fourth quadrafit’of

Lemmal.11.Let{(x,, y.)}>2, be the solution of systefh.Z)with the initial condition(x, yo)
isin Ry x R~. Then, the solution eventually becomes the equilibrium geint —b + 2) or
eventually becomes the periodic with prime period

Proof. Note thatzy — 1y, > 0. Thus,
= |wo| —yo — b= (20 — yo) — 0, Y1 =0 — |[yo| + 1= (20 + vo) + 1.

Case 1:zg — yo € [b,00) andxy + yo € [—1,00). Then,z; > 0 andy; > 0. That is
(Il,yl) ER(J)F XR+ andxl—yl :—2’y0—b—1 S <—(b+1) )
o if yo € (—222, —543) then—2y, — b — 1 € (=%, 222). Thus, by Lemma 1]5, the

) T 7
solution of (1 i) eventually becomes the equilibrium poiat, —b + 2).
o if yo € (—o0, — 2] U [~ 942 0], then—2yo —b—1 € (—(b+ 1), —E4] U [22, 00).

Thus, by Lemma@.@ #, 1.6 and]1.7, the solutiorj of (1.2) eventually becomes the
periodic with prime period.

Case 2:zg — yo € [b,00), Ty +yo € (—00, —1), 2 € [%52,00) andy, € (—oo, —2H]. Then,
Ty = |x1| — 11 — b= —2yo — 2b — 1, Yo =21 — |y1| +1=2m0 — b+ 2.

Thatis(xs,12) € RE x RY andzy — yo = 2(x9 + o) —b—3 € (—(b+ 1), 00).

o if zo+yp € (—22, — D) then—2(zg+yo) —b—3 € (-2, 22). Thus, by Lemma

[1.5, the solution of (1]2) eventually becomes the equilibrium p@irt —b + 2).

o if I0+y0€( 4b+9}U[ Gb;f?,—l) then—2(zo+yo)—b— 36( (b+1), b+4]U

(222, 00). Thus by Lemmals 1.8, 1.4, 1.6 and|1.7, the solutior of (1.2) eventually be-

comes the periodic with prime periad
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Case 3izg — yo € [2%52,00), 29 + yo € (—00, —222], 25 € [0,%2) andy, € (—oo, —2].
Then, we have the sanﬁeg, y2) as shown in Case 2 and

23 = |T2| —yo —b=—=2(xo + 1) —2b—3, yz =122 — |yo| +1=2(z0 —yo) — 3b+2.

Thatis(zs,y3) € R x Rf andzz —y3 = —4xg+b—5€ (—(b+1),b— 5].

o if zp € (216, 881) then—dwg + b — 5 € (-2, &22). Thus, by Lemma 1J5, the
solution of (1 ) eventually becomes the equmbrlum poiAt, —b + 2).
o if g€ 0,810 U [88L B-2) then—dug+b—5 € (—(b+ 1), 4] U35 — 5.

Thus, by Lemma@ 3, 1.4, 1.6 and]1.7, the solutiorj of (1.2) eventually becomes the
periodic with prime period.

Case4d:xy—yo € [2b+3 36— 2) To+Yo € ( 0, —%TH} T € [0717_72) andy, € (_%bv_L;g]'

Then, we have the sanﬁeg, y2) and(zs, y3) as shown in Case 3 and

Ty = |r3| —ys — b= —4xo — 5 <0, ys = T3 — |ys| + 1 = —4yo — 5b.

That is (I4,y4) € R~ x R™ and Ty — Yg = —4(1’0 + y0> —5b—-5 € (—(b + 1),0) -
(—%4#,0). Hence, by Lemmp 1.10, the solution pf (1.2) eventually becomes the equilibrium
point (—1,—b+ 2).

Case 5z —yo € [#52, #572), zo+yo € (—o0, —#7%], 2 € [0, %52) andy, € (72, %]
Then, we have the sanie,, y2) — (x4, y4) @S shown in Case 4 wim > (0 and

T5 = |T4| —ys —b=4(z0 +10) +4b+5 <0, ys=x4 — |ys| +1 = —4(x0 — y0) + 50 — 4.

Sincexy — yo > —yo > %b we havel(zy — y9) — 5b + 4 > 4 > 0 which implies thaty; < 0.
Hence,(zs,y5) € R~ x R~ andzs —y5 =8y + 90+ 1 € (=3b+ 9, b+ 1].

o if yo € (—2F, —2], then8yy + 9b + 1 € (-2 —p+ 1]. Hence, by Lemmp 1.10,
the solution of[(1.R) eventually becomes the equilibrium p6int, —b + 2).

o if yo € (—32 —2H] then8y, + 9b + 1 € (—3b+ 9, — 2. Thus, by Lemmals 1.8
and 1.9, the solution of (1.2) eventually becomes the periodic with prime p&riod

Case 6:xg—yo € (—00, 22), zo+yy € (—222, —12), 25 € [0,%52) andy, € (—o0 2‘”“]
Then, we have the sarr(azg,gh) and (z3,y3) as shown in Case 3 with; < 0. That is
(z3,y3) € R- x R™ andas + y3 = —4yo —5b — 1 € [-b+ 1,0) C (=2, 0). Hence,
by Lemmg 1.1, the solution pf 1.2 eventually becomes the equilibrium peiht—b + 2).
Case 7:xo — yo € [22,2), 2o+ yo € (=22, -42), 20 € (54, 52] andy, €
(—oo, —2]. Then, we have the sanie,,y») — (z4,44) as shown in Case 4 with, < 0.

That iS(x4,y4) eR™ xR~ and$4 + Yy = —4(!130 — yo) +5b—3 € (—(3b + 1), —b+ 1]

o if 3y —yo € 222, 125), then—4(zo — yo) + 5b — 3 € (=22, —b + 1]. Hence, by
Lemmd 1.1, the solution df (J.2) eventually becomes the equilibrium peinht—b +
2).

o if my—yo € [H&2, 1), then—4(zg — yo) + 5b— 3 € (—(3b+ 1), —&H]. Thus, by
Lemmag 1.B an@ 9, the solution pf (1.2) eventually becomes the periodic with prime
period5.

Case 8 1y — 10 € [%2. %), 70 + 0 € (<253, —%4%), 70 € (155,51] andyp €
(—oo, —22H]. Then, we have the sanie», y») — (4, y4) as shown in Case 4 with, > 0

and

x5 = |Ta] —ya —b=4(zo —yo) =60+ 3, Y5 =x4— |ys| +1=4(z0 + o) +3b+6.
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Sincexo + yo = 220 — (zo — yo) < 2 (52) — (252) = —b — 1, we obtainys < —b+2 < 0.
Thus,(z5,y5) € R~ x R™. Notice that

and

b—4 +26+3 3b—1
4 2 2
S -t AR Lk A [

Yo = (Lo T Yo Zo 5 1 = 1
Then, we have; + ys = 8z9 —3b+9 € (—(b+1),—b+1) C (-2, 0). Hence, by Lemma

$o—y0:2560—(150+y0)<2<

7
[1.10, the solution of (1]2) eventually becomes the equilibrium peidt —b + 2).
Case 9:zg — yo € |2, 38), og +yp € (22, —283), 25 € (2, 22] andy, €

(-2t _50EL] Then, we have the sante,, y») — (zs5,y5) as shown in Case 8 with; > 0

and
T = |z7| — yr — b= 8y — 10b — 3, ye = x7 — |y7| + 1 =8x9 — 3b+ 10 < 0.

Then X < 0 andyo = Xy — ($0 — yg) (bT) — (Gb 3) = —%. Thus, ([L'(;,yﬁ) e R™ xR~
andxg + ys = 8(wo — yo) — 13b+7 € (—b+1,-b+3) C (—2H,0). Hence, by Lemma 1.10,
the solution of[(1.R) eventually becomes the equilibrium poml —b+2).

Case 10:zg — yo € [22,381), zg +yo € (22, -Y2), 20 € (22, 24] andy, €

(—3k2 10831 Then, we have the sante,, y») — (z6,ys) as shown in Case 9 with; > 0

and
7 = |xg) —y6 —b=—8(xo +v0) — 8+ 13, yr=x6— |ys| +1=8(zo —yo) — 130+ 8 < 0.

Sincex, + yo > —222, we haver; < —1 < 0 which implies that(z7,y;) € R~ x R~ and
r7 4+ y; = —16yy — 21b —5€[-b+1,-b+3) C (—%H,0). Hence, by Lemmp 1.10, the
solution of [1.2) eventually becomes the equilibrium pc@mil —b+2).
Case 1l:zg — yo € [b,00), o + Yo € (—o00, —1), 7y € [0,%52) andy, € (&, —41).
Then, we have the sanie,, y2) as shown in Case 2 witl, < 0. Thus,(zs,y2) € R™ x R~
andzy + yo = 2(zo — y0) — 3b+ 1 € [-b+1,0) C (-2, 0). Hence, by Lemma 1.10, the
solution of [1.2) eventually becomes the equmbrlum pc@mll —b+2).
Case 12:x29 — yo € [b,00), To + Yo € (—”—2 —1), 20 € [552, 2) andy, € (-2, -2,
Then, we have the sanie,, y») as shown in Case 2 withy 2 0 and
x3 = |v2| —y2 —b=—=2(xo —yo) + 20— 1, yz =2 — || +1=—2(z9+yo) —b—2
We havey; < 0. Sincexy — yo > b, we havers; = —2(xg —y9) +2b—1 < —1 < 0 and
To + Yo > (b772) — (L;l) = —HT?’. ThUS,(Ig,y;;) e R~ xR~ andz; + ys = —4dxro+b—3 €
(—(3b+1),—b + 1).
o if 7o € [552,222), then—dap + b — 3 € (— 2, —b + 1]. Hence, by Lemmia 1.10, the
solution of ) eventually becomes the equmbrlum paiAt, —b + 2).
o if 2y €[22 2b—l) then—4zy + b — 3 € (—(3b+ 1), —%2H). Thus, by Lemmass 1.8
and 1.9, the solution of (1.2) eventually becomes the periodic with prime p&riod
Case 13wy —yo € [b,00), zo+yo € (=22, —42], 2 € [252, 222) andy, € (-2, -2,
Then, we have the sanfe,, y») and(zs, y3) as shown in Case 12 wity > 0 and

Ty = |v3| —ys —b=4x0 — 20+ 3, Yo =3 — |ys| + 1 =4yo + 3b+ 2.
Sinceyy = (20 + o) — 2o < —%52 — 552 = —b, we obtainy, < —b+ 2 < 0. Since
b+2 2b+1 b-—1
I0:<I0—|—y0)—y0<— 5 -+ 5 = 5 and

AJMAA Vol. 20(2023), No. 1, Art. 12, 33 pp. AIMAA


https://ajmaa.org

COMPLETE ANALYSIS OF GLOBAL BEHAVIOR OF CERTAIN SYSTEM OF PIECEWISELINEAR DIFFERENCEEQUATIONS 27

— — . 2 < - - —

To — Yo = (To + ¥0) — 2%0 5 + 5 5
we haver, < 0. Thus,(z4,vy4) € R™ xR~ andzy+y, = 4(zo+yo)+b+5 € (—(b+1), —b+1] C
(—_L;r(l, 0). Henc)e, by Lemmp 1.10, the solution pf (1.2) eventually becomes the equilibrium
point(—1,—b+ 2).
Case 14:1zg — yo € (&, 1), 2o+ yo € (22, —Y2], zp € [22,51) andy, €
(—;”2—“, —41). Then, we have the sanfe,, y») — (4, y4) as shown in Case 13 with, > 0
an

s = |2a| —ys —b=4(xo—yo) —6b+1, ys=w4— |yu| +1=4(x0+y)+b+6<0

b+2 2(2b+1) _3b

andzo — yo = 20 — (zo + yo) > 2 (&2) + 12 = 31, Thus,z; < 0. Therefore(zs, y5) €
R~ x R andzs + y; = 8z9 —5b+ 7 € [-b+1,—b+ 3) C (=2, 0). Hence, by Lemma
[1.10, the solution of (1]2) eventually becomes the equilibrium peidt —b + 2).

Case 15 zg — yo € [, 2), 2o +yo € (%2, Y2, 2y € [22,5) andy, €
(—jl’T“, —21). Then, we have the sante,, y.) — (x5, y5) as shown in Case 14 witky, > 0
an

1'6:‘1'5’—3/5—19:—83/0—86—5, y6:33'5—‘y5’+1:8]}0—5b+8<0

Since,yo > —2, we havers < —1 which implies that(zs, ys) € R~ x R~ andzg + ys =
8(wo — yo) — 13b+3 € [-b+ 1, —b+3) C (—2H,0). Hence, by Lemmpa 1.10, the solution
of (1.2) eventually becomes the equilibrium pojntl, —b + 2).

Case 16:x¢9 — yo € (0,b) andzy + yo € (—b,1). Then,z; < 0 and—b < —(z¢ — yo) <
o+ Yo < To < Tg — Yo < b. Thus,y; < 0. Therefore,(z1,y;) € R- x R~ andz; + 3, =
2z9—b+1 € [~b+1,0) C (=2 0). Hence, by LemmO, the solution|of (1.2) eventually
becomes the equilibrium poift-1, —b + 2).

Case 17:x9 — yo € (0,b), 2o + yo € [—1,b) andy, € (—%,0). Then,y; > 0 and

1’2:|x1’_y1—b:—29€0—1<0> 92:951—191’4‘1:—2%—5

andy, = 2((zo + yo) — (z0 — o)) > —2L. Thus,y, < 0. So, (22,42) € R~ x R~ and
Ta+1yp=—2(g+yo) —b—1€(—(3b+1),—b+1].
o if vo+yo € [—1,%2), then—2(zo+yo) —b—1 € (—2LE, —b+1). Hence, by Lemma
[1.10, the solution of (1]2) eventually becomes the equilibrium peidt —b + 2).
o if zo+yo € [52,0), then—2(zo+yo) —b—1 € (—(3b+ 1), —2H). Thus, by Lemmas
[1.§ and 1., the solution df (1.2) eventually becomes the periodic with prime geriod

Case 18:x9 — yo € (0,b), 7 +yo € [—1,—1) andy, € (-2, —%]. Then, we have the same

2 ) 2
(x2,y2) @as shown in Case 17 witp > 0 and
I3 = |x2| —1/2—5:2(150‘1‘310)‘1‘17 Y3 = To — !y2|—|—1= —Z(IO—ZJo)"‘b-
Sincexy — yo = (w9 + o) — 2yo > —1+2 (%) =b— 1, we havey; < —b+ 2 < 0. Since

b
$0+yoz($0—yo)+2yo<b+2(—5) = (0 and

b b
zo = (o — Yo) + Yo < b+ (—5) =5
we haver; < 0. Thus,(z3,y3) € R~ x R andxs +ys =4yo+b+1€ (—(b+1),-b+1] C
(—9”7*(1, 0). Henc)e, by Lemmp 1.10, the solution pf (1.2) eventually becomes the equilibrium
point (=1, —b + 2).
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Case 199 — yo € (0,b), mo + 3o € [—1,—3), 2o € [, 22) andy, € (-2, —L]. Then,
we have the samr,, i) and(zs, y3) as shown in Case 18 withy > 0 and

Ty = |x3] —ys —b=4xg — 20+ 1, ys =13 — |ys| + 1 =4y +b+2<0

andzy = (2o + yo) — yo > —3 + 2 = &L which impliesz, < 0. Thus,(z4,ys) € R™ x R~
anday + ys = 4(xo +y0) —b+3 € [-b+1,—b+3) C (—2F,0). Hence, by Lemma 1.10,
the solution of[(1.R) eventually becomes the equilibrium p()+n1 —b+2).

Case 20:zg — yo € (0,b), zo +yo € [—1,—3), zo € [, %) andy, € (-4, —2]. Then,
we have the sam., y2) — (x4, y4) as shown in Case 19 with, > 0 and

rs = |za| —ys —b=4(xo —yo) —4b—1, ys =4 — |pu| +1=4(xo+yo) —b+4.
Sincexy — yo < bandxg + yy < 0, we haver; < —1 < 0 andys < —b+ 4 < 0 which implies

that(zs,y5) € R™ x R~ andxs +y5 = 8zg —5b+3 € [-b+1,—b+3) C (=2, 0). Hence,
by Lemmd 1.1, the solution df (1.2) eventually becomes the equilibrium peint—b + 2). &

The following Lemmd 1.7]2 is the region for the initial condition in the second quadrant of
R?.

Lemma 1.12.Let{(z,,y.)}>>, be the solution of systefh.Z)with the initial condition(x, yo)
isin R~ x Ry. Then, the solution eventually becomes the equilibrium geint —b + 2) or
eventually becomes the periodic with prime period

Proof. Note thatrq — 1y, < 0. Thus,
r1 = |zo| —yo — b= —(z0 + v0) — b, y1 =20 — |yo| +1 = (zo —yo) + 1.

Case 1:zg + yo € (—oo, —2&2]. Then,z; > 0. Sincexy — yo < o < zo +yo < —222, we

havey, g—i”b?—‘2+1_—3b24and
To = x| —1h —b=—2x—20—1> 0,
yo=x1 — [ph| +1= =2y —b+2<0.
Ty = |Ta| —y2 —b=—2(xg — yo) —2b—3 > 0,

Ys = Tg — |y2| —l—l = —Q(I’O—FQU) —3b+2 Z 0.
This implies that(zs, y3) € Rf x Ry andzy —y3 = 4yo +b—5 € [b—5,00) C [%2,00).
Thus, by Lemmas 1.3 afnd 1.6, the solution[of|(1.2) eventually becomes the periodic with prime
period5.
Case 2:zp+yo € (—b,00) andzy —yo € (—o0, —1). Then,y; < 0. Thus,(z1,71) € R~ xR~
andz, +y1 = —2yo— b+ 1 € (—oo,—b+ 1].
o If yo € [0,%), then—2y, — b+ 1 € (-2, —b+ 1]. Hence, by Lemma 1.10, the
solution of (1.2) eventually becomes the equmbrlum poiAt, —b + 2).
o If yo € [, 00), then—2yy — b+ 1 € (—oo, — %], Thus, by Lemmals 1.8 and 1.9,
the solution of|[(1.R) eventually becomes the periodic with prime period

Case 3z + yo € (—b, ), 0 — yo € [—1,0) andy, € [0, 3). Then,y; > 0 and
Ty = |T1] —y1 —b=2yo — 1, Yo =x1 — |y1| + 1 = —2x9 — b.

Sincexry > yo—1 > —1,we havey, = —2x—b < —b+2 < 0. Moreover, sincgy < zp+1 < 1
andxy + yo = 2x9 — (zg — %) < 1, we havez, < 0. Thus, (z3,92) € R~ x R~ and
Ty +yp = —2(wo—yo) —b—1€ (—(b+1),-b+1] C (—%H,0). Hence, by Lemma 1.10,
the solution of[(1.R) eventually becomes the equilibrium p6int, —b + 2).
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Case 4:zo + yo € [0,3), 20 — yo € [-1,0) andy, € [1,1). Then, we have the sanfes, y.)
as shown in Case 2 with, > 0 and

$3:|$2|—y2—b:2<$0+y0)—1; y3:I2—\3/2’+1:—2(1‘0—y0)—b<0-

Thus,zo+yo = (2o — o) +2y0 > —1+2 (3) = 0 andzs < 0. Therefore(z;, y3) € R™ x R~
andxs +ys = 4yo —b—1 € [-b+ 1,—b+3) C (-2, 0). Hence, by Lemma 1.0, the
solution of [1.2) eventually becomes the equilibrium pdint, —b + 2).

Case 5:z0 + yo € [3,1), 0o — yo € [~1,0) andy, € [1,1). Then, we have the sanfe;, y.)
and(zxs, y3) as shown in Case 4 withy > 0 and

g = |x3] —ys —b=4xs — 1 <0, ys = o3 — |ys| + 1 =4y, — b < 0.

Sincey, < 1, we haveyy = 4yy — b < —b+ 4 < 0 which implies thaf{x,, y,) € R~ x R~ and
Ta+ys=4zo+y0) —b—1€[-b+1,-b+3) C (—%H, 0). Hence, by Lemma 1.10, the
solution of [1.2) eventually becomes the equilibrium pgiat, —b + 2).

Case 6:29 + yo € (—22, —b] andz € (—252,0). Then,zo — yo < 2o + yo < —b Which
implies thatz; > 0, v < 0 and

o = |x1| —1p —b= —2x¢ — 20— 1, Yyo=o1 — || +1=—-290—-b+2<0.

Then,z, < 0. Thus,(z2,12) € R~ x R™ andzy + 42 = 2(zg +vo) —3b+1 € [-b+1,—-1) C
—%£1,0). Hence, by Lemmp 1.10, the solution pf (1.2) eventually becomes the equilibrium

point (—1, —b + 2).

Case 7:zo + yo € (=252, —b], mo — yo € (—252, 2] andzy € (—o0, —2). Then, we

have the samérs, y,) as shown in Case 6 W|th2 > (0 and

3= o] —ya —b=—2(zo—yo) —2b—3, ys =2 — |yo| +1=—2(xo+yo) —30+2<0.

Sincexy — yo < zo < —2, we haver; < 0. Thus,(zs,y3) € R~ x R~ andz; + y3 =
—4zo —5b— 1 € [=b+ 1,0) € (=2 0). Hence, by Lemma 1.10, the solution pf (1.2)

eventually becomes the equilibrium poinrt1, —b + 2).
Case 8:xy + yo € ( TQ — } To— Yo € ( o0, —%—+3} To € (—OO,—%b} andyo € [%,OO)

Then, we have the sanfe,, y») and(zs, y3) as shown in Case 7 withy > 0 and
xy = |z3| —ys — b =4y — 5, ya = 3 — |y3| + 1 = —dao — b

Sincexy = 3[(zo — wo) + (2o + yo)] < 5 (=22 —b) = —2£E, we haver, > 0. Thus,

(I4,y4) ER(J)F X R(T andx4—y4 :4<l’0+y0)+5b—5 S ( <b+1) b—5]
o If zg+yo € (—283L, —11-16) thend(zo + yo) + 5b — 5 € (=22, 222). Hence, by
Lemmd 1.5, the solution 'E 2) eventually becomes the equilibrium peiht—b+2).

o gy € (U BT [ o) thenilz, + ) 55 €

(=(b+1), "*4} (22, b —5]. Thus, by Lemmals 1.8, 1.4, 1.6 gnd]1.7, the solution
of (1.7) eventually becomes the periodic with prime pefiod
Case 9iwg+yo € (=257, —=%7), 20—y € (—00, = %52 ], xg € (—o0, —%] andy, € [0, 7).
Then, we have the sanie,, y2) — (x4, y4) @S shown in Case 8 with; < 0 and

Ty = |$4|—y4—b=4($o—yo)+4b+5<07 Ys = Ta — |ya| + 1 = 4(zo + yo) + 50 — 4.
Sincexy + yo < —2 + 3 = — (22), we haveys < 0. Thus,(z5,y5) € R~ x R™. Note that

_6b+1__3b—2_5<( n )_ - <_5b
1 = 5 1 To T Yo Yo = To > 1

which implies thates + y5 = 829+ 9+ 1 € (—(3b+ 1), —b + 1].
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o If g€ (2%, —2] then8zo+9b+ 1 € (—%H, —b + 1]. Hence, by Lemmi 1.9,the
solution of (1.2) eventually becomes the equilibrium pdint, —b + 2).
o If zg € (—%H, —2H] then8zy+9b+ 1 € (—(3b+ 1), —2H]. Thus, by Lemmas

[1.§ and 1., the solution df (1.2) eventually becomes the periodic with prime geriod

Case 10:zo + yo € [—2, —25), 20 — yo € (o0, —22), 2o € (—1%H, -] and

yo € [0,2). Then, we have the sanfe,, y.) — (x5, y5) as shown in Case 9 with; > 0 and
T = |T5] —ys — b= —8xo — 100 — 1, Yo = =5 — |ys| + 1= —8yo — b+ 10.

Sinceyy = (zo + yo) — wo > —22 + 52 =1, we haveys < —b+ 2 < 0. Moreover, we obtain

that
50 —4 5 50 +1

To = (70 + Yo) — Yo 1 1 1
5b — 4 5) 5b 4 6

Hence,zs < 0. Thus,(z6,96) € R~ x R~ andxs + y¢ = —8(wo + yo) — 116+ 9 € (—(b +
1),—b+1] C (-2 0). Hence, by Lemmfa 1.10, the solution of (1.2) eventually becomes the
equilibrium point(—1, —b + 2).

Case 1lizg +yp € [-02, —5) gy — yp € (1L _SWB] gy € (5L 106t1] gnd

Yo € [0, 2). Then, we have the sanfe,, y») — (5, ys) @s shown in Case 10 with; > 0 and

w7 = |76| — ys — b= —8(wo — yo) — 106 — 11,
yr =z — |ys| + 1 = —8(zo + yo) — 110+ 10 < 0.

Sincexy — yo = 20 — (w0 + yo) < 2 (—1%H) + 4 = 35 we haver; < 0. Thus,
(z7,y7) € R x R~ andzy +y; = —1629 —21b—1 € [ b+1,-b+3) C (-2 0). Hence,
by Lemmg 1.1, the solution d !5 if (1.2) eventually becomes the equilibrium pe[nt—b + 2).

Case 12: o +y0 c _%7 o . To — Yo 6 5b2—6’ 10b§—11} Ty € ( 5b2—1’ 10b+1} and

Yo € [0,2). Then, we have the san(leg, y2) — (77, y7) as shown in Case 11 with, > 0 and

rg = |(L’7| — Y7 — b = 16y0 — 21, Ys = Ty — |y7| + 1= —161‘0 — 21b

Sincey, < 2 andz, > —2, we havers < —1 < 0 andys < —b + 4 < 0 which implies
that(xg,yg) € R™ xR andxg + Ys = —16(ZEO —ﬁ —21b—21 € [—b +1,-b+ 3) -

—9”7“, O). Hence, by LemmO, the solution 1.2) eventually becomes the equilibrium
point (—1, —b + 2).
Case 13:z9+yo € (=22, —b], m9—yo € (—o0, —2b2—+3) zo € (=32, 23] andy, € [0,2).
Then, we have the sanies, y2) — (24, y4) as shown in Case 8 withy < 0. Thus,(z4,y4) €
R~ x R~ andzy + yy = —4(zo — yo) — 5b — 5. Note that
5b+5  5b 5 4b+ 3

B U a
Therefore,—4(xo — yo) — 5b — 5 € [-b+1,0) C (—%H,0). Hence, by Lemma 1.0, the
solution of [1.2) eventually becomes the equmbrlum potl, —b + 2).
Case 14:xg + 1y € ( %,— } To — Yo € ( 5b2*4’ 2b2+5) Ty € (—%,—M] andyo c
[2,%). Then, we have the sanie,, y>) — (x4, y4) as shown in Case 8 with, > 0 and

Ts :|x4]—y4—b:4($0+y0)+4b—5<0 y5:x4—|y4|+1:—4(x0—y0)—5b—4.

Sincexy + yp € (——2 - } Yo € [4, 4) andzy —yg = (ZL‘Q + yo) — 2yo, We have—-2b + 1 <

322 o5 <wg—yo < —b—2(2) =~ Then,y; < 0. Thus,(z5,y5) € R~ x R~
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andzs +ys = 8yo —b— 9 € (—b+ Lmin{b—9,0}) C (—*#,0). Hence, by Lemma 1.10,
the solution of[(1.R) eventually becomes the equilibrium p6int, —b + 2).

Case 15: 79 + yo € (=32, -b], 2o — yo € (—2b+1, -], 2y € (-3, -] and

Yo € [2,%). Then, we have the sanie,, y») — (x5, y5) as shown in Case 14 witly > 0 and
ze = |ws| —ys — b= —8yp +9 <O, Yo = x5 — |ys| + 1 = 8xo + 9.
Sincex, + yo < —b, we havery = 2 ((zo +yo) + (2o — yo)) < 5 (—b— 2H) = 24 Thys,

5 o
Yy < —4 < 0. Note thaty, > 1 Thus,z < —1 < 0. This implies thatxg, y5) € R~ x R~
andzg + yg = 8(zo —yo) + 90+ 9 € (=7b+ 17, —b+ 1].
o If wg—yo € (—22, 3] then8(zy — yo) + 9+ 9 € (-2, —b + 1]. Hence, by

Lemmd 1.1, the solution df (J.2) eventually becomes the equilibrium peinht—b +

2).
o If zg—yo € (—2b+ 1, —22), then8(zo—yo) +9b+9 € (—7b+ 17, %], Thus, by
Lemmag 1.B and 1.9, the solution pf (1.2) eventually becomes the periodic with prime
period5.

After we go through Lemmds 1.3 - 1]12, we can conclude the global behavior of the solution
of (1.2) by the following theorem.

Theorem 1.13.Let {(z,,yn)}2, be the solution of systerh (1.2) with the initial condition
(wo,90) is in R2. Then, the solution eventually becomes the equilibrium poit —b + 2)
or eventually becomes the periodic of prime period

The following Figurg L shows the shaded region where the initial conditipny,) induces
the equilibrium behavior and the outside region where the initial condjtigry,) induces the
periodic behavior with prime period
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Figure 1: Shaded region where the initial conditi¢ry, yo) induces the equilibrium behavior and outside region
where the initial conditio{xy, yo) induces the periodic behavior with prime period
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2. CONCLUSION AND DiIscuUssION

This manuscript extends the resultlof [1] where we consider real nulvseh that > 6. It
can be seen that by using our approach we cannot conclude the maximum number of iterations
where the behavior becomes either equilibrium or periodic with prime périddowever, it
makes our prove more compact. It is also very interesting that the behavior of the solution of
(1.2)b = 4 or 5 is different from the one whebh > 6. We conjecture that fot < b < 5, the
solution of [1.2) eventually becomes equilibrium. We also would like to expose in the future to
find the critical value ob whereb < b < 6 such that the behavior changes. Some other interests
may involve the consideration of a full analysis of the solutior| of|(1.2) where4. We also
encourage the future interest to explore the behavior of the solution of the system similar to
(1.7) with others parameters involved.
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