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ABSTRACT. The notion of Core EP inverse is introduced by Prasad in the article "Core - EP
inverse" and proved its existence and uniqueness. Also, a formula for computing the Core EP
inverse is obtained from particular linear combination of minors of a given matrix. Here a deter-

minantal representation for Core EP inverse of a matrixith the help of rank factorization of
A'is obtained.
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1. INTRODUCTION

1.1. Preliminaries.
Definition 1. (Core-EP inverse) A matri% is a core-EP inverse ofl if G is an outer inverse
of A satisfying
C(G) = R(G) = C(AY)
whered is the index ofA.

Manjunatha Prasad and Mohaha [3] proved the existence and uniqueness of core EP inverse
over a real or complex field.

Theorem 1. Given a square matrixl of indexd, the core-EP inverse is unique whenever it
exists and is given by

(1.1) AD = Ad(qrd gar1y- god
Also it is observed that when the index of the matrix is one, the definition reduces to the
definition of Core-EP generalized inverse.

Definition 2. (Core-EP Generalized Inverse) For a square matfixthe matrixX satisfying
the conditiong(2), (3) and (1*) for & = 1 is called the core-EP generalized inverse/stfind

denoted by4®.

Itis given by the formulad(A* A%?)~ A*. The relation between the core EP inverse of a matrix
of indexd and the core EP generalized inverse is similar to that of Drazin inverse and group
inverse of a matrix4. The following theorem explains the relation between the core EP inverse
of a matrix A of indexd and the core-EP generalized inverse.

Theorem 2. Let A be a matrix withi(A) = d.If G = A®, the core-EP inverse ofl exists,
then we have the following:

(1) G¢is a core-EP inverse aoft

(2) G = (AD 231" for | = 1

(3) If C4 is the core part of core-nilpotent decompositionathenG = C{12*"} for

k=1.
The following lemmal[3] describes the necessary and sufficient conditions for the existence

of core-EP generalized inverse in the case of rank one matrix with reference to its rank factor-
ization.

Lemma 1. Let A be a square matrix of rank one and with rank factorizatiba= zy*, wherex
andy are suitable column matrices. Then the following statements are equivalent:
Q) A® exists,
(2) z*x andTrace(A) are non-zero,
(3) AfA; andTrace(A) are non-zero, wherel; is some ith column of.
Using this expression a determinantal representation for core-EP generalized {gygrse
G = ADis given by

gi = Y _(AED?) (TraceC(A) ™ Y |AL]|A7
K ieljed
A determinantal representation of core EP inverse is given by Kyrchei [2] by defining the right
and left core - EP inverse. But in this article the approach is different. We attempted to give the
determinantal representation of core EP inverse of a mdtith the rank factorization ofi.
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2. NOTATIONS

AssumeA is ann x n matrix of rankr. Leta = {a,...q,} andg = {3,,...5,} be
subsets of 1,2,...m} and{1,2,...n},respectively of the order < p < min{m,n}. Then
| A3| denotes the minors of determined by the rows indexed byand the columns indexed by

For1 < p < n, denote the collection of strictly increasing sequencesinfegers chosen from
{1,2,...n}, by

Qprn=H{a:a=(a,...,a), 1 <a; <...<a, <n}.

Let V' = Q,m X Q,,.Forfixeda € Qg m, 5 € Qpp, 1 <k <r,let

Z(a) ={l: 1 € Qr, | 2 a}, T(B) ={I: I € Q. I 2 B}, andN (i, B) = Z(r) x T (B).

If A'is a square matrix, the coefficient pd3| in the Laplace expansion ¢fi| is denoted by
sl

C,(A) denotes the™ compound matrix ofd with rows indexed by r-element subsets of
{1,2,...m} , columns indexed by r-element subsets{df2, ...,n}, and the(«, 5) entry is
defined byl Ag|.

Also we use the following extension of these notations:

Nio = Qrpm X Qpy i, Wherery, = rank(AY), 1 > k = ind(A);

For fixedo, 8 € Q.1 < p < 1y.let

Irk(a) = {I e Qrk,mal ) O[}, xZ"k(ﬁ) = {‘J Je Qrk,na‘-] ) ﬁ}!N(aaﬁ) = Irk(a) X jrk(ﬁ)
Also the core EP generalized inverse of a mattiis denoted bw@ and the core EP inverse

is given byA®.

3. RESULTS

Expression for group inverse and Drazin inverse in terms of its rank factorizations are well
known in the literature [1].
Let A be any square complex matrix with index4fs k, then eitherd* = § (whered designates
the null matrix of appropriate size) ot* can be written as

k k
AF = H B; H Gri1-i
=1 =1

where each of the matricds,, B,, ... B;, and Hle B; has full column rank and each of the

matricesG., G, ... G and Hle Gri1-; has full row rank. The matriceB; andGy,,_; are
further determined by the conditions that andG; satisfy

A =BG,
and that
GZBZ = Bi-l—lG’H—l) Z = ]_,27 e k - ]_
whereG/, By, is nonsingular. Then an expression for Drazin inverse is given by

k k
At = H Bi(Gy.By,) ! H Gry1—i
i=1 i=1
A similar kind of expression is obtained here for core-EP inverse.

Assume thatd is a square matrix with indek.Let A = B;G; be a full rank factorization for
the matrixA.Then as in the above the expression for core-EP inverse is

A® = (BlBg C Bk)(GkBk:)_l(BlB2 s Bk>Jr
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In particular whenk = 1 this expression reduces to the expression for core-EP generalized
inverse given byB; (G1B;) ' BI.

Theorem 3. Let A € C™"with [ > k = ind(A) with an arbitrary full rank factorization4* =
B 4+G 4x. Then the core-EP inverse of the matrix can be giveﬂ@/ = B (G AB s )~ Gy

Proof. SinceA* = B 4G ax, (A*)F = G, B

Now
AD = BuG (G By ABwG ) G B,
= B (BwAB) "B
1

Theorem 4. If Ais ann x n complex matrix of indek, and A* = B+ G 4 is an arbitrary full
rank decomposition ofl*, then

WAD) = Bu(GaBar) (Bas)
244D = BL(BY BB
B)(AD) = (B (B AB) (B

Proof. (1) By TheoremB and Lemrpl
(Ak>@ - (BAkGAk)® - BAk (GAkBAk)_l(BAk)T
(2) From the definition it is clear that

Now
AAD =BG (G B BarGan) G B,
= BAk(BZkBAk)_lBZk
(3) Since
AD = Bu(BYWABw) B
(AD) = (Bu(ByABw) By
= (Bi) (BiABar)(Bar)f
|

Theorem 5. The core-EP inverse of an arbitrary matrix € C7"*" possesses the following
determinantal representation

* Jé) B
(’D o Z(oc,ﬁ)e/\/rk (4,1) (B 41 )BH(BAl )a|aTji|Aa‘
ij S rayenoy | BB 4TI AS |

wherel > k = ind(A) andr, = rank(A?).

A

Proof. Let A = BG be arbitrary full rank factorization oft, and A! = B,.G 4 is full rank
factorization ofA!, wherel > ind(A)

AJMAA Vol. 20(2023), No. 1, Art. 11, 8 pp. AIMAA


https://ajmaa.org

A DETERMINANTAL REPRESENTATION OFCORE EP INVERSE 5

Now
AD = Bu(BYABy)"' B,

N | B AB i

Consider
|BywABy| = |By BGBAl]

= Y |(BuB)I(GBa)

fe@rk r

= > I(BuByll(GBu)

€€Qry r

Again by applying Cauchy - Binet formula,

[BuBGBal= Y (Y 1(BuLIIBIN( Y IGlI(Ba)))

€€Qryr ¥€Qrgin 0€Qr; ,n
Hence
|BywBGB | = Z ((B%)-|[(Ba)’| Z BY|Ge|

(776)6Nrk 66@T}c7r

= > 1BuwLlI(Ba)|B7Gyl
(7,0)ENT,

= 3 BB 147
(7,0)ENT,

Now considerB yadj(B%, AB ) BY,.If the submatrix ofA generated by deleting” row of
Alis denoted by A1) and thej™ column by(Ay;,) respectively.

since(adj(By BGBa));; = (—1)"|(By) VY BG(Ba) gy |
By Cauchy-Binet theorem

(0dj By BGBA))y = (- 37 16" (B (B3) ¥ By

G/eQrk—l,r
Now applying Cauchy- Binet formula for both the determinants,
(adj(ByBGBA)) = (=™ Leeq,, 1 (Eico, |Gy I((Bar) )|
X (e, 1, nIBE (B3 )|

Therefore,

Tk

(adj(BiyBGB))ij = Y _(Pa)it(adj(ByBGBA))y

t=1

Tk

= > > IGe Z DU(Baal(Baey)? Dx (S (=17IBS [[((B) ¥ )al)

’
€ GQ'rk 1 rﬁ EQTk 1,n @ eQrkfl,n
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If i is contained in the combinatigh then,

Tk

S (=1 (Badiel (Ba)y)* | =0

t=1

If the set3 does not contain, theni = 3, and the systerﬁ/ is denoted by
ﬁ':{1§ﬁ1<...<ﬁp71<6p+1<...§n}
If the set( denotes the following combination
B={1<B<...<B, 1 <i=0,<fp <...<n}
we obtain the representation for

(BALCLdj( B* BGBAZ)) =

22 eq, - “(Z@ewku( 171G | (Ba)?) (Xaeg, 1, (CV1BS [(Ba) V) ])
Continuing in the same way we get the representation for

Tk
Buadj(ByBGBuBY)i; =Y Bauadj(ByuBGBa))u(Bi )i

t=1

SO WG @IBa < (Y Balz 2ull(Ba) ) ))

GIEQrk—l,r BETr, (1) QIEQrk—l n

Similarly if j is contained in the combinatiad, then

Tk

S DUBIBa) gy )l =0

t=1

Otherwisej = o, and

o/:{lgozl<...<aq_1<aq+1<...arkSn}

and
a={l<o<...<o1<j=ag0p1 <...0, <n}
Therefore thei, j) th element of3 y:adj (B, BGB 1) BY,; is equal to

SO CrIEs B ) x (S (~1BIYY(BL))

¢ €Qry 1,0 BET, () aETr, (7)

S BB Y ()P BIG

(azﬁ)ENTk(jzi) EIEQT]C—I,T‘)

= D BBl ~ \A\

(a.B)ENT, (5:1)
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Theorem 6. For a given matrixA € C"*™ with core EP inverse of indeiwith rank factoriza-
tion A = BG and A* = B,:G 4 , we obtain the following representations;

* T o a
 Saery e (Ba)e T (B i g B,0)°)
A 2 oveQry n (B lI(B 42) 7

(i) (4AD)

Caed,, o sgal Barlell(Ba)”!
ey n (Bl 1B k)]

1<t<r,1<j<n)

2

B (B o
wer, oy g Bar) (B0
TT(CT‘k(BAk(BAk)*) !

(i) (AD D)), =

<ij<n

2 B ) OBl
aee @ _'_ @ - QEJTk(Z),]éa Ag « Ak
(i) ((AV)TAL);; = oy B (- )

Proof. (i) From the definition

(AAD),; = Buw(BYBae) ' B
Since

> e, ) (Bar)al gy | (Bar)°|

Ak)jt

(BaBa) ™ Bds = =52 Jm ) (B

Now for arbitraryl < i, 7 < n we get

Tk

(AAD); =S (Ban)a((BiwBar) " By

t=1

ZaEJr i),4 a|<sz)a‘Z:il(BAk)zt#tKBAk)a‘
k(D),7¢ (Bak)j
Zve@rk,n\(BZMI(BAk)”I

e (i)igal (Bar)all(Bar)?|
e, | (Ba)y[[(Bax )|

(ii) Since

ADUDYY. = Boe(Ba) = Bar(BYBae) (Ba)*
and also,

(AD)AD); = (B (Biy) = Bas(ByuBas) Bl
the proof follows in the same as in (§.
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