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1. INTRODUCTION

A Banach space& with the property that every absolutely continuokis-valued function
is almost everywhere differentiable is said to bRadon-Nikodynspacell7, pp. 217-219] or
[2], [13] (see alsol[3]). For example, every reflexive Banach space (in particular, every Hilbert
space) is a Radon-Nikodym space, but the sgacé), 1] of all K—valued, essentially bounded
functions defined on the intervdl, 1], endowed with the norm

9]l := ess sup |g (£)],
t€[0,1]
is a Banach space which is not a Radon-Nikodym space.

A function f : [a,b] — X is measurabléf there exists a sequence of simple functidiis)
(with f, : [a,b] — X)) which converges punctually a.e. 6nb).

It is well-known that a measurable functigh [a,b] — X is Bochner integrable if and only
if its norm, that is, the function — || f|| (¢t) := ||f (¢)|| : [a,b] — X is Lebesgue integrable
on [a, b], (see for example [12]). The Bochner integralfohall be represented l§ys) fab f.

Further, we use the integration by parts formula, which holds under the following general
conditions:

Let —0o < a < b < oo andf,g be two mappings defined dn, b] such thatf is C-valued
andg is X-valued, whereX is a real or complex Banach space. flfy are differentiable on
la, b] and their derivatives are Bochner integrablgarb], then

b b
B)/ f'g:f(b)g(b)—f<a>g<b>—<B>/ 73

For some results on the Ostrowski inequality for real-valued functions| seel[1], [5], [10] and
[11], and the references therein.

The following theorem concerning a version of Ostrowski’s inequality for vector-valued func-
tions has been obtained in [3].

Theorem 1.1. Let (X;|-||) be a Banach space with the Radon-Nikodym property And
la,b] — X an absolutely continuous function @n b] with the property thaf’ € L ([a,b]; X),
ie.,

117 Wap1,00 = €55 sup [If*(#)]| < oo

t€la,b]

B) /abf(t) dtH

< [ e-anrwias [[o-oir o

Then we have the inequalities:

(L.1) Hf(S) -

1 / /
< e [0~ 0 1 Mg+ 0= 5 117 ]
1 [s— i
< [Z+<ba)]<ba>fab]
1
< 3 0= DI g

for anys € [a, b], where(B f f (t) dt is the Bochner integral of .
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Bounds involving the—norms,p € [1, c0), of the derivativef’, are embodied in the follow-
ing theorem[[3].

Theorem 1.2. Let (X, ||-|]|) be a Banach space with the Radon-Nikodym property And
la,b] — X be an absolutely continuous functionfanb| with the property thay’ € L, ([a,b]; X),
p€[l,0),ie,

=

b P
12) 17 sy = ([ 11 @I )" < 0
Then we have the inequalities:

b
13) lro-5= o [ o

1

e ol [[o-ois o)

( 1
(5= @) 11 Mg + 6= ) 1 1]
it 1 € Ly (la,b]; X);
= 1
P [C el P [ R Eal VAT
\ if p>1, 1+ =1andf € L, ([a,b]; X);
(1 s—aT“’ _
5 1o || M M it /€ Ly ([a.b]; X);
= +1 4179
1 s—a\’ b—s\? e 1
b—a)e !
T (b_a) + (b_a) ] (b= )t 11l
L if /"€ L,([a,b];X).

The main aim of this paper is to point out estimates between the Bochner integral of a vector-
valued function, with values in Banach spaces having the Radon-Nikodym property and a con-
vex combination of values taken on a given division of the intejual] . The obtained results
naturally extend the Ostrowski type inequalities mentioned above. Some particular cases for
two and three points rules are also given.

2. THE RESULTS
Leta < bandc € R. Define the mapping
f;|t—c|pdt if pell,o0);
(2.1) t, (a,c,b) == _
max [t —c| if p=oc.

te(a,b]

We observe that:
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(1) If ¢ < a, then

b
1, (a, ¢, b) :/ (t —c)’dt
1
=11 [(b—c)P™ —(a—c)"'], for pe[l,00)
and
lo (a,c,b) = b —c.

(2) If ¢ € [a,b] , then

up(a,c,b):/ac(c—t)pdt+/cb(t—c)pdt

forp € [1,00) and

,uoo(a,c,b):max(c—a,b—c):%(b—a)+‘c—a;b’.
(3) If b < ¢, then
up(a,c,b):/b(c—t)pdt
:]%[(c—a)pﬂ—(c—b)pﬂ}, for pell,o0)

and
Moo (CL,C,b) =c—a.
Consequently, we may conclude that

(

ﬁ [(b—c)pﬂ—(a—c)pﬂ} if ¢c<a;
t, (a,c,b) = :z% [(c— a)’ ™ 4+ (b - c)pﬂ} if cela,b];
\ [ﬁ[(c—a)pﬂ—(c—b)pﬂ} if b<c

for p € [1,00) and

b—c if ¢<a;
H’oo(avcab): %(b_a)+’6_a7%| if ce [aab]v
c—a if b<c

wherey, (a,c,b), s € [1,00] is as defined ir (2]1).
The following integral identity is of interest.

Lemma 2.1. Let f : [a,b] — X be an absolutely continuous function on the Banach space
X, X is with the property of Radon-Nikodym,< z; < --- < z,_; <z, < bandp;, > 0
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(i=1,...,n)with} "  p; = 1. Then we have the identity:

n b 1
@2 Yopfw) - B) [ f0d= B [ a-aroa

* bia;Ug) /+ [t — (Pb+ Pa)] f'(t)dt
|

+b—a

b
®) [ -v s
where(B) fff (t) dt is the Bochner integralpP, := >, _, py and P, = 1 — P;.
The sum in the middle is assumed to be zero whenl.

Proof. We know that, on utilizing the integration by parts formula, for ang [a, b] , we have
the representation (see for example [3])

1
b—a

t—a if a<t<z<b,
k(x,t) =

b b
®) [ f@yd ) [ ko o

(2.3) flx) =

where

t—b if a<zxz<t<b.

Putting in [2.8)x = z; (i = 1,...,n), multiplying by p; > 0 and summing ovei from 1 to n,
we deduce

n 1 b 1 b n /
(2.4) Zpif(q:i): b—a(B)/ f(t)dt—l—m(B)/ Zpik(a:i,t)] 1 (t)dt.
i=1 a a |i=1
However,
t—a If a<t<xz <b,
k)(l’l,t) =
t—b if a<xz <t<b,
t—a if a<t<uz, <b,
k(zp,t) =
t—b if a<zx, <t<b,
then
(2.5) S(Z,p,t) =Y pik (1)
i=1

(p(t—a)+pp(t—a)+ - +ppa(t—a)+p,(t—a), a<t<xz <b
)+t pa(t—a)+p(t—a), a<z <t<z9 <D,

+pn—1(t_b)+pn(t_a>; ann—lgthnSba
A P =0+ (t—0b), a<xz,<t<D,
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(t—a, a<t<xz <b,
p(t—=0)+(pa+- - +py)(t—a), a<xz <t<mxy <D,
(pl++pn—1)(t_b>+pn<t_a)a a§$n—1§t§xn§b7

L £ — b, a<z,<t<b,

(t—a, a<t<mz <D,
t—[pib+ (p2+ - +pa)a], a<m <t<am<b,
t_[<p1++pn71)b+pna]7 aﬁanﬁtﬁfnﬁby

L t— b, a<z,<t<b,

't—a, B a<t<xz <b,
t—(P1b+P1a), a§x1<t§m2§b,

= t_(Pib+Pia) a<z; <t<wiy <D,
t — (Poib+ Pyaa), a <y <t<a, <D
t—0b, a<x, <t<b.

Consequently, by (2/4) and (2.5), we have

(2.6) Zpif (x4)

b
/ fydes =) [ S@pn s od by @)

/f dt+b_a(B)/a (t—a) f' (1) dt

1

b
+b_a(B)/xn(t—b)f’(t)dt,

and the representatign (2.2) is provad.

The following result in approximating the Bochner integfal) fb f(t)dt in terms of the
convex combination off (z;)) with the weightgp;) holds.

i=1,n i=1,n
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Theorem 2.2. Assume thaf : [a,b] — X, (z;)
we have the inequality:

i=1,n

and (p;),_1, are as in Lemma 2|1. Then

2.7)

b n
B) / FOd= b= s ()
g/x (t—a)|lf (t ||dt+2/%+l{t— (Pb+ Ba)| || ()] dt
b
+/ (b— 1) |If ()] dt

(

n—1 _
(@1 = ) 1 Mg g0+ 2 Hoo (zi, P+ Pia, wipa) [I1.1]]

[mi,zi_;,_l],l
+ (b= 2) 1/ Nz 0.0
e
((1q+ T H|f |||[am1]p+ Z [luq (LUZ,Pb—f—PCL xl-‘—l)]q |||f H [, Tit1],p
= leml il N1F gy Wherep > 1, 141 =1
and iff’eLp([ ] X);
xl g |||f/’||[”1]oo + Z Ha (xz,Pb—i— Pa $z+1) 1111 [2i,2i41],00
\ s N oo 1S € Lo ([a,0]3 X)
.
max (ml —a, nllaxl {poo (s, Pb+ Pia,i11) }, b—xn) 1L/ 1.1
if f' € Ly ([a,0]; X);
-(361 a Z (l’ Pb+PCL T >+ (bfxn)q+1 q H’f’l”
< gt1 Hq (i i+l gt1 [a,b].p

wherep > 1, ]—?+5—1 andif f' € L, ([a,b]; X);

[ 9 n—1 _ N
vz 5y (o B+ i) + 52 117
- if f'€ Ly ([a,b];X);

whereL, ([a,b] ; X), p € [1, oo] are the usual vector-valued Lebesgue spaces and

11701l g, 31,00 7= €55 sup [[R(B)]],
t€fe,f]

s :
- ( / ||h<t>||pdt) o1

and the functiong, (-, -,-) , ¢ € [1, oo] were defined irf (2]1).
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Proof. Using the properties of the norm, we have, py|(2.2), that

®) [ f@d-0-0) nf @)

< [Ce-alrolasY [ - o+ Pa) 17 @)l
+ [ o-vlr @)

and the first inequality ir] (2} 7) is proved.
Now, observe that

| a-alrwn
(1= N My

(@1-a)"

1
q / ; 1 1 _ 1 . .
! N Moy Tr>1 545 =1 f € Ly(la,b]; X);

IN

if f" € Loo ([a, 0] ; X);

r1—a 2
\ % |||f/|||[a,aj1}7oo

and

n—1 Tit1 B
> [ e (Ro+ Pa) 17 0 d
i=1 YT

sup |t o (sz + RCL)| |||f/H [z4,@i4+1],1 ;

t€[z;, 1]

1
(7 |t = (Pt Pa) " at) 11

ifp>1,1+1=1andf € L,([a,b]; X);
if /"€ Lo ([a,0]; X);

IN

[z;,2441],00

Jo e = (Pb+ Pa) | dt |||

( pio (IL‘ia Pb+ Pa, $i+1) |||f/|||[a:,-,wi+1],1 ;

_ [Mq (m, Pb+ Pa, $i+1)} ‘ |||fl|||[xi,;ci+1],p
ifp>1, %Jr%: L,andf" € L, (la,b]; X);

if fIELoo([avb];X);

[, 41],00

L Hq ([L'“sz‘l— Pia'7 $i+1) |||f/||

AIJMAA
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with

/ (b— ) |If (1)) dt

( (0= 2) 11l 1.1

IN

(b—zn)ué / if 1 1 _ / . .
It W Mgmp Tp>1, 5 +5=1Ff¢€ L, ([a,b]; X);

b—zn)? .
| 2l 1 e 0 S € Lo ([a,0]5 X)

giving the second inequality if (2.7).
Finally, observe that

n—1

(@1 = @) 1 Miaea + D Hoo (i P+ Pias ig2) 11 v
=1

+ (b =) [|[£]] [n,b],1

< max {xl —a, 'maix{uoo (xi, Pb+ Ra,xiﬂ)} ,b— xn}
T
X [Hlf/‘”[a,wl],l + Z 1 M s g0 + |||f/|H[xn,b},1]
=1

< max {{E1 —a, max {p (z;, Pb+ Pa, 1)}, b— ifn} H’fll”[a,b],l :

i=1n—1

Further, by the discrete Holder’s inequality we have that

(5131 — CL)1+% n—1 B s
i M M+ 30 [t (e Pt Pt i) Wi
=1
1
(b - xn)l—i_E
e 11 1 1.
q q
141749 n—1
r1 — Q q - N
< { %] +Z ([,Uq (-Ti,Pib—{—]Dia’xi_i_l)}q)
(q+1)q —
AR n—1 =
(b — xn)lJrq a
arr | IS 10 g+ W Wiy + D I Wit
=1
1
— +1]4q
(xl — a)q+1 2 (b — xn)q
o T P AR s [ L

AJMAA Vol. 1, No. 2, Art. 8, pp. 1-17, 2005 AJMAA
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and
n—1
O g+ 3 1 (5 P+ Pacin) 1)
5 [a,21],00 Ha (i, L5 i, Tit1 [wi,3i41],00
i=1
(b—,)°
= 1 Moo
n—1 2
(21 — a)’ 5 (b—zn)
S | T + ;/ﬁ (zi, Pb+ Pa, wi41) + 5
s {1 205 117 D1 M
n—1 2
(z1 — a)2 5 (b — )
- [T + D (2 P+ P zi) + 5 1 e
=1
and the theorem is completely provad.
It is a natural assumption to consider the weights> 0 (i = 1,...,n) for which §; :=
Pb+ Pa (€ [a,b]) will be in the interval[z;, z;+1] (1 =1,...,n).In this case we have:
= 1 = i+ T
fioo (i, Pib+ Pia, xiy1) = §hi + |Pb+ Pa — % )

whereh; := x;.1 — x;, and forp € [1, 00)

1, (zi, Pb+ Pa, wi41) = ]ﬁ [(Pib + Pa— ;)" + (2401 — Pb - Pia)pﬂ] :

Note that forp = 1, we have

- 1 S mita )
py (@5, P+ Pa, zi41) = th + (B-b+ Pa — %)

The following corollary is important for applications.

Corollary 2.3. With the assumptions of Lemia|2.1 andif< Pb + Pa < z,,, for each
1=1,...,n— 1, then we have the inequalities:

(2.8)

b n
®) [ f@d-0-a0) nf @)

AJMAA Vol. 1, No. 2, Art. 8, pp. 1-17, 2005 AJMAA
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.

n—1 _ g
(-771 - CI,) H|f/|H[a,xl],1 + z:X:I [%hl + }Plb + Pia — Z—’—2 - H Hlf,H [i,2zit1],1
+ (b= 2) I1f Nz .13

(acl a)

1
" : IHf’!Hm]p

I Z [(Bb+Pia—Ii)q+1+ (xi+1 — Pb— Pa )q+1} H|f’||| [zi,@it1]p

+ (b— xn)
(q+1)

IN
S
+
=
-Q
Il

|||f|||[g;nb]p wherep > 1, +_ 1
andlff’ELp([ b X);

9 n—-1 = T+
T M Moo+ X (11 + (P + Pra = =) g
1= e 2
N Mgy T F € Loo (0 0]: X5

max(xl—a,% max h; + max }Pb—l—Pa L;Z“ b
i=l,n—1 i=1,n

) 21
if f'e Ly ([a,b];X);

l(x1 - CL)q+1 + Z [(sz + Pia — iUz')qH

IA

= o= Pa)™] 0™ ] 1l
ifp>114+1=1f¢eL,(ab;X);

141
P q

r1—a)? nl D xitx; 2 b—xy
[—( = S 4 ; [ih?—i- (Pb+ Pa— —+2 +1) } + ¢ 5 ) } |||f/|’|[a,b],oo

if ' € Lo (Ja,0]; X).

Remark 2.1. Forn = 1, we recapture fronf2.8|) the Ostrowski type inequalities incorporated
in Theorem$ 1]1 arid 1.2.

3. THE CASE OF TWO POINTS

The following proposition is a particular case of Corollary] 2.37i0& 2 and will be consid-
ered in some details since there are important for applications.

Proposition 3.1. Let (X, ||-||) be a Banach space with the Radon-Nikodym property And
la,b] — X be an absolutely continuous function @nb]. If a < x; < 2o < b (b > a) and
t € [0, 1] satisfies the condition

1 —a To —

(0<) — <t< — (<1,
then we have the inequalities
) ) [ 16ras = 0= 0 les @)+ =0 )

AJMAA Vol. 1, No. 2, Art. 8, pp. 1-17, 2005 AIJMAA
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(@1 = ) N gy + [ (2 = )+ [tb+ (1= 1)@= 252 11y 0
(0= w2) 1l

1+1
@ ), /
1
b+ (=t a—2)™ 4 @ —th— (1= N s a
—0—(()— x2>1+1/q |Hf,|H[x2,b],P} , D> 1,%-1- é =1,f € Lp([a, b] §X)§

IN

€T —(,12 2 " . 2

2 1 g+ (40 =207+ [0 (1= 00 = 2520 7 M
b—wx2)*

=22 0 e s € Lo ([ )5 X)

(max{o—a g (o2 o)+ [b+ (L= t)o = =520 =} 1o

m {(z1—a)™ + b+ (1 —t)a—a)™ + (za —th— (1 —t)a)™
1
+ (0= 22)™ } N o 2 > Lp + 5 =1 f € Ly ([a,b]; X);

IN

z1—a)? Zira IQ
[0t b (g — ) [t (1= o — =) S
| 7€ Loo ([0 8]: ).

The following particular inequalities are of interest.
1. If 2y = a,zo = b, then for anyt € [0, 1], we have the inequalities

(3.2) W&/f@ﬂw%%WWﬂ®+ﬂ—ﬂﬂw

( [% (b—a)+ ’tb+(1 —t)a— QTH’H |||f/|||[a,b],1;

1/
e [ =D 0= ) 1 g

p>1 41 =1f€L,(ab]; X);

IN

L [F0=a+ 0+ (1= a— 22 1 oo+ € Lox (0,8]5 X)

The best inequality one can get frafh2) is for ¢ = 1, obtaining the trapezoidal rule

f(b) + f(w

1+1
g;ﬁﬁ@—@Vwﬂwwmmwp>L%+$:LfeLAmthp

(3.3) ’ (B) / f(s)ds—(b—a).

(50— a) Il llg,1

IN

L 30— ) 11l g0 ' € Loo ([a,0]; X) .

2. If oy = 222 gy = ¢3b then foranyt € | we have the inequalities

1l
0o o[ v-au(555)ca0s(52)]

AJMAA Vol. 1, No. 2, Art. 8, pp. 1-17, 2005 AJMAA
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( —a a
S g zeseg o+ [§ (0= @)+ [tb+ (L= t) @ — =2 [] 1 fsate sy
50 1 M s )
1+1
g (0= @ N e
1 3a+b) 911
3 + T [(tb+ (1—t)a— T*/)
q
B IR G R (1) K [V [
1+1
+W(b-a>+/q|’|f,|||[%357b],p’p>1’;%7—’_%:17.]“6[/7’([@’[)];)();
b7a2 2 a 2
1 g g e+ |25 0 = @)% [0+ (1= )0 = 5T 1 g, ) o
\+““vapm] '€ Loo ([0, )5 X);
(GO—a)+ |+ 1 =t)a— 21 Mpa
1 2(b—a)?*! 3a+b)4t1 a+3b g4
) G [ - a— ) (252 - (1 - ) @)™]

1+1
< (b= a) "N s P> L2+ =1, € Ly (Ja.b]: X);

| [Lo— a0+ (- t)a—22)’] 15 o € Lol ).
The best inequality one can get frafh4)) is for ¢ = 3, obtaining

/f ),f(%)w(%)‘

2
1+1
4(q+11)1/q (b_ &) T H'f,‘H[a,b},pvp > 1, 11_, + %1 =1,f"€ Lp([a,b] ;X);

(3.5)

(3= a) 1 M1

IN

\ % (b - CL)2 “|f/|H[a,b],oo ’f, € LOO ([G,b] 7X) :
Remark 3.1. One may realize that, instead of using the trapezoidal rule in approximating the
Bochner integral B) fab f (t) dt, that one should use the rule

F2) + 1 (50)
2 Y

(3.6) QT (f:a.b) = (b—a).

which provides a halving of the bound on the error.

4. THE CASE OF THREE POINTS

The case of three points is important for applications since it contains amongst others Simp-
son’s quadrature rule.
The following proposition holds:

Proposition 4.1. Let (X, ||-||) be a Banach space with the Radon-Nikodym property And
la,b] — X be an absolutely continuous function pnb| . If a < x; < x5 < 23 < b (b > a)
anda, 3,7 € [0,1] with o + 3 + v = 1 satisfies the condition

T —a To — @ T3 —a
<a< < < <1
b—a a_b—a_a—’—ﬂ_ —a(_ ),

(4.1) (0 <)
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then we have the inequalities

(4.2) H(B) / f&)dt —(b—a)af (z1) + Bf (x2) + (1 —a = 5) f (23)]

i

(1=l + (o= 10 S
+ [; (z3 — x2) + ’ a+p)b+(l1—a—p)a— a:zgﬂ“ |Hf””[x2,13],1
+ (0= 2) 1M gy 1,1 3

o { @ =" g
+ [(ab—i— (1 —a)a—xl)q+ + (zg —ab— (1 — ) )q+1]1/q |||f/|||;v1 @),
+((a+B)b+(1—a—B)a—2)™ + (23— (a+B)b— (1 —a— q“]”q

<
fommmp+w—x@“anmmmg,p>L§+5=LfeLﬂmeXx
(:m a) H|f|||[a21]00+|: (a:Q—xl) [ab+(1—a)a_x1+xz] ] |Hf|H[:r1x2]oo
[i (z3 —22)* + [(a+B)b+(1—a—B)a— %2“]2} [{ XAl F———
[+ 1 W g 00+ ' € Lo ([, 8] X)
((max {1 —a, % (x2 —x1) + |ab+ (1 — @) a — 12|
%(:cg—:1:1)—1—1(04—1-5)174—(1—04—5)@—WFT“ , RE
W {(z1—a) ™ + (ab+ (1 —a)a—2)"" + (22 —ab— (1 —a)a)™
_) et dba (1 -a—fla—z)™ 4 (o= (a+5)b— (1 - a—pfa)T

+(b_I3>Q+1} ”|f,|||[a,b],p'p> 17%4_5: 1af/ € LP([a7b] 7X)a

2 —_—
(59 4 1 (g — a0)? + [ab+ (1 — @) a — 23]’

1 (g — 22+ [(a+ )b+ (L—a = B)a—z5m]” 4 CmB ey
| [ € Ly ([a,0];X).

The following particular inequalities are of interest.
1. Assume that; = a,z, = %, 23 = banda, 8 € [0,1] so that) < o <
then we have the inequalities

1
§§O‘+5§17

a+b

(4.3) H /f t)dt — (b—a){af(Hﬁf( )“1_0‘_@“[))”
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E(b—a) +Jab+ (1 - a)a — 22 |] |1, oz
+[Eb—a)+|@+B)b+(1—a—-p)a —”%HMﬂM BEE

1 {pwwb_@wk+@y—an—a—amf“} 115 Wy 0,

(a+1)'/
+ (@4 Ab+(1-a-Ba-* V”+u—a—ﬁﬁ“@—@“1 }MfW@MM

atb
2
p>1c+c=1f€L,(ab:X);

(0 + [ab+ (1 - a)a— 2] 1], w501 o

50 Ka+ﬁb+1—a—ﬁm—w%ﬂ}mﬂm+w
I'e @ﬁLX%

max{[ b—a —|—‘ab+ (1—a)a— 32|,

[ (b—a) _|_’ a+ ) b—i—(l—a—ﬁ)a—%‘Q’bH}H’leha,b],l

m {oﬂJrl (b—a)™™ + (2 —ab— (1-a) a)q+1

F(lat Dbt (1 -a—Ba—=0" 4 1—a- 8" b-a™ )17,
p>1Ly+o=Lf€L,(ab];X);

{%(b—af—i—[ab—i—(l—a}a—%’}z

+[(a+8)b+ (1 —a—B)a— =2 b0
F1€ Loo (Ja, 1] ; X) .

It is easy to see that, the best inequality one can derive @1 (4.3) is the onezfo& and

0=

(4.4)

3 getting

o [0 [0 (29

(30— a) I Mlgp0. :

1+1
;ﬁﬁ%;?ﬁ(b—a)+/q{WfWM@§yMJ%HUWM§ﬁﬂm}

p>1i+i=1f¢€L,(ab];X);

IN

| 50— @) [ sty + I Wz ] 7 € Lo (fa 85 X)
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(1= a) 1 Mo

’ b= N M P> L2+ 5 =11 € Ly ([a,8]; X);

22+1/q(q+1)1/q

L 20— )’ 1 a0 '€ Loo ([a,0]; X) .

The inequality) incorporaté&impson’s rulas well. Indeed, if we choose= %, 6= %,
then we get from (4/3) the result

0[]t ()]

(50— a) 1 M1

IN

ga+141)/1 L1
e e (b= ) L g 117 g )

p>15 41 =1f €L, (ab]; X);

IN

|5 0= 0 [ oo e+ I ege )] 77 € Lo ([0, 8] X0
(5= a) 1 0

(2q+1+1)1/‘1
2,31+1/q(q+1)1/q

[ 55 (0= @) 1 Moo £ € Lo (la,0]5 X).

Remark 4.1. It is obvious that, if the values at “t* andb of the functionf : [a,b] — X are
available, then one should choose the rule

that provides a better approximation for the Bochner inte@%a)lf: f (t) dt than the classical
Simpson’s rule.

2. If one chooses; = 2%t g, = &b g5 — 230 then by the use of inequalitf.2)) , one

can derive estimates for the norm of difference

/f v (b_a>[af<3a+b> ﬁf<a+b)+(1_a_ﬁ)f(az3b>]

in terms of the Lebesgue norms of the derivatie
We omit the details.
For more scalar-valued three point quadrature rules/ see [6].

IN

(b= a) N F sy P> L2+ L =1, € Ly ([0, 8] X);
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