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2 SEVER S. DRAGOMIR

1. INTRODUCTION

In 1966, J.B. Diaz and F.T. Metcalf|[1] proved the following reverse of the triangle inequality:

Theorem 1.1. Let a be a unit vector in the inner product spa¢#; (-, -)) over the real or
complex number fieltl. Suppose that the vectarse H\ {0}, € {1,...,n} satisfy

(1.2) OSTSW, ie{l,...,n}.
T
Then
(1.2) el < D@
1=1 i=1

where equality holds if and only if

(1.3) 2931 =r (Z ||:Bz||> a.

A generalisation of this result for orthonormal families is incorporated in the following result

[l.

Theorem 1.2. Letay,...,a, be orthonormal vectors it{. Suppose the vectors, ..., z, €
H\ {0} satisfy
R (2] .

(1.4) 0<r < e|<|‘” H“’“>, ie{l,....,n}, ke{l,....m}.

Z;
Then

m % n n
s (3r) St = |3

k=1 =1 =1

where equality holds if and only if

m
=1

(1.6) sz = (Z Hle) Zrkak.
i=1 i=1

k

Similar results valid for semi-inner products may be found in [3] and [4].

For other inequalities related to the triangle inequality, see Chapter XVII of the bbok [5] and
the references therein.

The main aim of this paper is to point out new reverses of the generalised triangle inequality
which naturally complement the above results due to Diaz and Metcalf. New reverses for the
Schwarz inequality are provided. Applications for vector-valued integrals in Hilbert spaces are
pointed out as well.

2. SOME INEQUALITIES OF DIAZ-METCALF TYPE

The following result with a natural geometrical meaning holds:

Theorem 2.1. Let a be a unit vector in the inner product spa¢#;(-,-)) andp € (0,1). If
x; € H,1 € {1,...,n} are such that

(2.1) |z; —al| < p foreachie {1,...,n},
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REVERSES OF THETRIANGLE INEQUALITY 3

then we have the inequality

2.2) V1 —pQZ | <

with equality if and only if

(2.3) Z:c =/ 1—p? (ZII%H)

Proof. From (2.1) we have

Y

n
>
i=1

R

l|2]|* = 2Re (;,a) +1 < p?,
giving
(2.4) ||xz||2 +1— p* < 2Re(w;,a),
foreachi € {1,...,n}.
Dividing by /1 — p? > 0, we deduce

(g 2Re 2Re (zi,a)
_|_
\/7
foreachi € {1,...,n}.

(2'5) \/7 Y
On the other hand, by the elementary inequality

(2.6) £+qoz22\/p_, p,¢ >0, a>0
8%

we have

(2.7) 2 ||| < \)% +Vv1=p?

and thus, by[(2]5) an{l (2.7), we deduce
Re (z;, a)
[[4]]
for eachi € {1,...,n}. Applying Theoren] 1]1 for = /1 — p2, we deduce the desired
inequality (2.2).1

In a similar manner to the one used in the proof of Thedrem 2.1 and by the use of the Diaz-
Metcalf inequality incorporated in Theorém 1.2, we can also prove the following result:

> 1_P27

Theorem 2.2. Letay,...,a, be orthonormal vectors it{. Suppose the vectors, ..., z, €
H\ {0} satisfy
(2.8) |x; — ak|| < p, foreachi e {1,...,n}, ke {l,...,m},

wherep, € (0,1). Then we have the following reverse of the triangle inequality

(2.9) (m—20i> Dollwl < (D)
k=1 i=1 i=1

The equality holds irf (2]9) if and only if

(2.10) XZ;J; = (Z |ym,||> ST -) " a.

The following result with a different geometrical meaning may be stated as well:
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Theorem 2.3. Leta be a unit vector in the inner product spacH; (-, -)) and M > m > 0. If
x; € H,1 € {1,...,n} are such that either

(2.11) Re (Ma — x;,x; — ma) >0
or, equivalently,

(2.12) g MEm e Lar—m
2 2
holds for each € {1,...,n}, then we have the inequality
: <
(2.13) o M Z (A le :
or, equivalently,
(2.14) <m9§jwm—»§j@ _< )
=1
The equality holds irf (2.13) (or in[(Z}M)) if and only if
- 2vVmM [
2.1 = .
(2.15) 2 W%HW(ZM%DQ

Proof. Firstly, we remark that ifc, z, Z € H, then the following statements are equivalent
() Re(Z —z,2—2) >0
and
(i) |lo— 22| < )12 - 2.
Using this fact, one may simply realize thiat (2.11) dnd (2.12) are equivalent.
Now, from (2.11), we get
l:]|* +mM < (M +m)Re (z;,a),

for anyi € {1,...,n}. Dividing this inequality byv/mM > 0, we deduce the following
inequality that will be used in the sequel

Jal® | s M A m |
(2.16) \/m—M mM < Tl Re (z;,a),

foreachi € {1,...,n}.
Using the inequality| (2]6) from Theorgm 2.1, we also have

2
(2.17) 2 ||z]| < JLLLMjL\/mM,
m

foreachi € {1,...,n}.
Utilizing (2.18) and|[(2.1]7), we may conclude with the following inequality
M+m

il < Re (z;,a),

] £ 5~ Re (i)

which is equivalent to

(2.18) 2vmM_ Re (@ a)
m+M i

foranyi € {1,...,n}.
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Finally, on applying the Diaz-Metcalf result in Theor.l 1 foe 2V+M , we deduce the
desired conclusion.

The equivalence between (2/13) apd (2.14) follows by simple calculation and we omit the
details.n

Finally, by the use of Theorem 1.2 and a similar technique to that employed in the proof of
Theorenj 2.3, we may state the following result:

Theorem 2.4.Leta,,...,a, be orthonormal vectors i/. Suppose the vectors, ..., z, €
H\ {0} satisfy
(2.19) Re (Myay — 4, 2 — ppag) > 0,
or, equivalently,
My, +
(2.20) ’ T — leukak' 5 (Mi— ),

foranyi € {1,...,n} andk € {1,...,m}, whereM; > u, > 0 foreachk € {1,...,m}.
Then we have the inequality

(2.21) 2(2 (uﬂij\j\; ) Z|!xz|l<
k

k=1

The equality holds i (2.21) iff

(2.22) Z% =2 (Z ||$z||> 2 m TM

>

3. SOME NEW REVERSES OF THE TRIANGLE INEQUALITY

In this section we establish some additive reverses of the generalised triangle inequality in
real or complex inner product spaces.
The following result holds:

Theorem 3.1.Let (H; (-, -)) be an inner product space over the real or complex number field
Kande, z; € Hyi € {1,...,n}with|e|]| =1.If k; > 0,7 € {1,...,n}, are such that

(3.1) |z:|| — Re (e, x;) < k; foreachi e {1,...,n},

then we have the inequality

(3:2) (0=<) > llill =

n
D
i=1

i=1

The equality holds irf (3}2) if and only if

(3.3) S il =Dk
1=1 =1

and

(3.4) > = <Z el - Zk) ¢
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Proof. If we sum in [3.1) ovei from 1 ton, then we get

(3.5) > ]l < Re<e,Z:ci> +3 k.
=1 =1 =1

By Schwarz’s inequality foe and) """ | z;, we have

(3.6) Re <e,ixi> < |Re <e7ixi>
i=1 i=1

< <e,ixi> ixl ixz .
i=1 i=1 i=1

Making use of[(3.5) and (3.6), we deduce the desired inequglity (3.1).
If (8.3) and [3.4) hold, then

n n n n "
Soal =[Sl = Skl el = 3 il = S ki,

and the equality in the second part [of {3.2) holds true.

Conversely, if the equality holds if (3.2), then, obvious$ly|(3.3) is valid and we need only to
prove [3.4).

Now, if the equality holds in[(3]2) then it must hold |n (3.1) for each {1,...,n} and also
must hold in any of the inequalities in (B.6).

It is well known that in Schwarz’s inequalityu,v)| < |jul|||v| (u,v € H) the case of
equality holds iff there exists a € K such that: = Av. We note that in the weaker inequality
Re (u,v) < ||u|| ||v]| the case of equality holds iff > 0 andu = Av.

Consequently, the equality holds in all inequalities |(3.6) simultaneously iff there exists a
1 > 0 with

< lel

(3.7) pe=3u.
=1

If we sum the equalities in (3.1) ovefrom 1 ton, then we deduce

(3.8) > llwill = Re <er> =Y k.
=1 =1 =1
Replacing}"’_, [|z;|| from (3.7) into [3.8), we deduce
D lwill = wllel* =) ki,
=1 =1

from where we gets = >~ [|a]| — Y-, k. Using [3.7), we deducé (3.4) and the theorem is
proved.n

If we turn our attention to the case of orthogonal families, then we may state the following
result as well.

Theorem 3.2. Let (H; (-,-)) be an inner product space over the real or complex number field

.....

andk € {1,...,m} such that
(3.9) |zi|| — Re (ex, z;) < My, foreachie {1,...,n}, ke {1,...,m}.
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Then we have the inequality

(3.10) ;m%w%;m+m;;Mk

The equality holds true i (3.10) if and only if

(3.11) an > —ZZMZk

=1 k=1

and

(3.12) Z:,-” = (Z il — = ZZA@) Z

=1 k=1
Proof. If we sum over; from 1 ton in (3.9), then we obtain

Z |z:]] < Re <ek7 Zl’z> + Z My,
i=1 i=1 i=1

for eachk € {1,...,m}. Summing these inequalities oviefrom 1 tom, we deduce

(3.13) > ]l < %Re <Zek, in> + % DY My
=1 k=1 =1

=1 k=1
By Schwarz’s inequality fop ;" | e, and) ;" , x; we have

(3.14) Re<iek,ixi> < |Re <zm:ek,ixi>
k=1 =1 k=1 =1
<z%zﬁ|
k=1 =1

IN

IN

€k

since, obviously,

Making use of[(3.13) andl (3.114), we deduce the desired inequality] (3.10).
If (8.11)) and [(3.1PR) hold, then

T [ = [ = 3wl [
(ZHW—ZZMQ

= Z ]| — EZZM”“
i=1

i=1 k=1
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and the equality i (3.10) holds true.
Conversely, if the equality holds if (3]10), then, obviougly (B.11) is valid.
Now if the equality holds in[(3.30), then it must hold [n (3.9) for each {1,...,n} and
k € {1,...,m} and also must hold in any of the inequalities|in (3.14).
It is well known that in Schwarz’s inequalitie (u,v) < |jul| ||v|, the equality occurs iff
u = \v with A > 0, consequently, the equality holds in all inequalities (B.14) simultaneously
iff there exists au > 0 with

(3.15) 0> e =3 a
k=1 =1

If we sum the equality i{ (3]9) overfrom 1 ton andk from 1 tom, then we deduce

(3.16) mZHxZH — Re <Zek,2$i> :ZZM’k
i=1 k =1

=1 i=1 k=1

Replacing)_" ; z; from (3.15) into[(3.1p), we deduce
w3l = 1> el = S0 My
i=1 k=1 i=1 k=1
giving

p= SNl = ST M
=1

i=1 k=1

Using (3.15), we deducg (3]12) and the theorem is proged.

4. FURTHER REVERSES OF THE TRIANGLE |INEQUALITY

In this section we point out different additive reverses of the generalised triangle inequality
under simpler conditions for the vectors involved.
The following result holds:

Theorem 4.1. Let (H; (-,-)) be an inner product space over the real or complex number field
Kande,z; € H,i € {1,...,n} with |le|| = 1. If p € (0,1) andz;, i € {1,...,n} are such
that

4.1) |z; —e]| < p foreachi e {1,...,n},

then we have the inequality

P’ -
< R X
SN = <Zx >

>

i=1

@2) (0 s)Z ]| — Zx@-

p?

<
\/1—p2<1—|— 1—p2)
The equality holds irf (4]2) if and only if

n 2 n
4.3 A > P R
(4.3) ;qu 1_p2<1+ 1_,,2) <Zx >
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and

(4.4) Y T = Y ||| — v Re< " mi,e> e.
ZZ_; (2 V1= (1—1-\/1—,02) z_; )

Proof. We know, from the proof of Theorefn 3.1, that, [if (4.1) is fulfilled, then we have the
inequality

ol < s e i
foreachi € {1,...,n}, implying
1
(4.5) |zi|| — Re(x;,e) < | —=——= —1] Re(x;,¢€)
1—p?
p2

foreachi € {1,...,n}.
Now, making use of Theorejm 2.1, for

2
ki == Re (z;,e), 1€{1,...,n},

VI-7 (1+v1-7)

we easily deduce the conclusion of the theorem.
We omit the detailsn

We may state the following result as well:

Theorem 4.2. Let (H; (-,-)) be an inner product space arde H, M > m > 0. If z; € H,
i€ {1,...,n} are such that either

(4.6) Re (Me — z;, z; — me) > 0,
or, equivalently,
4.7) xi—M+me SE(M—m)
2 2
holds for each € {1,...,n}, then we have the inequality
n n (m _ \/m) n
(4.8) 0< il — il < Re Z;, e
( ); [l ; WrsTi ;
2
GEORE
2vVmM ; v

The equality holds irf (418) if and only if

" VT = ym) n
(4.9) ;Hxill > ( N ) Re <in,6>
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and
. . VT - ym) :
(4.10) Zmz = ZH%H - ( NNTi > Re <in,e> e.

Proof. We know, from the proof of Theorefn 2.3, that [if (4.6) is fulfilled, then we have the
inequality

M+m
;|| < Re (x;, e
il 2v'mM i ¢)
for eachi € {1,...,n}. Thisis equivalent to

2

(A7 )

ill — Re(x;,e) < Re (z;,
ol = Re {z € < St Re i €)

foreachi € {1,...,n}.
Now, making use of Theorem 3.1, we deduce the conclusion of the theorem. We omit the
details.n

Remark 4.1. If one uses Theorein 3.2 instead of Theofen 3.1 above, then one can state the
corresponding generalisation for families of orthonormal vectors of the inequd]iti¢s (4.2) and
(4.9) respectively. We do not provide them here.

Now, on utilising a slightly different approach, we may point out the following result:

Theorem 4.3.Let (H; (-, -)) be an inner product space ov&rande, z; € H,i € {1,...,n}
with |le]| = 1. If r; > 0,4 € {1,...,n} are such that

(4.11) |x; —e|| <r; foreachie {1,... ,n},
then we have the inequality

n

1

i=1

(4.12) 0<> il —
=1

The equality holds irf (4.12) if and only if

(4.13) Sl = 5300
=1

i=1

n
>
i=1

and
n n 1 n
(4.14) ZI’ = (Z || ]| — 5 ZT?) e.
=1 =1 i=1
Proof. The condition[(4.11) is clearly equivalent to
(4.15) l2]|* + 1 < Re (x;, €) + 12

foreachi € {1,...,n}.
Using the elementary inequality

(4.16) 2 [laill < flill” + 1,
for eachi € {1,...,n}, then, by [(4.1p) and (4.16), we deduce

2 ||z]| < 2Re (z;,€) + 77,
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giving
1
(4.17) ||zi]| — Re (x;,e) < 57”3

foreachi € {1,...,n}.
Now, utilising Theorel fok; = %r?,z’ € {1,...,n}, we deduce the desired result. We
omit the detailsg

Finally, we may state and prove the following result as well.

Theorem 4.4.Let (H; (-, -)) be an inner product space ov&rande, z; € H,i € {1,...,n}
with |le|| = 1. If M; > m; > 0,i € {1,...,n}, are such that

M; ; 1
(4.18) Ty — ﬂe ‘ < - (M; —my),
2 2
or, equivalently,
(4.19) Re (M;e — z,2 — mye) >0
foreachi € {1,...,n}, then we have the inequality
_ - 1~ (M; —my)?
4.20 < | — <= —
The equality holds irf (4.20) if and only if
n 1 i (MZ — mi)Q
4.21 > = -

and

n

@.22) > i - (Z o] - iZ%) :
i=1 i=1 i=1 ¢ ¢

1=

Proof. The condition[(4.18) is equivalent to:

M; i\ M; i 1
i]* + (#) <2Re <$i, #e> + = (M; —my)”

M; +m; 2 M;+m;\?
2 (M) il < P ()

and since

then we get

or, equivalently,

foreachi € {1,...,n}.
i 1 (Mi=my)®
Now, making use of Theore@.l fef = ;- G0 € {1,...,n}, we deduce the
desired resulty

Remark 4.2. If one uses Theorein 3.2 instead of Theofen 3.1 above, then one can state the
corresponding generalisation for families of orthonormal vectors of the inequalities i (4.12)
and [4.2D) respectively. We omit the details.
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5. REVERSES OF SCHWARZ |INEQUALITY

In this section we outline a procedure showing how some of the above results for triangle
inequality may be employed to obtain reverses for the celebrated Schwarz inequality.
Fora € H, ||la]| = 1 andr € (0, 1) define the closed ball

D(a,r):={x € H ||z —al <r}.
The following reverse of the Schwarz inequality holds:

Proposition 5.1. If =,y € D (a,r) witha € H, |ja|| = 1 andr € (0,1), then we have the
inequality
x| ||ly|| — Re(z,y
(5.1) 0 <) Jellllyll = Re @, y)
(il + llyll)

The constant in (5.1]) is best possible in the sense that it cannot be replaced by a smaller
quantity.

2.

IN

1
2

Proof. Using Theorem 2|1 fat; = z, 2, =y, p = r, we have
(5.2) VI=r2(|lz] +llyl) < [l +yll.
Taking the square in (5.2) we deduce
(L =7) (lll* + 21l Iyl + [ly1%) < llel® +2Re (z,9) + [ly]*

which is clearly equivalent t¢ (5.1).
Now, assume thatt (5.1) holds with a constant- 0 instead of} i.c.,

53) ol Iyl ~ Re e 9) _ ¢,
(Il + Tl

providedz,y € D (a,r) witha € H, ||la|]| = 1 andr € (0,1).
Lete € H with ||e|| = 1 ande L a. Definex = a +re,y = a — re. Then

lzll = V1472 =yll, Re(z,y) =11

and thus, from[(5]3), we have

1—1—7"2—(1—7"2)< )
2vI+12)’
giving
% <(1+r*)C

for anyr € (0,1). If in this inequality we let- — 0+, then we getC > % and the proposition
is proved.n

In a similar way, by the use of Theordm 2.3, we may prove the following reverse of the
Schwarz inequality as well:

Proposition 5.2.If a € H, ||a]| = 1, M > m > 0 andz,y € H are so that either
Re(Ma — x,x —ma) ,Re (Ma —y,y —ma) >0

or, equivalently,
1

m+ M
2

m+ M
2

x all, ||y — a

Y
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hold, then

(0 <) Jllllyll = Relz,y) 1 (M—m){
T (=l gl T 2AM Am
The constant cannot be replaced by a smaller quantity.

Remark 5.1. On utilising Theorenj 2|2 and Theorgm |2.4, we may deduce some similar re-
verses of Schwarz inequality providedy € N7, D (ax, p;;) , assumed not to be empty, where
ai, ..., a, are orthonormal vectors if andp,, € (0,1) for k& € {1, ..., m} . We omit the details.

Remark 5.2. For various different reverses of Schwarz inequality in inner product spaces, see
the recent survey [2], that is available as a preprint in MathematicgvArvhere further refer-
ences are given.

6. APPLICATIONS FOR VECTOR-VALUED INTEGRAL |NEQUALITIES

Let (H;(-,-)) be a Hilbert space over the real or complex number figidh] a compact
interval inR andn : [a,b] — [0, 00) a Lebesgue integrable function ¢n b] with the property

thatf n(t)dt =1.1f, by L, ([a, b] ; H) we denote the Hilbert space of all Bochner measurable

functlonsf [a,b] — H with the property thay" n () ||If (t)|]” dt < oo, then the nornj|-|[, of
this space is generated by the inner proc{uct : H x H — K defined by

Feahyi= [ 00109 0)

The following proposition providing a reverse of the integral generalised triangle inequality
may be stated.

Proposition 6.1. Let (H ( -)) be a Hilbert space ang : [a,b] — [0,00) as above. lfy €
L, ([a,b];H) is so thatf n(t)|lg(@)|°dt = 1and f; € L, ([a,b]; H),i € {1,...,n},p €
(0,1) are so that
(6.1) Ifi (t) =g @l < p

1/2

fora.e.t € [a,b] and each € {1,...,n}, then we have the inequality

(6.2) ﬁz(/ fz()th)1/2<(/abn(t)

The case of equality holds in (6.2) if and only if

n 1/2
S A = Vi Z(/ MA@Fa) g0
i=1

fora.e.t € [a,b].

Proof. Observe, by[(6]2), that

Ifi—gll, = (/abna)nfi(t)—g<t>u2dt)1/2

1/2

< (/abn(t)det> =

foreachi € {1,...,n}. Applying Theorenj 2]1 for the Hilbert spadg ([a,b]; H) , we deduce
the desired resull
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The following result may be stated as well.

Proposition 6.2. Let H, 7, g be as in Propositiof 6]1. If; € L, ([a,b]; H) ,i € {1,...,n} and
M > m > 0 are so that either

Re (Mg (t) = fi(t), fi (t) =mg (£)) = 0
or, equivalently,

m+ M 1
fi () — g(t) §§(M—m)
fora.e.t € [a,b] and each € {1,...,n}, then we have the inequality
2\/_M n b 1/2 b n 2 1/2
m
63 XU ([aomora) <( [a0|Sh0)
i=1 a a i=1

The equality holds irf (6]3) if and only if

1/2

S a0 =205 ([ ooisera) oo,

=1

fora.e.t € [a,0].

Remark 6.1. Similar integral inequalities may be stated on utilising the inequalities for inner
products and norms obtained above, but we do not mention them here.
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