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ABSTRACT. Let E be a real reflexive Banach space with a uniformigt€&aux differentiable
norm, K be a nonempty bounded closed convex subsét,df; : K — K,i = 1,2, ...,r be
a finite family of asymptotically nonexpansive mappings such that for gagh,. } C [1, ).
Let Ni_, F(7;) be a nonempty set of common fixed points(@f }/_, and define
S" = Olo] + Cleln + a2T2n + -+ arT;la
n > 1. Letu € K be fixed and le{t,,} C (0, 1) be such that,, — 1 asn — co. We prove that
the sequencéx,, },, satisfying the relation
tn t’ﬂ n
Tn=(1— ) )u+ —S"xy,,
Dn Pn
pn € [1,00) associated witt™, converges strongly to a fixed point Sfprovided E' possesses
uniform normal structure. Futhermore we prove that the iterative process K,
ln ln
Znt1 = (1 — —=)u+ —S"z,,
DPn DPn
n > 1, converges strongly to a fixed point 6f
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2 E. PREMPEH

1. INTRODUCTION

Let £ be a Banach space ard a nonempty subset af. The mappingl’ : K — K
is said to belLipschitzianif for any integern > 1, there exists a constah}, > 0 such that
Tz — T"y|| < ky||xz — y|| for all z,y € K. A Lipschitzian mappind’ is calleduniformly
k-Lipschtzianf &, = k for all n > 1, nonexpansivé k, = 1 for all n > 1, andasymptotically
nonexpansivé k, € [1,00) andlim,, k,, = 1.

In [1] Kirk introduced an iterative process given by

(1.1) Tpi1 1= oTn + a1 Ty + 0Tz + -+ 4+ Ty,

wherea; > 0,09 > 0 and>_;_,a; = 1, for approximating fixed points of nonexpansive
mappings on convex subsets of uniformly convex Banach spaces. Maiti and Saha [2] extended
the results of Kirk as follows:

Let K be a nonempty closed convex abhdundedsubset of a real Banach spage Let

T,: K — K,fori=1,2, ...,r be nonexpansive mappings and let
(12) S = Oé()] + OZ1T1 + OéQTQ + -+ Oérj;«7
wherea; > 0, ap > 0and)_;_, «; = 1. Mappingsl;, ¢ = 1,2, ..., with nonempty common

fixed points setD := N!_, F(T;) whereF(T;) := {x € K : T;(x) = z} in K are said to sat-
isfy condition A (see, e.g.,[2],[[3],[[4]) if there exists a nondecreasing funcfion0, co) —
[0, 00) with f(0) = 0, f(r) > 0 for r € (0,00), such that||z — Sz| > f(d(z, D)) for all
x € D,whered(z, D) := inf{||lx — z|| : z € D}.

In [3], Liu, Lei and Li introduced an iteration process
(13) Tpt1 = SITL

wherez; € K, and showed thafz, }, defined by (1.3) converges to a common fixed point of
{T;, i=1,2, ...,r}in Banach spaces provided tHat i = 1,2, ..., r satisfy conditionA.

In [5] Jung removed thetrongcondition A and proved the following (though not applicable
to L, spaced < p < 0o, p # 2):

Let E be a reflexive and strictly convex Banach space with unifornilye@ux differentiable
norm. LetT; : £ — E, i = 1,2, ...,r be nonexpansive mappings afd,}, be a sequence
in £ defined by the recursion relation (1.3) and suppose.that £* — E is weakly sequen-
tially continuous av if Ni_, F'(7;) is nonempty, theqz, }, convergesveaklyto a common
fixed point of {7}, T5,...,T,}.

Chidume, Zegeye and Prempeh [6] proved the following theorem which does not require
condition A and is applicable to Banach spaces includingspaces,l < p < oo, and the
convergence istrong

Theorem CZP. [6]. Let K be a nonempty closed convex subset of a strictly convex real Banach
spaceFE which has uniformly Gteaux differentiable norm. Assumgis a sunny nonexpansive
retract of £ with ) as sunny nonexpansive retraction. et: K — E,i = 1,2, ...,r

be a family of nonexpansive weakly inward mappings. Assume that every nonempty closed
bounded convex subsetigfhas the fixed point property for nonexpansive mappings. For given
u,x; € K, let{x,} be generated by the algorithm

(1.4) Tpr1 = apu+ (1 —a,)QST,, n>1,
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whereS := apl + a;T1 + - +a, T, for0 <a; <1,1=0,1,2, ...,r,>" ja; =1, and
{a,, } is a real sequence which satisfies the following conditionstir(i)x,, = 0; (i) > «, =
oo and (jii) lim 22=22=tl — 0. Then{z,} converges strongly to a common fixed point of
(1), Ty, ....T,).

Most recently Chidume and Udomené [7] have proved the following:

Let £ be a real reflexive Banach space with a uniformité&aux differentiable normis be
a nonempty bounded closed convex subsdf of’ : K — K be asymptotically nonexpansive
mapping with sequencg:, },, C [1,00). Letu € K be fixed and le{¢,,} C (0, 1) be such that
t, — 1 asn — oo, then the sequender,, },, satisfying the relation

th tn

(1.5) x, = (1— k—n)u + ET"%, n>1
converges strongly to a fixed point®fprovided ||x,, — Tz, || — 0 asn — oo andE possesses
uniform normal structure. Furthermore the iterative process K,

tn tn
(1.6) Zpt1 = (1— —)u+—=T"z,, n>1
kn ky,
converges strongly to a fixed point 6t
Giventhatl; : K — Efori=1,2,--- ,r,T; asymptotically nonexpansive and

S = OéoI+OélT1 + "‘+OCTT,«,

then we are especially informed by the modified Mann iteration method, Schu [8] (See Theorem
1.5) to define for alh > 1,

S"i=apl + oIV + -+ o T
Our main purpose in this paper to extend the Theorem CZP to a family of asymptotically

nonexpansive mappindd’;};_, with common fixed point seb := N;_, F(T;).

2. PRELIMINARIES
Let £ with dual £* be a Banach spacd is said to besmoothif for eachx € S(0, 1) the
unit sphere o7, the limit

o O e e
) t—0 t ’

exists for ally € S(0,1). If this limit exists and is attained uniformly in,y € S(0,1),thenE
is said to beauniformly smooth The norm is said to baniformly Giteaux differentiablef for
eachy € 5(0, 1), the limit exists uniformly forz € S(0, 1).

Thenormalised duality mappind : £ — E*, defined by

J(z) = {2* € B* :< 2, 2" >=||z||* = ||2*||*},r € E.

If £/is smooth the duality mapping is single-valued, anfl tias a uniformly Gteaux differ-
entiable norm then the duality mappinguis-m —to—weak* uniformly continuous on bounded
sets. (See [6]/17]/19])

Let K be a nonempty closed convex and bounded subset of the Banach Spatet
the diameterof K be defined byd(K) := sup{||z — y| : 2,y € K}. For eachz € K, let
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r(x, K) := sup{||z — y|| : y € K} and denote th€'eby3ev radius of K’ by
r(K) :=inf{r(z, K) : z € K}. Thenormal structure coefficierdf K, denoted by

N(K) := inf{fggi : Kis closed convex bounded subset of E witli&') > 0}

(See [10]). A spacd’ such thatV(E) > 1 is said to havauniform normal structure It is
known that a space with uniform structure is reflexive and that all uniformly convex or uniformly
smooth Banach spaces have uniform normal structure. (See [9]).

Let LIM be a Banach limitLIM € (I°°)* such that| LI M|| = 1,
liminf a,, < LIM,a, < limsupa, and LIM,a, = LIM,a,, for all {a,} € [*. Further-
more if {a, }n, {bn}n € [* then

(2.2) limsup a,, + LIM,b, < limsup(a, + b,).

(SeellT]).

A Banach spacer is said to bestrictly convexif |Zttettee|| <1 for z; € E, i =
1,2, ...,rwith [[z;]| =1, ¢ = 1,2, ...,r andz; # x;, for somei # j. In a strictly convex
Banach spac#, we have that ifjz1|| = ||22]| = -+ = |2, ]| = ||loaz1 + oo+ - - -+ .z, ||, for
r, € E, a; €(0,1),i=1,2,...,randsuchtha}__, o; = 1thenz; =2, = --- = z,. (See

[6]).

We shall require the following technical lemmas in the sequel.

Lemma 2.1. ([11]). Let £ be an arbitrary normed space. For eachy € £ andj € J(z + y)
we have

(2.3) lz+yl* < 2| +2 <y,j >

Lemma 2.2. ([9]). Suppose&r is a Banach space with uniform normal structufé,is a non-
empty bounded subset &fand 7 : K — K is a uniformly k-Lipschtzian mapping with
kE < N(E)%. Suppose also there exists a nonempty bounded closed convex Gubkéf
with the following property (P):

(P): xeC implies wy(z) C C

wherew,, is the weakv — limit set ofT" at z, that is, the set

{y € E:y=weak — lim;T" x for somen; 1 oo}.
ThenT has a fixed point irt'.

Lemma 2.3. ([12]). Let{a, }, be a sequence of nonnegative real numbers satisfying the follow-
ing relation: a, 11 < (1 — ay)an, + 0,, n > 1 where ()0 < o, < 1; (i) D07, o, = 00. Sup-
pose, either (ay, = o(«a,), or (b) limsup o,, < 0. Thena,, — 0 asn — oco.

3. MAIN RESULTS

We now prove the following lemma and theorems. In the sequel we déposes the Lip-
schitz’s constant of .

Lemma 3.1. Let K be a nonempty closed convex subset of a strictly convex Banach Bpace
LetT; : K — FE,i=1,2, ...,r beafamily of asymptotically nonexpansive mappings such that
N_F(T;) # ¢. Letag, aq,ag, ..., «, be a finite number of real numbers (f, 1) such that
Yoo =1landforn > 1let S™:=agl + T} + --- + o, T". Then (i)S is asymptotically
nonexpansive and (ily'(S) = Ni_, F'(T;).
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Proof. (i) Letz,y € K andforeac > 1,for1 < i <, |[T7x =Tyl < kn, ||z —yl|, kn, > 1
andlim,, k,, = 1.
15"z = S"yll = [l(aoz + Ty + -+ + @, Tx) = (aoy + Ty + - + o Ty
< aollr =yl + ) aiknllz — yll
i=1
1
< ol —y|| + pullr — y| Z%‘,pn =max{k,,, i=1,2,...,7}
=1
= (1= ) +p. Y aille—yl
i=1 i=1
= [+ a—1 ) aillz -yl
i=1
< pollz =yl

wherep,, > 1 for all n andlim,, p,, = 1. ThereforeS is asymptotically nonexpansive.
(i) Let w € NI_, F(T;), thenVi, T,w = w. Then:

Sw = ow+aoTiw+ -+ o,Tw

r
:U)EOQ‘
0

= w.

Thusn_, F(T;) C F(S).

Next we show thatF'(S) C Ni_, F(T;). Supposer € F(S), thenv € F(S™) and forw €
" F(T;), we have

lv—w| = |aw+ v+ -+ o T v —w

= |lap(v —w) + o (TT'v —w) + -+ + a,. (Tl v — w)||

T
< ol —w|+ Y @l T —wl.
i=1

Then takinglim,, throughout we have:

T
lo—wl| < lim{agllo —w] + ) ail| /v — wl|}
1=1

r—1

= agpllv —wl|| + Zai lim ||7]"v — w|| + o, lim || T v — w||
=1
r—1

aollv —wl + Y eqlimky, o — w|| + lim o || T/0 — w]|
=1

IN

IN

.
apllv — w|| + Zai lim &y, ||v — w||

=1
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.
< agllv —w| + Zai lim p, ||v — w||
i=1

T
= flv—w| )«
5=0

= v —wl.

From the foregoing we have
r—1

lo —wll =) ajllo = wl + o lim |70 — w]

=0
therefore
arllv —w| = o, lim ||T)'v — w||.
Hence,
|lv —w| = lim ||T'v — w]|.
Similarly we have
|lv —wl| =lm | T/ v —wl|, i=1,2, ...,7r—1

but also
v —w|| = lao(v = w) + Y e (T7v — w)].
=1

By strict convexity ofE,
v—w=1lm(T/'v—w), 1=1,2, ...,
Hence
(3.1) v=I1imT"v, 1=1,2,...,7.
Then,Tyv = Lim T;(T/w) = lim 7" 'v = v, by (3.1). Therefordjv = v, i = 1,2, ..., 7.

Hencev € F(T;), i = 1,2, ...,r, and sov € NI_, F(T;) implying that F'(S) C Ni_, F'(T;).
HenceF'(S) = N F(T;), forn € N. O

Theorem 3.2. Let E be a real Banach space with a uniformlyat8aux differentiable norm
possessing uniform normal structut&, a nonempty closed convex and bounded subsgt of
S : K — K an asymptotically nonexpansive mapping With },, C [1,00). Letu € K be
fixed,{t,}, C (0,1) be such thatim ¢, = 1, andlim 225 = 0. Then

TL_tTL
(i) for each integem > 1, there exists a unique, € K such that
tn tn
(3.2) z,=(1—-—)u+—S"z,
Pn Pn

and, if in addition lim,, ., ||z, — Sx,|| = 0, then
(i) the sequencéz,, },, converges strongly to a fixed point.8f

Proof. First we observe that sinc¥(F) > 1 andp, — 1 asn — oo there exists an integer
N > 0 and a constant > 0 such that

pn < L < N(E)2,¥n > N.
For each integen > 1, the mappingf,, : K — K defined for each € K by

for = (1— t—n)u + t—nS”x

n Pn
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is a contraction. It follows that there exists a unigtyee K such thatf,,x,, = x,,. Define the
mappinge : K — R by
o(y) = LIM, ||z, — y[*, Yy € K.

SinceF is reflexive,p(y) — oo as||y|| — oo, ¢ is continuous and convex, there is some K
such that¢(z) = inf ek ¢(y). Thus the sef(,;, = {x € K : ¢(x) = infex d(y)} # ¢. It
is also convex and closed. Furthéf,,;, has property P). This follows as in([7],[[9]. Hence
Kpin N F(S) # ¢.
Letz* € K N F(S) and lett € (0,1). Then (1 —¢)z* + tu € K. It follows that
o(z*) < ¢((1 — t)z* + tu). Using inequality[(2.3) we have

(1 —t)a* +tu) — ¢(a*)
- t
< 2LIM, <u—2a*,j(z, — " —tlu—2")) > .

0

This implies thatL I M,, < u — x*, j(x, — 2* — t(u — z*)) >< 0. In the limit ast — 0, sincej
iSs norm — to — weak* continuous, we have that

(3.3) LIM, <u—2z*, j(z, —2") ><0.

SinceS is asymptotically nonexpansive witlp, },, C [1, 00) we have

< xp—S"xp, j(T, — ") > <xp—a i, —2%) > — < S"w, — 2", j(x, — ") >

>l = 2" = 15" 2 — 27lzn — 27|
> lzn = 27l = pallen — 27|

= (0 = Dz — 27"

> _(pn - 1>d2

whered = diam K. Sincex,, is a fixed point off,,, it follows that

n_tn
xn—Snxn:p ; (u—zy,)

and from the last inequality,

pnt— b <U— T, j(n — %) >> —(pp — 1)d?
or '
< Xy — Uy j(x, — ) >< %dQ
where®2=-1) —, ( asn — oo. Therefore
(3.4) limsup < z,, — u, j(x, —2") ><0.

We also have using (3.1)
limsup ||z, — 2*||*> + LIM,, < 2* —u, j(z, — 2*) >< limsup < z,, — u, j(x, — ) > .
From inequalities[(3]3) anfl (3.4) we deduce that

limsup ||z, — 2*||> < limsup < z, — u, j(x, — %) >
0.

VAN

Hence{z, }, converges strongly to* € F(5). O
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Theorem 3.3.Let E be a real Banach space with uniformlyi@aux differentiable norm pos-
sessing uniform normal structurdy be a nonempty closed convex and bounded subset of
E, S : K — K be an asymptotically nonexpansive mapping with sequéncl, C [1, o).

Letu € K be fixed{t,}, C (0,1) be such thatim¢,, = 1, t,p, < 1, andlimﬁ = 0.
Define the sequende,, },, iteratively byz; € K,

tn tn
(3.5 Zpp1 = (1 — —)u+ —S"z,, n=1,2, ...
Dn Dn
Then
(i) for each integem > 1, there is a unique:,, € K such that
ln ln
T, =(1— —)u+ —5"z,;
n Dn

and if in additionlim ||z, — Sz,[| = 0, [[2, — S"2,[| = o(1 — I*), then
(i) {z.}» converges strongly to a fixed point &f

Proof. From (3.2)
t ty

Ty — 2n = (1 — p—n)(u — Zn) + p—(S"xn — Zn).
Applying inequality [(2.8), we have
b an
|20 — Zn||2 < _2||S Tn — zn||2 +

tn )
+2(1— —) <u—zy,j(xy, — 2,) >

Pn
> _2”5 Ty — Zn||” +
tn - 2 2
+2(1 — =) <u—xn,j(x, — 20) > 405 |20 — 20|
Pn
t%z 2 2 n
< E{PnHﬂ?n — znl|” + 2pnl|Tn — 20 l[[S" 20 — 2ul| +
+ HS “n — zn||2} + 2(1 - p_){< u— xm](xn - Zn) > —i—pi”xn - Zn||2}
tn
= {1-(1- p—)}zpinn — zll” +
+ 15" 2n = zal{2pnl|zn — 2all + 1520 — 20|} +
tn .
+2(1 — p_){< U— T, (T — 2,) > +P2 |20 — 2a]|*}
t :
< {1+(1- ])—)2}Pi||$n — znllP + 15" 20 — 2zl M +

n

tn .
+2(1 — =) <u—zp, j(x, — 2,) >
Pn

for some constanmt/. It follows that
[y — 1+ p(1— )
tn
(1—22)
M|z, — S™z,||
1— i

Pn

IA

limsup < u — @, j(2, — ) > lim sup ||z, — 2,|]* +

+ lim sup
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Since{z,} and{zx,} are bounded{S"z, } is bounded, and also single,, — 5"z, |
=o(1 — ;—2), it follows that
(3.6) limsup < u — x,, (2, — ) ><0.
Moreover by Theorenj (3.2);,, — z* € F(S) asn — oo. But

<U—Tp, Jj(2n —Tp) > = <u—a"j(zp—2") >+ <u—2a"j(zp —x,) — J(2n —2%) > +
(3.7) + < x* —xp, j(zn — 1) >

Now < z* — zy,, j (2, — @) >— 0@sn — oo, < u — x*, j(2, — ) — j(2n, —2*) >— 0 a@s
n — oo. Therefore from[(3]6) andl (3.7) we obtain

limsup < u — z*, j(z, —z%) >< 0.
From the iterative process (8.1) and inequality|(3.2) we have

(3.8) Zpy1 — 2" = (1 — Zf—n)(u — ")+ Zf—n(S’”zn —a")

n Prn

and the following estimates:

t2 tn . "

2 — 2|7 < 218"z, — 2P +2(1 = =) <w—a",j (201 — 27) >
tn * 12 t” * . *

< p—||zn—93 | +2(1—p—)<u—$,](2n+1—$)>

= (I —an)llzn — I*||2 + 20,8,
whereq,, = (1 — It)—’;) andg, =< u — z*,j(zp41 — 2*) >, and thatlimsup a,, 3, < 0. It
therefore follows from Lemmfa 2.3 that — z*, asn — oo, completing the proof. OJ

Remark 3.1. Lim and Xu [9] have shown that a sequereg}, C (0, 1) satisfying the condi-
tions of the theorems above always exists. The example given by théemismin{1l — (p, —

Dz, 1—-n'}n=12,....
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