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ABSTRACT. Let E be a real reflexive Banach space with a uniformly Gâteaux differentiable
norm,K be a nonempty bounded closed convex subset ofE, Ti : K → K, i = 1, 2, . . . , r be
a finite family of asymptotically nonexpansive mappings such that for eachi, {kni

} ⊂ [1,∞).
Let ∩r

i=1F (Ti) be a nonempty set of common fixed points of{Ti}r
i=1 and define

Sn := α0I + α1T
n
1 + α2T

n
2 + · · ·+ αrT

n
r ,

n ≥ 1. Let u ∈ K be fixed and let{tn} ⊂ (0, 1) be such thattn → 1 asn →∞. We prove that
the sequence{xn}n satisfying the relation

xn = (1− tn
pn

)u +
tn
pn

Snxn,

pn ∈ [1,∞) associated withSn, converges strongly to a fixed point ofS providedE possesses
uniform normal structure. Futhermore we prove that the iterative process:z1 ∈ K,

zn+1 := (1− tn
pn

)u +
tn
pn

Snzn,

n ≥ 1, converges strongly to a fixed point ofS.
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2 E. PREMPEH

1. I NTRODUCTION

Let E be a Banach space andK a nonempty subset ofE. The mappingT : K → K
is said to beLipschitzianif for any integern ≥ 1, there exists a constantkn > 0 such that
‖T nx− T ny‖ ≤ kn‖x− y‖ for all x, y ∈ K. A Lipschitzian mappingT is calleduniformly
k-Lipschtzianif kn = k for all n ≥ 1, nonexpansiveif kn = 1 for all n ≥ 1, andasymptotically
nonexpansiveif kn ∈ [1,∞) andlimn kn = 1.

In [1] Kirk introduced an iterative process given by

(1.1) xn+1 := α0xn + α1Txn + α2T
2xn + · · ·+ αrT

rxn,

whereαi ≥ 0, α0 > 0 and
∑r

i=0 αi = 1, for approximating fixed points of nonexpansive
mappings on convex subsets of uniformly convex Banach spaces. Maiti and Saha [2] extended
the results of Kirk as follows:

Let K be a nonempty closed convex andboundedsubset of a real Banach spaceE. Let
Ti : K → K, for i = 1, 2, . . . , r be nonexpansive mappings and let

(1.2) S := α0I + α1T1 + α2T2 + · · ·+ αrTr,

whereαi ≥ 0, α0 > 0 and
∑r

i=0 αi = 1. MappingsTi, i = 1, 2, . . . , r with nonempty common
fixed points setD := ∩r

i=1F (Ti) whereF (Ti) := {x ∈ K : Ti(x) = x} in K are said to sat-
isfy condition A: (see, e.g., [2], [3], [4]) if there exists a nondecreasing functionf : [0,∞) →
[0,∞) with f(0) = 0, f(r) > 0 for r ∈ (0,∞), such that‖x− Sx‖ ≥ f(d(x, D)) for all
x ∈ D, where d(x, D) := inf{‖x− z‖ : z ∈ D}.

In [3], Liu, Lei and Li introduced an iteration process

(1.3) xn+1 := Sxn

wherex1 ∈ K, and showed that{xn}n defined by (1.3) converges to a common fixed point of
{Ti, i = 1, 2, . . . , r} in Banach spaces provided thatTi, i = 1, 2, . . . , r satisfy conditionA.

In [5] Jung removed thestrongconditionA and proved the following (though not applicable
to Lp spaces1 < p < ∞, p 6= 2):

Let E be a reflexive and strictly convex Banach space with uniformly Gâteaux differentiable
norm. LetTi : E → E, i = 1, 2, . . . , r be nonexpansive mappings and{xn}n be a sequence
in E defined by the recursion relation (1.3) and suppose thatJ−1 : E∗ → E is weakly sequen-
tially continuous at0 if ∩r

i=1F (Ti) is nonempty, then{xn}n convergesweaklyto a common
fixed point of{T1, T2, . . . , Tr}.

Chidume, Zegeye and Prempeh [6] proved the following theorem which does not require
condition A, and is applicable to Banach spaces includingLp spaces,1 < p < ∞, and the
convergence isstrong:

Theorem CZP. [6]. LetK be a nonempty closed convex subset of a strictly convex real Banach
spaceE which has uniformly Ĝateaux differentiable norm. AssumeK is a sunny nonexpansive
retract of E with Q as sunny nonexpansive retraction. LetTi : K → E, i = 1, 2, . . . , r
be a family of nonexpansive weakly inward mappings. Assume that every nonempty closed
bounded convex subset ofK has the fixed point property for nonexpansive mappings. For given
u, x1 ∈ K, let {xn} be generated by the algorithm

(1.4) xn+1 = αnu + (1− αn)QSxn, n ≥ 1,
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THEOREMS FOR AFINITE FAMILY OF ASYMPTOTICALLY NONEXPANSIVE MAPS 3

whereS := a0I + a1T1 + · · · + arTr, for 0 < ai < 1, i = 0, 1, 2, . . . , r,
∑r

i=0 ai = 1, and
{αn} is a real sequence which satisfies the following conditions: (i)lim αn = 0; (ii)

∑
αn =

∞ and (iii) lim |αn−αn−1|
αn

= 0. Then{xn} converges strongly to a common fixed point of
{T1, T2, . . . , Tr}.

Most recently Chidume and Udomene [7] have proved the following:
Let E be a real reflexive Banach space with a uniformly Gâteaux differentiable norm,K be

a nonempty bounded closed convex subset ofE, T : K → K be asymptotically nonexpansive
mapping with sequence{kn}n ⊂ [1,∞). Let u ∈ K be fixed and let{tn} ⊂ (0, 1) be such that
tn → 1 asn →∞, then the sequence{xn}n satisfying the relation

(1.5) xn := (1− tn
kn

)u +
tn
kn

T nxn, n ≥ 1

converges strongly to a fixed point ofT provided ‖xn − Txn‖ → 0 asn →∞ andE possesses
uniform normal structure. Furthermore the iterative processz1 ∈ K,

(1.6) zn+1 := (1− tn
kn

)u +
tn
kn

T nzn, n ≥ 1

converges strongly to a fixed point ofT .
Given thatTi : K → E for i = 1, 2, · · · , r, Ti asymptotically nonexpansive and

S := α0I + α1T1 + · · ·+ αrTr,

then we are especially informed by the modified Mann iteration method, Schu [8] (See Theorem
1.5) to define for alln ≥ 1,

Sn := α0I + α1T
n
1 + · · ·+ αrT

n
r .

Our main purpose in this paper to extend the Theorem CZP to a family of asymptotically
nonexpansive mappings{Ti}r

i=1 with common fixed point setD := ∩r
i=1F (Ti).

2. PRELIMINARIES

Let E with dualE∗ be a Banach space.E is said to besmoothif for eachx ∈ S(0, 1) the
unit sphere ofE, the limit

(2.1) ϑ = lim
t→0

‖x + ty‖ − ‖x‖
t

,

exists for ally ∈ S(0, 1). If this limit exists and is attained uniformly inx, y ∈ S(0, 1),thenE
is said to beuniformly smooth. The norm is said to beuniformly Ĝateaux differentiableif for
eachy ∈ S(0, 1), the limit exists uniformly forx ∈ S(0, 1).

Thenormalised duality mappingJ : E → E∗, defined by

J(x) := {x∗ ∈ E∗ :< x, x∗ >= ‖x‖2 = ‖x∗‖2}, x ∈ E.

If E is smooth the duality mapping is single-valued, and ifE has a uniformly Ĝateaux differ-
entiable norm then the duality mapping isnorm−to−weak∗ uniformly continuous on bounded
sets. (See [6], [7], [9])

Let K be a nonempty closed convex and bounded subset of the Banach spaceE. Let
the diameterof K be defined byd(K) := sup{‖x− y‖ : x, y ∈ K}. For eachx ∈ K, let
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4 E. PREMPEH

r(x, K) := sup{‖x− y‖ : y ∈ K} and denote thĕCebys̆ev radius ofK by
r(K) := inf{r(x, K) : x ∈ K}. Thenormal structure coefficientof K, denoted by

N(K) := inf{d(K)

r(K)
: K is closed convex bounded subset of E withd(K) > 0}

(See [10]). A spaceE such thatN(E) > 1 is said to haveuniform normal structure. It is
known that a space with uniform structure is reflexive and that all uniformly convex or uniformly
smooth Banach spaces have uniform normal structure. (See [9]).

Let LIM be a Banach limit.LIM ∈ (l∞)∗ such that‖LIM‖ = 1,
lim inf an ≤ LIMnan ≤ lim sup an andLIMnan = LIMnan+1 for all {an} ∈ l∞. Further-
more if{an}n, {bn}n ∈ l∞ then

(2.2) lim sup an + LIMnbn ≤ lim sup(an + bn).

(See [7]).
A Banach spaceE is said to bestrictly convexif ‖x1+x2+···+xr

r
‖ < 1 for xi ∈ E, i =

1, 2, . . . , r with ‖xi‖ = 1, i = 1, 2, . . . , r andxi 6= xj, for somei 6= j. In a strictly convex
Banach spaceE, we have that if‖x1‖ = ‖x2‖ = · · · = ‖xr‖ = ‖α1x1+α2x2+ · · ·+αrxr‖, for
xi ∈ E, αi ∈ (0, 1), i = 1, 2, . . . , r and such that

∑r
i=1 αi = 1 thenx1 = x2 = · · · = xr. (See

[6]).

We shall require the following technical lemmas in the sequel.

Lemma 2.1. ([11]). LetE be an arbitrary normed space. For eachx, y ∈ E andj ∈ J(x + y)
we have

(2.3) ‖x + y‖2 ≤ ‖x‖2 + 2 < y, j >

Lemma 2.2. ([9]). SupposeE is a Banach space with uniform normal structure,K is a non-
empty bounded subset ofE and T : K → K is a uniformly k-Lipschtzian mapping with
k < N(E)

1
2 . Suppose also there exists a nonempty bounded closed convex subsetC of K

with the following property (P):
(P): x ∈ C implies ωw(x) ⊂ C
whereωw is the weakω − limit set ofT at x, that is, the set

{y ∈ E : y = weak − limjT
njx for somenj ↑ ∞}.

ThenT has a fixed point inC.

Lemma 2.3. ([12]). Let{an}n be a sequence of nonnegative real numbers satisfying the follow-
ing relation: an+1 ≤ (1− αn)an + σn, n ≥ 1 where (i)0 < αn < 1; (ii)

∑∞
n=1 αn = ∞. Sup-

pose, either (a)σn = o(αn), or (b) lim sup σn ≤ 0. Thenan → 0 asn →∞.

3. M AIN RESULTS

We now prove the following lemma and theorems. In the sequel we denotekni
as the Lip-

schitz’s constant ofT n
i .

Lemma 3.1. Let K be a nonempty closed convex subset of a strictly convex Banach spaceE.
LetTi : K → E, i = 1, 2, . . . , r be a family of asymptotically nonexpansive mappings such that
∩r

i=1F (Ti) 6= φ. Let α0, α1, α2, . . . , αr be a finite number of real numbers in(0, 1) such that∑r
i=0 αi = 1 and forn ≥ 1 let Sn := α0I + α1T

n
1 + · · ·+ αrT

n
r . Then (i)S is asymptotically

nonexpansive and (ii)F (S) = ∩r
i=1F (Ti).
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THEOREMS FOR AFINITE FAMILY OF ASYMPTOTICALLY NONEXPANSIVE MAPS 5

Proof. (i) Let x, y ∈ K and for eachn ≥ 1, for 1 ≤ i ≤ r, ‖T n
i x−T n

i y‖ ≤ kni
‖x−y‖, kni

≥ 1
andlimn kni

= 1.

‖Snx− Sny‖ = ‖(α0x + α1T
n
1 x + · · ·+ αrT

n
r x)− (α0y + α1T

n
1 y + · · ·+ αrT

n
r y)‖

≤ α0‖x− y‖+
r∑

i=1

αikni
‖x− y‖

≤ α0‖x− y‖+ pn‖x− y‖
1∑

i=1

αi, pn := max{kni
, i = 1, 2, . . . , r}

= [(1−
r∑

i=1

αi) + pn

r∑
i=1

αi]‖x− y‖

= [1 + (pn − 1)
r∑

i=1

αi]‖x− y‖

≤ pn‖x− y‖

wherepn ≥ 1 for all n andlimn pn = 1. ThereforeS is asymptotically nonexpansive.
(ii) Let w ∈ ∩r

i=1F (Ti), then∀i, Tiw = w. Then:

Sw = α0w + α1T1w + · · ·+ αrTrw

= w
r∑
0

αi

= w.

Thus∩r
i=1F (Ti) ⊂ F (S).

Next we show thatF (S) ⊂ ∩r
i=1F (Ti). Supposev ∈ F (S), thenv ∈ F (Sn) and forw ∈

∩r
i=1F (Ti), we have

‖v − w‖ = ‖α0v + α1T
n
1 v + · · ·+ αrT

n
r v − w‖

= ‖α0(v − w) + α1(T
n
1 v − w) + · · ·+ αr(T

n
r v − w)‖

≤ α0‖v − w‖+
r∑

i=1

αi‖T n
i v − w‖.

Then takinglimn throughout we have:

‖v − w‖ ≤ lim{α0‖v − w‖+
r∑

i=1

αi‖T n
i v − w‖}

= α0‖v − w‖+
r−1∑
i=1

αi lim ‖T n
i v − w‖+ αr lim ‖T n

r v − w‖

≤ α0‖v − w‖+
r−1∑
i=1

αi lim kni
‖v − w‖+ lim αr‖T n

r v − w‖

≤ α0‖v − w‖+
r∑

i=1

αi lim kni
‖v − w‖
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6 E. PREMPEH

≤ α0‖v − w‖+
r∑

i=1

αi lim pn‖v − w‖

= ‖v − w‖
r∑

j=0

αj

= ‖v − w‖.
From the foregoing we have

‖v − w‖ =
r−1∑
j=0

αj‖v − w‖+ αr lim ‖T n
r v − w‖

therefore
αr‖v − w‖ = αr lim ‖T n

r v − w‖.
Hence,

‖v − w‖ = lim ‖T n
r v − w‖.

Similarly we have
‖v − w‖ = lim ‖T n

i v − w‖, i = 1, 2, . . . , r − 1

but also

‖v − w‖ = ‖α0(v − w) +
r∑

i=1

αr(T
n
i v − w)‖.

By strict convexity ofE,

v − w = lim(T n
i v − w), i = 1, 2, . . . , r.

Hence

(3.1) v = lim T n
i v, i = 1, 2, . . . , r.

Then,Tiv = lim Ti(T
n
i v) = lim T n+1

i v = v, by (3.1). ThereforeTiv = v, i = 1, 2, . . . , r.
Hencev ∈ F (Ti), i = 1, 2, . . . , r, and sov ∈ ∩r

i=1F (Ti) implying thatF (S) ⊂ ∩r
i=1F (Ti).

HenceF (S) = ∩r
i F (Ti), for n ∈ N. �

Theorem 3.2. Let E be a real Banach space with a uniformly Gâteaux differentiable norm
possessing uniform normal structure,K a nonempty closed convex and bounded subset ofE,
S : K → K an asymptotically nonexpansive mapping with{pn}n ⊂ [1,∞). Let u ∈ K be
fixed,{tn}n ⊂ (0, 1) be such thatlim tn = 1, andlim pn−1

pn−tn
= 0. Then

(i) for each integern ≥ 1, there exists a uniquexn ∈ K such that

(3.2) xn = (1− tn
pn

)u +
tn
pn

Snxn

and, if in addition,limn→∞ ‖xn − Sxn‖ = 0, then
(ii) the sequence{xn}n converges strongly to a fixed point ofS.

Proof. First we observe that sinceN(E) > 1 andpn → 1 asn → ∞ there exists an integer
N > 0 and a constantL > 0 such that

pn ≤ L ≤ N(E)
1
2 ,∀n ≥ N.

For each integern ≥ 1, the mappingfn : K → K defined for eachu ∈ K by

fnx := (1− tn
pn

)u +
tn
pn

Snx
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is a contraction. It follows that there exists a uniquexn ∈ K such thatfnxn = xn. Define the
mappingφ : K → R by

φ(y) = LIMn‖xn − y‖2, ∀y ∈ K.

SinceE is reflexive,φ(y) →∞ as‖y‖ → ∞, φ is continuous and convex, there is somex ∈ K
such thatφ(x) = infy∈K φ(y). Thus the setKmin := {x ∈ K : φ(x) = infy∈K φ(y)} 6= φ. It
is also convex and closed. Further,Kmin has property(P ). This follows as in [7], [9]. Hence
Kmin ∩ F (S) 6= φ.
Let x∗ ∈ Kmin ∩ F (S) and lett ∈ (0, 1). Then (1− t)x∗ + tu ∈ K. It follows that
φ(x∗) ≤ φ((1− t)x∗ + tu). Using inequality (2.3) we have

0 ≤ φ((1− t)x∗ + tu)− φ(x∗)

t
≤ −2LIMn < u− x∗, j(xn − x∗ − t(u− x∗)) > .

This implies thatLIMn < u− x∗, j(xn − x∗ − t(u− x∗)) >≤ 0. In the limit ast → 0, sincej
is norm− to− weak∗ continuous, we have that

(3.3) LIMn < u− x∗, j(xn − x∗) >≤ 0.

SinceS is asymptotically nonexpansive with{pn}n ⊂ [1,∞) we have

< xn − Snxn, j(xn − x∗) > = < xn − x∗, j(xn − x∗) > − < Snxn − x∗, j(xn − x∗) >

≥ ‖xn − x∗‖2 − ‖Snxn − x∗‖‖xn − x∗‖
≥ ‖xn − x∗‖2 − pn‖xn − x∗‖2

= −(pn − 1)‖xn − x∗‖2

≥ −(pn − 1)d2

whered = diamK. Sincexn is a fixed point offn, it follows that

xn − Snxn =
pn − tn

tn
(u− xn)

and from the last inequality,

pn − tn
tn

< u− xn, j(xn − x∗) >≥ −(pn − 1)d2

or

< xn − u, j(xn − x∗) >≤ tn(pn − 1)

pn − tn
d2

wheretn(pn−1)
pn−tn

→ 0 asn →∞. Therefore

(3.4) lim sup < xn − u, j(xn − x∗) >≤ 0.

We also have using (2.1)

lim sup ‖xn − x∗‖2 + LIMn < x∗ − u, j(xn − x∗) >≤ lim sup < xn − u, j(xn − x∗) > .

From inequalities (3.3) and (3.4) we deduce that

lim sup ‖xn − x∗‖2 ≤ lim sup < xn − u, j(xn − x∗) >

≤ 0.

Hence{xn}n converges strongly tox∗ ∈ F (S). �
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8 E. PREMPEH

Theorem 3.3. Let E be a real Banach space with uniformly Gâteaux differentiable norm pos-
sessing uniform normal structure,K be a nonempty closed convex and bounded subset of
E, S : K → K be an asymptotically nonexpansive mapping with sequence{pn}n ⊂ [1,∞).
Let u ∈ K be fixed,{tn}n ⊂ (0, 1) be such thatlim tn = 1, tnpn < 1, and lim pn−1

pn−tn
= 0.

Define the sequence{zn}n iteratively byz1 ∈ K,

(3.5) zn+1 = (1− tn
pn

)u +
tn
pn

Snzn, n = 1, 2, . . . .

Then
(i) for each integern ≥ 1, there is a uniquexn ∈ K such that

xn = (1− tn
pn

)u +
tn
pn

Snxn;

and if in additionlim ‖xn − Sxn‖ = 0, ‖zn − Snzn‖ = o(1− tn
pn

), then
(ii) {zn}n converges strongly to a fixed point ofS.

Proof. From (3.2)

xn − zn = (1− tn
pn

)(u− zn) +
tn
pn

(Snxn − zn).

Applying inequality (2.3), we have

‖xn − zn‖2 ≤ t2n
p2

n

‖Snxn − zn‖2 +

+ 2(1− tn
pn

) < u− zn, j(xn − zn) >

≤ t2n
p2

n

‖Snxn − zn‖2 +

+ 2(1− tn
pn

) < u− xn, j(xn − zn) > +p2
n‖xn − zn‖2

≤ t2n
p2

n

{p2
n‖xn − zn‖2 + 2pn‖xn − zn‖‖Snzn − zn‖+

+ ‖Snzn − zn‖2}+ 2(1− tn
pn

){< u− xn, j(xn − zn) > +p2
n‖xn − zn‖2}

= {1− (1− tn
pn

)}2p2
n‖xn − zn‖2 +

+ ‖Snzn − zn‖{2pn‖xn − zn‖+ ‖Snzn − zn‖}+

+ 2(1− tn
pn

){< u− xn, j(xn − zn) > +p2
n‖xn − zn‖2}

≤ {1 + (1− tn
pn

)2}p2
n‖xn − zn‖2 + ‖Snzn − zn‖M +

+ 2(1− tn
pn

) < u− xn, j(xn − zn) >

for some constantM . It follows that

lim sup < u− xn, j(zn − xn) > ≤
[p2

n − 1 + p2
n(1− tn

pn
)2]

(1− tn
pn

)
lim sup ‖xn − zn‖2 +

+ lim sup
M‖zn − Snzn‖

1− tn
pn
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Since{zn} and{xn} are bounded,{Snzn} is bounded, and also since‖zn − Snzn‖
= o(1− tn

pn
), it follows that

(3.6) lim sup < u− xn, j(zn − xn) >≤ 0.

Moreover by Theorem (3.2),xn → x∗ ∈ F (S) asn →∞. But

< u− xn, j(zn − xn) > = < u− x∗, j(zn − x∗) > + < u− x∗, j(zn − xn)− j(zn − x∗) > +

+ < x∗ − xn, j(zn − xn) >(3.7)

Now < x∗ − xn, j(zn − xn) >→ 0 asn →∞, < u− x∗, j(zn − xn)− j(zn − x∗) >→ 0 as
n →∞. Therefore from (3.6) and (3.7) we obtain

lim sup < u− x∗, j(zn − x∗) >≤ 0.

From the iterative process (3.1) and inequality (3.2) we have

(3.8) zn+1 − x∗ = (1− tn
pn

)(u− x∗) +
tn
pn

(Snzn − x∗)

and the following estimates:

‖zn+1 − x∗‖2 ≤ t2n
p2

n

‖Snzn − x∗‖2 + 2(1− tn
pn

) < u− x∗, j(zn+1 − x∗) >

≤ tn
pn

‖zn − x∗‖2 + 2(1− tn
pn

) < u− x∗, j(zn+1 − x∗) >

= (1− αn)‖zn − x∗‖2 + 2αnβn

whereαn := (1 − tn
pn

) andβn :=< u − x∗, j(zn+1 − x∗) >, and thatlim sup αnβn ≤ 0. It
therefore follows from Lemma 2.3 thatzn → x∗, asn →∞, completing the proof. �

Remark 3.1. Lim and Xu [9] have shown that a sequence{tn}n ⊂ (0, 1) satisfying the condi-
tions of the theorems above always exists. The example given by them is:tn := min{1− (pn−
1)

1
2 , 1− n−1}, n = 1, 2, . . . .
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