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ABSTRACT. In this present investigation, the authors obtain Fekete-Szegd inequality for a cer-

tain class of analytic functiong(z) for which (ZJ{(S))Q (1 + zjf(ij))ﬁ (a, 8 > 0) liesin a

region starlike with respect tband symmetric with respect to the real axis. Also certain appli-
cation of our main result for a class of functions defined by Hadamard product (convolution) is
given. As a special case of our result we obtain Fekete-Szeg6 inequality for a class of functions
defined through fractional derivatives. Also we obtain Fekete-Szeg6 inequality for the inverse

functions.
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1. INTRODUCTION
Let A denote the class of alnalyticfunctionsf(z) defined on
A={z:zeCand|z| < 1}
and.A, be the family of functiong (z) € .4 normalized by the conditions(0) = 0, f'(0) = 1.
Such functionsf € A, have the Taylor series expansion given by

(1.2) f(z) =2+ Zakzk (z € A).
k=2

Let S be the family of functiong € A, which are univalent. Lep(z) be an analytic function
with positive real part od\ with ¢(0) = 1, ¢'(0) > 0 which maps the unit disk onto a region
starlike with respect td which is symmetric with respect to the real axis. K&{¢) be the class
of functions inf € S for which

andC(¢) be the class of functions ifi € S for which
2f"(2)
f'(2)
These classes were introduced and studied by Ma and Minda [5]. The familiarS¢lagsof
starlike functionsf ordera and the clasg’(«) of convex functionsf ordera, 0 < a < 1 are
the special case ¢f*(¢) andC(¢) respectively whem(z) = (1 + (1 — 2a)z) /(1 — z).

We now define a class of functions which unifies the clgig®) andC(¢) in the following:

1+

< ¢(z), ze€A.

Definition 1.1. Let ¢(z) be a univalent starlike function with respect to 1 which maps the unit
disk A onto a region in the right half plane which is symmetric with respect to the real axis,
#(0) = 1 and¢'(0) > 0. A function f € A s in the class\/, 5(¢) if

(ZJ{;,E?))& (1 + ZJ{//;S>>6 <¢(z) (0<a<l).

It follows that
Moa(¢) =C(¢) and M (¢) = 5%(¢).

Ma and Mindal[5] obtained the Fekete-Szeg6 inequality for functions in theClassand in
view of the Alexander result between the cl&$és) andC/(¢), the Fekete-Szegd inequality for
functions inS*(¢). Similar problem for a class of Bazilé/functions was considered recently
by Ravichandramet al. [8].

In the present paper, we prove the Fekete-Szeg6 inequality in Thgoriem 2.1 for a more general
class of analytic functions which we have defined above in Defijnitpn1.1. Also we give applica-
tions of our results to certain functions defined through Hadamard product and in particular we
consider a class defined by fractional derivatives. Also we discuss the Fekete-Szeg6 inequality
for the inverse functions.

To prove our main result, we need the following:
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Lemma 1.1.[5] If py(2) = 1 + 12 + 222 + - - - is a function with positive real part i\, then

—4v+2 ifv<0,
’CQ—UC%‘S 2 ifo<ov<l1,
4v — 2 if v>1.

Whenv < 0 or v > 1, the equality holds if and only #,(z) is (1 + z)/(1 — z) or one of its
rotations. If0 < v < 1, then equality holds if and only jif,(z) is (1 + 2%)/(1 — z?) or one of
its rotations. Ifv = 0, the equality holds if and only if

1 1 1+2 1 1 1—=z
Pi(z) (2+2>1—z+(2 2)1+z (0sAs1)
or one of its rotations. & = 1, the equality holds if and only jf; is the reciprocal of one of

the functions such that the equality holds in the case-ef0.
Also the above upper bound is sharp, it can be improved as follows Whken < 1:

lco —vei| +vle)? <2 (0<v<1/2)

and

lco —vei| + (1 =)’ <2 (1/2<v<1).
We also need the following:

Lemma 1.2. (cf. [13]) If p1(2) = 1 4 c12 + c22® + - - - is a function with positive real part in
A, then

lco — vei| < 2max{1;|2v — 1|}.
The result is sharp for the functions

_1+22

1+2
p(Z)—m7

1=z

p(2)

2. FEKETE-SZEGO PROBLEM
By making use of the Lemnja 1.1, we prove the following:
Theorem 2.1.Let¢p(z) = 1+ Bz + Boz? + Bgz® + - --. Let

2(a +203)*(Bx — B1) — [( +26) — 3(o + 40) B}

T Ko+ 35)|B? |
 2(a+28)2(Ba+ By) — [(a +26)% — 3(a + 45) B
T Ko+ 36)|B? |
 2(a+20)2By — [(a+28)? — 3(c + 48) B?
98 = A(o + 33)]| B? ’
v o= (a+28)* —3(a+48) +4u(a + 33).
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If f(z) given by[(1.]) belongs &/, 5(¢), then

1 2B B% if <
—_— e — O’
4(a+30) | 2 (a+26)27 H=
1 )
|ag — paj] < < mBl if o1 <p<oy,
1 - 2By + B% if >
— |- —_— os.
| 2a+38) | T2 (a+28)? =02
Further, ifo; < u < o3, then
2 (04 + 25)2 [ By vBy | 2 By
_ e =22y Pl
a5 —naal 53 e LB T 3 29] 2 S a9
If o5 < p < 09, then
9 (42082 [, B vBy 9 B,
_ S el [ Tt A e S
a3 — paz| + Na+30)B: | B 20a+ 207 joa]” < 2(a + 30)

These results are sharp.

Proof. If f(z) € M, s(¢), then there is a Schwarz functiar(z), analytic inA with w(0) = 0
and|w(z)| < 1in A such that

SN (14 2N _ s
&Y (Fr) (1+5)) =vwen
Define the functiom, (z) by
(2.2) pi(z) == 11_—323 =1l+cz+c2®+ -

Sincew(z) is a Schwarz function, we see thHap, (z) > 0 andp;(0) = 1. Define the function
p(z) by

/ a " B
z z z z
(2.3) p(2) == ( ]{((Z))> (1 + ]{,((Z)>> =1+biz+ b2+
In view of the equations (Z.1), (2.2), (2.3), we have
pi(z) — 1)
2.4 = et
(2.4) p(z) =¢ (pl(z) -
Since ) , \
pz)—1 1 _ Gy, G _ 34 ...
)+l 2 {az—l—(cz 2)2 + (c3+ 1 c169)2° +
therefore
z)—1 1 1 1 1
¢ <%) =1 -+ §B1012 + [531(02 — EC%) + ZBQC%] 22 4+ .-
From (2.4), we obtain
1
bl = 53161
and
by = =Bi(cy — 102) + 1B c
2 — 1(62 2 1 4 PAS|
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A computation shows that
zf'(z)

f(z)
and therefore we have
(zf’(z)
f(2)

=1+ asz + (2a3 — a3)2* + (3as + a3 — 3azag)z” + - - -

a? — 3«
— a3)z? + -

) =1+ aaz + (2aaz +

Similarly we have
L 2

=142 6as — 4a2)z> + - -
702) + 2asz + (6az — 4a3)z" +

and therefore

7 B
(1470 1 20+ (6 + 207 3500 -

Thus we have

(F) ()

2(3)% — 4
=1+ (a+20)asz + [2(04—1—36)@34— (a +26) 5 Slat B)ag 24
and in view of the equation (3.3), we see that
(25) b1 = (oz—i—?ﬁ)ag
203)? — 4
(2.6) by = 2(a+38)as+ (a +26) 5 3la+45) a3
or, equivalently, we have
@ = By
L 2a+2p)
_ 1 Biey 1 (o +28)* = 3(a+48)] o] o
“ = at3p) { > 1 [Bl_Bﬁ Aat2p Y
Therefore we have
B
= — 2 Lo — 2
(2.7) as — pas o +37) {eo —vei}

where

=12
EE LA 2(a + 26)?

Our result now follows by an application of Lemina]1.1.
To show that the bounds are sharp, we define the funcfiongn = 2,3,...) by

3
2K}, (2) o 2K}, (2) o o ,
(%25 <1+ o ) =0, Kuul0) = 0= [Kenl/(0) 1
and the functior¥, andG, (0 < A < 1) by

(HEY (1 <o (25Y). mor-0-ro-1

1 { By | [(a+28)% +4pu(a+35) — 3(a + 45)] Bl] '
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and

(zéi&((;)))a (1 + ZGCZ/(((ZZ)))B — (—Zl(er—Jr);\)) . GA(0)=0=G4(0) — 1.

Clearly the functiond<,,, F, G\ € M, 3(¢). Also we write K, := K.

If 4 < oy Or p > 04, then the equality holds if and only jf is K, or one of its rotations.
Wheno, < p < 09, then the equality holds if and only ff is K43 or one of its rotations. If
1 = o1 then the equality holds if and only jf is F\ or one of its rotations. Ifi = o, then the
equality holds if and only iff is G, or one of its rotations.

|

By making use of Lemmpa 1.2, we immediately obtain the following:

Theorem 2.2. Let f(z), ¢(z) be as in Theoremn 2.1. For complgxwe have

max{L ’_@ N (4 206)* + 4o+ 33) — 3(a + 43)]

B
By 2(a +2p)? :

b

Remark 2.1. The coefficient bounds fdr,| and|as| are special cases of our Theoren 2.1.

B
+ 36

The result is sharp.

jas — paz| =

3. APPLICATION TO FUNCTIONS DEFINED BY CONVOLUTION AND TO THE |INVERSE
FUNCTIONS

Letg(z) = 2+ 3075 gu2" (9n > 0). Define M7 ;(¢) to be the class of all functiong(z)
such that(f * g)(2) € Map(d). Sincef(z) = 2+ > 77, a,2" € MY 4(¢) if and only if
(fxg)=2z+> ", gnanz" € M, s(¢), we obtain the coefficient estimate for functions in the
classM; ;(¢) from the corresponding estimate for functions in the clags;(¢). See([8] for
more details.

Define the inverse functiofi—! by

FHf(R) =2=f(fH(2)
Then

(3.1) FHw) =w+) du™ (Jw] < ro),

wherer is greater than the radius of the Koebe domain for the dlass(¢).
Sincef~!(f(z)) = z, we have

a2+d2 = 0
a3+2a2d2+d3 = 0

and therefore we have

d3 = —a3+2a§.
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A computation now shows that
|dy — pd3| = |ag — (2 — p)ay]
and hence the Fekete-Szeg6 inequality for the inverse function follows from that of the function
f(2) . We omit the details.
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