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ABSTRACT. In this paper, we consider the monotonicity properties for ratio of two generalized
logarithmic means, and then use it to extend and complement a recently published result of F. Qi
and B.-N. Guo.
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2 CH.-P. HEN AND F. QI

The generalized logarithmic medn(a, b) of two positive numbers andb is introduced in
[2,5,[6] fora = bby L.(a,b) = a and fora # b by

prtt _ gl 1/r
(1.1) L,(a,0) = (m) 4L
(1.2) L_4(a,b) = lnllj%na = L(a,b);
1/ 1/(b—a)
(1.3) Lo(a,b) = . <5> = I(a,b),

where L(a,b) and I(a, b) are respectively called the logarithmic or exponential mean of two
positive numbers: andb. Whena # b, L,(a,b) is a strictly increasing function of. In
particular,

lim L,(a,b) = min{a,b}, lim L,(a,b) = max{a,b}.

T——00

The logarithmic meatd (a, b) can be generalized to the one-parameter mean [1, 7] o
by J,(a,b) = a and fora # b by

r(bv"—«—l _ ar—i—l)

(1.4) Jy(a,b) = D0 —a)’ r#0,—1;
(1.5) Jo(a,b) = L(a,b);

_ [G(a,0)]
(16) J_l(a, b) = W

Whena # b, J,.(a,b) is a strictly increasing function of. In particular,

lim J.(a,b) = min{a,b}, lim J,(a,b) = max{a,b}.

This work is motivated by two papers of F. Qi and B.-N. GuU0[[3, 4], who proved that let
b>a > 0andj > 0, then forr > 0,

(1.7) b << l;—Laf;del' )1/T<[< [b° /o] 1/ 6-o)

RN b+ 0% fae =)
Both bounds in[(1]7) are the best possible because of
(1.8) li ( ﬁ ab:ﬂ dz )I/T b
. 1m o = —,
r—00 b+;—a fa+ 2" dx b+ 06
T ey N
. 1m = .
0 b+;_a fab+5 o dr [(b+ 5)b+5/aa]1/(b+6fa)
It is easy to see that the inequalify (1.7) can be written-for0 as
b L.(a,b) I(a,b)

1.10 |
(1.10) b0~ Labto)  I(abt0)

The following theorem can conclude thgi) = L,(a,b)/L.(a,b+ §) is a strictly decreasing
function ofr € (—o0, 00), and then,[(1]7) can be obtained as a consequence.
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Theorem 1. Leta > 0, 7, s € R andr # s, define forz > 0,

L.(a,z) ot
(1.11) @) = To(aay "7
1, T = a.

(1) If r > s, then the functiory is strictly decreasing or0, «) and strictly increasing on
a,o0);
(2) I(f r <) s, then the functiory is strictly increasing on0, ) and strictly decreasing on
(a,00).
Proof. Taking logarithm and differentiating yields
f'(x) 1 re™™ — (r+ 1az” +a™ szttt — (s 4 1)ax® + o
F(z) Ty _a ( r(zrtt — ar ) - s(z5H — g ) )
1 (m:’““ — (r+Daz" +a"*" 1)
Tr—a r(zr+l — ar+1)
1 (sxSH — (s + Daz® + a**! B 1)
T —a S(.’l?SJrl _ as+1)
_a (_(7’ +1)(z" —a") N (s 4+ 1)(z* — as))

T —a T(QJT'H _ ar—H) S<$s+1 _ as—i—l)

(1.12)

a 1 1
T z-a <_Jr(a,x) i Js(a,x)>
_a(Jy(a,v) — Js(a,x))
(v —a)J.(a,2)]s(a,x)
SinceJ,(a, b) is a strictly increasing function efwhena # b, it is easy to see that

(1) If r > s, thenf’(z) < 0for0 < z < aandf’'(z) > 0forz > q;
(2) If r < s, thenf’(z) > 0for0 <z <aandf’'(z) < 0forz > a.

The proof is complete. O

Remarkl. If r > s, then, forc > b > a > 0,

L.(a,b) _ L.(a,c)

Ls(a,b) ~ Lg(a,c)
This shows that for any fixed > b > a > 0, the functiong(r) = L,(a,b)/L,(a,c) is strictly
decreasing ofi—oco, 00).
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