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ABSTRACT. In this paper two theorems dd, p,,; 6|, summability methods, which generalize
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Key words and phrasesAbsolute summability, summability factors, infinite series.

2000Mathematics Subject Classificat o40D15, 40F05, 40G99.

ISSN (electronic): 1449-5910
(© 2004 Austral Internet Publishing. All rights reserved.


http://ajmaa.org/
mailto: <seyhan@erciyes.edu.tr>
mailto: <nogduk@erciyes.edu.tr>
http://fef.erciyes.edu.tr/math/hikmet.htm
http://www.ams.org/msc/

2 H.S. ®ZARSLANAND H. N. OGDUK

1. INTRODUCTION

Let > a, be a given infinite series with the partial sug), and letA = (a,,) be a normal
matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then A defines the sequence-
to-sequence transformation, mapping the sequencés,,) to As = (A,(s)), where

(1.2) A,(s) —iamsv, n=0,1,...
v=0
The series  a, is said to be summablel|, , & > 1, if (see [5])
(1.2) ink_1|ZAn(s)|k < 00
n=1
where

AA,(s) = An(s) — An_1(s).

Let (p,) be a sequence of positive numbers such that

(1.3) Pn:ZpU—M)o as n—oo, (P;=p;=0,i>1).
v=0
The sequence-to-sequence transformation
(L4 =Ly
. n— 15 vSv
Pn v=0 !

defines the sequen¢g,) of the (V, p,,) mean of the sequence, ), generated by the sequence
of coefficients(p,,) (seel[3]). The serie} a, is said to be summableN,p, |,, k > 1, if (see

[11)

P k—1
(L5) S () -t

=1 \Pn

and it is said to be summabld, p,|, , k¥ > 1, if (see [4])

(1.6) f: (&)“ [AA,(s)]" < oc.

Pn

n=1
We say that the seri€s a,, is summableA, p,;d|,, k > 1 andd > 0, if

[e.o]

P\ skik-1 | k
(1.7) nzl(?n) |AA,(s)]" < 0.
In the special case wheh= 0, |4, p,; 6|, summability is the same gsl, p,, |, summability.
Also if we taked = 0 anda,, = %ﬁ’ then|A, p,; §], summability is the same 4$\7,pn
summaubility.
Let f(¢) be a periodic function with perioglr and integrable L) over (—, 7). Without any
loss of generality we may assume that the constant term in the Fourier selfies néro, so

that
/Tr f(t)dt =0
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and

f(t) ~ Z(an cosnt + b, sinnt) = Z A (t).
n=1 n=1
It is well known that the convergence of the Fourier series at x is a local property off
(i.e., depends only on the behaviourfoin an arbitrarily small neighbourhood oj, and so the
summability of the Fourier series ait= x by any regular linear summability method is also a
local property off.

Bor [2] has proved the following theorems fﬁif,pn summability methods.

Ik

Theorem 1.1.Letk > 1. If the sequencés,,) is bounded and),,) is a sequence such that

(1.8) ;%\)\n|k:0(1) as m — oo

and

(1.9) Z AN, = O (1) as m — oo,
n=1

then the serie§” a,, ), is summablg N, pn|k.

Theorem 1.2.Letk > 1. The summability N, p, |, of the seriesy’ A4, (t)), at a point is a
local property of the generating function if the conditions|1.8) (1.9) are satisfied.

2. THE MAIN RESULTS.

The aim of this paper is to generalize above theoremsA4op,; 6|, summability methods,
wherek > 1 andd > 0. Before stating the main theorem we must first introduce some further
notation.

Given a normal matrixA = (a,,), we associate two lower semimatricds= (a,,) and

A= (any) as follows:

n

(2.1) [ :Zam, n,v=0,1,..
1=v
and
(22) ZL\OO = Qoo = @00, am) = Qpy — Ap—-1p, N = L2, ..

It may be noted thatl and A are the well-known matrices of series-to-sequence and series-to-
series transformations, respectively. Then, we have

(23) An(s) = Zanvsv = Zanvav
v=0 v=0
and
(2.4) AA,(s) = Uy -
v=0

Now, we shall prove the following theorems.
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Theorem 2.1.Letk > 1 and0 < ¢ < 1/k. Let(s,) be a bounded sequence and suppose that
A = (a,,) is a positive normal matrix such that

(25) Apn—10 Z Any, fOT n 2 v+ 17
(2.6) G =1,n=0,1, ..,
(2.7) Qnn = O(%’;),

- P ok 0k—1
(2.8) D MA@ = 0{( A

n=v+1 n
and
- P ok ok

(29) Z ( ) |anv+1| - O{( ) }

n=v+1 Pn

If a sequencé),,) holds the following conditions,

o0

(2.10) SN < o
n=1 n
and
(2.11) i(P 1*|IAN,| < oo,
Pn

then the serie§ " a, )\, is summabI¢A,pn; Ol

Theorem 2.2.Letk > 1and0 < ¢ < 1/k. The summability4, p,,; §|, of the series _ A, (t)\,
at a point is a local property of the generating function if the conditipng (2.5)-(2.11) are satis-
fied.

It may be remarked that, if we take= 0 anda,, = &~ in Theore l and Theor.2,
then we get Theorefn 1.1 and Theoijen] 1.2, respectlvely

3. PROOF OF THEOREM [2.]
Let (7},) denotes A-transform of the serigsa,\,. Then we have, by (2.3) and (2.4),

n

AT, = Wy Ay Ay -
v=0
Applying Abel’s transformation to this sum, we get that

n—1 n—1
AT, = Z A, (/a\nv))\vsv + Zaﬂ,v-ﬁ-lA)‘USU + AnnAnSn
— =0

= T,(1) +T,(2) + T,.(3), say.
Since
(1) + To(2) + Tu(3)|F < 3°(ITu(D)]" + |T0(2)]* + [ T(3)[),
to complete the proof of Theorgm 2.1, it is sufficient to show that

[e.e]

P,
D BT < oo forr=1,23
— Pn
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Since(s,) is bounded, wheit > 1, applying Holder’s inequality with indices and &',
where; + -- = 1, we have that
m+1 P m+1 P
Ok+k—1 T < 5k+k 1 A am} )\ Sy k
Z(pn) (1) < Z(pn {Z\ M Aol[s0]}
m+1 P
= O(l)z D 6k+k 1{Z|A (@no)|[ A | } X {Z|A (@no) |}]C '
Since
Av(/dm)> = am)_an,erl
= Qnpy — an—l,v - an,v—&-l + a71—1711—1—1
= Qpy — Qp—1,0,
by using [2.5) and (2]6)
n—1 n—1
Z |Av(am))| - Z(an—l,v - a'm)) =1-1+ Anpn = Apn,
v=0 v=0
we get
m+1 P m+1 P
> EHEITL () = ZM Y () A @)
n=1 Dn n=v+1 P
- O 1 - & o0k—1 A k
= O(1) Y (=)™
v=0 v
= O(1) as m — oo,
by virtue of the hypothesis of Theor¢gm.1.
Again using Hélder’s inequality,
m—+1 P m—+41 P
Z(p_n)ék+k_l|Tn(2)|k < Z(p 5k+k 1{Z|anv+1||A/\ ||3U|}k
n=1 n n
m—+1 P
= 0(1)2( )RR I{Z!aanAA |} % {ZlaanAA Ha

pn
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Taking account of (2]5) anf (2.6) we have, foK v <n — 1,

Apov+1 = an o+l an 1 v+1
= g Qpg — E Ap—1
i=v+1 i=v+1

v v
= 1—5 ani_1+E Ap—_1,
=0 i=0
v

= Z(anfl,i — Qi)
i=0
n—1

< Z(anfl,i — Qi)
i=0

- 1_1+arm:ann7

where
i(an 1i— Qpi) >0
=0
Thus,
m+1 P m—+1
2;<p—:>5k+k-1|Tn<2>|k = Z|AA| Z o P k(3

| T

= 0(1)2:(pv)‘”“|AA | = O(1) as m — oo,

V=

by virtue of the hypothesis of Theor¢mP.1.
Finally, we have that

m m

Z(&)5k+’f—1|Tn<3)|k =0(1) Z(ﬂ)ék—lun\k = 0(1) as m — o0,

=1 pn n=1 n

by virtue of the hypothesis of TheorémP.1.
Therefore, we get that

m

Py
Z:(—)‘”“J“k_l|Tn(7")|]c =0(1)asm — oo, forr=1,2,3.
Pn
—1

This completes the proof of Theorgm[2.1.

4. PROOF OF THEOREM [2.2

Since the behaviour of the Fourier series for a particular value a$ far as convergence is
concerned, depends on the behaviour of the function in the immediate neighbourhood of this
point only, Theorem 2]2 is a necessary consequence of Théorem 2.1.
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