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1. INTRODUCTION

We denote by.>(a, b) the commutative Banach algebra of real-valued functions defined and
essentially bounded ofu, b). Let L be a positive linear functional oh*(a, b). UnlessL is
trivial, there is no loss of generality in taking1) = 1.

Itis well known that iff, g € L>(a,b) with m < f < M andp < g < P a.e. then

(1.1) [L(fg) — L(f)L(g)| <

In its original form this reads

ﬁl%mmmw;[mm¢LMMx

and as such is known as Griss’ Inequality. Proofs of it, of other particular cages|of (1.1), and
of (I.1) itself can be found in the literature. (Chapter 10[of [4] serves as a comprehensive
reference.)

The purpose of this note is to present some new proofs of these results, which we believe to
be of interest. We begin with some preparation.

It is clear that both[(1]1) andl (3.2) are invariant under affine transformatiofisoflg (that
isf —af+b,g— ag+ (). Inview of this we may suppose, for example, tha{and/or
p) is positive, or is zero. Indeed we could even take= p = 0 andM = P = 1. Below we
make free use of these devices, whilst staying as close to the original right hand sides of (1.1)
and [1.2) as is convenient.

We note also that to provg (1.1), for example, is it sufficient to establish it with the absolute
value signs on the left removed. For if the inequality is true without themf Bordg, then it is
also true forM + m — f andg, whence the result becomes

(M —m)(P —p).

N

(12) < LM —m)(P ~p)

L(fg) ~ L(F)Lg) = (M —m)(P ~p),

which gives[(L.]L).
Finally, there is no loss of generality if we take b) = (0, 1) and we shall do this throughout.

2. Two PrRooFs oF (1.7)

Here we give two proofs of (I].2) without the absolute value signs, and weltake P = 1
andm = p = 0. Also, for brevity, we write[ f to meanfo1 f(z)dx etc.

First proof of (1.2).Let f* and g* be the non-increasing rearrangements @nd g ([3], Sec
10.13).

Then[ f= [ f*and[g= [g¢g*but[ fg < [ f*g* so that

[ro=[s[o<[re=[r[s=[ru-[e

Note that the rearranged functions are each non-increasinglftorfin (0, 1).
We suppose that the change of signjof- | g* takes place at = «, and then definé’ via

1 fo<z<a
F(z) =
0 ifa<x<l.
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Let the change of sign df — [ F take place at = (3, say, and defin€& via
{ 1 ifo<z<p

0 ifg<z<l.

G(z) =

Then we have

[rw-[or<[ro-[o1=[sw-[r<[cw-[r
Now supposing for the sake of definiteness that [, this last expression is equal to

a—af.

But

1
a—af<a—a’ <,
which completes a proof of (1.2). O

Second proof of (I}2)Denote byKX C L>(0, 1) the closed convex set of functions which are
bounded almost everywhere byand1. For f, g € K let

W)= [t9-[1]s

Suppose now thaj is fixed. ThenV is a continuous linear functional oft. It will take its
maximum value at an extreme point &f — that is, whenf is a characteristic function taking
only values) and1 — say¢(g). Therefore

< [otar- [ o) [ o
~ [otgru—[otg) [v  wer)

In a similar way, this is maximized by

/(b(g)@(g) —/<b(g)/9(g)

for some characteristic functiatig).
We point out that just ag depends oy so doed) depend or(g) and hence also op But
whateverg may be, the upper bound &f( f, ¢) has the form

Jor- o]

for some characteristic functiogsandd satisfying, say,
¢(z) = 1 on E; and = 0 elsewhere ir{0, 1)

Next consider

and
6(z) = 1 on Ey and = 0 elsewhere ir{0, 1).

U(f,9) §/(b@—/gb/@:m(ElﬂEg)—mElmEg.
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We may suppose that £; < mFE,, and then we get

m(E1 N Ez) — mElmEQ < mE1 — (mE1)2 <

Y

A

which completes another proof ¢f (1.2). O

3. Two PrOOFs oOF (1.7)

For these two proofs we take the boundg @ndg to be M, m and P, p respectively, as there
is no advantage in not doing so. We shall prove the versions with the absolute value signs. First
we need a little more preparation. For brevity again, we wrifer L(f) andG for L(g). There
should be no confusion with the andG used before.

Consider the following quadratic ik

L((g — \)?) wherep < A < P.

This quadratic takes its minimum value @t so applying the Schwarz inequality for positive
linear functionals and remembering thatl) = 1 we get

3.1) Ly~ GI)? < L(lg ~ G) < L((g — 30 < (P~ p)"
so that
(32) L(lg ~ GI) < 5(P = ).

First proof of (1.1).SinceL(g — G) = 0 we have

L(fg) ~ L)l = |L(F o — C))] = 5 |L(2F — M —m)(g ~ G))
< SL((f = M|+ 17 —ml)|g — GI) < (M~ m)L(lg — GI).

Interchanging the roles gf andg in the first and last of these we can combine the two results
to get a ‘pre-Gruss inequality’

(33)  |L(fg) ~ LHLe)| < 5 Min|(M —m)L(g ~ GI) , (P~ p)L(S ~ FI].

which is a refinement of (1.1).

Now applying [3.2) to the former of these last two expressions we get
1 1
|L(f9) = LINHL(9)| < 5(M = m)5(P = p),

which concludes a proof of (1.1). O
Second proof of (I} 1)This proof follows quickly from[(3.[L). We have

IL(fg) — L(f)L(g)| = |L((f — F)(g — G))I,
and so

Y

IL(fg) — LIHL@I* < [L((f = F)))| |L((g — G)*)
by Schwarz’s Inequality. BY (31), this gives

Lifg) - LN L) < PP P)

and taking square roots, we have concluded another propf ¢f (1.1). O
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4. FINAL REMARKS

Remark 4.1. Inequality [3.8) is obtained in [2] by a different method. There, the sharpness of
the constant /2 is also demonstrated.

Remark 4.2. If in ([L.1)) we takef andg to be continuous ofu, b}, then in view of the form of
positive linear functionals defined @q, b], it can be written as

it [ s -5 [ ot [ o] < f0r-me -,

wherew is non-decreasing ifu, b]. Now takinga = 0, b = n andw(x) = [|z|] (the integer part
of x) and writingay, for f(k) andb, for g(k), we get the discrete form of Griss’ Inequality:

inwhichm < a, < M, andp < b, < P forall k.

Remark 4.3. Referring to the second proof df (1.2) above we remark that the same method
can be extended to the case of three or more functions. For example (leaving the details to the
reader),

/fgh—/f/g/h < m(E; N EyN E3) — mEymEymEs

2
< mE; — (mE;)? < —.
< 1 — (mEy)” < 373
The absolute value signs can now be added to the left hand side for the same reason as before.
It should be noted, however, that the analogue can only be arrived atwithp = 0 because
the affine property is absent in the case of more than two functions.

Remark 4.4. Chebyshev’'s Inequality[([4]) reads: ff andg are both increasing or both de-

creasing then
b b b
/ f9> 5 / f / 2

This can be established using the same idea as in the second prpof]of (1.2) above. Indeed,
looking instead for a minimum fo¥, we get (with the obvious changed roles foand6)

‘I’(ﬁg)2/¢9—/¢/9=m(E1ﬂE2)—mEﬂnEz,

and sincey andd are both increasing or both decreasing, this is positive. (Eaéh ,af; is an
interval and one of them is a subset of the other.)

In the same way, and in view of Remdrk]4.2 above, we can obtain an inequality due to
Andersson ([1]): Iff; are convex and increasing @h 1] with f;(0) = 0, then

/Olfl"'fnZHQ__:l/Olfl"'/olfn~

Here the extreme points are functions of the ferm(a > 0), andfo1 fl---fn—f—:l fol f1-~-f01 fn
is zero when eaclf; is an extreme point.
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