The Australian Journal of Mathematical
Analysis and Applications

AJMAA

Volume 1, Issue 2, Article 11, pp. 1-4, 2004

AN ALTERNATIVE PROOF OF MONOTONICITY
FOR THE EXTENDED MEAN VALUES

CHAO-PING CHEN AND FENG QI

Received 23 June, 2004; accepted 23 November, 2004; published 15 December, 2004.

DEPARTMENT OFAPPLIED MATHEMATICS AND INFORMATICS, RESEARCHINSTITUTE OFAPPLIED
MATHEMATICS, HENAN POLYTECHNIC UNIVERSITY, JAOzUO CITY, HENAN 454010, GiINA
chenchaoping@hpu.edu.cn, chenchaoping@sohu.com

DEPARTMENT OFAPPLIED MATHEMATICS AND INFORMATICS, RESEARCHINSTITUTE OFAPPLIED
MATHEMATICS, HENAN POLYTECHNIC UNIVERSITY, JAOzZUO CITY, HENAN 454010, GIINA
qifeng@hpu.edu.cn, tengqi618@member.ams.org
URL: http://rgmia.vu.edu.au/qgi.html,
http://dami.hpu.edu.cn/statt/qiteng.html
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1. INTRODUCTION

The generalized logarithmic medn(z, y) of two positive numbers, y is introduced in[[1],
[7], [8] for z = y by L,.(z,y) = = and forz # y by

yr+1 _ xr-ﬁ-l 1/r
(1.1) Ly(z,y) = (m) , r#-L0;
(12) L—l(wny) = lnggj%nx = L(x,y),
N /(=)

L(z,y) andI(x,y) are respectively called the logarithmic mean and exponential mean of two
positive numbers, y. Whenz # y, L,(x,y) is a strictly increasing function of In particular,

(1.4) lim L,(z,y) = min{z,y}, lim L, (z,y) = max{z,y}.
Forx # y, the following well known inequality holds clearly:
(1.5) G(z,y) < L(z,y) < I(z,y) < A(z,y),

where A(z,y) andG(z,y) are the arithmetic and geometric means of two positive numbers
x,y, respectively.
Stolarsky defined iri]7] the extended mean valtgs, s; x, y) by

s s\ 1/(s—r)
r oy —uw
E N fry Pa—— _ . 0.
o) = (S LZ2) T sl e - ) 0
1 T T 1/r
E(r,0;2,y) = (—u) : r(z —y) #0;
r lny—Inz
(16) 1 xxr 1/(xr_yr)
E(Tﬂ";%y):m(ﬁ) ; r(z —y) #0;
E(0,0;z,y) = \/zy, T #
E(r,s;z,x) = x, =1y

and proved that it is continuous on the doméin, s; z,y) : r,s € R, z,y > 0}.

Leach and Sholander showed|in [2], [3] tHatr, s; =, y) is increasing with both ands, and
with bothz andy. The monotonicities ofy has also been researched ih [5], [6] using different
ideas and simpler methods. See also [4], an expository paper. Clegtlyy) is special case
of E(r,s;x,y) sinceE(0,r; z,y) = L.(z,y).

The aim of this note is to give an alternative proof of monotonicity for the extended mean
valuesE(r, s; x,y).

Theorem. E(r, s; x,y) is strictly increasing with both and s, and with bothr andy.

2. AN ALTERNATIVE PROOF OF MONOTONICITY OF  E(r,s;z,y)
First, we prove that(r, s; z, y) is strictly increasing with both ands. We define the func-
tion ¢ by
(s —r)* OE(r,siz,y)
E(r,s;z,y) 0s
S __ .8 sl _ sl 1
S T (L

Sy — ) oo s

Y(r,s;2,y) =
(2.1)
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for rs(r — s)(x —y) # 0, and

L(z",y")
Gamyr)’
U(ryrx,y) = lm(r, s;2,y) = 0.

(2.2) b(r, 052, y) = lim o (r, 532, y) =

Then, by direct calculation, we have

W(rsty) (1 oy (lny — m)?)

Os 2 (y® — x°)?
sy (ys - IS)Q . xsysan ys —In ZL’S)2
= ( ) $2(ys — 2°)?
O Y T N s
T Ry -op Qmw—mwv y)
(L@, y")? = [G(a®, y)?

s?[L(z*, y°)]?

(2.3)

=(s—r)

for rs(r —s)(x —y) # 0.

By the well-known fact that.(z*, y®*) > G(z*,y®) for s(x — y) # 0, it is easy to see that
¥(r, s; x,y) takes its unique minimume(r, r; z,y) = 0 ats = r. This impliesy(r, s; z,y) > 0
andw > 0forrs(r—s)(x—y) # 0. Thus,E(r, s; z,y) is strictly increasing with respect
to s.

The same monotonicity can be applied to the variabknce the property of symmetry
E(T,S;l’,y) = E(S,T;Zﬁ,y).

Next, we prove that(r, s;z,y) is strictly increasing with botlxr andy. Evaluating the
partial derivative ofE(r, s; z, y) with respect tac yields forrs(r — s)(z — y) # 0

1 OE(r,s;x,y) 1 < syl ra’ ! )

(2.4) E(r,s;z,y) ox T s—r

I»S —_ yS xr _ yT
Differentiation yields

(mﬁly_xtwﬁ—ﬁ%ﬂNMﬁ—myﬂ

2t — gt (2t — yi)?
(2.5) _ 1 (Inzt — Iny?) -yt y
(zt — yt)? Inzt — Inyt

t—1 L t ot ot
_ @ @) -y
L(.flft,yt) xt _ yt

for t(x — y) # 0, which implies

OE(r, s;x,y)
ox
for rs(r — s)(x —y) # 0. Thus,E(r, s; x, y) is strictly increasing with respect ta
The same monotonicity can be applied to the variapkince the property of symmetry
E(r,s;x,y) = E(r, s;y, ). The proof is complete.

(2.6) >0
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