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ABSTRACT. In the present investigation, we obtain some sufficient conditions for a normalized
analytic functionf (z) defined on the unit disk to satisfy the condition

!
7@<arng(z)<g O<a<l;0<p<1).

2 f(2) 2
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1. INTRODUCTION

Let .4 be the class adinalytic functionsf(z) defined on the unitdisk := {2z € C: |z] < 1}
and normalized by (0) = 0 = f'(0) — 1. Let S*(«, 3) be the class of all functiong(z) € A
satisfying

ok 2f'(z)  am
5 < arg f(z) < 5
This class was introduced by Takahashi and Nunokawa[1]. We not&thata) =: SS*(«)
is the familiar class o$trongly starlike functions of order.

Tuneski[7] obtained a sufficient condition for function to be starlike in terms of the quantity
% Nunokawa and Owa[4] obtained the following sufficient condtion for function to be
strongly starlike of ordetr (0 < o < 1):

(zeA;0<a<1,0<p<1).

Theorem 1.1.If f € A satisfies

arg (1—M>‘ <X ftanta (zeAj0<a<),

=2 )1 2

thenf(z) € SS*(a).

In our present investigation, we extend the Theofem 1.1 for the &lgss 3). Also we
obtain some sufficient conditions for functions to be in the cléssy, 5). Also we give a
sufficient condition involving the argument of the quantity

Z;{;(;) 2 <f(z))//

for functions to satisfy

B 2f(z) arm
5 < arg 7(2)? < 5
We need the following result of Nunokawa, Owa, Saitoh, Cho and Takahashi [6] (see [1]) to
prove our main result:

Lemma 1.2. Letp(z) be analytic inA with p(0) = 1 andp(z) # 0. If there exists two points
21, zo € A such that

O QT

(1.1) —5 = argp(z1) < argp(z) < arg p(zy) = -

fora > 0,4 > 0, and for|z| < |z1| = |22|, then we have

z2p'(z1)  a+f
(1.2) o) —i——m
and

wp'(n) a4 p
(1.3) p(22) - 2
where

1 — |al , Ta— [
m > and a:=itan | — .
1+ |a| 4da+f

AJMAA Vol. 1, No. 1, Art. 9, pp. 1-6, 2004 AJMAA


http://ajmaa.org

ON SUFFICIENT CONDITIONS FORSTRONG STARLIKENESS 3

2. SUFFICIENT CONDITION

By making use of Lemmpa 1.2, we first prove the following:
Lemma 2.1. Letp(z) be analytic inA with p(0) = 1 andp(z) # 0. If

@1 T (1 — lal (o + B)y
2 1+ |al 2

) < arg (p(z) +7zp'(2))

1 —laf (o + 5)7)
1+ |al 2

< &4 tan™!
2
for o, 5,7 > 0, then

—%T <argp(z) < %.
Proof. Assume that there exists pointsandz, such that the inequality (1.1) holds. Then by
Lemmd 1.2,[(1]2) andl (I.3) holds whereanda are as in Lemmp 1.2. By making use [of (1.2)
and [1.3), we have

le'(21)>

arg(p(en) + 9519 (1)) = angp(en) + ang (14920
- ()

2 2
o b (1l (et 8
- 2 1+ a| 2
and
am o (1=la] (a+ B)y
/ > 0 1
arg(p(ze) + v29p'(22)) > 5 tan (1 —p 5 ,

which contradicts (2]1). This completes the prapf.
Theorem 2.2.1f f € A satisfies

ez -G () < w1105
B

[ 1—|a|l(a+P)
< “— 4tan!
p Tlan (1—|—|a| 2

for a, 8 > 0, thenf(z) € S*(a, ).
Proof. Define the functiorp(z) by

Then a computation shows that

oy TG()

Our result now follows by an application of Lemina]2yl.

Remark 2.1. Wheng = «, Theorenj 2.2 reduces to Theorem|1.1.
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Theorem 2.3.1f f € A satisfies

T e (1 —la| (e + ﬁ)v) < g (sz’(z) g (f(z))”>

2 L+ la] 2 f(2)? z
am 1 (1—la| (e + B)y
< — +tan?
p Ttan (1—|—|a| 2
fora, 3, v > 0, then
2 p/

o “METRLR T2
Proof. Define the functiomp(z) by

Then a computation shows that

p(2) +v2p'(2) =

e (2

Our result now follows by an application of Lemina]2ul.

3. ANOTHER SUFFICIENT CONDITION

We need the following result to prove our main result of this section.

Lemma 3.1. Leta, 5, > 0,

2 _
7(a,8,10) i= = tan

1 ( (1 —lal)o(a, B)usin <@) )

1+ |a| + (1 —a|])o(a, ) cos (@)

— la|)o(a, sin @
5(a’6,ﬂ):gml( (1~ Jal)o(a, Apsin (=52) >>’

T 1+ |al+ (1 —|a|)o(a, ) cos (W(IT_ﬁ)
where
( 5) B a+ 8 2—a—43 (24+a+p)/4
o, '_2—04—5 Y tat s .
If p(z2) is analytic inA andp(0) = 1 and
zp’(Z))
0o, B,p) <arg | 1+ <~(a, B, ),
(c, B, 1) g( LEE v(a, B, 1)
then
—%T <argp(z) < %.

Proof. The proof of the Lemmp 31 is essentially similar to the proof of [1, Theorem, p. 654]
and therefore omittecs

By takingp(z) = zf'(z)/ f(z) in Lemmg 3.1, we obtain the following:
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Theorem 3.2. Leta, 3, 1 > 0 andd, vy be as in Lemmg 3/1. |f € A satisfies
| 4 2G)
5(0'/767 lu) S arg (%‘2)(2)) S ’Y(Oéa ﬁa N))

f(2)
thenf(z) € S*(«, B).

4., SUFFICIENT CONDITIONS INVOLVING «-CONVEX FUNCTIONS

Theorem4.1l.let0 <a<1,0< 8 <1,u>0,A+p > 0andd,v beasin Lemmp31. If
f € A satisfies

B\ 1) + 8, B 1) < arg (A

thenf(z) € S*(«, B).
Proof. Definep(z) by

L)y (14270

e 0 )) < a(A+p) +v(a, B, 1),

)
P =)

Then a computation shows that

2F(2) )N )
M) “‘(” ) ) = O p(a) s

The rest of the proof is similar to the proof of [1, Theorem, p. 654] and therefore omgtted.

Next if A = 1 — u, we have the following:
Corollary 4.2. Let0 < a <1, 0 < 3 < 1,u > 0andd,y be asin Lemmp 31. If € A
satisfies

B+ 8(ci B, 1) < arg <<1 )

thenf(z) € S*(«, ).

Remark 4.1. Whenu = 1, our result reduces to[1, Theorem, p. 654]. Wher= «, the
result reduces to a recent result of Marjono and Thamas|2] and fei, the result was proved
earlier by Nunokawaé [3, Main Theorem, p. 234]. See also Nunokawa and Thomas|5].

) (14 0

f(z) 7(2) )) <a+y(a,B,p),
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