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ABSTRACT. In this paper a result of Bor[[2] has been proved under weaker conditions by using
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2 HUSEYIN BOR

1. INTRODUCTION

Let > a, be a given infinite series with partial surfss,). We denote by n-th Cearo mean
of ordera, with o > —1, of the sequencéua,,), i.e.,

for 1 - a—1
(1.1) 1 = Y ;An_vvay,
where
(1.2) A =0(n), a>-1, Afj=1 and A%, =0 for n>0.

The series  a,, is said to be summableC, «; §

whk>1,a>—1andd > 0, if (see [4])
(1.3) > e F< o
n=1

A positive sequencé,,) is said to be almost increasing if there exists a positive increasing se-
guence,, and two positive constants A and B such tHat, < b,, < Bc, (seel[l1]).

Quite recently Bori[2] has proved the following theorem.

Theorem 1.1. Let (X,,) be an almost increasing sequence and the sequeiptesand (\,,)
such that

(1.4) | AN, [< B,
(1.5) B,—0 as n— oo
(1.6) Y n|AB, | X, <o
n=1

1.7) | A | X =0(1) as n — oo.
If the sequencéu?), defined by (sef])

o« [t ,a=1
(18) tn = { maxj<y<n | t% |,0 <a<l1

satisfies the condition

n

(1.9) Znék_l(uo‘)k =0(X,,) as m — oo,
n=1

then the serie$  a,, A, is summable C,a; 6 |, k > 1and0 <§ < a < 1.

The aim of this paper is to prove Theorém|1.1 under weaker conditions, for this we need the
concept of3-quasi power increasing sequence.
A positive sequenceéy,,) is said to be quasi-power increasing sequence if there exists a con-
stantK' = K(3,~) > 1 such that

(2.10) KnPr, > mPry,,

holds for alln > m > 1. It should be noted that every almost increasing sequence is quasi
(-power increasing sequence for any nonnegatiMaut the converse need not be true as can be
seen by taking the example, say = n=° for 5 > 0. So we are weakening the hypotheses of
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the theorem replacing an almost increasing sequence by a@ypasver increasing sequence.
Now, we shall prove the following theorem:

Theorem 1.2.Let(X,,) be a quasj3-power increasing sequence for sofhe 5 < 1. If all the
conditions fronj 1}4 tp 1]9 are satisfied, then the seJies, \, is summablé C, ;0 |, k > 1
and0 < < a <1.

We need the following lemmas for the proof of our theorem.

Lemma 1.3.([3]). If 0 < a < 1andl <wv <n,then

1<m<wv

(1.12) |ZA°‘ S0, | < max |ZA°‘ !
p=

Lemma 1.4. ([5]). Under the conditions o.X,,), ((,) and (\,) as taken in the statement of
the theorem, the following conditions hold, wherj 1.6 is satisfied:

(1.12) nG,X,=0(1) as n— oo
(1.13) > B,X, < .
n=1

2. PROOF OF THE THEOREM
Let (7)) be the n-th(C, a), with 0 < o < 1, mean of the sequenc¢ea,\,). Then, by 1.1L,

we have
= — ZAa Lvay\,.

Applying Abel’s transformation, we get

:—ZA)\ ZA" pPap + %ZAQ Lva,,

so that making use of Lem@.S we have
Tl < —Z!AA HZA“

1 a, o o
< EZA’U’M’U’A)\U’_'_‘)\”’U/H

vav

= T"l—l—T;j‘Q, say.

Since
| Toy + T [F< 28 T30 1F + | T2 ),
to complete the proof of the theorem, it is enough to show that

e.¢]
Znék’wT,’j"r F<oo for r=1,2, by .
n=1
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Now, whenk > 1, applying Holder's inequality with indicek and%’, where; + & = 1, we

get
m+1 m+1
Z Sk— 1‘ 1 ‘k < Znﬁk 1 Aa k{ZA 61}}]{
" m~+1 n—1
< Znék 1 Aa k{z Aa gz kﬁv} « {Zﬁv}k—l
v=1
m+1

. Ok—ak—1 ak k

= E n {E )" By}

m m+1

D0 w0, Y
n1+ak76k

v=1 n=v+1

m

Ock‘
v ﬁ/ x1+ak T Atak—dk

= 0(1) Zvék(ui‘)kﬁy =0(1) Zvﬁvvékil(umk

= 0(1) T AWA) St + O(WmB, S v (ul)
= 0 Y | AWA,) | X, +O()mB, X,

= 0()) v|AB, | X,+0(1 Z\ﬁwrxvﬂw( Y By Xom

v=1 v=1

= O(1) as m — oo,

by virtue of the hypotheses of the Theorem 1.2 and Lefnnja 1.4.
Finally, since| A, |= O(5-) = O(1), by|1.7, we have that

X
Soat T F = 3 A )
n=1 n=1
= 0(1) > | An | 0% (ug)
n=1
m—1

= 0O(1)

HHM

il

| AAn [ X +O(1) [ A | X

I
=
(]

i
—_

3
[

= 0(1) ) B, Xu+0(1) | A | Xin =O(1) as m — o0,

n

Il
N
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by virtue of the hypotheses of the Theorem| 1.2 and Leinnja 1.4.
Therefore, we get that

1
Z—|T§‘T|k:O(1) as m—oo, for r=12.
n :

n=1

This completes the proof of the Theorgm|1.2.

Remark 2.1. It should be noted that if we take= 0 (resp.« = 1) in this theorem, then we
geta new result foy C, « |, (resp.| C, 1;6 |,) summability.
REFERENCES

[1] S. ALJANCIC and D. ARANDELOVIC,0O-regularly varying functionsubl. Inst. Math,22(1977),
5-22.

[2] H. BOR, An application of almost increasing sequendééath. Inequal. Appl.5 (2002), 79-83.
[3] L. S. BOSANQUET, A mean value theoreth,London Math. Sog16 (1941), 146-148.

[4] T. M. FLETT, Some more theorems concerning the absolute summability of Fourier denoes,
London Math. So¢8 (1958), 357-387.

[5] L. LEINDLER, A new application of quasi power increasing sequenPek]. Math. Debrecerb8
(2001), 791-796.

[6] T.PATI, The summability factors of infinite serieBuke Math. J.21(1954), 271-284.

AJMAA Vol. 1, No. 1, Art. 6, pp. 1-5, 2004 AJMAA


http://ajmaa.org

	1. Introduction
	2. Proof of the Theorem
	References

