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ABSTRACT. In this paper, we introduce new geometric constantC(X, ai, bi, ci, 2) to measure
the difference between isosceles orthogonality and special Carlsson orthogonalities. At the same
time, we also present the geometric constantC(X, ai, bi, ci), which is a generalization of the rec-
tangular constant proposed by Joly. According to the inequality on isosceles orthogonality, we
give the boundary characterization of these geometric constants. Then the relationship between
these geometric constants and uniformly non-square property can also be discussed. Further-
more, we show that there is a close relationship between these geometric constants and some
important geometric constants.

Key words and phrases:Isosceles orthogonality; Geometric constants; Characterization of inner product space; Uniformly
non-square.

2010Mathematics Subject Classification.Primary 46B20. Secondary 46C15.

ISSN (electronic): 1449-5910

c© 2022 Austral Internet Publishing. All rights reserved.

The authors are very grateful to the reviewers for their valuable suggestions and comments which have greatly improved the presentation
of this paper.

This work was supported by the National Natural Science Foundation of P. R. China (Nos. 11971493 and 12071491).

https://ajmaa.org/
mailto: xiehy33@mail2.sysu.edu.cn <xiehy33@mail2.sysu.edu.cn>
mailto: <liuq325@mail2.sysu.edu.cn
mailto: stslyj@mail.sysu.edu.cn
https://www.ams.org/msc/


2 H. X IE AND Q. LIU AND Y. L I

1. I NTRODUCTION

Orthogonality plays a vital role in Euclidean geometry. It can be found in the fourth axiom of
Euclidean geometry and the Pythagorean theorem. Banach space geometry differs from Euclid-
ean geometry in that there is no unique notion of orthogonality. As Banach space geometry
developed, many different orthogonalities have been introduced into the general normed linear
space. In 1934, Roberts [20] introduced Roberts orthogonality: a vectorx is said to be Roberts
orthogonal to a vectory (x ⊥R y) if

‖x + αy‖ = ‖x− αy‖,∀α ∈ R.

In 1935, Birkhoff [4] introduced Birkhoff orthogonality: a vectorx is said to be Birkhoff or-
thogonal to a vectory (x ⊥B y) if

‖x + αy‖ ≥ ‖x‖,∀α ∈ R.

Later, James [8] introduced isosceles orthogonality and Pythagorean orthogonality: a vectorx
is said to be isosceles orthogonal to a vectory (x ⊥I y) if

‖x + y‖ = ‖x− y‖.
A vectorx is said to be Pythagorean orthogonal to a vectory (x ⊥P y) if

‖x− y‖2 = ‖x‖2 + ‖y‖2.

More studies on orthogonality can refer to [2, 3].
It is well known that different orthogonalities on inner product spaces are equivalent. On

Banach spaces, however, this does not necessarily hold. It is therefore of great interest to study
different orthogonality. In recent years, many scholars have studied the difference between
different orthogonality by means of geometric constants. In [10] and [11], Ji et al. studied the
difference between Birkhoff orthogonality and isosceles orthogonality by introducing geometric
constantsD(X) andD′(X). To discuss the relationship between Birkhoff orthogonality and
Roberts orthogonality, Papini and Wu [18] introduced a geometric constantBR(X). Following
their work, Mizuguchi [17] proposed geometric constantsBI(X) andIB(X) to describe the
relationship between Birkhoff orthogonality and isosceles orthogonality. Meanwhile, he also
investigated the geometric constantIB′(X), which can be considered as the geometric constant
IB(X) on the unit sphere. Based on the parallelogram law and isosceles orthogonality, Liu et
al. [16] introduced a new geometric constantΩ(X), denoted as

Ω(X) = sup

{
‖x + 2y‖2 + ‖2x + y‖2

5‖x + y‖2
: x, y ∈ X, x ⊥I y

}
.

They gave some properties of this geometric constant, and also used it to characterized the inner
product space.

In this paper, we introduce two new geometric constantsC(X, ai, bi, ci, 2) andC(X, ai, bi, ci).
The geometric constantC(X, ai, bi, ci, 2) can be used to estimate the difference between isosce-
les orthogonality and special Carlsson orthogonalities. The geometric constantC(X, ai, bi, ci)
is a generalization of the rectangular constant. We will give some properties of these constants
and connections to other constants.

2. PRELIMINARIES

In this paper,(X, ‖·‖) will be a real normed space of dimension at least two. LetBX = {x ∈
X : ‖x‖ ≤ 1} be the unit ball andSX = {x ∈ X : ‖x‖ = 1} be the unit sphere.

First, we give the following lemma, which is often used in later proofs.

Lemma 2.1. [8, Lemma 4.1, p. 294]If x ⊥I y, then
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(1) ‖x + ky‖ ≤ |k|‖x± y‖ and‖x± y‖ ≤ ‖x + ky‖, if |k| ≥ 1;
(2) ‖x + ky‖ ≤ ‖x± y‖ and|k|‖x± y‖ ≤ ‖x + ky‖, if |k| ≤ 1.

A Banach spaceX is called uniformly non-square [9] if there exists aδ ∈ (0, 1) such that
either‖x + y‖ ≤ 2(1 − δ) or ‖x − y‖ ≤ 2(1 − δ) for anyx, y ∈ SX . If for any ε > 0 there
existsx, y ∈ SX such that‖x± y‖ > 2− ε, then we say thatX is not uniformly non-square.

Let X be a real normed space, the von Neumann-Jordan constantCNJ(X) is defined by

CNJ(X) = sup

{
‖x + y‖2 + ‖x− y‖2

2(‖x‖2 + ‖y‖2)
: x, y ∈ X, (x, y) 6= (0, 0)

}
.

The von Neumann-Jordan constantCNJ(X) of the spaceX was first considered by Jordan and
von Neumann [13], and has since been studied by many scholars, yielding many properties. For
instance,1 ≤ CNJ(X) ≤ 2. For further details on von Neumann-Jordan constant, we refer the
reader to [14, 15].

In [7], Gao and Lau introduced the James constantJ(X) of a Banach spaceX, which is
defined as

J(X) = sup{min{‖x + y‖, ‖x− y‖} : x, y ∈ SX}.
An equivalent definition of the James constant is the non-square constant:

J(X) = sup{‖x + y‖ : x, y ∈ SX , x ⊥I y}.
The basis properties ofJ(X) are given in [7, 14]:

(i)
√

2 ≤ J(X) ≤ 2.
(ii)If X is an inner product space, thenJ(X) =

√
2; the converse is not necessarily correct.

(ii)J(X) < 2 if and only if X is uniformly non-square.

3. THE CONSTANT C(X, ai, bi, ci, 2)

In [5], Carlsson introduced Carlsson-orthogonalities: a vectorx is said toC-orthogonal to a
vectory(x ⊥C y) if

n∑
i=1

ai‖bix + ciy‖2 = 0

whereai, bi, ci ∈ R, i = 1, . . . , n, are such that
n∑

i=1

aib
2
i =

n∑
i=1

aic
2
i = 0 and

n∑
i=1

aibici 6= 0.

This generalizes isosceles and Pythagoream orthogonalities. He gave a characterization of the
inner product space by Carlsson-orthogonalities. Later, Alonso et al. [1] proved that Carlsson-
orthogonalities and Birkhoff orthogonality are equivalent in inner product space. Motivated by
their work, we introduced a new geometric constant to measure the difference between special
Carlsson-orthogonalities and isosceles orthogonality, defined as follows:

C(X, ai, bi, ci, 2) = sup

{∑n
i=1 ai‖bix + ciy‖2

−aj‖bjx + cjy‖2
, x ⊥I y, (x, y) 6= (0, 0)

}
whereai, bi, ci ∈ R, i = 1, . . . , j−1, j+1, . . . , n, are such that

∑n
i=1 aib

2
i +ajb

2
j =

∑n
i=1 aic

2
i +

ajc
2
j = 0,

∑n
i=1 aibici + ajbjcj 6= 0 andaj, bj = cj ∈ R− {0}, j = 1, . . . , n.

Theorem 3.1.LetX be a normed space, then

1 ≤ C(X, ai, bi, ci, 2) ≤
n∑

i=1

max{ aib
2
i

−ajb2
j

,
aic

2
i

−ajb2
j

}.
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Proof. Without loss of generality, we assumebi 6= 0. If |ci| ≤ |bi| for anyi = 1, . . . , j − 1, j +
1, . . . , n− 1, by Lemma 2.1, we have

‖bix + ciy‖2 = b2
i ‖x +

ci

bi

y‖2

≤ b2
i ‖x + y‖2.

If |bi| ≤ |ci|, then we get

‖bix + ciy‖2 ≤ b2
i

(
ci

bi

)2

‖x + y‖2

= c2
i ‖x + y‖2.

Hence
‖bix + ciy‖2 ≤ max{b2

i , c
2
i }‖x + y‖

wherei = 1, . . . , j − 1, j + 1, . . . , n− 1. It follows that∑n
i=1 ai‖bix + ciy‖2

−aj‖bjx + cjy‖2
≤ − 1

ajb2
j

n∑
i=1

max{aib
2
i , aic

2
i }

=
n∑

i=1

max{ aib
2
i

−ajb2
j

,
aic

2
i

−ajb2
j

}.

This shows that

C(X, ai, bi, ci, 2) ≤
n∑

i=1

max{ aib
2
i

−ajb2
j

,
aic

2
i

−ajb2
j

}.

On the other hand, we letx 6= 0, y = 0 in C(X, ai, bi, ci, 2). Then we obtain

C(X, ai, bi, ci, 2) ≥
∑n

i=1 aib
2
i

−ajb2
j

= 1,

which completes the proof of the theorem.

We provide the following examples to illustrate that the geometric constantC(X, ai, bi, ci, 2)
can reach the upper bound and lower bound.

Example 3.1.LetX = (R2, ‖ · ‖∞), thenC(X, ai, bi, ci, 2) =
∑n

i=1 max{ aib
2
i

−ajb2j
,

aic
2
i

−ajb2j
}.

Proof. Takingx = (1, 0), y = (0, 1), then‖x + y‖∞ = ‖x− y‖∞ = 1. Thus we get

C(X, ai, bi, ci, 2) ≥
∑n

i=1 ai‖bix + ciy‖2
∞

−aj‖bjx + cjy‖2
∞

= − 1

ajb2
j

n∑
i=1

max{aib
2
i , aic

2
i }

=
n∑

i=1

max{ aib
2
i

−ajb2
j

,
aic

2
i

−ajb2
j

}.

According to Theorem 3.1, we deduce that

C(X, ai, bi, ci, 2) =
n∑

i=1

max{ aib
2
i

−ajb2
j

,
aic

2
i

−ajb2
j

}.

Example 3.2.LetX is an inner product space, thenC(X, ai, bi, ci, 2) = 1.
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Proof. If X is an inner product space, by parallelogram rule, we have

‖x + y‖2 = ‖x‖2 + ‖y‖2.

Therefore ∑n
i=1 ai‖bix + ciy‖2

−aj‖bjx + cjy‖2
=

∑n
i=1 ai(b

2
i ‖x‖2 + cj‖y‖2)

−aj(b2
j‖x‖2 + c2

j‖y‖2)

=
−aj(b

2
j‖x‖2 + c2

j‖y‖2)

−aj(b2
j‖x‖2 + c2

j‖y‖2)

=1.

This implies thatC(X, ai, bi, ci, 2) ≤ 1. By Theorem 3.1, we get

C(X, ai, bi, ci, 2) = 1.

By following the ideas in [16], we can prove the next theorem, which gives the relationship
between the geometric constantC(X, ai, bi, ci, 2) and not uniformly non-square.

Theorem 3.2.LetX be a finite-dimensional normed space. ThenX is not uniformly non-square
if and only if

C(X, ai, bi, ci, 2) =
n∑

i=1

max{ aib
2
i

−ajb2
j

,
aic

2
i

−ajb2
j

}.

Proof. Suppose thatX is not uniformly non-square, then there existsxn, yn ∈ SX such that

‖xn + yn‖ → 2, ‖xn − yn‖ → 2

whenn →∞. Letting

u =
xn + yn

2
andv =

xn − yn

2
,

then we see‖u + v‖ = ‖u− v‖ = 1. Thus we get

‖biu + civ‖2 =

∥∥∥∥bi + ci

2
xn +

bi − ci

2
yn

∥∥∥∥2

≤
(∣∣∣∣bi + ci

2

∣∣∣∣+ ∣∣∣∣bi − ci

2

∣∣∣∣)2

= max{b2
i , c

2
i }

for anyi = 1, . . . , j − 1, j + 1, . . . , n.
Next we want to conclude that‖biu + civ‖2 → max{b2

i , c
2
i } for any i = 1, . . . , j − 1, j +

1, . . . , n, it is best to split the argument into two cases.

Case 1.bici ≥ 0. By triangle inequality, we have

‖biu + civ‖2 =

∥∥∥∥bi + ci

2
xn +

bi + ci

2
yn − ciyn

∥∥∥∥2

≥
(∣∣∣∣bi + ci

2

∣∣∣∣‖xn + yn‖ − |ci|‖yn‖
)2

→ b2
i (n →∞)
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and

‖biu + civ‖2 =

∥∥∥∥bi + ci

2
xn −

bi + ci

2
yn + biyn

∥∥∥∥2

≥
(∣∣∣∣bi + ci

2

∣∣∣∣‖xn − yn‖ − |bi|‖yn‖
)2

→ c2
i (n →∞),

which gives‖biu + civ‖2 → max{b2
i , c

2
i }.

Case 2.bici ≤ 0. It is easily seen that

‖biu + civ‖2 =

∥∥∥∥bi − ci

2
xn +

bi − ci

2
yn + cixn

∥∥∥∥2

≥
(∣∣∣∣bi − ci

2

∣∣∣∣‖xn + yn‖ − |ci|‖xn‖
)2

→ b2
i (n →∞)

and

‖biu + civ‖2 =

∥∥∥∥bi − ci

2
yn −

bi − ci

2
xn + bixn

∥∥∥∥2

≥
(∣∣∣∣bi − ci

2

∣∣∣∣‖xn − yn‖ − |bi|‖xn‖
)2

→ c2
i (n →∞).

This implies‖biu + civ‖2 → max{b2
i , c

2
i }.

Hence we have

C(X, ai, bi, ci, 2) ≥
n∑

i=1

max{ aib
2
i

−ajb2
j

,
aic

2
i

−ajb2
j

}.

It follows from Theorem 3.1 that

C(X, ai, bi, ci, 2) =
n∑

i=1

max{ aib
2
i

−ajb2
j

,
aic

2
i

−ajb2
j

}.

Conversely, without loss of generality we can assume there existsk ∈ {1, . . . , j − 1, j +
1, . . . , n− 1} such thatb2

i > c2
i for anyi = 1, . . . , k. If

C(X, ai, bi, ci, 2) =
n∑

i=1

max{ aib
2
i

−ajb2
j

,
aic

2
i

−ajb2
j

},

then we see that there existsx1, y1 on a finite dimensional normed spaceX with x1 ⊥ y1

satisfying ∑n
i=1 ai‖bix1 + ciy1‖2

−aj‖bjx1 + cjy1‖2
=

∑k
i=1 aib

2
i +

∑n
i=k+1 aic

2
i

−ajb2
j

.

By Lemma 2.1, we have

‖bix1 + ciy1‖2 ≤ b2
i ‖x1 + y1‖2(i = 1, . . . , k)

and
‖bix1 + ciy1‖2 ≤ c2

i ‖x1 + y1‖2(i = k + 1, . . . , n).
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Since ∑k
i=1 aib

2
i ‖x1 + y1‖2 +

∑n
i=k+1 aic

2
i ‖x1 + y1‖2

−aj‖bjx1 + cjy1‖2
=

∑k
i=1 aib

2
i +

∑n
i=k+1 aic

2
i

−ajb2
j

,

then we get
‖bix1 + ciy1‖2 = b2

i ‖x1 + y1‖2(i = 1, . . . , k)

and
‖bix1 + ciy1‖2 = c2

i ‖x1 + y1‖2(i = k + 1, . . . , n).

By triangle inequality, we have{
‖bix1 + ciy1‖ ≤ |bi − ci|‖x1‖+ |ci|‖x1 + y1‖, i = 1, . . . , k
‖bix1 + ciy1‖ ≤ |ci − bi|‖y1‖+ |bi|‖x1 + y1‖, i = k + 1, . . . , n

and {
‖bix1 + ciy1‖ ≤ |bi + ci|‖x1‖+ |ci|‖x1 − y1‖, i = 1, . . . , k
‖bix1 + ciy1‖ ≤ |bi + ci|‖y1‖+ |bi|‖x1 − y1‖, i = k + 1, . . . , n

If αβ ≥ 0, then we see

(|bi| − |ci|)‖x1 + y1‖ ≤ |bi − ci|‖x1‖
= (|bi| − |ci|)‖x1‖(i = 1, . . . , k),

and

(|ci| − |bi|)‖x1 + y1‖ ≤ |ci − bi|‖y1‖
= (|ci| − |bi|)‖y1‖(i = k + 1, . . . , n).

If αβ ≤ 0, then

(|bi| − |ci|)‖x1 + y1‖ ≤ |bi + ci|‖x1‖
= (|bi| − |ci|)‖x1‖(i = 1, . . . , k),

and

(|ci| − |bi|)‖x1 + y1‖ ≤ |bi + ci|‖y1‖
= (|ci| − |bi|)‖y1‖(i = k + 1, . . . , n).

Hence we obtain
max ‖x1 + y1‖ ≤ min{‖x1‖, ‖y1‖}.

This gives

max{‖x1 + y1‖, ‖x1 − y1‖} = max{‖x1 + y1‖, ‖x1 + y1‖} ≤ min{‖x1‖, ‖y1‖}.
To prove thatX is not uniformly non-square, we may assume thatX is uniformly non-square,

then there existsδ ∈ (0, 2) such that

min

{∥∥∥∥ x + y

max{‖x + y‖, ‖x− y‖}
+

x− y

max{‖x + y‖, ‖x− y‖}

∥∥∥∥,∥∥∥∥ x + y

max{‖x + y‖, ‖x− y‖}
− x− y

max{‖x + y‖, ‖x− y‖}

∥∥∥∥}
< 2−δ

for anyx, y ∈ X. This shows

min

{∥∥∥∥ 2x

max{‖x + y‖, ‖x− y‖}

∥∥∥∥,∥∥∥∥ 2y

max{‖x + y‖, ‖x− y‖}

∥∥∥∥} < 2− δ.
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Accordingly,

max{‖x + y‖, ‖x− y‖} >
2

2− δ
min{‖x‖, ‖y‖},

which contradicts the fact that

max{‖x1 + y1‖, ‖x1 − y1‖} ≤ min{‖x1‖, ‖y1‖}.

Therefore, we deduce thatX is not uniformly non-square.

Corollary 3.3. Let X be a finite-dimensional normed space. ThenX is uniformly non-square
if and only if

C(X, ai, bi, ci, 2) <

n∑
i=1

max{ aib
2
i

−ajb2
j

,
aic

2
i

−ajb2
j

}.

The geometric constantC(X, ai, bi, ci, 2) is closely related to other geometric constants. Be-
low we show that the relationship betweenC(X, ai, bi, ci, 2) andCNJ(X).

Theorem 3.4.LetX be a normed space, then

C(X, ai, bi, ci, 2) ≤
n∑

i=1

min{ 2aib
2
i

−ajb2
j

,
2aic

2
i

−ajb2
j

}CNJ(X) +
n∑

i=1

2ai|b2
i − c2

i |
−ajb2

j

Proof. Note that, the geometric constantCNJ(X) can be written in the following equivalent
form:

CNJ(X) = sup

{
2(‖x‖2 + ‖y‖2)

‖x + y‖2 + ‖x− y‖2
: x, y ∈ X, (x, y) 6= (0, 0)

}
For allx, y ∈ X such thatx ⊥I y, by triangle inequality, we have∑n

i=1 ai‖bix + ciy‖2

−aj‖bjx + cjy‖2
≤
∑n

i=1 ai(‖bix‖+ ‖ciy‖)2

−ajb2
j‖x + y‖2

≤
∑n

i=1 2ai(‖bix‖2 + ‖ciy‖2)

−ajb2
j‖x + y‖2

≤ 2

∑n
i=1 min{aib

2
i , aic

2
i }(2‖x‖2 + 2‖y‖2) + 2ai|b2

i − c2
i |‖x + y‖2

−ajb2
j(‖x + y‖2 + ‖x− y‖2)

≤
n∑

i=1

min{ 2aib
2
i

−ajb2
j

,
2aic

2
i

−ajb2
j

}CNJ(X) +
n∑

i=1

2ai|b2
i − c2

i |
−ajb2

j

.

This completes the proof.

In the next theorem, we give the relation between betweenC(X, ai, bi, ci, 2) and the James
constant.

Theorem 3.5.LetX be a normed space, then∑n
i=1 ai(bi − ci)

2

−4ajb2
j

J(x) ≤ C(X, ai, bi, ci, 2)

Proof. For anyx, y ∈ SX , let

u =
x + y

2
and v =

x− y

2
.
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Clearly,u ⊥I v. Therefore

C(X, ai, bi, ci, 2) ≥
∑n

i=1 ai‖biu + civ‖2

−aj‖bju + cjv‖2

=

∑n
i=1 ai‖bi(x + y) + ci(x− y)‖2

−4ajb2
j

≥
∑n

i=1 ai(b
2
i ‖x + y‖2 + c2

i ‖x− y‖2 − 2|bici|‖x + y‖‖x− y‖)
−4ajb2

j

≥
∑n

i=1 ai(bi − ci)
2

−4ajb2
j

J(x).

This completes of the proof.

4. THE CONSTANT C(X, ai, bi, ci)

The rectangular constantµ(X) of a real normed linear spaceX was introduced by Joly
[12] as follows:

µ(X) = sup
λ∈R

{
‖x‖+ ‖λy‖
‖x + λy‖

, x ⊥B y

}
.

Joly gave upper and lower bounds for the geometric constant,3 and
√

2, respectively. It is
also demonstrated that in normed linear spaces of dimensions≥ 3, µ(X) =

√
2 if and only if

X is inner product space. Later,µ(X) =
√

2 and inner product space are also equivalent in
two-dimensional spaces was proved by Del Río and Benítez [6].

In normed space, there is a difference between Birkhoff orthogonality and isosceles orthogo-
nality. Inspired by the work of Joly and Carlsson, we propose a generalized rectangular constant
on isosceles orthogonality, defined as follows:

C(X, ai, bi, ci) = sup

{∑n
i=1 ai‖bix + ciy‖
‖x + y‖

, x ⊥I y, (x, y) 6= (0, 0)

}
whereai, bi, ci ∈ R, i = 1, . . . , n such that

n∑
i=1

a2
i b

2
i =

n∑
i=1

a2
i c

2
i and a2

i b
2
i + a2

i c
2
i = a2

jb
2
j + a2

jc
2
j for any i 6= j.

We give the characterization of the geometric constantC(X, ai, bi, ci) on normed space in
the following theorem. To complete the proof easily, we first give a lemma, which is the well-
known Dvoretzky’s theorem.

Lemma 4.1. [19, Theorem 10.43, p. 410]For any ε > 0, any infinite-dimensional Banach
spaceX contain`n

2s(1 + ε)− uniformly.

Theorem 4.2.LetX be a infinite-dimensional normed space, then√√√√n(
n∑

i=1

a2
i b

2
i ) ≤ C(X, ai, bi, ci) ≤

n∑
i=1

max{ai|bi|, ai|ci|}.

AJMAA, Vol. 19 (2022), No. 2, Art. 9, 12 pp. AJMAA

https://ajmaa.org


10 H. X IE AND Q. LIU AND Y. L I

Proof. If x ⊥I y, by the proof in Theorem 3.1, we know∑n
i=1 ai‖bix + ciy‖
‖x + y‖

≤
∑n

i=1 max{ai|bi|, ai|ci|}‖x + y‖
‖x + y‖

=
n∑

i=1

max{ai|bi|, ai|ci|}.

This gives

C(X, ai, bi, ci) ≤
n∑

i=1

max{ai|bi|, ai|ci|}.

Actually, for any Hilbert spaceH, we have‖x + y‖2 = ‖x‖2 + ‖y‖2 for all x, y ∈ X. Then
we see ∑n

i=1 ai‖bix + ciy‖
‖x + y‖

=

∑n
i=1 ai

√
‖bix‖2 + ‖ciy‖2√

‖x‖2 + ‖y‖2

=

∑n
i=1

√
a2

i b
2
i + a2

i c
2
i√

2

=
n
√

a2
1b

2
1 + a2

1c
2
1√

2

=
√

n

√
n(a2

1b
2
1 + a2

1c
2
1)

2

=

√√√√n(
n∑

i=1

a2
i b

2
i )

for anyx, y ∈ SX . This showsC(H, ai, bi, ci) ≥
√

n (
∑n

i=1 a2
i b

2
i ). Furthermore, by parallelo-

gram rule, we have (∑n
i=1 ai‖bix + ciy‖
‖x + y‖

)2

≤n
∑n

i=1 a2
i ‖bix + ciy‖2

‖x + y‖2

=
n
∑n

i=1(a
2
i b

2
i ‖x‖2 + a2

i c
2
i ‖y‖2)

‖x‖2 + ‖y‖2

=n

(
n∑

i=1

a2
i b

2
i

)
,

which givesC(H, ai, bi, ci) ≤
√

n(
∑n

i=1 a2
i b

2
i ). Thus we obtain

C(H, ai, bi, ci) =

√√√√n(
n∑

i=1

a2
i b

2
i ).

By Lemma 4.1, for any infinite-dimensional Banach spaceX, we must have

C(X, ai, bi, ci) ≥ C(H, ai, bi, ci) =

√√√√n(
n∑

i=1

a2
i b

2
i ).
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This completes of the proof.

The following example gives the case of the upper bound for the geometric constantC(X, ai, bi, ci).

Example 4.1.LetX = (R2, ‖ · ‖∞), thenC(X, ai, bi, ci) =
∑n

i=1 max{ai|bi|, ai|ci|}.

We give the connection betweenC(X, ai, bi, ci) and no uniformly non-square in the following
theorem.

Theorem 4.3.LetX be a finite-dimensional normed space. ThenX is not uniformly non-square
if and only if

C(X, ai, bi, ci) =
n∑

i=1

max{ai|bi|, ai|ci|}.

Proof. The proof is similar to that of Theorem 3.2 by some minor modifications, thus we omit
it.

Corollary 4.4. Let X be a finite-dimensional normed space. ThenX is uniformly non-square
if and only if

C(X, ai, bi, ci) <
n∑

i=1

max{ai|bi|, ai|ci|}.

5. CONCLUSION

In this article, we introduce two new geometric constantsC(X, ai, bi, ci, 2) andC(X, ai, bi, ci).
The constantC(X, ai, bi, ci, 2) can be used to measure the difference between isosceles or-
thogonality and special Carlsson orthogonalities. The geometric constantC(X, ai, bi, ci) can
be considered as a generalization of the rectangular constant. First, we give upper and lower
bounds for these constants. Then we characterize uniformly non-square spaces by using these
constants. In addition, we show the relationship between these geometric constants and some
important geometric constants.
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