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ABSTRACT. We introduce a new general subclassGPt,ρ of Sakaguchi kind function on a Petal
shaped domain. We obtain coefficients bounds and upper bounds for the Fekete-Szegö functional
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have derived the Toeplitz determinantT2(2) andT3(1) whose diagonal entries are the coefficients
of functions.
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1. I NTRODUCTION AND PRELIMINARIES

LetA be the family of all analytic functions , which is normalized under the conditionf(0) =
f ′(0) − 1 = 0 in D = {z : z ∈ C and|z| < 1} and given by the following Taylor-Maclaurin
series:

f(z) = z +
∞∑

n=2

anz
n(1.1)

Further,S indicates the the class of all functions inA which are univalent inD. By recalling
the subordination principle of two analytic functions, let the functionsf andg be analytic in
D. Then we say that the functionf is subordinate tog if there exists a Schwarz functionω(z),
analytic inD with

ω(0) = 0, |ω(z)| < 1, (z ∈ D)

such thatf(z) = g(ω(z))
We denote this subordination by,

f ≺ g (or) f(z) ≺ g(z)

In particular, if the functiong is univalent inD, the above subordination is equivalent to
f(0) = g(0), f(D) ⊂ g(D)

In geometric function theory, Ma and Minda[12] gave a unified treatment of distortion,
growth and covering theorems for the functionsf ∈ R∗

η andf ∈ N for which either of the

quantity zf ′(z)
f(z)

or 1 + zf ′′(z)
f ′(z)

is subordinate to a more general subordi- nate function. The most
basic and important subfamilies of the setS are the familyR∗ of starlike functions and the
family N of convex functions which are defined as follows:

(1.2) N =

{
f ∈ A : 1 +

zf ′′(z)

f ′(z)
≺ Ψ(z), z ∈ D

}
,

(1.3) R∗ =

{
f ∈ A :

zf ′(z)

f(z)
≺ Ψ(z), z ∈ D

}
,

with

Ψ(z) = 1 + 2
∞∑

n=2

zn :=
1 + z

1− z
, (z ∈ D)(1.4)

By varying the functionΨ(z) in (1.2),(1.3), we get some subfamilies of the setsN andR∗

which have significant geometric sense.
For example, if we considerΨ(z) = 1 + sinh−1z, then the classR∗

η := R∗(1 + sinh−1z) was
provided by Kumar and Arora[11] and is defined as a functionf ∈ A which is in the familyR∗

η

if (1.3) holds for the functionΨ(z) = η(z), where

η(z) = 1 + sinh−1z(1.5)

Clearly, the functionη(z) is a multivalued function and has the branch cuts about the line
segments(−i∞,−i) ∪ (i, i∞), on imaginary axis and hence, it is holomorphic inD. In a
geometric point of view, the functionη(z) maps the unit discD onto a petal-shaped regionΩp,

Ωp = {ω ∈ C : |sinh(ω − 1)| < 1}(1.6)
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Using this idea, we now consider a subfamilyGP t,ρ of analytic functions as

Definition 1.1. The functionf ∈ A is in the classGP t,ρ if

(1.7)
(1− t)[ρz2f ′′(z) + zf ′(z)]

f(z)− f(tz)
≺ Ψ̃(z),

whereΨ̃(z) is given by(1.6), with |t| ≤ 1, t 6= 1, and0 ≤ ρ ≤ 1.

Remark 1.1. (i) For ρ = 0, we get the following new classGP ,

GP t,ρ
p =

{
f ∈ A :

(1− t)[zf ′(z)]

f(z)− f(tz)
≺ Ψ̃(z), z ∈ D

}
Now, for the function of the form(1.1), we define the Toeplitz DeterminantTq(n) with q ≥ 1

andn ≥ 1 by,

Tq(n) =

∣∣∣∣∣∣∣∣
an an+1 ... an+q−1

an+1 an ... an+q
...

... ...
...

an+q−1 an+q ... an

∣∣∣∣∣∣∣∣
In particular, we can find some of the Toeplitz determinants as,

T2(2) =

∣∣∣∣a2 a3

a3 a2

∣∣∣∣, T3(1) =

∣∣∣∣∣∣
a1 a2 a3

a2 a1 a2

a3 a2 a1

∣∣∣∣∣∣
2. A SET OF L EMMAS

Let H be the family of functionsq that are holomorphic inD with < (q(z)) > 0 and the
power series form as follows:

(2.1) q(z) = 1 +
∞∑

k=1

ckz
k (z ∈ D).

Lemma 2.1. [3, 14] If q ∈ H be expressed in series expansion(2.1), then

(2.2) |ck| ≤ 2 for k ≥ 1,

and for complex numberγ, we have

(2.3)
∣∣c2 − γc2

1

∣∣ ≤ 2 max{1, |2γ − 1|},

Lemma 2.2. [9] Let q ∈ H has power series expansion(2.1), then∣∣Jc3
1 −Kc1c2 + Lc3

∣∣ ≤ 2 |J |+ 2 |K − 2J |+ 2 |J −K + L| .

3. COEFFICIENTS ESTIMATES AND FEKETE -SZEGÖ INEQUALITY

Theorem 3.1. If the functionf of the form(1.1) belongs toGP t,ρ, then

|a2| ≤
U2

u2

,

|a3| ≤
U3

U2u3

max[1, U2],

|a4| ≤
U4

U3u4

{∣∣∣∣ 5

24
− U2

4
− U3

4U2

+
U3

4

∣∣∣∣ +

∣∣∣∣ 7

12
− U3

2

∣∣∣∣ +

∣∣∣∣ 5

24
+

U2

4
+

U3

4U2

+
U3

4

∣∣∣∣}
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where

un =
1− tn

1− t
, Un =

∏ un

n[1 + (n− 1)ρ]− un

, n = 1, 2, . . .

Proof. Let f ∈ GP t,ρ. Then,(1.7) can be written in the form of the Schwarz function as

(3.1)
(1− t)[ρz2f ′′(z) + zf ′(z)]

f(z)− f(tz)
= 1 + sinh−1(w(z)) (z ∈ D)

Now, if q ∈ H, then it may be written in terms of the Schwarz functionw by

p(z) =
1 + w(z)

1− w(z)
= 1 + c1z + c2z

2 + c3z
3 + . . . ,

equivalently,

(3.2) w(z) =
p(z)− 1

p(z) + 1
=

c1z + c2z
2 + c3z

3 + c4z
4 . . .

2 + c1z + c2z2 + c3z3 + c4z4 . . .

Using(1.1) in (1.7), we get
(1− t)[ρz2f ′′(z) + zf ′(z)]

f(z)− f(tz)

(3.3) =
z + 2a2(1 + ρ)z2 + 3a3(1 + 2ρ)z3 + 4a4(1 + 3ρ)z4 + ...

z + a2u2z2 + a3u3z3 + a4u4z4 + ...

By simplification and using the series expansion(3.2), we obtain

1 + sinh−1(w(z)) = 1 +
1

2
c1z +

(
−c2

1

4
+

c2

2

)
z2 +

(
5c3

1

48
− c1c2

2
+

c3

2

)
z3

+

(
− 1

32
c4
1 +

5

16
c2
1c2 −

1

2
c1c3 −

1

4
c2
2 +

1

2
c4

)
z4 + · · · .(3.4)

Using(3.3) and(3.4), we get

(3.5) a2 =
U2

2u2

c1

(3.6) a3 =
U3

U2u3

[
c2

2
− c2

1

4
+

c2
1U2

4

]

(3.7) a4 =
U4

U3u4

[
c3

2
+ c3

1

(
5

48
− U2

8
− U3

8U2

+
U3

8

)
− c1c2

(
1

2
− U2

4
− U3

4U2

)]
Now implementing(2.2) in (3.5), we obtain

(3.8) |a2| ≤
U2

u2

.

Now implementing(2.3) in (3.6), we obtain

(3.9) |a3| ≤
U3

U2u3

max(1, U2).

Implementation of triangle inequality and Lemma2.2 in (3.7), leads us to

(3.10) |a4| ≤
U4

u4U3

[
c3

2
+ c3

1

(
5

48
− U2

8
− U3

8U2

+
U3

8

)
− c1c2

(
1

2
− U2

4
− U3

4U2

)]
.

This completes the proof

AJMAA, Vol. 19 (2022), No. 2, Art. 4, 8 pp. AJMAA

https://ajmaa.org


TOEPLITZ DETERMINANT FORSAKAGUCHI TYPE FUNCTIONS UNDERPETAL SHAPED DOMAIN 5

Lettingρ = 0, in Theorem3.1, we get the following result.

Corollary 3.2. If the functionf of the form(1.1) belongs toGP t,0, then

|a2| ≤
1

2− u2

,

|a3| ≤
1

3− u3

max

[
1,

u2

2− u2

]
,

|a4| ≤
1

4[4− u4]

[∣∣∣∣56 − u2

2− u2

− u3

3− u3

+
u2u3

[2− u2][3− u3]

∣∣∣∣ +

∣∣∣∣73 − 2u2u3

[2− u2][3− u3]

∣∣∣∣
+

∣∣∣∣56 +
u2

2− u2

+
u3

3− u3

+
u2u3

[2− u2][3− u3]

∣∣∣∣]
4. FEKETE -SZEGO I NEQUALITY FOR THE CLASS GP(t, ρ)

Fekete-Szego inequality is one of the famous problem related to coefficient of univalent an-
alytic functions. It was first given by [10] , the classical Fekete-Szego inequality for the co-
efficients off ∈ S is

|a3 − µa2
2| ≤ 1 + 2e

−2µ
1−µ for µ ∈ [0, 1)

Further we are deriving this result to the above class.

Theorem 4.1. If the functionf of the form(1.1) belonging to the classGP t,ρ, then

(4.1)
∣∣a3 − γa2

2

∣∣ ≤ U3

u3U2

max

[
1,

∣∣∣∣− U2 + γ
U3

2 u3

u2
2U3

∣∣∣∣] for γ ∈ C

Proof. By applying the values ofa2 anda3, we obtain

|a3 − γa2
2| =

∣∣∣∣[1

2
c2 −

1

4
c2
1(1− U2)

]
U3

u3U2

− γ
c2
1U

2
2

4u2
2

∣∣∣∣(4.2)

By rearranging , it yields

|a3 − γa2
2| =

U3

2u3U2

∣∣∣∣c2 −
c2
1

2

[
1− U2 + γ

U3
2 u3

u2
2U3

]
(4.3)

Application of(2.3) leads us to

|a3 − γa2
2| ≤

U3

2u3U2

2max

[
1,

∣∣∣∣(1− U2 + γ
U3

2 u3

u2
2U3

)
− 1

∣∣∣∣](4.4)

After the simplification, we obtain

|a3 − γa2
2| ≤

U3

u3U2

max

[
1,

∣∣∣∣− U2 + γ
U3

2 u3

u2
2U3

∣∣∣∣](4.5)

Lettingρ = 0, in Theorem4.1, we get the following consequence.

Corollary 4.2. If the functionf of the form(1.1) belongs toGP t,ρ,
then for any complex numberρ

|a3 − γa2
2| ≤

1

3− u3

max

[
1,

∣∣∣∣ −u2

2− u2

+ γ
3− u3

[2− u2]2

∣∣∣∣]
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5. TOEPLITZ DETERMINANT T2(2) AND T3(1) FOR THE CLASS GP(t, ρ)

Toeplitz matrices and their determinants play an important role in several branches of math-
ematics and have many applications Toeplitz [1]. For information on applications of Toeplitz
matrices to several areas of pure and applied mathematics, we refer to the survey article by Ye
and Lim [2]. We recall that Toeplitz symmetric matrices have constant entries along the diag-
onal. For the functionf(z) = z +

∑∞
k=2 akz

k (z ∈ D), we associate a determinantTq(n)
defined by

Tq(n) =

∣∣∣∣∣∣∣∣
an an+1 ... an+q−1

an+1 an ... an+q
...

... ...
...

an+q−1 an+q ... an

∣∣∣∣∣∣∣∣
Ali et al [4] convex and close to convex. Motivated by Ali et al.[4], some researchers in the

last three years studiedTq(n) for low values of n and q, where entries are the coefficients of
functions in several subclasses of analytic functions. Some recent work on coefficient problems
includes Cho et al [7]; Cudna et al[5]; Lecko et al [6]; O. P. Ahuja et al.[13] In this paper,
we obtain estimates for Toeplitz determinantsT2(2) andT3(1) for functions belonging to the
classesGP t,ρ

Theorem 5.1. If f ∈ GP t,ρ, then the Toeplitz determinantT2(2) is given by,

|T2(2)| ≤
[

U3

u3U2

max(1, U2)

]2

+
U2

2

u2
2

.

Proof. SinceT2(2) =

∣∣∣∣a2 a3

a3 a2

∣∣∣∣ = a2
3 − a2

2,

we can write the bound ofT2(2) as,

(5.1) |T2(2)| = |a2
3 − a2

2|

Applying triangle inequality to the above equation, we arrive at

(5.2) |T2(2)| ≤ |a2
3|+ |a2

2|

Now, substituting equations(3.8) and(3.9) to (5.2), we obtain,

(5.3) |T2(2)| ≤
[

U3

u3U2

max(1, U2)

]2

+
U2

2

u2
2

.

Lettingρ = 0, in Theorem5.1, we get the following consequence.

Corollary 5.2. If the functionf of the form(1.1) belongs toGP t,ρ, then

|T2(2)| ≤
[

1

[3− u3]
max

(
1,

u2

2− u2

)]2

+
1

[2− u2]2

Theorem 5.3.The Toeplitz determinantT3(1) is given by,

|T3(1)| ≤ 1 +
2U2

2

u2
2

+
U2

3

u2
3U

2
2

max (1, U2) max

[
1,

∣∣∣∣2U3
2 u3

u2
2U3

− U2

∣∣∣∣]
Proof. If f ∈ GP t,ρ, then the Toeplitz determinantT3(1) is given by,
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T3(1) =

∣∣∣∣∣∣
a1 a2 a3

a2 a1 a2

a3 a2 a1

∣∣∣∣∣∣ = 1− 2a2
2 − a3(a3 − 2a2

2)

We can write the bound ofT3(1) as,

|T3(1)| = |1− 2a2
2 − a3(a3 − 2a2

2)|(5.4)

Applying triangle inequality to the above equation, we obtain

|T3(1)| ≤ 1 + 2|a2
2|+ |a3||a3 − 2a2

2|(5.5)

Substituting equation(3.8) to (5.5), we get

|T3(1)| ≤ 1 +
2U2

2

u2
2

+
U2

3

u2
3U

2
2

max (1, U2) max

[
1,

∣∣∣∣2U3
2 u3

u2
2U3

− U2

∣∣∣∣]

Lettingρ = 0, in Theorem5.3, we get the following consequence.

Corollary 5.4. If the functionf of the form(1.1) belongs toGP t,ρ, then

|T3(1)| ≤ 1 +
2

[2− u2]2
+

1

[3− u3]2
max

[
1,

u2

2− u2

]
max

[
1,

∣∣∣∣2[3− u3]

[2− u2]2
− u2

2− u2

∣∣∣∣ ]
6. CONCLUSION

The purpose of this article is to obtain some applications of Quantum-Calculus in Geometric
function theory, which is the recent concept for many researchers. In this method we have
generated a new sub-class of Sakaguchi kind function in a petal shaped domain with the help
of subordination. By working on these, resulted in coefficients for the Feketo-Szego functional
over the class and also the Toeplitz determinantT2(2) andT3(1) for the class have been obtained.
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