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ABSTRACT. In this paper, we estimate coefficient boutas, |as| and|a4|, Fekete-Szegd in-
equality a3 — va3| and Toeplitz determinarif;(2) and73(1) for functions belonging to the
following class

(1= t)[p2?f"(2) + 2f'(2)] < A()
P2l f' () — tf(t2)] + (1= p)[f(2) — F(t2)]
the function being holomorphic, we expand using Taylor series and obtain several corollaries
and consequences for the main result.
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1. INTRODUCTION AND PRELIMINARIES

Let A be the class of all functionswhich are holomorphic inthe regidh= {z € C : |z] < 1}
with the normalizatiory (0) = f'(0) — 1 = 0. Therefore, forf € A, one has

(1.2) f(z) =2+ Zakzk (z€eD).
k=2

We write g; < g¢o, if there is an analytic functiorr in D, with limitations»(0) = 0 and
lv(2)] < 1,suchthat;(z) = g2(v(2)), (2 € D). In case of univalency af, in D, the following
relation holds:

91(2) < 92(2), (2 €D) = :1(0) = 92(0) and g,(D) C gao(D).

In geometric function theory, the most basic and important subfamilies of th& aet the
family $* andC which are starlike and convex functions respectively.
By varying the subordination condition, we arrive at various geometrical sense. For example,

1.2) q(z) =1+ sinh™'2

then the class; := S*(1+ sinh~'z) was provided by Kumar and Aroral[8]. Clearly, the func-
tion ¢(z) is a multivalued function and has the branch cuts about the line segfrents —i) U
(,100), on imaginary axis and hence, it is holomorphidinin a geometric point of view, the
functiong(z) maps the unit dis® onto a petal-shaped regié,

(1.3) Q, ={weC:|sinh(w—1)| <1}
Using this idea, we now consider a subfan®ilg”* of analytic functions as
Definition 1.1. The functionf € A is in the classSC"” if

(1 —t)[p2?f"(2) + 2f'(2)] :
(1.4) o2 f(2) — tF(t2)] + (1— p)f(2) — f(t2)] < A(2),

whereA(z) is given by(L.3)), with [t| < 1,¢ # 1, and0 < p < 1.

Remark 1.1. (i) For p = 0, we get the following new clasSC’,
(1-1)2f'(2)
fz) = f(t2)
(i) For p = 1, we get the following new clasSC"*,

o1 _ =D+ FE) 5
SC —{feA. 702 () < A(z), eID)}.

SCt:{fE.A: —<A(z),z€]D}.

2. A SET OF LEMMAS

Let P be the family of functiong that are holomorphic i with  (p(z)) > 0 and the power
series form as follows:

(2.1) p(z) =1+ ickzk (z € D).
k=1
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Lemma 2.1.[6,[9] If p € P be expressed in series expansi@ri)), then

(2.2) lex| < 2 for k>1,
and for complex number, we have
(2.3) 2 — 2| < 2 max{1, |2y — 1]},

Lemma 2.2. [1] Letp € P has power series expansi¢i 1)), then
| J&} — Keyep + Les| < 2]+ 2|K —2J| +2|J — K + L.
3. COEFFICIENTS ESTIMATES FOR THE CLASS SC™”

Some recent work on coefficient problems includes Barukab ét al.[3]. In this section, we
obtain the initial coefficient bounds, a; anda, for the function defined in the clask’’”

Theorem 3.1.If the functionf of the form(L.1)) belongs taSC"*, then

H,U.
|as| < 2
Uo
HyUs;
< 1, U-
|a3|_H1U2U3 max(, 2>a
H3U, 5 Us 7 5 Us
<3 M Uy B Us| |t —2Us| + |2 Ut 2+ U
|a4|_4H2U3u4{'6 2", T +‘3 3 +‘6+ 2t t 3}
where
L=y 1= 2,3,--- andH, = [| 1 1.2
Up = ) n — V= 24,9,""" n — n=1»142,---
1—t¢

1+np’

Proof. Let f € SC"*. Then,(L.4) can be written in the form of the Schwarz function as
(L=8)[p="f"(z) + 2f'(2)]

palf'(z) = tf'(t2)] + (1 = p)[f(2) = f(t2)]

Now, if p € P, then it may be written in terms of the Schwarz functiotry

n— Uy,

(3.1) =1+ sinh ™ (w(2)) (z €D)

1+w(z
p(z) = 1_—105’2; :1+clz+02z2+03z3+... 7
equivalently,
(3.2) w(z) = p(z) —1 c12 + coz? + 32 + eyt

p(z) +1 - 24 1z 4 22 + 323 + gzt -
Using (1.1)) in (T.4), we get
(1 —t)[pz>f"(2) + 2'(2)]
pz[f'(z) = tf'(t2)] + (1 = p)[f (2) — f(t2)]
_ 142a(1+p)z+3as(1 + 2p)2% + 4day(1+3p)z3 + -+
1+ agua(1 4 p)z + aszus(l + 2p) 22 + agus(1 4+ 3p)z3 + - - -

(3.3)

By simplification and using the series expans{dr2)), we obtain

1 2 5¢3
L+sinh™ (w(z)) = 1+ 502+ (_% * 622> o <4€81 -t 623) g
1 5} 1 1 1
(34) + (_5011 + 1_66%62 — 50163 — ZC% + 504) Fa SRR
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Using (3.3)) and(3.4)), we get

H
(35) a9 = 1U2€1

2U2

HUs (1 1 ),
3.6 = Sep— (- 22
(3.6) s }ﬁ%m(fh <4 4)1>
HUy (1 5 Uy Us U\, (1 Uy

3.7 - - e N T P .
@7 }ﬂ@m{f%+(@ 8 30, 8)1 (2 1
Now implementing(2.2) in (3.5)), we obtain

H
(3.8) 0z < T12

u
Now implementing(2.3)) in (3.5, we obtain
HyUs;
3.9 < 1 .
(3.9) las| < H Uyt max(1,Uy)
Implementation of triangle inequality and Lemf2ain (3.7), leads us to
HsUy ) Us 7 5

3.10 <——RN==-Uy— —+U — —2U.
(3.10) |w—4m@mﬂﬁ 2 @+'3+E 176

This completes the proaf
Letting p = 0 in Theoreng3.I}, we get the following result.
Corollary 3.2. If the functiony of the form(L.1]) belongs taSC’, then

U

lag) < =2,

Uz

U
las| < ngg mazx(1,Us),
U, (15 Us 7 5 Us

< S U - 24U L _oU S U+ =2 Ul Y
’w_4%mﬂ6 A ”%3 3+%+2+U{%3}

Puttingp = 1 in Theorenf.I], we get the following result.
Corollary 3.3. If the functionf of the form(T.1)) belongs taSC"', then

Uy

< =

‘aZ, - 271,2’

Us
< 1,U
oa] < g mas(1,Ua),
U4 5! U3 7 ) U3

< D U= 24 Us|+ |5 —2Us| + |2 + Uy + =2 + Uy .
m”—lmgm{% 2T, T 3+L3 3+w6+ ”%@*‘3}
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4. FEKETE -SZEGO INEQUALITY FOR THE CLASS SC'*

In this section, we determine the bound for the Fekete-Szeg06 ineddalityr the function
defined in the clas§C"”

Theorem 4.1. If the functionf of the form(1.1)) belonging to the classC"*, then for any

complex numbey
Proof. Employing(3.5) and(3.6)), we may write
H,Usy HUs , HUs , HU3

2H1U2U3C2 + 4H1U3Cl 4H1U2U3Cl 7 4U§

—U,

3773
|ag — ya3] < s {1 13

’ HgUgu%

1U2U3

a3 — 2] \

By rearranging, it yields

| 2| H2U3 1 UQ ’)/H13U23U3 2
a3 —Yay| = ——\C0— | = — — + —7F5
3 T2 2H1U2U3 2 2 2 HQUgU% 1
Application of (2.3) leads us to
H,U. 1 Uy, ~H}USu
. — a2l < 273 9 1022224 21727 8) 4
las =0zl < s 2mer\ L2l -5 HoUsti2

After the simplification, we obtain

(4.1) |az — ya3| <

HQUg m {1 ’YH%UQZ))Ug_UQ

HlUQ’LLg ’ HgUgu%

|

|
Lettingp = 0 in Theoreni.I], we get the following consequence.

Corollary 4.2. If the functionf of the form(1.1)) belongs taSC’, then for any complex number
v
Corollary 4.3. If the functionf of the form(1L.1)) belonging to the classc™', then for any
complex numbey

)

YUSus
Ugug

For p = 1 in Theorenjd.T} we obtain the following result.

|as — ya3| < UU3 max{l, ~ Uy

2U3

3vU3us
4U3U%

- V2

3U2U3

‘ag—yag‘g Us max{l,

5. TOEPLITZ DETERMINANT 73(2) AND 73(1)

Toeplitz matrices and their determinants play an important role in several branches of math-
ematics and have many applications Toeplitz [13]. For information on applications of Toeplitz
matrices to several areas of pure and applied mathematics, we refer to the survey article by Ye
and Lim [7]. We recall that Toeplitz symmetric matrices have constant entries along the diag-
onal. For the functiornf(z) = z + Y ;-,ax2" (2 € D), we associate a determinafif(n)
defined by
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Qp, Apt1 -+ Opgg-1
Apt1 Qp, e an+q
=] " .
Qptg—1 Qnyq - an,

In 2017, Ali et al.[10] studied Toeplitz determinar¥ign) for initial values of n and g, where
the entries ofZ,(n) are the coefficients of the functions that are starlike, convex and close to
convex. Motivated by Ali et al.[10], some researchers in the last three years st@jdigdor
low values of n and g, where entries are the coefficients of functions in several subclasses of
analytic functions. Some recent work on coefficient problems includes Chd et al.[12]; Cudna et
al.[5]; Lecko et all[11]; O. P. Ahuja et &l.[14].
In this section, we obtain estimates for Toeplitz determindpt8) andZ;(1) for function be-
longing to the classC"*

Theorem 5.1.1f f € SC"*, then the Toeplitz determinaf(2) is given by

H,Us > H2U?
T7(2)] < 1 .
TN < | mar(LU)| o+
Proof. Since,
_ (G2 a3l _ o o
75(2) = as = a3 — Ay,
The bound of7;(2) is denoted by
(5.1) 72(2)| = |a3 — a3
Applying triangle inequality to the above equation, we arrive at
(5.2) 172(2)| < lag| + |ag]
Now, substituting equation(s.8)) and ([3.9) to (5.2)), we obtain,
H,Us > H2UZ
5.3 T(2)] < 1, U. .
539 T2 < | et +
|

Takingp = 0 in Theorenf.I], we get the following consequence.
Corollary 5.2. If the functionf of the form(L.1]) belongs taSC*, then

U * U3
T3(2)] < {U?’ max(l,Uz)} +—

2U3 2

Forp = 1 in Theorenp.I] we obtain the following result.
Corollary 5.3. If the functionf of the form(T.1]) belongs taSC"*, then

Us U2
< 2
|75(2)] < [BUgug max(l,Ug)} + 12

Theorem 5.4.1f f € SC**, then the Toeplitz determinaf(1) is given by,

QH2UZ  H2UZ 2 H3Uus
u3 HUZu3 " HyUszu3

|73(1)] <1+ max(1, Ug)max{l — U,

|
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Proof. Since,

a1 Gz as
73(1) =lay a1 as|=1-— 2@% - CL3<CL3 - 2@3)

as Gz @
The bound ofZ3(1) is denoted by
(5.4) 1 T3(1)] = |1 - 205 — az(as — 2a3)|
Applying triangle inequality to the above equation, we obtain
(5.5) |T3(1)| < 1+ 2|a3| + |asllas — 243

Substituting equatiof.§)),([3.9) and (4.1)) to (5.5), we get

2H2U2  H2U? 2H3 U3
5.6 T(1)] < 1 172 273 1.U I it By
( ) ‘ 3( )‘ = + U% + H12U22U§ ma‘r( ) g)max ) HQUgU% 2

|
Puttingp = 0 in Theorenf.4] we get the following consequence.

Corollary 5.5. If the functionf of the form(L.1)) belongs taSC", then

2U2 U2 Usu
L) <1+ =2 1,U. 1,222 U
T <1+ 20 4 b e, tmae{ 1, T2 - 0

Forp = 1 in Theorenf5.4] we obtain the following result.
Corollary 5.6. If the functionf of the form(T.1]) belongs taSC"*, then

U2 2 3U3us
(1] <1 2
A= o + 9U2 2Usu2

max(l,Ug)ma:v{l,' — U,

|

In our present work, we have ad&§ned new subclass of Sakaguchi type of functions. Fur-
ther, we have discussed some geometric properties like Coefficients estimates, Fekete-Szego
inequality, Toeplitz Determinarif;(2) andZ;(1) for this newly deiAned class.

6. CONCLUSION
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