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ABSTRACT. In this article, we obtain the existence of Walras equilibrium for set-valued demand
mappings in a pure exchange economy. In this case, the set-valued mappings are defined by the
loss function. Therefore, we shall summarize the features describing the exchange economy
system which contain the loss function.
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1. I NTRODUCTION

The role of prices in the problem of decentralization of consumer choice is taken to mean that
knowledge of prices enables each consumer to make his own choice, in accordance with his own
objectives, without knowing the global state of the economy, in particular, without knowing the
choice of other consumers because of scarcity constraints.

It was Adam Smith who originated this concept of decentralization more three centuries ago.
In his book entitled "The Wealth of Nations", published in 1778, he did not state what the
famous hand-manipulated by forwarding a rigorous argument to justify its existence.

It was a century later that Leon Walras suggested that this invisible hand acted on prices via
the function of demand, which it used to provide economic agents (consumers) with sufficient
information to guarantee the consistency of their actions while respecting scarcity constraint.

The study of the Walras model can now be considered as Classical. See the fundamental book
of Debrue [4]in 1959. The first proof of the existence of an equilibrium in a series of alternative
models are due to Wald [10] and later, by Arrow-Debrue [2], McKenzie [6], and Nikaido [7].
The most general version is in Debrue [4]. Recently in [8] be obtained the existence Walras
equilibrium weaker of the result [9] by used variational inequalities. In addition, in [3] by used
game Theory.

The economic activity we discuss in this article consists of the simple exchange of commodi-
ties among a finite number of consumers and it is known well as pure exchange economic. In
this case, we will the attention to the behavior of set-valued demand maps of the consumer. No-
tice that we have left aside the problem of utility theory. We have chosen to use lose functions
instead of preference orderings. For relationship between these two concept, we refer to Debrue
[4]. See Also Kannai [5] for characterization of convex loss function.

2. SET-VALUED MAPPING

Let X andY be a topological space. The family of all subset ofY is denoted byP(Y ). The
set-valued is a functionF from X toP(Y ) with the property thatF (x) 6= ∅ for all x in X.

Definition 2.1. : Set-valuedF : X −→ P0(Y ) is called to beupper semi-continuousatp ∈ X
if for any neighbourhoodUε(F (p)) of F (p) there existsδ > 0 such that for allx ∈ Nδ(p),
F (x) ⊂ Uε(F (p))

Definition 2.2. : Set-valuedF : X −→ P0(Y ) is called to belower semi-continuousatp ∈ X
if for any neighbourhoodU ⊂ Y such thatU ∩ F (p) 6= ∅ there existsδ > 0 for all x ∈ Nδ(p),
F (x) ∩ U 6= ∅

The characterization of upper semi- continuous of the set–valued is described the following.

Theorem 2.1.Suppose that

i. functionf is a continuous onX × Y ,
ii set-valuedF is a continuous onY ,

iii imageF (y) is a compact set.

Then functiony 7−→ γ(y) = infx∈B(y) f(x, y) is continuous and set-valuedy 7−→ F (y) =
{x ∈ B(y) : f(x, y) = γ(y)} is an upper semi-continuous.

Proposition 2.2. Any closed set-valuedF mappingY into a compact spaceX is upper semi-
continuous.

Definition 2.3. The functionf : X −→ R is called has non satiation property if

∀x ∈ X,∃x∗ ∈ X, f(x∗) < f(x).
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Proposition 2.3. Suppose thatf : X −→ R is convex and that has non satiation property. If
x∗ minimizesf onX, thenx∗ belongs to the boundary ofX.

3. ECONOMIC SYSTEM

The concept of an economic system or economic may be formalized in different ways. The
certain formalization chosen is a reflection of the institutional structure, of the scope, of the level
of abstraction, of the static or dynamic features,or conceptual characteristic of the background
structure that people want to say; of course, it depends directly on the chosen language of
formalization and, indirectly, on the theoretical aims the formalization is supposed to serve.

We often found of the theory is only concerned with the economic exchange process (the
markets) without regard to the production sector. Such economic systems are referred to in the
literature as pure exchange economy. Structure of the pure exchange economy is presented as
follows.

(3.1) E0 =
{
N, R`, D

}
WhereN is a finite sets of consumer,R` is a commodity spaces andD is a demand set-

valued maps. Suppose the subsetC ⊂ R` is an available commodities. We know a price is
a linear formp ∈ ( R`)∗, dual of R`, which associates a commodityx ∈ R` with its value
〈p, x〉 ∈ R, expressed in monetary units. Since ani-th commodity is represented by thei-th
vectorei = (0, 0, · · · 1, 0, . . . , 0) of the canonical basis ofR`, the componentspi = 〈p, ei〉 of the
pricep represent what is usually called the price of the commodityi. SupposeN = {1, 2, ·, n}
is consumer sets. Each consumeri ∈ N we associate its consumption subsetKi ⊂ R`. Where
the subsetKi is assumed always be closed, convex, and bounded to below. To design a de-
centralized mechanism that allocates available commoditiesc ∈ C, we will assume that theC
subset of available commodities is "appropriated". This means that consumeri ∈ N is given
with a subset ofC(i) of commodities such thatC =

∑
i∈N C(i) whereC(i) ⊂ Rl. In the other

words, any available commodityc =
∑

i∈N ci ∈ C is assumed to be adequate in the sense that
every consumer ofi ∈ N is entitled to the available commodityci ∈ C(i).

SubsetC(i) is the initial contribution of the available commodity. Those an appropriation of
C allows the profit function to be shared among consumers, i.e.r(p) =

∑n
i=1 ri(p) for each

p ∈ P, whereri(p) = supc∈C(i)〈p, c〉 denotes the maximum profit that consumeri obtains from
his initial contribution ofC(i). This profitri(p) is used as income.

SupposeBi(p, r) is the budget set of consumersi that defined as

(3.2) Bi(p, r) = {x ∈ Ki : 〈p, x〉 ≤ r}.
The budget set of consumersi defined by the appropriationC =

∑n
i=1 C(i) is Bi(p, ri(p)).

After the set of available commodities has been appropriated, each consumer knows his bud-
get setBi(p, ri(p)) with pricep prevails. Furthermore assumed that each consumeri devises a
selection procedure who enables him to consume goods in form the demand functionDi(p, r)
which subset of his budget setBi(p, r).

Definition 3.1. The functionDi : P ×R → Rl is a demand set-valued of consumeri if for each
p ∈ P andr ∈ R, Di(p, r) ⊂ Bi(p, r).

An economic system is therefore defined by the pairs{Ki, C(i), Di}.

Definition 3.2. Supposēx = {x̄1, · · · , x̄n} is a Walras allocation and̄p a Walras price . The
pairs{x̄, p̄} is called Walras equilibrium if satisfying
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(i) ∀i ∈ N, x̄i ∈ Di(p̄, ri(p̄)),
(ii)

∑
i∈N x̄i ∈ C,

(iii) ∀i ∈ N, 〈p̄, x̄i〉 = ri(p̄).

The notion of recession cone is essential. The following that in question. LetU be a vector
spaces andX be a subset ofU containing0. The set∩α≥0αX is calledrecession coneof X.

Furthermore, the following is the existence of Walras equilibrium theorems.

Theorem 3.1.Let ξ ∈ Rl
+ be a numeraire andP = {p ∈ Rl

+ : 〈p, ξ〉 = 1}. Suppose that
(1) the consumption setsKi closed, convex and bounded below

(2) theC subset of the available commodities satisfyC is closed, convex andRl
+ is a reces-

sion cone, and
(3) there existsc ∈ C such that(C − c) ∩ Rl

+ = {0}
If the set-valued demandDi and the income functionri satisfy

(4) ∀i ∈ N, p ∈ P → Di(p, ri(p)) is upper semi-continuous with a closed convex non-
empty image,then there exists Walras pre-equilibrium{x̄, p̄} ∈ Rl

+ × P .

The requirement of the existence of the Walras equilibrium in that theorem is the set-valued
demand function must be the upper semi-continuous. For this purpose, we need a theorem on
the surjectivity of the set-valued functions.

Definition 3.3. Let X andY be two topological spaces and letT be a continuous map fromX
into Y . The mappingT is said to be proper ifT is a closed map and, for eachy ∈ Y, T−1(y) is
compact.

Proposition 3.2. Suppose that for alli = 1, 2, · · ·n, Ki ⊂ Rl is closed and bounded below and
thatC satisfies properties

(i) the commodity setC is convex and closed
(ii) there existsc ∈ C such that(C − c)∩ Rl

+ = {0}.

Then the map{x1, · · · , xn, c} ∈
∏n

i=1 Ki × C 7→
∑n

i=1(x
i − c) ∈ Rl is a proper.

In particular, the subsetX(N) = {x ∈
∏n

i=1 Ki :
∑n

i=1 xi ∈ C} is compact and its projec-
tion πiX(N) of X(N) are compact.

If B is a closed ball of positive radius, thenπiX(N) + B is also compact. Furthermore, we
setting

(∗)

{
K̃i = Ki ∩ (πiX(N) + B); C̃0(i) = C(i) ∩ (πiX(N) + B);

C̃(i) = C̃0(i)− Rl
+; C̃ =

∑
i∈N C̃(i) ⊂ C ∩

∑
i∈N(πiX(N) + B).

4. DEMAND SET-VALUED DEFINED BY L OSSFUNCTION

In this section, we investigate the case when the set-valued demand function is defined by

Di(p, r) = {x ∈ Bi(p, r) : fi(x, p) = min
y∈Bi(p,r)

fi(y, p)}.

In the case, the set-valued demand functionDi is obtained by assuming that i-th consumer
chooses a commodity in the budget setBi by achieving his/him minimum loss. Specifically, we
assume that each consumer chooses a commodity according to the loss functionfi : Ki ×P 7→
R. which can be determined by prices prevailing in the economy, then we defineDi such as
above

Di(p, r) = {x ∈ Bi(p, r) : fi(x, p) = min
y∈Bi(p,r)

fi(y, p)}.(4.1)
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In such a situation, an economy system can be expressed by the pairs{Ki, C(i), fi}i∈N

Since the set-valued demand functionDi depends on the loss functionfi, we begin by stating
the existence theorem for a Walras equilibrium as in Theorem 4.5.

As in Theorem 3.1, the requirement of the upper semi-continuous for set-valued demand
functions is essential. In order to be efficient, the proof of the Theorem 4.5 will utilize some of
the results.

First, we begin with the result as follows.

Proposition 4.1. Suppose that

(1) the income functionri is continuous onP for eachi ∈ N ,
(2) for all p ∈ P there exists̄xi ∈ Ki such that〈p, x̄i〉 < ri(p), and
(3) the set-valued budget functionp 7→ B(p, ri(p)) has non-empty closed-convex images

and is closed and lower semi continuous.

If the consumption setsKi is compact and the loss functionfi : Ki × P 7→ R is continuous for
all i ∈ N , then the set-valued demand functionp → Di(p, ri(p)) is upper semi-continuous.

Proof. Clear that subsetsB(p, ri(p)) are non-empty set by (2). The graph of set-valuedp 7→
B(p, ri(p)) is closed since the pairs{p, x} satisfying〈p, x〉− ri(p) ≤ 0 andp 7→ ri(p) is upper
semi-continuous by (1).
Now, let x̃i ∈ Ki be defined by hypothesis (2). Then forp0 ∈ P , 〈p0, x̃i〉 − ri(p0) = −k0 < 0.
Also, there existsα > 0 such thatxα = αx̃i + (1 − α)x0 belongs toN(x0). Since〈p0, x0〉 −
ri(p0) ≤ 0, we have〈p0, xα〉 − ri(p0) ≤ −k0α.
Takeε = 1

4
k0α. Sinceri is lower semi-continuous, there exists a neighborhoodN(p0) of p0

such that,

〈p, x0〉 − ri(p0) ≤ 〈p0, x0〉 − ri(p0) + ε + 〈p − p0, x0〉 ≤ −1

2
k0α < 0.(4.2)

for all p ∈ N(p0). This implies thatx0 belongs toB(p, ri(p)) wheneverp ∈ N(p0). This show
that the set-valued budget is lower semi-continuous.

Furthermore, if the consumption setsKi is compact, then the set-valued budget function
Bi(p, ri(p)) stays in the compact setKi and thus, is an upper semi-continuous by Proposition
2.2. Thus it is continuous. Since the loss functionfi is continuous, from Theorem 2.1 that the
set-valued demand function is upper semi-continuous.

Proposition 4.2. Suppose that

(i) the consumption subsetsKi are compact and convex,
(ii) C(i) = C0(i)− Rl

+ whereC0(i) are compact,
(iii) the loss functionfi : Ki × P → R are continuous and convex w.r.txi, and
(iv) for eachi , 0 ∈ Ki − Int(Ki).

Then there exists a Walras pre -equilibrium.

Proof. This is an easy consequence from Theorem3.1 and Proposition 4.2. Since (iv) implies
that there existst̃xi ∈ Ki such that〈p, x̃i〉 < ri(p) for eachp ∈ P .

An economy{Ki, C(i), fi} satisfying (i) and (ii) is called a compact economy. Is each econ-
omy equivalent to a compact economy?

Definition 4.1. Suppose the map{x, c} ∈ RN × C 7→
∑

i∈N(xi − c) ∈ Rl is proper. Then the
pairs{K̃i, C̃(i), fi}i∈N is called a "compactified economy" of{Ki, C(i), fi}i∈N .
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We denote the compactified budget sets byB̃i(p, r) = {x ∈ K̃i : 〈p, x〉 ≤ r} , and the
compactified demand subsets by

D̃i(p, r) = {x ∈ B̃i(p, r) : fi(x, p) = min
y∈B̃i(p,r)

fi(y, p)}.

The compactified income functions byr̃i(p) ≤ ri(p) are continuous. It is clear that any Walras
pre-equilibrium{x̄, p̄} ∈

∏n
i=1 Ki × P of the economy{Ki, C(i), fi}i∈N is a Walras pre-

equilibrium of the compactified economy{K̃i, C̃(i), fi}i∈N .

Proposition 4.3. If the map{x, c} ∈ RN × C 7→
∑

i∈N(xi − c) ∈ Rl is proper and the
subsetsKi, C(i) and loss functionxi 7→ fi(xi, p) are convex, then any Walras equilibrium
of the compactified economy{K̃i, C̃(i), fi}i∈N is a Walras equilibrium of the initial economy
{Ki, C(i), fi}i∈N .

Proof. Let{x̄, p̄} = {x̄1, · · · , x̄n, p̄} be a Walras equilibrium of the compactified economy. Then
x̄i ∈ K̃i ⊂ Ki for eachi andc̄ =

∑n
i=1 x̄i ∈ C̃ ⊂ C. Thusx̄ ∈ X(N). This implies that for all

i ∈ N, x̄i ∈ πiX(N).
Furthermore, we detailed the proof as follows.

(a) we proved that〈p̄, c̄〉 = r̃(p̄) = r(p̄) = 〈p̄, c〉. If it is false, then there existsc ∈ C
such that〈p̄, c〉 > 〈p̄, c̄〉. Supposecα = (1 − α)c̄ + αc. SinceC is convex and̄c ∈ C,
it follows that cα ∈ C. Sincec =

∑
i∈N ci whereci ∈ C(i) and x̄i ∈ πiX(N),

x̄i + α(ci − x̄i) ∈ C(i) ∩ (πiX(N) + B) = C̃α(i) for α that small enough. Since
cα =

∑
i∈N(x̄i+α(ci−x̄i)) ∈ C̃. On the other hand,〈p̄, cα〉 = (1−α)〈p̄, c̄〉+α〈p̄, c〉 >

〈p̄, c̄〉. This is a contradiction of the fact that〈p̄, c̄〉 maximizes〈p̄, ·〉 againts toC̃ (i.e
that〈p̄, c̄〉 = r̃(p)).

(b) Since〈p̄, x̄i〉 ≤ r̃i(p̄) and〈p̄, c̄〉 = r̃(p̄) = r(p̄) =
∑n

i=1 ri(p̄), we obtain that
n∑

i=1

(r̃i(p̄)− ri(p̄)) = 0.

But r̃i(p) ≤ ri(p) for eachi ∈ N . This implies that

r̃i(p̄) = ri(p̄) for each i ∈ N.

(c) Thereforex̄i ∈ D̃i(p̄, ri(p̄)) = D̃i(p̄, r̃i(p̄)). We will prove that there exists̄xi ∈
Di(p̄, ri(p̄)). To prove this, suppose thatx̄i /∈ Di(p̄, r̃i(p̄)). Then there existsxi ∈
Di(p̄, r̃i(p̄)) such thatfi(xi, p̄) < fi(x̄i, p̄).

Therefore, for eachα ∈ (0, 1), xi
α = (1 − α)x̄i + αxi satisfies the budget constraint

〈p̄, xi〉 ≤ ri(p̄).
Forα small enough,xi

α belong toπiX(N) + B becausēxi ∈ πiX(N). Sincexi and
x̄i belong to the convex setKi, xi

αalso belongs toKi. Thereforexi
α ∈ B̃i(p̄, ri(p̄)) for α

is small enough. But, sincefi is convex w.r.txi, we deduce the following contradiction

fi(xi
α, p) ≤ (1− α)fi(x̄i, p̄) + αfi(xi, p̄) < fi(x̄i, p̄).

This proof is complete.

Proposition 4.4. Let the map{x, c} ∈ RN × C 7→
∑

i∈N(xi − c) ∈ Rl be a proper. If for
eachi ∈ N, 0 ∈ Ki − Int(C(i)) holds in initial economy, then also hold in compactification
economy, namely for eachi ∈ N, 0 ∈ K̃i − Int(C̃(i)).

Proof. From hypothesis is meaning for eachi ∈ N , there exists̃xi ∈ (Ki

⋂
Int(C(i))) ⊂

(Ki

⋂
C(i)). Of course

∑n
i=1 x̃i ∈ C, that is x̃ = ({x̃1, · · · , x̃n}) ∈ X(N). This implies
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x̃i ∈ πiX(N). Therefore,̃xi ∈ K̃i. On the other hand,
(
x̃i + Bρ

)
⊂ C(i) whereBρ is ball with

ρ is radius the small enough. Since
(
x̃i + Bρ

)
⊂ (πiX(N) + B) if the radiusρ is an enough

small, then
(
x̃i + Bρ

)
⊂ C̃(i) , that isx̃i belong to the interior of̃C(i).

The following theorem is the main result of the existence of a Walras equilibrium for a set-
valued demand function which depends on the loss function.

Theorem 4.5.Suppose that

(1) the consumption setsKi closed, convex and bounded below,
(2) the initial endowmentsC(i) are closed, convex andRl

+ is their recession cone, and
(3) for eachi ∈ N , 0 ∈ (Ki \ Int(C(i))).

Suppose also that

(4) the map{x, c} ∈ RN × C 7→
∑

i∈N(xi − c) ∈ Rl is proper and
(5) the loss functionfi satisfy{

(i) ∀p ∈ P, xi 7→ fi(xi, p) is convex

(ii) fi is continuous on Rl × P.

if the loss functionfi satisfy the non-satiation property, then there exists a Walras{x̄, p̄}.

Proof. Assumptions (1),(2),(4) and (5(i)) and Proposition 4.3 imply that we can replace the
initial economy{Ki, C(i), fi} by the compactified economy{K̃i, C̃(i), fi}. Assumptions (3),
(5) and Proposition 4.2 imply the existence of a Walras pre-equilibrium of the compactified
economy.{K̃i, C̃(i), fi}.

Since the loss functionfi satisfy the non-satiation property and assumptions (5) imply that
x̄i ∈ Di(x̄, r̃i(p̄)) satisfies〈p̄, x̄i〉 = ri(p̄) by Proposition 2.3.

Hence there exists a Walras equilibrium of the compactified economy, which is a Walras
equilibrium of the initial economy by Proposition 4.3.

As in Theorem 3.1, the requirement of the upper semi-continuous for set-valued demand
functions is essential. To prove the upper semi-continuity of such a demand set-valued, we need
the compactness of the consumption setsKi. Therefore, we have to compactify the economy.
For this purpose, we introduce an assumption (4) in Theorem 4.5. Hence we construct a new
economy in which the consumption subsetsKi are compact (see Proposition 4.1). We check
that these two economies are equivalent in the sense that their subsets of equilibria coincide
(Proposition4.3).

In the theorem 4.5, we conclude that the requirement of the upper semi-continuity of the
demand set-valued functions that depend on the loss function is a compactified economy of the
initial economy.
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