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ABSTRACT. We know that in the field of functional analysis, Holder inequality is very well
known, important, and very applicable. So many researchers are interested in discussing these in-
equalities. Many world mathematicians try to improve these inequalities. In general, the Holder
inequality has two forms, namely the integral form and the sum form. In this paper, we will
introduce a new refinement of the generalization of Holder inequalities in both integral and ad-
dition forms. Especially in the sum form, improvements will be introduced that are better than
the previous improvements that have been published by Jing-feng Tian, Ming-hu Ha, and Chao
Wang.
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1. INTRODUCTION

The classical Holder’s inequalities are usually defined as follows.

Theorem 1.1. (Holder’s inequality for integralgl1]) Letp > 1 and% + % = 1. If fandg are
real functions defined op, v] such that f|P and|g|? are integrable functions ofx, v], then

[ 1s@e@lis < ([ 15@pPan)( [ lopa)’ (1.9

with equality if and only it:| f (z)|” = b|g(x)|? almost everywhere for some real numbeend
b (not both of them zero).

Theorem 1.2. (Holder's inequality for suméfl])) Letu = (uq, . .., u,) andv = (vq,...,v,) be
two positiven-tuples, and lep, g > 0 and% + % = 1. Then we have

m m m

S vl < (3 )7 (3 Joal?) (1.2)

n=1 n=1 n=1

with equality if and only ifa|u,|? = b|v,|? for some real numbers and b (not both of them
zero).

By utilizing the generalization of Young’s inequality farnumbersl[[2], mathematicians ob-
tain the Generalized Hoélder’s Inequality fotterms.

Theorem 1.3. (Generalized Hdélder’s inequality for integrals and n tef#j) Letp; > 1 and
> ey 5 = L. If f; are real functions defined di, v] such that|f;|** are integrable functions
on [u, v], then

P o (1.3)

/:‘iljfz’(:c)‘d:cﬁg(/:’fi(w)

with equality if and only if there exist real numbersand b (not both of them zero) such that

alfi(x)|P* = b|f;(x)|P7 almost everywhere far ;.
Theorem 1.4.(Generalized Holder’s inequality for sums and n td@j) Letu; = (u;,, ..., u;,)
be a n-tuples for everye {1,...,n}, and letp, > 1and) . , I} = 1. Then we have

o (1.4)

STl < TT(S

k=1 i=1 i=1 k=1

with equality if and only if there exist real numbersand b (not both of them zero) such that
alu;, [P = blu;, |Pi for i # j.

Of course, the Hdélder’s inequality has been extensively explored and tested to a new situation
by a number of scientists. Many its generalizations and refinements have been obtained so far.
See, for example[ [3]/[4],15],16],17],.18],.19],.110],.[21],.[12], and [13] and the references
therein. In this paper, we obtain some new refinements for integral and sum forms of General-
ized Holder’s Inequality for n terms, and these refinements are better than before, especially the
ones that Jing-feng Tian, Ming-hu Ha, and Chao Wang has publishid [11].

2. RESULT

2.1. Refined Generalized Holder’s Inequality for integral form.
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Theorem 2.1.Letp, > 1and) . , 1% = 1. If f; are real functions defined dnm, v] such that
| f:|P¢ are integrable functions ofu, v], then

/ﬂﬁfi(x”d“viu[ﬁ(/vw‘@'ﬁ sy + I ([ = ulfto)ldo)?]

u =1

(2.1)
and
v_u[ll / v-a)lfile >|pfdx)5i+i1]1( / (o) ) d) | < H / i) o)
(2.2)

with equality if and only if there exist real numbersand b (not both of them zero) such that
alfi(z)[P = b| f;(z)[P almost everywhere for= ;.

Proof. Using the Generized Holders’s Inequality (1.3), we easily see that

[swla = = [zt o) T[]

u

n

- viu</v(v_x>‘n 1($)’dx+/v(x—u)‘f[fz(m)!dx)

i=1

B UV —U /u| H l/p I_IfZ !dx

+/u |(11 u)'/P) Hfz ‘dx)
- Uiu</uy| ljv—l“ o fi( }da:+/u |( ljx—u iz )\dx>
Uiu<ﬁ(/:(v—x)|fz )P dzx) Pll+ﬁ /Ux—u|f()|pidx)f}i>

=1
First, Let us consider the case

([ e -

Then there ig, such thatf;, (x) = 0 for almost every: € [u, v].

Thus we have .
/ }Hfz(x)‘dx:()
=1

Therefore inequality is trivial in this case.
Finally, we consider the case
1
([ 1nepa)

Then using generalized Young'’s mequahty we get

1 n n

o (I o= ai@pan + [LC[ @ = win@p))

i=1 i=1

<
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b ol @) Pde s e [ (@ = w)lfi(@)de, o
a1 81 G iy e K W (G ol B
1 fu(v—x)\fi(aj)pidw - f;(x—u)]fi(as)pida:
o T rere ) TS O rra )

i=1

IN

1 - L W —=2)|fi(x)|Pidr + [, (x — u)|fi(
_ (;(M ) pzf mf( )lfi(z)

Pidqx

pidx)>

1 Pi

This completes the prooi

More general versions of Theor¢m|2.1 are given in the following:

Theorem 2.2.Letp, > 1and) " , pl = 1. If f; are real functions defined dm, v] such that
| f:|P¢ are integrable functions ofu, v], then

n

ran + ][ sl
H

JPeda) s (2.3)

Auigfi<x)|dxs1j / )\ fil)

wherea, 0 : [u, v] — [0, 00) are continuous functions such thatz) + G(z) = 1, x € [u, v].

Proof. The proof of the theorem is easily seen by using a similar method as in the proof of

Theorenm 2.1y

More general versions of Theor¢m|2.2 are given in the following:

Theorem 2.3.Letp, > 1and) " , 1} = 1. If f; are real functions defined dm, v] such that
| f:|P¢ are integrable functions ofu, v], then

Pidp)v (2.4)

[!gfi(x)ldxsg T1( [ s

=1

)IPidz) H [ 1@

whereqy, : [u, v] — [0, 00) are continuous functions such that,” | oy (z) = 1, = € [u, v].

Proof. The proof of the theorem is easily seen by using a similar method as in the proof of
Theoren 2.]1. Using the Generized Holders’s Inequdlity| (1.3), we easily see that
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(@)l fi(@)P") 7 da]

([ i)™ ~o

Then there ig, such thatf;, (x) = 0 for almost every: € [u, v].

/uv}ﬁfz‘(xﬂdx —0

Thus we have

Therefore inequality is trivial in this case.
Finally, we consider the case

/\fz )" £

Then using generalized Young'’s mequahty we get

m n

N GRICIBREE

k=1 =1
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This completes the prook

Remark 2.1. We easily see that the inequalities obtained in Thedrem 2.2 are better than in-
equality [1.B).

Remark 2.2. Letk € {1,2,3,...,m}. By taking

1 .
[Too, sin®z, If 2 =m
1 .
ap(r) § cos’x [ sin’z, fl<az<m ,
cos® x, If If =1

we have

n

/:’ﬁfz‘(x)}dx < H /UUCOS 2| fi(z >|pzdx)

=1

.

m—1 n

Z (H /uv (cos®x kl__[ sin? x)|f2(x)|pldx)p%>

=2

+H(/:(Hsin2x)|fi(x

2.2. Refined Generalized Hdolder’s Inequality for sums form. There is a refinement of Gen-

eralized Hélder’s inequality introduced by Jing-feng Tian, Ming-hu Ha, and Chao Wang in [11]
as follows.

)pidx)‘%i

Letu; = (wi,...,u;,) bean- tuples for everye 1,...,n, lets be any given natural number
(1 <n<m), and letp;, > 1and) " - =1. Then we have
m n n m n |ul DPi ‘u(z+1) Pi+1 9 %
wl < [Ty [(1— b - gl
; | g ! z:l g ' } E (Zj=1 [ [P 30550 [ug, =
(2.5)

Now, we will introduce another refinement of the generalization of the Holder inequality.

Theorem 2.4.Letu; = (u;,, ..., u;, ) be an-tuples for every € {1,...,n}, lets be any given
natural number1 < n <m), and letp, > 1and)"" , - = 1. Then we have
(i)
STl < (1 H ka Py T = )l ) 7]
k=1 i=1 i=1 k=1
n |Uz’5 D ‘u(i+1) Pit1 2>21m]>
1 — (=m - == - ‘ 2.6
[H ( (Zjl |Uz7 |Pi Zj:l |U(i+1)j pz+1) ( )
(ii)
— ([TT (32 klusely? + TT (= m = ks )]
i=1 k=1 i=1 k=1
- |ws, [P gy, [P 2)%}) [ TN ;]
1— m ) - m 2 } < U, ) P
[E ( <ZJ 1w, [P Zj:l ‘u(i+1)j |p’+1) E <k2;’ g )
n ‘Uis Di ‘U(H-l) Pit1 2>21pi]
1 — (== - == - ‘ 2.7
[g < <Zj:1 ’ui]’ pi Zj:l ”LL(Z'+1)]_ pz+1> ( )
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(iii)

v‘_

Ms

‘]
D= mr] e

i=1 k=1

1 n m 1 n
(ITLC tly o+ T (o = W )
=1 k=1 i= 1
[ﬁ (1 — ( i [P Juagy, [P >
; Z;rL:1 |u17 |Pi ZT:1 |U(i+1)j [P+t

=1

DD
'U‘*—‘ ’—‘

Proof. (i) Using the refinement of Generalized Holder's inequality(2.5), we see that

k=1 1=1 k=1 =1

k=1
1 m n m n
- E[Z}Hk;luzk} +Z(m—k)|H(m k)luzk‘]
k=1 1i=1 k=1 =1
< (TTL D k) + TL (3o = Ry ) ]
i=1 k=1 =1 k=1
[ﬁ (1 .y i [ Jugg, [P )z)zib
i1 27:1 |ug, [P 27:1 |U(i-|-1)j|pi+1
(if) Let us first consider the case
I_I(Z:|7~Lz‘k|p>zT =0
=1 k=1
Thenu;,, =0fork=1,2,3,...,n
Finally, we consider the case
SZH(ZWWVD); #0
=1 k=1
Then o o
1 1
— (T ks )7+ TT (2 (= k) g 1))
=1 k=1 i=1 k=1
L (e Flua [P 7y e (m = )l Py 1
— Pi | - 2
(e )+ ) 7)
1 - Zk 1 k|ulk| - ZZ:l(m — k)|u%k|pl
< )t 0
(2 G i)+ 2 S )
N 1
im1 Pi
= 1.
Thus we get
1 n m Nt n m n n m 1
—(TLC Flaay + TT (0 = Wl ) )T < [TLCS fa) |7
=1 k=1 =1 k=1 =1 k=1
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with

|Ui i |U(z‘+1) Pit1 9 %
r= 00 e~ s ) )
H (E‘: Jui; [P 32550 [, )

(iif) Base on the inequality point (ii) and the fact that

n

|Ui5 Di ’U(Hl) Dit1 2> 21101]
1-— = — =m 2 . <1,
[H ( (Zjl |ui, [P Zj:l |U(i+1)j p”l)
we directly have
— ([TT (32 s )7+ TT (D 0m = ks ) ]
i=1 k=1 =1 k=1
- |u;,|P? i1y [Pt 2)%}) [ - . ;]
1- ™m - ™m = S 7 t) P
[E ( (ijl |ui]~|pi Zj:l ‘u(i—&-l)j pi+1) E (; ’u k )

Remark 2.3. In Theorenj 2.4, the Inequality 2.7 and]2.8 shows that Inequiality 2.6 is better than
Inequality[ 2.5 and 1]4.

More general versions of Theor¢gm|2.4 are given in the following:
Theorem 2.5.Letu; = (u;y,-..,u;, ) ben-tuples for every € {1,...,n}, and letp; > 1 and
> 15 =1L If c = (c1,...,¢n) @ndd = (dy, ..., d,) be twon-tuples such that, + d, = 1
fork_ 1,2,3,...,m, then

n

STl < (TSl )+ TT¢ Zrdkuuikm)é}
k=1 =1 =1 k=1 i=1 k=1

[ﬁ < ’uzs Di B |u(i+1)5 Pi+1 )2> 21171:|
plug e 320 g, P

=1 J:
Theorem 2.6.Letu; = (u;,...,u;,) ben-tuples for every € {1,...,n}, and letp; > 1 and
Yoy p = 1.If¢; = (cjy, ..., c,) ben-tuples forevery € {1,...,r}suchthad >, c; =1
fork=1,2,3,...,m, then
> TTwl < [3(ILC > el 7))
k=1 1i=1 i=1 k=1

[ﬁ <1 iy i [P Jugy, [P )2)2110]
P Z;nzl |Uij | Z;ﬂzl |U(i+1)j |Pit1

Proof. The proof of the Theorem 2.5 apd 2.6 are easily seen by using a similar method as in the
proof of Theoren 24y

Remark 2.4. We easily see that the inequalities obtained in Thegrei 2.5 and Thgorem 2.6 are
better than Inequality (1.4).

3. CONCLUDING REMARKS

We have have successfully constructed several new refinements of the generalization of
Holder inequalities in both integral and addition forms. Especially in the sum form, our im-
provements are better than the previous ones that have been published by Jing-feng Tian, Ming-
hu Ha, and Chao Wang.
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