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ABSTRACT. We provide a sharp boundaries inequalities for Fekete Szego probiempuas|,

the coefficients of logarithmic functiolog f(z)/z, and the coefficients of the inverse function
f(f'(w)) on the Bazilewt functionsB; («) related to the Lemniscate Bernoulli on the unit disk
D = {z:|z| < 1}. We obtained the result by using some properties of function with positive
real part relates to coefficients problems.
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1. INTRODUCTION

Let S denote the class of analytic normalized univalent funciictefined on the unit disk
D = {z: |z| < 1}, and normalized by (0) = 0 andf'(0) = 1, and given by

(1.1) f(z)= z+ianz”.
n=2

One of the classes of univalent function is Bazigefuinction B(«). The clas$B; () C B(«)
defined as follow was introduce in/[6] and [12]. Then o> 0, f € By(«) C S if and only if

for z € D the equation gives,
a—1
Fo (19) ] >0

The previous research on Baziléviinction was investigated by Singh[11]. The class Bazile-
vi€ function B, («) research by [13]/]6], and [8]. While research on subordination was studied
by Marjono [9] and Starlike function related Bernoulli Lemniscate studied by Thomas [10].
This research studied the BaziléJunctionsB; («) related to the Lemniscate Bernoulli.

(1.2) Re

We say that an analytic functiohis subordinate to an analytic functignand writef(z) <
g(z), if and only if there exists a functian, analytic inD, such thatv(0) = 0, |w(z)| < 1 for
2] < 1andf(z) = g(w(2)).

Lets B; («) denote the class of functigh analytic in the unit diskD, normalized byf (0) = 0
andf'(0) = 1 and satisfying subordination condition

(1.3) [%1 <V1+4z=:£(2), z€ D.

Where the branch of the square root is chosen t§(bg= 1 the set(D) lies in the region
bounded the right loop of the Bernoulli Lemniscate functiofwis+ y2)? — a?(2? — 3?)) = 0.
In the Bernoulli Lemniscate function, for the positive real part it is multipliedsbyWhen
d > 0 and the class Bazilevifunction B; («) subordinate with Bernoulli Lemniscate function
we have,

Ip(z) — 1
op(z) + 1’

The form of the Lemniscate Bernoulli will be depended on the value of positive réale-
vious research Fekete Szego problem for sharp boundaries on univalent function in [6].
Here, we carry out research carried out accordinp t@ (1.4) and we have initial coefficients, so we
determine sharp boundaries for Fekete Szegd problem, and we also work on the Logarithmic
and Inverse function.
A research about Fekete Szegd problem for sharp boundaries,deB;(«) for o > 0 and
0 >0, gives

z€D.

(1.4) {—fl(z) f(z)a_l} <1+

Zafl

(1.5) |ag — pajl.
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For Logarithmic function leff € B;(«), « > 0 andé > 0, gives

(1.6) log@ =2 i V2
n=2

The coefficientsy,, is an important part of the univalent function. For example S the in-
equality obtained gives,

(L.7) Stk ~ ) <o

m=1 k=1
Produce the conjecture Bieberbach foe S andn > 2. Proof the conjecture Bieberbach by
Brangesl[3].

Function i 1.1, we havg € S has inverse functiorfi~—! analytic on|w| < ro(f) where
1 .
ro(f) = T Let f € Bi(a), o > 0 ando > 0, gives

(1.8) FHw) =w+ ) A" <ro(f).

n=2
All functions work on the Bazilew functionsB; («) related to the Lemniscate Bernoulli on the
unitdiskD = {z : |z] < 1}.

2. PRELIMINARY LEMMAS

There are, we have some lemmas and definitions used to solve the problem of determining
sharp boundaries in this research.

Denote byP the classf functionp satisfyingRe(p(z)) > 0for z € D = {z : |z| < 1} with
Taylor series/[1],

(2.1) p(z) =14 paz"

We need some Lemmas which can be seen in é.¢ 6], [7],.[9], [10],.and [13].

Lemma 2.1. If p € P analytic inD withp(z) =1+ >_°7 | p,2" forn > 1 then

(2.2) Pl <2,
with p(z) = (1 + 2)/(1 — z). This Lemma is known as inequality Caratheodory-Toeplitz.

Lemma 2.2. If p € P, with coefficienp, then|p,| < 2 forn > 1 and

(2.3) [p2 2]91’S maz{2,2|p — 1|} = { 2| — 1] ; elsewhere
Lemma23.lfpe P,0<B<landB(2B —1) < D < Bthen
(2.4) lp1 — 2Bpips + Dpd| < 2.
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We also have Theorejm 2.4 about modulus coefficients inequalityfin 1.3. The proof this theo-
rem can be seen in [11].

Theorem 2.4.1f f € B;(a) wherea > 0 and § > 0 by[1.4 then,

2
laz] < \/ﬂT\/a(;)ii/?’ ifa>0andd >0,
2
lag| < (2+a\)/(51\/_;5)3/2,if0§a§1,596and520,
Vo2 9
< ] 1,596 and 0 < 9 <
_(2+04)(1+(5)3/2’Zfa> O ANET = 0= T T80 — 602 + 408 + 2a8

_ 2V 4v/2(1 + 6)? 9

25 ; | do> .
@3 =garaarare o> badd 2 S o

All inequalities are sharp.

3. FEKETE SZEGO PROBLEM
Theorem 3.1.If f € By(«) wherea > 0,6 > 0 andT € R,

V2V

—Ta?| <
’GS Cl2| —= (2+a)(1 +5)3/2

for some conditions of T,

(3.1)
T<é(4—3\/6), L if0<a<ay(T,a)and0 <5 <6, (T,a), § > 6(T, )
, ifa(Ta) <a<ay(T)andd >0
, ifa>a(T)and 0 < 6 < 63(T, ),
T:é(él—?)\/é), , ifa=0and 0 < < §4(T) and § > 05
cif0<a<a(T)and0 <6 < 61(T,a) and § > 02(T, «)
, ifon(T) <a<ay(T)and § >0
, ifa>a(T)and 0 < § < 03(T, a),
1
§(4—3\/6)<T<—0,27, , if0<a<a(T)and0 < 6 < 61(T), and 6 > 05(T, @)
if a1(T) < a < a(T)andd >0
if a>ay(T)and0 <6 < §5(T, ),
if0<a<ay(T)andd >0
if a>ay(T)and0 <6 < §5(T, ),
0,0435<T<é(4+3\/§), L if0<a<ayT)andd >0
, ifa>a(T)and 0 < 6 < 63(T, ),

—0,27 < T < 0,0435,

1
T:§(4+3\/§), , ifa=0andd >0
, ifa>0and0 <0 < dg(a),
1
T>§(4+3\/§), ,ifa>0and0 <6 < 63(T, ),
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where,
a1 (T) is the smallest positive root of

[—107 + 64T + 9607 — 20487 + 1024T* + (16 + 5127 — 57612 — 20487°
+2048T )2 + (76 + 336T — 2448T + 10247 + 1536T*)2* 4 (88 — 656T — 7687
—2048T° + 512T*) x> + (=32 — 544T + 86417 — 896T" + 64T*)x*
+(—80 + 96T + 576T* — 2048128T%) "
+(—8 + 1607 + 967%)x° + (16 + 327)z" + 42°] = 0,
ay(T') is the smallest positive root of
[—1 — 32T + 32T° + (=8 + 32T%)x + (—6 + 24T + 8T*)2* + (4 + 87T)x* + 22" = 0,
01(T, «) is the smallest positive root of
[T+ (1+ 32T — 32T7? + 8a — 32T + 6a* — 24Ta* — 8T%a” — 4a® — 8Ta® — 2a*)w
+242% + 162°) = 0,
d2(T, ) is the largest positive root of
[T+ (14327 — 32T7? + 8a — 3272 + 6a* — 24Ta® — 8T%a” — 4a® — 8Ta® — 2a*)w
+242% + 162°]) = 0,
9
—1 — 32T + 3272 — 8a + 3272 — 602 + 24T a2 + 8122 + 403 + 8T a3 + 24’

d4(T) is the smallest positive root of
[1+ (14327 — 327%)x + 242” + 162°] = 0,
05(T) = 9/(—1 — 32T + 3272,

53(T, Oé) =

Se(a) = 9/[—1—4(4+V2)+ %(4+ V2)2 - 8a + %(4+ V2)2a — 60% + 3(4 + V2)?

1
o+ V2)2a? +40° + (4 + v2)a® + 20,

and,

4(V3 + 502 + 48°% + 2(2 + ) (=1 4 2T + adv/1 +9)
(2+ a)(1 4 0)3/2

lag — Ta3| < , elsewhere.

All inequalities are sharp.

Proof. We have initial coefficients fron 1.4 and can determine the boundaries for Fekete Szego
Problem fronj 1.p, gives,

V0 4v/2(1 + 6)?
8(2+ ) (1 +6)7/2
V2 +5v20 +4v20% + 22 + a) (=1 + 2T + a)Vov1+30
44/2(1 + 6)2 rp

las —Ta%|

D2 —
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We aplly Lemma 23 with,

V2 H5V20 +4v28% +2(2 + ) (—1 + 2T + a)VoVT + 6
= 2v/2(1 4 0)?
For some conditions df’ in Theoren{ 3.1L is proof and the inequality for, — T'a3| easily

follow. We have two conditions for boundaries inequalityZaf The first inequality is sharp
whenp; = 0 andp, = 2. The second inequality is sharp whegn= p, = 2.
The proof is completech

4. INVERSE FUNCTION
Theorem 4.1.1f f € By(«) for « > 0 andé > 0 then,

20
|A2| S _\/i(T\/;)m’ fOTCk Z 0 and 6 Z O,
5 —4v2(1 + 6)?
|As] < —\/_ v2(1 +9) for some conditions of o and 9,

T A2+ a)(1 467

0 < a <0,140266 and 61(a) < § < do(a),
0,140 < o < 0,504 and §;(a) < § < 3(), and d4(a) < § < o),
4.1) 0,504 < v < 2,496 and §;(a) < § < d3(), and d5(a) < 6 < o),
2,496 < o < 2,859 and §1(a) < § < d3(), and d4(a) < 6 < o),
2,859 < v < 4,523 and §;(a) < 5 < o),
and
—6v2 + V(14 40VT + 6 — 4(=3 + a)a/T + a — 6v/2V8(3 + 20))
|As| < , elsewhere,
424 a)(140)7/2
where,

d1(«) is the smallest positive root of

[1+ (=191 — 120 + 22a* + 120 — 2a*)x + 242° + 162°] = 0,
d(«) is the largest positive root of

[T+ (=191 — 120 + 220° + 120* — 2a*)z + 242 + 162°] = 0,
d3(«) is the smallest positive root of

2500 + (—14100 — 2400« + 44000 + 2400a* — 400at)z + (28081 — 42720
+47680% — 253920° — 88720 + 4032a° + 224a° — 1920 + 16a®)z” + (12364
—19680ar + 1159202 — 44208a* — 18840a* + 8064a° + 448a° — 384a” + 32a%)z*
+(—94908 = 246720a + 10283202 4 35520 — 13696a* + 40320° 4 224a° — 1927
+16a%)2* 4 (45440 — 261120 + 478720 + 26112a° — 4352a* +)2°

(198144 — 61440 + 116240” + 6144a° — 1024a*)2® + 10649627 + 163842°] = 0,
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d4(a) is the smallest positive root of

[2500 + (—14100 — 2400cr 4 440002 + 2400a* — 400a*)x + (28081 — 42720a
+47680% — 253920° — 8872 + 4032a° + 2240’ — 192a” + 16a®)2? + (12364

7

—19680cr + 1159202 — 442080 — 188400 + 8064a° 4 448a° — 384a” + 320°)z*

+(—94908 + 2467200 + 10283202 + 355207 — 136960* + 40320° + 22408 — 19207

+160%)2* + (45440 — 261120c0 + 4787202 + 261120° — 43520 +)2°

+(198144 — 61440cr + 116240° + 6144a° — 1024a*)2% + 10649627 + 163842°) = 0,

Jd5(«) is the smallest positive root of

2500 + (—14100 — 2400cr + 4400a” + 2400a” — 400a)x + (28081 — 42720
+47680° — 253920° — 88720 + 40320° + 224a° — 19227 + 160®)2? + (12364

—19680ar + 1159202 — 442080 — 18840a* + 8064a° + 448a° — 384a" + 320°)2®

+(—94908 + 2467200 + 1028320 + 3552a° — 13696 + 4032a° + 224a°

—192a” + 16a%)z* + (45440 — 261120cr + 478720 + 26112a° — 43522 +)2°

+(198144 — 61440a + 11624a* + 6144a* — 1024a*)z°® 4 1064962" + 163842°] = 0.

All inequalities are sharp.

Proof. From[1.8 we equating inverse coefficient. It is known that B, (a) andf~! € By (),

f(f~'(w)) = w. We have initial coefficients from 1.4, gives

AQ = —ag,
and
Ag = 20,3 — as,

Following initial coefficientsi, andas, next we haved; and As.

For
(4.2) A, = _A7
V2(1 + 6)3/2
we used Lemmp 2.1 determine sharp boundfot. Since|p,| < 2 for > 0 gives,
26
(4.3) Ay = ————.
V2(1 4 6)3/2
The inequality for A,| is sharp whemp; = 2.
Next for A; let,
1
Az = —4v2 (14 6)
T 82t a)1t o) (Vo= 4V2 (1 +06) po
(4.4) +(V2+ 5V2 6 +4v20%) + 2(—10 — 3a + A)VIVI+ 6 p?)|.
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By using Lemm2 we determined sharp boundariegAgl, gives,

A = \/3—4\/5(1+5)2| V24 5V26 +4v20° +2(=10 = 3a + 0)VEV1 £ 2
T 82t a1 to)e P V3 — 4V2(1 + )2 Pl
(4.5)

with,

2(V2 4 5v/20 4+ 4v/20% + 2(—10 — 3a + a®)Vv/1 + )
: VO — 4v/2(1 + 6)2 '

So that provider for some conditions @fandd in Theorenj 411, we apply Lemma 2.2 to get
the bound of A;|. For|Aj3| the first boundaries inequality is sharp whan= 0 andp, = 2.
The second boundaries inequality fai;| is sharp whem; = p, = 2.

The proof is completeca

5. LOGARITHMIC FUNCTION
Theorem 5.1.1If f € By(«) wherea > 0 ando > 0 then,

25
Il < W’ Jfora>0andd >0,
lve] < N \<((_51+5)3/27 for0<a<0,7667 and d > 0,
Q@
Vo 9
< > d d <
< \/5(2+@)(1 +5)3/2,foroz > 0,7667 and 0 < § < 07 80, 7 8as 1 200"
—V2 = 5v26 — 4v26% — 2(1 + @) (2 4+ @)>VOVT + 6 + 42V (1 + 6)?
< , elsewhere.
8(2+ a)(1+0)7/2
(5.1)

All inequalities are sharp.

Proof. From[1.7 with the initial coefficient we gives,

71 - 2 9
1 1
Yo = 5(03 - 56@-

For|~,|, follow from[2.1, |p,| < 2 we obtain,

| < 26
h \/5(1 + 5)3/2‘
For|~,| following 2.3 we have,

(5.2)

V3 4v/2(1 + 6)? V2 4 5v20 + 4126 + 24+ 2(2 4 3a + a®)VOVI + 6

. . 2
el = et o NGRS 7l

AJMAA Vol. 19(2022), No. 2, Art. 15, 10 pp. AIMAA


https://ajmaa.org

FEKETE SZEGO PROBLEM ON THECLASS OF BAZILEVI C FUNCTIONS/31 (o) RELATED TO THE LEMNISCATE BERNOULLI 9

with,
V24 5v20 +4V26° +2(2 4 3a + o?)VoV/T+ 6
: 2v/2(1 4 0)2 '
So that, it is provided whet < o < 0, 7667 andd > 0, and wherny > 0, 7667 and
9

0<d<
- —9+80&2 +8043+2064

in . For|~,| we have the first boundaries inequality sharp wher= 0 andp, = 2. The
second boundaries inequality sharp when= p, = 2.
The proof is completech

6. DISCUSSION

The best from ofa,| still be discussed to have precisely simpler form and to obtain the upper
bound of determinant matrix’s Hankel, |8t (2).

If f € Bi(c) for « > 0andé > 0 given by[ 1.4, gives,

Va(24V2p5(2 + ) (1 + 6) — 12p1pa(1 + 6)

1
a“ = (48(2 Ta) 1+ a)9/2>
(202VOV1 + 0 + 2(V2 4 5V20 + 4v26% — 3VoVT +6) + a(vV2 + 5v/20
+4v/26% — 4V5V1 +8)) + p}(14v20%5 + 4v/2a5
F6(V2 4 TV26 + 12v/26% + 8V25% — 3v5V1 + 6 — 126%2V/1 +6)
+62(—4V26 + 6VSVT + 0 + 246**VT + 0) + a(3v2 — 11V/25

+36V/262 4 24v/26° + 126v/1 + 6 + 480%%V/1+0))) |.

Further simplified according Lemma 2.3 we give,
VE(24v2(2 + @) (1 + a)?)
48(2 + a)(1 4 «)9/2
—3VOV1 +0) + a(V2 + 5V20 + 4v/26% — 4V5V1 + 6))/V8(24v2(2 + a)

3 1 3 4
(1+a)’)) pip2 + TN TETiE a)g((m\/éa 8 +4v2a'8 + 6(vV2 + TV26

+12v/26% + 8v/26% — 3V5V/1 + 6 — 126°/*V1 + 6) + 6% (—4v20 + 6VvV1 + 6
+248%2V/1 4 6) + a(3v2 — 11V26 + 361/25°

(6.1) +241/26° + 1201 + 6 4 486%2V/1 +9)) p?

ps — (((2400(1 + 6)*% + 2(V2 4 5v26 + 4v/26*

|a4| =

Y

with
1
12v2V58(2 4 o) (1 + )3

+a(V2 + 5V26 4+ 4v/26% — 4V6V/1 4 6)

2406(1 +0)*? 4+ 2(V2 + 5v26 + 4v/26% — 3V/6V/1 + )

Y
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and
1

= AEETairap (14v20°5 + 4v20%0 + 6(V2 + TV20 + 12v/26” + 8v/24°
« [0

—3VOV1+ 6 — 12621+ 8) + 63(—=4v/26 + 6V6v/1 + 6 + 246°/*V/1 +6)
+a(3V2 — 11V25 + 36v/26% + 24v/26° + 1261 + 6 + 485**V1 +6)) p? | .

So that, the condition of < B < 1for0 < a < 1and0,0017 < § < 1. Next, the
condition for B(2B — 1) < D < B still open problem. The application of Lemrha]2.3 on
lps — 2Bp1p2 + Dp?| under discussion.
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