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ABSTRACT. We use a projection to achieve bounds for a vector function of the eigenvalues of
a positive definite matrix. For various choices of the monotonic function we are able to obtain
bounds for the extremal eigenvalues in terms of the traces of the matrix and its powers. These
bounds are relatively simple to compute.
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2 S. SNGH AND P. SNGH

1. INTRODUCTION

The eigenvalues of an x n matrix are difficult to evaluate as solving thg, degree polyno-
mial equationdet(AI — A) is challenging. As positive definite matrices are Hermitian and have
real eigenvalues, their location on the real line is important. In some cases only the extremal
eigenvalues are required. For example to solve the linear syAtem b one could use a ma-
trix splitting approachl]1] and hence invoke an iterative scheme of the fgrm = Bx,, + c,
whereB is related toA andc is related tob. For convergence it is necessary that the spec-
tral radiusp(B) < 1. In addition the conditioning of a linear system is related to the ratio
of the largest to smallest eigenvalues for positive definite systems. In 1946 Brauer [4] proved
that|\| < min{R, C}, whereR = max; )7, |a;| andC' = max; Y 1", |a;;|. Gerschgorin
[9] proved the famous inequality that the eigenvalues are located in the union ofdises

|z — ay| < Z?Zl;#i la;j|,i = 1,2,---,n in the complex plane. Brauer in 1958 [3] showed
that the ovals of Cassini given By — a;i||z — a;;| < (3 4y |ain]) =1y lase]), 1,5 =
1,2,---,n : i # j are even better than Gerschgorin’s theorem in providing inclusion sets for

the the spectruma(A). In 1959 Brauer/[2] bounded the spread Ap@f matrices with real
eigenvalues. Rayleigh’s theorem [9] may also be used to locate the extremal eigenvalues of real
symmetric matrices. Indeed = max|x|,—1 x*Ax and\, = min|x|,—1 x'Ax, where); and

A, denote the largest and smallest eigenvalueA @ind ||.||; denotes the Euclidean norm. In

this regard the interlacing property [9] of the eigenvalued\odnd its principal sub-matrices
would be useful. For positive definite Toeplitz matrices Dembo [8] in 1988 provided useful
bounds for the extremal eigenvalues. Recently an interval containing the eigenvalues of real
symmetric matrices was provided by Huang and [Xu [7] using the tfacand tracéA?).

2. THEORY

Lemma 2.1. DefineP € R™" byP =1 — eTet wheree € R" is the vector with elements all
unity. Then the following is true

(1) P is idempotent
@ rank(P)=n—1
(3) a basis for the nullspac®' (P) = {e}

(4) R" = R(P) ® N(P) is an orthogonal decomposition &"
Proof. (1) By direct calculation it follows thaP = P2.

(2)
ee! eée
rank (I) = rank (I — — + —
n n
t
< rank (P) + rank (2)
n
=rank (P)+1
Hencerank (P) > n— 1, but asP is rank deficient since it is a projector, it follows that
rank (P) =n — 1,
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(3) It follows from (2) thatN (P) is one dimensional and sind& = 0, {e} can be taken
as a basis foN (P).

(4) It follows from the elementary theory of projectors tiit = R(P) & N(P). If x €
R(P) andy € N(P) thenx = Pz for somez € R" and

(x,y) = (Pz,y)
= (z, Py)
= 0.
Here(x, y) = y'x denotes the standard inner product®n
|

Lemma 2.2. Let A = ()\;) € R" be the vector of eigenvalues of a positive definite matrix
A e R andf : (0, co) — (0, co) be an increasing function. Order the eigenvalues such
that

AL = A > 2 A

Definef(A) = [f(M\1), f(X2), -+, f(A\n)]'. Choosev ¢ N(P), define

).
and "
O LY
Then
(2.1) [(£(A) —me, v)| < Sy/n(Pv, v).

Proof. From the definition oP it follows thatPf(\) = f(\) — me. Also
[(PE(X), v)| = [(P*£(X), v)|
= [(PE(A), Pv)|
< V(Pf(X), Pf(\))/(Pv, Pv) (by Cauchy Schwarz)

= V(PE(X), (X)) (Pv, v).

Hence
[(E(A) —me, v)| = [(PE(N), V)|
< VIPEON), EN) V[PV, V)
= Sv/n(Pv, v)

|
Theorem 2.3. Under the conditions ¢f 2.1 afd 2.2 we obtain boundsffox;) given by

m—Svn—1< f(\) <m+Svn—1

Proof.

It suffices to choose = e; (the standard basis vector R™ with unity in the j,;, position)
and substitute intd (2.1
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Theorem 2.4. A lower bound forf();) of the form

S

m +
n—1

< f(M)

is satisfied.

Proof.

Consider

(2.2) < 2 O = FOP 4 31 = FODIF ) = ()]

(2.3) =n*(f(M) —m)?
We also have that
(f(A)e —£(A), f(A)e —£(X))
= (f(\)e —me+me —f(X), f(A)e — me + me — f(A))
= (f(\) —m)*(e, e) + (F(A) -
+2(m — f(A))(E(A) —me, e)
= n(f(M) —m)* + (PE(X), PE(X)) + 2(m — f(M))(PE(A), e)
(2.4) =n(f(M) —m)* + (PE(X), £(X))
Where the last term is zero due to orthogonality. Hence, we have (2.3)ahd (2.4)
n(f(h) —m)* +s°n < n?(f(\) —m)

from which the result followsy

me, f(A) — me)

Theorem 2.5. An upper bound for(A,,) of the form
S

n—1

fn) <m —

is satisfied.
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Proof.
Consider
(E(A) = fF(An)e, £(A) = f(An)e)
= Z[f(AZ) - f(/\n)]2
(2.5) < L) = FOP + IO = SO ) = FO)
i=1 27,]75:]1
= (Z[f()‘Z) - f(An)]>
= (Z[M) - nf(M])
—n (—< Aol f()\n))
(2.6) =n*(m — f(An))?

We also have that
(E(A) = F(An)e, £(A) = f(An)e)
= (f(A) —me+ me — f(\,)e, f(X) —me +me — f(\,)e)
= (m — f(An)) (e, ) + (£(A) — me, £(X) — me)
+2(m = f(A))(F(X) —me, e)
= n(m — f(\))* + (PE(X), PE(X)) +2(m — f(Aa)) (PE(X), e)
(2.7) =n(m— f(\))* + (PEQ)E(N))
Where the last term is zero due to orthogonality. Hence we have (2.6) and (2.7)
nS* + n(m — fO‘n))Q < n2(m - f(An))Q
from which the result followsn

Theorem 2.6. Under the conditions ¢f 2.1 afd 2.2, we have the optimal bounds(far) and
f(An) given by

m + 5 1§f()\1)§m—|—5\/n—1
n—
max {0, m — Svn —1} < f(\,) <m — 5 -
n_

Proof.

Choosej = 1 andj = nin and compare with the bounds ffom Theoref 2.5
and Theorem 2|6. Use the fact thfd\,,) > 0 and thatm — % could be negative.
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Lemma 2.7. Consider

S S
(2.8) fAn) <m— <m+ < f(\)
n—1 n—1
Equality holds onthe lefe= Ay = A3 = --- = \,, ontheright<= A\ = Ay = - = A\, 3
andinthecentree—= A\ = Ay =--- =\,

Proof. Equality holds on the lef=- equality holds in[(2]5), hence

i,j=1
i#£]

Since this is the sum of positive terms we hg{@,) = f(A3) = -+ = f(\,) <= Ao = A3 =
.-+ = \,. Equality holds on the right—=> equality holds in[(2]2), hence

n

SO0 = FOIF ) = )] = 0.

i, j=1

i#j

Since this is the sum of positive terms we hg\@,) = f(X2) = -+ = f(M\1) <= A =
Ay = --- = \,_1. Equality holds in the centre= S = 0. Hence(Pf(\),f(\)) = 0, which
implies thatf(A) € N(P), sof(A) = ce for some constant. This implies thatf(\,) =
f(Ag)=---=f(A\,) andhence\y =y =---=\,. &
Theorem 2.8. Consider
(2.9) m—5Svn—1<f(A\,) <m— S

o - vn—1
(2.10) m + \/% < f(A)<m+Svn—1

(2.11)

Equality holds on the left of2.9) < equality holds on the left of2.10)<= then — 1 largest
eigenvalues are equal. Equality holds on the right(®#9) <= equality holds on the right of
(2.10) < then — 1 smallest eigenvalues are equal.
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Proof. Equality holds on the left of (2]9)

— f(\)=m—SvVn—1

<~ Svn—1=m— f(\,)
S m—f(\)

vn—1  n-1

<~

N S
- n—1
SO+ f(A2) + -4 f(An1)
n—1

<~ m +

> f(A).

Hence equality holds on the left ¢f (2]10) and by Lenima 2.7 the largest eigenvalues are
equal. Equality holds on the right ¢f (2.9)

— f(\) =m — —nS—l
S
ﬁm_.}%)‘n):m

<~ (n—1)(m—f(\))=Svn—1
—mn—(n—1)f(\)=m+SvVn—1
= fA)+ Q)+ + f(An) = (n =1 f(X) =m+5vn -1

— f(M)=m+SvVn—-1 (A=X3=---= X\, by Lemmg2.J
i
3. RESULTS

Considerf(z) = z*, k € N, the set on natural numbers, then

trace(A*)

m=——-=
n

6 trace(A) 2
n
Ak 2
_IAME
n
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M A
[6.52673,10.5622] | (0, 2.47927]
[7.45819,10.0933] | (0, 3.06192]
[8.06212,10.0168] | (0, 3.50284]

W N =

Table 3.1: Bounds

and we obtain the bounds

,k/m+\/%§&§ \k/m—l—S\/n—l

A, < &Flm — 5
" vn—1

Oif m—Svn—1<0
An >4 )
m — Sv/n —1 otherwise

Whenk = 1 we obtain the bounds of[5]. Consider the test mairix [6]

5 4 11
4 5 11
11 4 2
112 4

with spectrump(A) = {1, 2, 5, 10}. We summarize results fdr = 1, 2, 3 in Table 1. For

this example it is clear that the upper bounds get bettdr imsreases. However it may not

be prudent to use largeas the computation of powers &f may be too expensive. However

for sparse matrices the bounds that we have provided could be useful. Also the usage of non
polynomial functions is prohibited due to the complexity of evaluatingndS.

A:

4, CONCLUSION

We have provided useful bounds for the extremal eigenvalues of positive definite matrices.
These bounds are a useful addition to the arsenal of tools already available to locate the spec-
trum.
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