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ABSTRACT. In this paper, we prove a result on the value distribution of difference polynomials
sharing higher order derivatives of meromorphic functions which improves some earlier results.
At the same time, we also prove possible uniqueness relation of entire functions when the differ-
ence polynomial generated by them sharing a non zero polynomial of certain degree. The result
obtained in the paper will improve and generalize a number of recent results in a compact and
convenient way.
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1. INTRODUCTION AND PRELIMINARIES

In this Literature Survey, lef be non-constant meromorphic in the complex plane, we as-
sumed that the reader is familiar with the notations of Nevanlinna thebry [6]f (&@tandg(z)
be two non-constant meromorphic functions aiid) be a small function with respect #z)
andg(z). Let us say thaf(z) andg(z) sharea(z) CM (counting multiplicities) iff(z) — a(z)
andg(z) — a(z) have the same zeros with the same multiplicities Afxd, g(z) sharea(z) IM
(ignoring multiplicities) if we do not consider the multiplicities. Here we adopt the standard
notations of value distribution theory (see [6]). For a non-constant meromorphic furnGtion
we denote byl'(r, f) the Nevanlinna characteristic ¢fand byS(r, f) any quantity satisfying
S(r, f) = O(T(r, f)) asr — oo, possibly outside a set of finite linear measure, denote by
T'(r) the maximum ofl'(r, f) andT'(r, g). The notationS(r) denotes any quantity satisfying
S(r) = 0O(T(r)) asr — oo, outside of a possible exceptional set of finite logarithmic measure

log T
o(f) = limsup e \nJ) (r, /)
r—00 log r
In this we say that a finite valug is called a fixed point of if f (z9) = 2o Or z, is a zero of
f(2) — z. For the sake of simplicity we also use the notation

. 0, ifm=0
m* = _
m, ifmeN

Let f(z) be a transcendental meromorphic functionbe a positive integer. During the last
few decades many authors investigated the value distributigti ff Specially in 1959, W.K.
Hayman (see |5]) proved the following Theorem.

We now explain following definitions and notations which are used in the paper.

Definition 1.1. [9] Let k£ be a positive integer or infinity. We denote b¥.(r, a; f) the counting
function of a-points of f, where am-point of multiplicity m is countedn times if m < k£ and
k times ifm > k. Then

Ni(rya; f) = N(r,a; f) + N(r,a; f |[>2) + ...+ N(r,a; f |> k).

Clearly Ny(r,a; f) = N(r,a; f).

Definition 1.2. [8][9] Let k£ be a non-negative integer or infinity. Fere C U {oo}, we denote
by Ey(a; f) the set of alla-points of f where ar-point of multiplicity m is countedm times
if m < kandk + 1timesifm > k. If Ex(a; f) = Ex(a; g), we say thatf, g share the value
with weightk.

The definition implies that iff, ¢ share a value with weightk, thenz, is ana point of f with
multiplicity m(< k) if and only if it is ana-point of g with multiplicity m (< k) andz, is an a-
point of f with multiplicity m(> k) if and only if it is an a-point ofy with multiplicity n(> k),
wherem is not necessarily equal io

We write f, g share(a, k) to mean thaff, g share the value with weightk. Clearly if f, g share
(a, k) thenf, g share(a, p) for any integep, 0 < p < k. Also we note thaf, g share a value
IM or CM if and only if f, g share(a,0) or (a, co) respectively.

Theorem 1.1.[5] Let f(z) be a transcendental meromorphic function ar{d 3) is an integer.
Thenf™ f’ = 1 has infinitely many solutions.
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The casen = 2 was settled by Mugd 4] in 1979. Bergweiler and Eremenkd] showed that

ff" — 1 has infinitely many zeros.

For an analog of the above results Laine and Yang investigated the value distribution of differ-
ence products of entire functions in the following manner.

Theorem 1.2.[10] Let f(z) be a transcendental entire function of finite order, artee a non-
zero complex constant. Then, for> 2, f*(z) f(z + ¢) assumes every non-zero values C
infinitely often.

Afterwards, Liu and YanffL3] improved Theorein 1.2 and obtained the next result.

Theorem 1.3.[13] Let f(z) be a transcendental entire function of finite order, arttk a non-
zero complex constant. Then, for> 2, f*(z) f(z + ¢) — p(z) has infinitely many zeros, where
p(z) is a non-zero polynomial.

Next we recall the uniqueness result corresponding to Theprgm 1.1, obtained by Yang and
Hua [17] which may be considered a gateway to a new research in the direction of sharing
values of differential polynomials.

Theorem 1.4.[13] Let f(z) and g(z) be two non-constant entire functions,c N such that
n > 6. If f*f andg™g’ sharelCM, then eitherf(z) = c;e%*, g(z) = coe*, wherecy, co,c € C
satisfyingd (c;c,)" " ¢ = —1, or f = tg for a constant such that™+! = 1.

In 2001, Fang and Horg[4] studied the uniqueness of differential polynomials of the form
f™(f —1)f" and proved the following uniqueness result.

Theorem 1.5.[4] Let f(z) and g(z) be two transcendental entire functions, andret 11 be
a positive integer. Iff"(f — 1) f’ andg¢" (g — 1)¢' share the valuaCM, thenf = g.

In 2004, Lin and Yi[12] extended the above result in view of the fixed point and they proved
the following.

Theorem 1.6.[12] Let f(z) andg(z) be two transcendental entire functions, and/let 7 be
a positive integer. Iff*(f — 1)f" andg"(g — 1)g’ sharezCM, thenf = g.

In 2010, Zhang[19] got a analogue result in difference.

Theorem 1.7.[19] Let f(z) andg(z) be two transcendental entire functions of finite order and
a(z) be a small function with respect to bofiz) andg(z). Suppose thatis a nonzero complex
constant andh > 7 is an integer.Iff (2)"(f(z) — 1) f(z +¢) andg(z)"(g(z) — 1)g(z + ¢) share
a(z) CM, thenf(z) = g(2).

In 2010, Qi, Yang and Lil[15] obtained the difference counterpart of Theprém 1.4 by proving
the following theorem.

Theorem 1.8.[15] Let f(z) andg(z) be two transcendental entire functions of finite order, and
c be anonzero complex constant; tet> 6 be an integer. Iff" f(z + ¢) andg"g(z + ¢) sharez
CM, thenf = t, ¢ for a constant, that satisfie$’f+1 = 1.

Theorem 1.9.[15] Let f(z) andg(z) be two transcendental entire functions of finite order, and
¢ be a nonzero complex constant; fet> 6 be an integer. Iff" f(z 4+ ¢) andg"g(z + ¢) share
1CM, thenfg = t, or f = t3g for some constants andt; that satisfyt; ™ = 1.

X.M. Liet. al. [11] [Theorenm 1.9] replaced the fixed point sharing in the above two theorems
to sharing a polynomial withdeg < ”T“
So we see that there are many generalization in terms of difference operator. The purpose of
this paper is to study the uniqueness problem for more general difference polynomials namely
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fm"P(f)f(z+ c) andg"P(g)g(z + ¢) sharing a non-zero polynomial so that improved version

of all the above results can be unified under a single result. We also relax the nature of sharing
with the notion of weighted sharing introduced|in [3]-[9].

Keeping the above question in mind, in 2020, A.Banerjee and S.Majurnder [20] proved the
following results.

Theorem 1.10.[20] Let f(z) and g(z) be two transcendental entire functions of finite order,
¢ be a non-zero complex constant andjét) be a nonzero polynomial witfleg(p) < n — 1,
n(> 1),m*(> 0) be two integers such that > m* + 5. Let P(w) = anw™+ ay_1w™ ! +
...+ ajw + ag be a nonzero polynomial. ff*P(f)f(z+¢) —pandg™P(g)g(z + ¢) — p share
(0,2), then

() whenP(w) = apnw™ + ap_1w™ ! + ... + a1w + ag iS @ nonzero polynomial, one of the
following three cases holds:

(11) f(z) = tg(z) for a constantt such thatt = 1, whered = GCD(n + m,...,n+

m—i,...,n),an,_; #0forsome =1,2,... m,

(12) f and g satisfy the algebraic equatioR(f,g) = 0, where R (wy,ws) = w} (apw!
am_le_l +... .+ ao) —wy (amu/{‘ + am_lwgn_l +... .+ ao),

(13) P(w) reduces to a nonzero monomial, naméliw) = a;w* # 0, fori € {0,1,...,m},

if p(2) is a nonzero constarit, then f(z) = e**), g = €5%), wherea(z), 3(z) are two non-
constant polynomials such that+ 3 = d € C andaZe™ i+ = 2,

(I when P(w) = w™ — 1, thenf = tg for some constartsuch that™ = 1,

(1) when P(w) = (w — 1)™(m > 2), one of the following two cases holds:

(1) f(2) = g(2),

(IM2) f and g satisfy the algebraic equatioR(f,g) = 0, where R (wy,ws) = w} (w1—
1)™wi (2 + ¢) — wh (w2 — 1)" wa(z + ¢);

(IV) whenP(w) = ¢y, one of the following two cases holds:

(IV1) f = tg for some constantsuch that"! = 1,

(IV2) f(2) = e*®) g = %), wherea(z), 3(z) are two non-constant polynomials such that
a+p=deCandciemd = p2,

Questiort Could we further reduce Theorém 1].10 under relax sharing hypothesis?
In this direction, We prove the following main result

2. MAIN RESULTS

Theorem 2.1. Let f(z) and ¢g(z) be two transcendental entire functions of finite ordebe
a non-zero complex constant and jgt) be a nonzero polynomial witheg(p) < n — 1,
n(> 1),m*(> 0) be two integers such that > m* + 5. Let P(w) = apw™+ apm_1w™ ' +
...+ ajw + ag be anonzero polynomial. f*P(f)f(z+c¢) —pandg™P(g)g(z + ¢) — p share
(0,1), then

H1>2,m=0,andn > 2m + 6

(i)l >2,m=o00,andn >m+5

(i) l=1,m=0,andn > 5m + 17

(iv){=0,m=0,andn > 7m + 23

(V)f(z) = tg(z) for a constant such that"™! = 1,

3. SOME LEMMAS

In this section, we present some lemmas which will be needed in the resul#’ &etd G
be two non-constant meromorphic functions define@ i'We also denote by, the following
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function
F"  2F G20
3.1) H_(F_F—J_(E_G—l)
Lemma 3.1. [16] Let f(z) be a non-constant meromorphic function andz)(# 0),a,-1(2),
- ,ao(z) be meromorphic functions such that(r, a;(z)) = S(r, f) fori = 0,1,2,...,n.
Then

T (ryanf™+ anr f" "+ ...+ arf +ag) =nT(r, ) + S(r, f).

Lemma 3.2. [2] Let f(z) be a meromorphic function of finite order, and letc be a fixed
nonzero complex constant. Then for each 0, we have

n(r5i) (i) =00,

Lemma 3.3. [2] Let f(z) be a meromorphic function of finite order ¢ # 0 be fixed. Then for
eache > 0, we have

T(r,f(z+¢)=T(r, f) + O (r" ) + O(log ).

Lemma 3.4.[4] Let f(z) be an entire function of finite order, c be a fixed nonzero complex
constant and let € N and P(w) be defined as in Theordm 1.1 Then for each 0, we have

T(r, f"P(f)f(z+c) =T (r. f"P(f)) + O (r" ")
Proof. By Lemmd 3.2 we have
T(r, f"P())f(z+c)) =m(r, f*P(f) (2 + )
<l PG+ )+
TEP() 0 (1)

i)

~—
=

Also we have

<m(r, f*"P(f)f(z+c)) +m (T’ f(j;(i)c)>

<m (r, fPP)F(z + ) + O (r771%%)
ST (r f"P(f)f(z ) + O (r7+7).
Thereforel (r, f*P(f)f(z+¢)) =T (r, f*LP(f)) + O (r°"1¢). n
(Not)e. Under the condition of Lemn{a 3.4, by Lemina|3.1 we have, /" P(f)f(z+ ¢)) =
S(r, f).

Lemma 3.5. [3] Let f(z) be a non-constant meromorphic function of finite order ang C.
Then

N(r,0; f(z+¢)) < N(r,0; f(2)) + S(r, f), N(r,00; f(2+¢)) < N(r,00; f) + S(r, f),
N(r,0; f(z +¢)) < N(r,0; f(2)) + S(r, f),  N(r,00; f(z+¢)) < N(r,o00; f) + S(r, f)

Lemma 3.6. Let f(z) be a transcendental entire function of finite order be a fixed nonzero
complex constan(> 1), m*(> 0) be two integers and let(z)(# 0, cc) be a small function
of f. Ifn > 1,thenf"P(f)f(z + ¢) — a(z) has infinitely many zeros.
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Proof. Let® = f"P(f)f(z + ). Now in view of Lemm4 3 and the second theorem for smalll
functions (see [18]) we get
T(r,®) < N(r,0;®) + N(r,00;®) + N(r,a(2); ®) + (¢ + o(1))T(r, f)

<N (0, f"P(f)) + N(r, 05 f(2 + 0)) + N(r, a(2); @) + (¢ + o(1))T(r, f)

< 2N(r,0; f) + N(r,0; P(f)) + N(r,a(2); ®) + (¢ + o(1))T(r, f)

< @2+m)T(r,f) + N(r,a(2); ) + (¢ + o(1))T(r, f),
forall e > 0.
From Lemmas 3]1 arjd 3.4 we get

(n+m*+1DT(r, f) < +m")T(r, f) + N(r,a(2); ®) + (¢ + o(1))T(r, f).

Takee < 1. Sincen > 1 from above one can easily say that— a(z) has infinitely many
zeros.u

This completes the lemma.

Lemma 3.7.[9] Let f(z) andg(z) be two non-constant meromorphic functions shafih@).
Then one of the following holds: (J'(r, f) < Na(r,0; f) + Nao(r,0;9) + Na(r,00; f) +
Ny(r,00;9) +5(r, f) + 5(r,9), (i) fg =1, (iii) f=g.

Lemma 3.8. [Hadamard Factorization Theorem ] L&i(z) be an entire function of finite order
p With zerosuy, ao, . . ., each zeros is counted as often as its multiplicity. Thean be expressed
in the form

f(2) = Q(2)e*®,
wherea(z) is a polynomial of degree not exceedifig and (=) is the canonical product
formed with the zeros of.

Lemma 3.9.Let f(z) andg(z) be two transcendental entire functions of finite ordet, C\ {0}
and p(z) be a nonzero polynomial such thétg(p) < n — 1, wheren € N. Let P(w) be a
nonzero polynomial defined as in Theofenj 1.1 Suppose

PN f(z+c)g"P(g)g(z +c) = p*.
ThenP(w) reduces to a nonzero monomial, namélyw) = a;w’ #Z 0, fori € {0,1,...,m}.
If p(2) = b € C\{0}, thenf(z) = e**) g = ), wherea(z), 3(z) are two non-constant
polynomials such that + 3 = d € C andaZe™++1)? = p2,

Proof. Suppose

(3.2) frP(f)f(z+c)g"Plg)g(z +¢) = p*.
We consider the following cases:

Case 1:Letdeg(p(2)) = 1(>1).

From the assumption thgtandg are two transcendental entire functions, we dedude By 3.2
that NV (r,0; f"P(f)) = O(logr) andN (r,0; ¢"P(g)) = O(logr). First we suppose thdt(w)
is not a nonzero monomial. For the sake of simplicityRto) = w — a wherea € C\{0}.
Clearly©(0; f)+0O(a; f) = 2, which is impossible for an entire function. Thitéw) reduces to

a nonzero monomial, namel(w) = aw’ # 0 for somei € {0,1,...,m} and sd 3. reduces
to
(3.3) a; frf(z +c)g"g(z +c) = p*.

From[3.3 it follows thatV (r, 0; f) = O(logr) andN(r,0; g) = O(log ). Now by Lemmad 38
we obtain thatf = hie®* andf = hoe’t, whereh,, h, are two nonzero polynomials and and
(, are two non-constant polynomials.
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By virtue of the polynomiap(z), from[3.3 we arrive at a contradiction.
Case 2:Letp(z) = b e C\{0}.
Then from(3.2 we have

(3.4) F"P(f)f (= + )g" P(f)gl= + c) = .

Now from the assumption that and g are two non-constant entire functions, we deduce by
thatf"P(f) # 0 andg"P(g) # 0. By Picard’s theorem, we claim th&(w) = a;w’ # 0

fori € {0,1,...,m}, otherwise the Picard’s exception values are atleast three, which is a
contradiction. Theh 314 reduces to
(3.5) a;f*" 7 f(z+)g" g(z + c) = b7

Hence by Lemmp 3|8 we obtain that
(3.6) f=e g=¢,

wherea(z), 3(z) are two non-constant polynomials.
Now from[3.5 and 316 we obtain

(n+i)(a(z) + 5(2)) + alz + ) + Bz + ¢) = i,

whered; € C, i.e.,

(3.7) (n+14)(d(2)+8(2)+d(z+c)+5(2+¢c)=0.
Lety(z) = o/(z) + /(). Then fron| 3.7 we have
(3.8) (n+i)y(z) +v(2+¢) =0.

We assert thaf(z) = 0. It not suppose(z) # 0. Note thatify(z) = d» € C, from([3.§ we must
haved, = 0. Suppose thadeg(y) > 1. Letv(z) = >_1", b;z*, whereb,, # 0. Therefore the
co-efficient ofz" in (n+1)y(2)+v(z+c¢) is (n+141)b,, # 0. Thus we arrive at a contradiction
from[3.8. Hencey(z) = 0, i.e.,a + 3 = d € C. Also from[3.5 we have?e++)? = p2,

This completes the prooi

Lemma 3.10.Let f andg be two transcendental entire functions of finite ordet, C\ {0} and
p(z) be a nonzero polynomial such thétg(p) < n — 1, wheren € N. Let P(w) be defined as
in Theorenj 11 with at least two of,i = 0, 1, - - - m are nonzero. Then

frP(£)f(z+0)g"Pg)g(z +c) # p*.
Proof. Proof of the lemma follows from Lemnja 3

Lemma 3.11.[6] Let f, g be two non-constant meromorphic functions such that they share (1,1)
andH # 0. Then

N(r1;F|=1)= N(r,1,G| =1) < N(r, H) + S(r, F) + S(r, G)

Lemma 3.12. Let f be a transcendental meromorphic function of finite order andflet
f"P(f)f(z+ ¢), wheren is positive integer. Then

(TL—2>T<T7f) ST(TaF)+S(T7f)
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Proof. from Lemmas 3]1 and 3.2 and first fundamental theorem, we obtain
(n+ DT f) <T(r, f7) + S(r, f)

%
ST B fG T

PUI(G+0),

T
T(r,F)+3T(r, )+ S(r, f)
T

(r, )+ 5(r, f)

This completes the lemma.

4. PROOF OF MAIN RESULTS

Proof. Let F' = f"P(f)f(z + ¢) andG = ¢"P(g)g(z + ).

Case 1:Supposed # 0

Keeping in view of Lemma 3|1, we get by applying Second Fundamental theorem of Nevan-
linna of " andG that

(4.1)
(n+m+D[T(r, f)+T(r,g)] < N(r,0; F) + N(r,1; F) + N(r,00; F) + N(r,0; G)
+ N(r,1;G) + N(r,00;G) — N(r,0; F') — N(r,0;G")
+S(r, f)+ S(r,g).

() { > 2andm = 0, then using Lemmgs 3., 3[3, 3|11 4.1 we obtain

(n+m+ D[T(r, f) + T(r,g)] < Nao(r,0; F) + N(r, 00; F) + Nao(r,0; G)
+ N(r,00;G) — N(r,0; F') — N(r,0; G")
+5(r, f) +5(r,9),

now by applying Lemmp 3|7

(n+m+ V)[T(r, f) +T(r,g)] < Nao(r,0; F) + N(r,00; F) + Nyo(r,0; G) + N(r, 00; G)

— N.(r,00; F,G) — (I — gw*(r, L F,G)+ S(r, f) + S(r, g)

m+m+D[T(r, f)+T(r,g)] <B+m+3+2m)T(r, f)+T(r,g)+ S(r, f)+ S(r,9)

This implies that

(n —2m — 5)[T<T‘, f) + T<T7g)] < S(T, f) + S(Tvg)v

which contradict to the fact that > 2m + 6.

(i) { > 2 and m = oo, then using Lemmgs 3[1,4.3,3]11 4.1 we obtain

(n+m+D[T(r, f) +T(r,9)] < No(r,0; F) + N(r,00; F) + Ny(r,0; G)
+ N(r,00;G) — N(r,0; F') — N(r,0; G")

+5(r, f) +5(r,9),

AJMAA Vol. 19(2022), No. 2, Art. 12, 12 pp. AIMAA
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now by applying Lemmpa 3|7
(n+m+ D[T(r, f) +T(r,g)] < No(r,0; F) + N(r,00; F) + Nyo(r,0; G) + N(r, 00; G)
_N*(T7007F7G) - (l_ ;)N*(T,l,F,G)—i—S(r,f)—l—S(r,g)

m+m+D[T(r, /)+T(r,g)] <B+m+2+m)T(r,f)+T(r,g)+ S(r, f)+ S(r,g).
This implies that

(n—m—=[T(r, f) +T(r,g)] < S(r, f) +5(r,9),

which contradict to the fact that > m + 5.

(i) I =1andm = 0, then using Lemmgs 3[1,4.3,3]11 4.1 we obtain

(n+m+ D[T(r, f) + T(r,g)] < Na(r,0; F) + N(r,00; F) + No(r,0; G)
+ N(r,00;G) — N(r,0; F') — N(r,0; G")
+5(r, f) +5(r,9),
now by applying Lemmp 3|7

(n+m+D[T(r, f) +T(r,9)] < No(r,0; F) + N(r,00; F) + Ny(r,0; G) + N(r, o00; G)
N (r 00 F,G) — (I — g)m(r, 1LF,G)+ S(r, f) + S(r, g)

(m+m+D[T(r, f)+T(r,g9)] < (6m+17)T(r, f)+T(r,g) + S(r, f) + S(r,9).
This implies that

(n —om — 16)[T(T7 f) + T(Ta g)] < S(T7 f) + S(Tv 9)7

which contradict to the fact that > 5m + 17.

(iv) { = 0 and m = 0, then using Lemmds 3., 3[3, 311 4.1 we obtain

(n4+m+ D[T(r, f) + T(r,g)] < Nao(r,0; F) + N(r, 00; F) + No(r,0; G)
+ N(r,00;G) — N(r,0; F') — N(r,0; G")
+5(r f) +5(r,9),
now by applying Lemmp 3|7

(n+m+D[T(r, f) +T(r,9)] < No(r,0; F) + N(r,00; F) + No(r,0; G) + N(r, 00; G)

W00 F,G) — (L= S)N.(r, 1 F.G) + S(r. ) + 5(r.9)

(n+m+D[T(r, f)+T(r,g)] < Bm+23)T(r, f)+T(r,g)+ S(r, f) + 5(r,g).
This implies that
(n—=7Tm —=22)[T(r, ) +T(r,g)] < S(r, f) + S(r, ),
which contradict to the fact that > 7m + 23.
Case 2:Supposéd = 0 by integratior) 3.1 we get
1  BG+A-B
F-1  G-1 7
where A, B are constants andZ20 from|4.2 it is clear tha# and G share(1, c0). We now

consider following cases.
(i) Let B # 0and A # B. If B = —1 then fronT4.2 we have,

A
G- A-1

4.2)

F
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Therefore
N(r,A+1;G) = N(r,0;p) = S(r,9),
by using Lemma 3.12 and Nevanlinna second fundamental theorem we get
(n - Q)T(T7 g) < T(T, gn‘P(g)g(Z + C)) + S(T7 g)
<T(r,G)+5(r9)
< N(r,00;G) + N(r,0; G)
< N(r, 009" P(g)g(= + ¢))
< (G +2m)T(r,9) + 5(r, 9),
which is a contradiction since > 7 + 2m.

N(r,A+1;G)+ S(r,g)

+
+ N (r, 09" P(g)g(2 + c)) + S(r, g) + S(r,9)

If B # —1from[4.2
1 —A
F-(l4+=)=——""
AP U (R =
S0,
— B-A
N(r, === G) = S(r,g),

by Lemmd 3.1 and the same argument as used in the caseBvken1, we can get a contra-
diction.

(i) Let B #0and A= B . If B = —1 then fronT4.2 we have,
F(z)G(z) =1,

i.e, ["P(f)f(z+c)g"Pg)g(z +c) = p*(2),
wheref"P(f)f(z 4+ ¢) — pandg™P(g)g(z + ¢) — p share 0 CM.

If B # —1from[4.2
l B BG
F  (1+B)(G-1)
SO0,
_ B-A
N(r,=—==:G) = S(r.9)
therefore .
N(T’H——B’G) :N(T7OaF) :S(T,g),

so Lemma 3.7]2 and second fundamental theorem we get
(n - 2)T(T> g) < T<T7 gnP(g)g(Z + C)) + S(T, g)
<T(r,G)+5(ryg)

_ _ — 1

(r,00; 9" P(g)g(z +¢)) + N(r,0;g" P(g)g(z + ¢))
(r,0; f"P(f)f(2 +¢)) + S(r,g) + S(r, 9)
(7T4+3m)T(r, f)+T(r,g) + S(r,g) + S(r, f),

which is a contradiction since > 9 + 3m.
(i) If B =0from[4.2

(4.3) F="_"41.
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If A # 1 then fron]4.B we obtain
N(r,1—A;G) = N(r,0; F).

We can similarly deduce a contradiction as in case 2.
therefored = 1 and fronT4.B we obtain

F(z) = G(2),
ie,
(4.4) J"P(f)f(z+c)=g"P(g)g(z +c).
Let» = £ and then substituting = g in
nin > c) = n P c n+1:fp(g)g(z+c)
g"h"P(f)f(z+c)=g"P(g)g(z + c)h PG To)

If his not a constant, then we have

f P(g)g(z + )
P(f)f(z+c) g
P(f)fg(z "‘C)) —l—T(T, P(g)géz + C)) + S(?‘, f) + S(?”, g>

P(f)féz +C)) + N(r, P(g)géz +C)) +S(r, f) + S(r, g)

< (T+3m)[T(r, f) +T(r,g)] +S(r. f) + S(r,g).
Combining above inequality with

T(r,h) =T(r, 5) =T(r, f)+T(r,g)+ S(r, )+ S(r,g).

(n+1)T(r,h) < T(r, )+ T(r, )+5(0r f)+S(r,9)

< T(r,

< N(r,

We obtain
(TL —6— 3m)[T(r, f) + T(Tvg)] < S(Tv f) + S(Tag)’
(n—6—3m)[IL(r, f) + T(r,g)] which is impossible.
thereforeh is a constant, then substitufe= gh in{4.4 we haveh("+1) = 1.
thereforef = tg wheret is a constant{"*!) = 1.
|
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