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ABSTRACT. The objective of this research is to prove that an additive magping — Ris a
centralizer onR if it satisfies any one of the following identities:

(’L) 3T($3n) — T(xn)x2n + x”T(x")x” + l,2nT(xn)

(i) 27 (z*) = T (x™)a" + 2T (a™)

(ii) T (z%") = 27T (z")a™
forall x € R, wheren > 1is a fixed integer and is any suitably torsion free semiprime ring.
Some results on involutiof « ” are also presented as consequences of the main theorems. In
addition, we will take criticism in account with examples.
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2 A. Z. ANSARI AND F. SHUJAT

1. INTRODUCTION

Our present interpretation is encouraged by the research work of Helgosen [6], who intimated
the concept of centralizers (multipliers) on Banach algebras. A potential conception on central-
izers of commutative Banach algebra posed by J. K. Wang [18]. Further B. E. Johnson [8]
explore previous such ideas on centralizers for topological algebras and continuity of central-
izers on Banach algebra. For exhaustive knowledge of related matter, one réfer to [9, 10] and
references therein. Husain [7] has also investigated centralizers on topological algebras with
particular reference to complete metrizable locally convex algebras and topological algebras
with orthogonal bases. Later, in |11, 13] authors have studied centralizers and double centraliz-
ers on certain topological algebras. Centralizers have also appeared in a variety, among which
we mention representation theory of Banach algebras, the study of Banach modules, Hopf alge-
bras (see€ [4,15]), the theory of singular integrals, interpolation theory, stochastic processes, the
theory of semigroups of operators, partial differential equations and the study of approximation
problems (see Larsen [12] for more details).

First of all we need to recollect some basic notions that is useful for our concept. Throughout
R will represent an associative ring with identity. A ridgis said to ben-torsion free, where
n > 1is an integer, ifnx = 0 impliesxz = 0 for all z € R. Aring R is called prime if
aRb = {0} implies eithera = 0 or b = 0, and is known as semiprime ifRa = {0} implies
a = 0. Johnson[[8] inaugrated the concept of centralizers in rings as follows: an additive map-
ping7 : R — Ris called a left (right) centralizer @ (zy) = 7T (2)y (7 (zy) = 27 (y)) holds
for all pairsz,y € R and is called a Jordan left (Jordan right) centralizeF {f?) = 7 (z)x
(7 (2*) = 27 (z)) holds for allz € R. The concept of centralizers is also known as multipliers
(see[19]). We call such mdp a centralizer, in casg is both left as well as right centralizer.
Following Zalar [20], ifk € R, thenl,(z) = kx is a left centralizer and,(z) = =k is a right
centralizer for some fixed elemehte R. Amap7 : R — R on aringR having identity
element is a left (right) centralizer if and only if its of the fotptz) (ry.(z)).

A remarkable contribution to the study of centralizers and their properties on prime and semi-
prime ring has been done likel[1,[2,[9, 10] 15, 19]. Molnar [14] in 1995 proved that:isf
a 2-torsion free prime ring and@ : R — R is an additive map such th&8t(zyz) = 7 (z)yx
forall z,y € R, then7 is a left (right) centralizer. Let us consider a nfAp: R — R of an
arbitrary ring is a centralizer if it satisfies the relatidzyz) = 27 (y)x, for all x,y € R. We
can think that what will happen, if we draw our attention for converse situation of the last rela-
tion. By considering the converse situation Vukmarn [16] came across an affirmative answer for
semiprime rings. More precisely, authorlin [16] established thaf? le¢ a2-torsion semiprime
ring and let7 : R — R be an additive mapping. Suppose tdtryx) = 27 (y)x, holds for all
pairsx,y € R. In this casel is a centralizer.

Several generalization of previous result has obtained by number of mathematician. An im-
plicit idea found through Theorem 2.3.2 [n [3], i is semiprime ring with extended centroid
C and7 : R — R s a left and right centralizer, then there exists an elemeatC such that
7 (x) = Mz for all x € R. Later, Vukman and Kosi-UIbl [17] established a result by taking
an algebraic equatiod? (zyz) = 7 (z)yz + =7 (y)x + xzy7 (z). In fact they proved that an
additive mappind : R — R is of the form7 (z) = Az if it satisfies the algebraic equation
37 (xyx) =T (v)yx + 27T (y)x + xy7 (x) for all z,y € R and)\ € C, whereR is 2-torsion free
semiprime ring with extended centraid Inspired by the above literature review, we present our
ideas to generalize the notion of centralizer in virtue of some identities mentioned in abstract.
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Likewise we also examine such identities in the setting of ring with involution. To develop the
proof of our main theorems, we require the following lemma:

Lemma 1.1([15, Theorem 1]) Let R be a 2 torsion free semiprime ring add: R — R be an
additive mapping satisfying the conditia@ (z*) = 7 (z)z + 27 (z) for all z € R, thenT is a
left and right centralizer orR.

2. RESULTS ON SEMIPRIME RINGS

We begin our investigation with the following problem:

Theorem 2.1.Letn > 1 be a fixed integer andk be anyk-torsion free semiprime ring. If
7T : R — Ris an additive mapping which satisfies

(2.1) 3T (2°") = T (a™) 2™ + 2" T (a™)a"™ + 2*"T (™) forall x € R,
then7 is a left and right centralizer o, wherek € {2,3,n, (3n — 1)!}.

Proof. We begin with the conditior} (2.1) and replac®y = + qy to get

3T (%" + () (*" Day+(5) e *Py* +..4+¢*y*) = T(a"+(7) 2" ay+
oty (2 () 1qy+( )P 2Py gy )+ (2 (]

...—|—q"y”) T (2" +( Y tqy+(; ) "2yt Aqmy") - (2" + (1) 2ty + (5) 2"yt

q"y")+ (@ + ()2 ay+ ()2 PPy Py T+ (F)a ay+ (5) 2" 2Py +
-+ qy)

Rewrite the above expression by using|2.1) as
qu(xa y) + QQPQ(% y) + ...+ q3n—1733n_1(l.’ y) = 07

whereP;(z,y) stand for the coefficients af's for all i = 1,2, ...,3n — 1. If we replaceg by
1,2,...,3n — 1, then we find a system @8n — 1) homogeneous equations. It gives us a Vander
Monde matrix

1 1 1
2 22 23n—1

3In—1 Bn—-1)% ... (Bn-—1)m"1!

Which yields thatP;(z,y) = 0 for all z,y € R and fori = 1,2,..,3n — 1. In particular, We
haveP; (z,y) = 3(*") T (2*ty) — (3T (z™)2> Ly + ()T (z"1y)a® — () T (2™)a"ty —
(M2 T (2" Ly)a™ — (1) 2™ T (2" Ly) — (F)a®yT (z") = 0 forall 2,y € R. If we pute in
place ofz in above expression, then we fiad7 (y) = 2n7 (e)y+n7 (y)+n7 (e)y+nT (y)+
ny7 (e) +n7 (y) + 2ny7 (e), for all y € R. This implies thatn7 (y) = 3n7 (e)y + 3ny7 (e),
for all y € R. Making use of torsion restrictions dato obtain

(2.2) 27 (y) =T (e)y +y7 (e), forally € R.

Let us consider the term th@&;,(x, y) = 0. This implies that
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n y>x2n—1y
n)xn72y2

(?)InT(In_ly)l’n_ly
T (" 2y?)a" + (] ?)x”_lgﬂ'(x”_ly)x”

% Z x2n/]’<xn—2y2)

(171) (?)xQn_lyT(:ﬁ”_ly) + (2;):U2n_2y27(:€").

Reword the above expression by putting place ofz, we have

3BV (y2) = 2D (e)y? 4 2027 (y)y + 1T (y?)
FEBNT () 1 T (g + M T ()
+n2yT (e)y + n*yT (y) + "2y T (e)
+2 T (y2) + 207y T (y) + 252y T (e)
Simplify the above expression to find

InBn—1)7T(y?) = 2n(2n—1)7 (e)y? + 4n>*T (y)y + n(n — 1)T (y?)

+n(n — )T (e)y? + 20T (y)y + n(n — DT (y?)

+2n2yT (e)y + 2n2yT (y) + n(n — 1)y*T (e)

+n(n — 17T (y*) + 4n*yT (y) + 2n(2n — 1)y*7 (e)
Collect the like terms in above expression and make them more comprehensible:as-
9n —3n?+3n)7T (y?) = (4n® — 2n+n? —n)7T (e)y* + 6n*T (y)y + 6n%yT (y) + (4n® — 2n +
n? —n)y*7T (e), for all y € R. This indicate that24n? — 6n)7 (y*) = (5n* — 3n)27 (y?) +
6n2(T (y)y + y7T (v)) + 2nyT (e)y, for all y € R. Again comparing the like terms both side,
we come up withl4n?7 (y*) = 6n(7 (y)y + y7 (y)) + 2n*yT (e)y, for ally € R. Hence, we
get by applying the torsion freeness®f

(2.3) 14T (v*) = 6(T (y)y +yT (y)) + 29T (e)y, forally € R.

Multiplying from right side byz to (2.2), we obtair?7 (z)z = 7 (e)x® + 27 (e)z for all
r € R. Multiply from left side byx to (2.2) to geRa7 (z) = 27 (e)x + 2*7 (e) forall z € R.
Adding these equations, we fied7 (z)x + 27 (x)) = 227 (e)x + 27 (z*), which implies that
207 (e)x = 2(T (v)z + 27 (x)) — 27 (2?) for all z € R. Using this equation i (23), we have
147 (2?) = 6(T (x)x + 27 (x)) + 2(7 (z)x + 27T (z)) — 27 («*) for all x € R. Using Torsion
restrictions onk, we get27 (z*) = 7 (z)z + 27 (z) for all z € R. Using Lemm4 1]17 is a
centralizer onR.

Theorem 2.2.Letn > 1 be a fixed integer and be anyk-torsion free semiprime ring. If
7 : R — Rs an additive mapping which satisfies

(2.4) 27 (2*") = T (2™)a" + "7 (z") forall z € R,
then7 is a left and right centralizer o, wherek € {2, n, (2n — 1)!}.
Proof. We proceed with (2]4) and replagceby = + qy to get
27(1’271—‘—(2111) (xQn—l)qy_‘_ (2271)332n—2q2y2+“'_{_anan) — T(xn_l_(Tll)xn—lqy_{_ (g)wn—2q2y2+

YY) T (2" 4+ (?)z”flqy + (g)x”*2q2y2 +...+qy") forall z,y € R.
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Rewrite the above expression by usipng|2.4) as

afi(z,y) + fala,y) + o+ @ foni(z,y) =0,

where f;(z,y) stand for the coefficients af’s for all i = 1,2,...,2n — 1. If we replaceg by
1,2,...,2n — 1, then we find a system ¢2n — 1) homogeneous equations. It gives us a Vander

Monde matrix
1 1 1

2 22 22n—1

2n—1 (2n—1)* ... (2n—1)>"!
Which yields thatf;(z,y) = 0 for all z,y € R and fori = 1,2, ..,2n — 1. In particular, We
have

o5 D@y = 200TE ) - (Tt — ()T @ ya
—(T)x"’]’(a@"‘ly) — (T)x"‘ly’]'(x”) =0

Reinstate the above equation by putting place ofz to have2.2n7 (y) = n7 (e)y + n7T (y) +

n7 (y) + ny7 (e). On simplifying the last relation we can obtaln7 (y) = n7 (e)y + ny7 (e)

for all y € R. A torsion restriction given in the hypothesis enable us to write

(2.6) 2T (y) =T (e)y +y7T (e), forally € R.

Now consider the following

fle,) = 20T 27) = ()T (a2 = () () T )

—(5) T @ 2yt)an = ()2 T (@ 2y%) = () (7)a" 'y T (2" 'y)
— ()" 2T (z™) = 0

Substitutee for x in above expression to obtain
2.2BNT () = @17 (e)y? +n*T (y)y + ”("T*?T(?f)
+HDT () + n2yT (y) + “Sy2 T (e)

A simple manipulation yields thdtin? — 2n — n? + n — n? 4+ n)7 (v?) = n*(7 (y)y + y7 (y)).
This implies thatn?7 (y*) = n*(7 (y)y + y7 (y)). Making use ofn>-torsion freeness of,
we have2T (y?) = T (y)y + y7 (y) for all y € R. HenceT is carry oneself like centralizer, as
desired.

Theorem 2.3.Letn > 1 be a fixed integer and& be anyk-torsion free semiprime ring. If
7 : R — Rs an additive mapping which satisfies

(2.7 T () = 2™ T (2™)2™ for all z € R,
then7 is a left and right centralizer o, wherek € {2,3,n, (3n — 1)!}.
Proof. Replacinge by = + qy in (2.7), we get
T(xfin + (31n) (273"_1)qy—|— (3271)x3n—2q2y2 4o _l_q3ny3n) _ (xn + (Tll)xn—lqy+ (g)xn—2q2y2 +
)
Rewrite the above expression by using|2.1) as
qu(ZB, y) + QQRQ(xa y) + ...+ q3n_1R3n—1<x> y) = 07
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whereR;(z,y) stand for the coefficients @f's for all i = 1,2, ...,3n — 1. If we replaceg by
1,2,....,3n — 1, then we find a system @8n — 1) homogeneous equations. It gives us a Vander
Monde matrix

1 1 1

2 22 23n—1

3In—1 (Bn—-1)% ... (3n—1)3"1
Which yields thatRi(:r:, y) =0forallz,y € Randfori = 1,2,..,3n — 1. In particular, We
haveR:(z,y) = ()7 (23 ty)—(1)a"T (" ty)a"— (1) 2" T (a™) 2" ty— () 2™ yT (a™)a" =
0 for all ,y € R. Replacingr by e and making use din-torsion restriction to get
(2.8) 27 (y) =T (e)y +y7 (e), forally € R.

Let us consider the term th&k(z, y) = 0. This implies that
3(3)T@y?) = ()arT(a")a" 2y + G)@)"]yT ey
+ ! 1 (In 1 ) n—1 ZE” ( n— 2y2)
+()) (1) yT (a” )x + a2 T (2™) 2™,
Reword the above expression by puttkn'@ place ofx, we have

3T () = ()T’ + (1) ()yT (e)y

+ E’fg é’f;T(y)y + gZ;T(yz)l’"

+(1) (DT () + (3)y*T (e)a”

Simplify the above expression using the same steps as we did in last theoremgtd firigl*) =
n*(T (y)y +y7T (y)) + n*yT (e)y, for ally € R. Hence, we get by applying the torsion freeness
of R

(2.9) 3T (y3) = (T (y)y +y7T (y)) +y7 (e)y, forally € R.

Multiplying from right side byx to (2.§), we obtair27 (z)z = T (e)x* + 27 (e)x for all
z € R. Multiply from left side byz to (2.8) to get2z7 (z) = 27 (e)x + 2°7 (e) for all
r € R. Adding these equations, we fitd7 (z)x + 27 (z)) = 227 (e)x + 27 (2?), which
implies thatz7 (e)x = 7 (z)x + 27 (v) — T (2?) for all z € R. Using this equation if (2/9),
we haved4T (z?) = 2(7 (z)x + 27 (x)) for all z € R. Use torsion restrictions oR to get
27 (2?) = T (z)x + 27T (z) for all z € R. Using Lemma 1]17 is a centralizer orf.

The following example is in favour of our theorems:

Example 2.1.LetR = { 3 b

trix multiplication, whereZg denotes the ring of integers addition and multiplication modulo 8.
Defineamappin@:RaRbyT((g i = 8 8
that R is neither a semiprime ring nor a 2-torsion free afidsatisfy the identity of Theorem
[2.1, Theorerp 2|2 and Theorém|2.3¢ 1) but7 is not a centralizer orR, hence semiprimeness
hypothesis is crucial for the above theorems.

| a,b,c € 228} IS a ring under matrix addition and ma-

forall a,b € 2Zg. Itis clear

AJMAA Vol. 19(2022), No. 2, Art. 11, 9 pp. AIMAA
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3. RESULTS ON SEMIPRIME *-RINGS

Next, an additive mapping : R — R is called involution if it satisfiegxy)* = y*z* and
(z*)* = x for all z,y € R. A ring equipped with an involution is called -aring or ring
with involution. An additive mapping : R — R is called a left (resp. right}centralizer
if 7(zy) = T (x)y* (resp. 7T (zy) = 2*7 (y)) holds for allz,y € R and7 is called a left
(resp. right) Jordan-centralizer if for allz € R, 7 (2*) = T (x)z* (resp.7 (z?) = 2*7T ().

If 7 is both left and right Jordar-centralizer ofR then it is called Jordan-centralizer of

R. If T : R — R is both left and right Jordar-centralizers, then obviously satis-

fies27 (z*") = T (z")(x*)" + (z*)"T (z"), 3T (x®") = T (z")(x*)* + (x*)"T (z™)(z*)" +

(x*)?T (z") and T (z3") = (z*)"7T (2™)(x*)" for all z € R but the converse is not true in
general. The present paper deals with the study of this problem. In fact, it is shown that an ad-
ditive mappings7 on a suitable torsion free restricted semiprime ridgatisfying37 (") =

T (a")(a")* + ()T (") (2*)" + (2)*"T (a"), 27 (2*) = T (a")(2")" + (2*)"7T (2") and

T (2%") = (2*)"7T (2™)(z*)" for all x € R, is a*-centralizer ofR. To prove our main results,

we need the following lemma.

Lemma 3.1([2, Corollary 2.1]) Let R be a 2 torsion free semiprime ring with involutierand
7 : R — R be an additive mapping satisfying the conditish(z?) = 7 (z)z* + 2*7 (z) for
all z € R, thenT is ax-centralizer onk.

Next, start main result of this part.

Theorem 3.2.Letn > 1 be a fixed integer and be anyk-torsion free semiprime ring with
involutionx. If 7 : R — R is an additive mapping which satisfies any one of the following
identities:
(i) 3T (2°") = T (a")(2*)*" + (a*)"7T (") (2*)" + ()T (2")
(id) 27 (a*") = T (2")(2*)" + (2*)"7T (2")
(i11) T (") = («*)"T (2™)(z*)" for all x € R.
Then,7 is ax-centralizer onR, wherek € {2,3,n, (2n — 1)!, (3n — 1)!}.

Proof. Define a mapping : R — R such thatS(z) = 7 (2*) for all z € R. Itis clear thatS is
an additive mapping oR. Now, consider

38(x%") = 3T ((x®")*)
= T(2")(x)* + (2)"7T (z")(2)" + ()7 (2*)
= S(™)x*" + 2"S(a™)z" + 2> S(z") for all z € R.
Using Theoren 2|1, we obtain thétis a centralizer ork. Hence,S(zy) = S(z)y = zS(y)
for all 2,y € R. This implies thatZ (z*)? = 7 (2*)x = 27 (z*) for all z € R. Now, replacing
x by z* and using Lemm@a 3,1, we get required result. Next, consider
25(z”") = 2T((«™")")
= T(x")"(a") + ()T (z")"
= S(a")a" 4 2"S(x)" forallz € R.
Using Theorem 2]2, we obtain thétis a centralizer orR. Hence, using the same arguments,
we get required result. Further, take
S(a™) = T((a™))
= ()" (z7)(2)"
™S (x™)z™ for all x € R.

In
xTL
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https://ajmaa.org

8 A. Z. ANSARI AND F. SHUJAT

Using Theorem 2|3, we get required result.

a b

Example 3.1.Let R = { ( 0

) | a,b,c € 2Z8} is a ring with involutionx : R — R by

( 8 g = (C) _ab forall a, b, c € 2Zg under matrix addition and matrix multiplication,

whereZsg denotes the ring of integers addition and multiplication modulo 8. Define a mapping

a b 0 b
T:R— RbyT 0 ¢ =l 0 o
identities in Theorem 3.2 ((i5) > 1) and R is neither a 2-torsion free semiprime ring néris
a centralizer onR, hence semiprimeness hypothesis is cruciaflteeorem|3.2

forall a,b,c € 2Zsg. Itis clear that7 satisfy the

4. CONJECTURE

In view of the above literature review, we impose two conjectures here as follows:

Theorem 4.1. An additive mappin@ : R — R is a centralizer onR if it satisfies any one of
the following identities:

(1) 3T (z*") = T (x™)x*" + 2T (z™) 2" + 2> T (2")

(i7) 2T (%) = T (2™)x"™ + 2" T (™)

(i1) T(x3") = 2T (z")z"
forall x € R, wheren > 1 is a fixed integer and is any suitably torsion free semiprime ring
not necessarily with identity.

Theorem 4.2.Letn > 1 be a fixed integer an& be any suitably torsion free semiprimeing
not necessarily with identity. If : R — R is an additive mapping which satisfies any one of
the following identities:

(1) 3T (z°") = T (a") (") + (x*)"T (2")(x*)" + (2*)*" T (2")
(1) 2T (2*") = T (a")(z*)" + (x*)"T (z")
(i) T (23") = (x*)"T (z™)(2*)" for all z € R.

Then,T is ax-centralizer onkR.
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