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ABSTRACT. In this paper, we give the boundedness of gradient solutions respHfaplacian
systems only in the singular case. The Lebesgue space for initial data belong to guarantee the
local boundedness of gradient solutions.
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1. INTRODUCTION
In this paper, we give the p-Laplacian type equation

{@u — div(|Du/P=2Du) =0 di (0,T) x Q

(¢ u(0,x) = ug(x) ond,(0,T) x Q’

where() is a bounded domain iR™, m > 2, with smooth boundarys2, Wf—TQ <p<2u:
(0,7) x Q2 — R" andu = (u;),i = 1,2, ...,n be a vectorial function on parabolic cylindeps

In 2017, a weak solution of (1.1) is constructed by using a varitional (like) method s in [8]
and [11] was construct a weak solution pf (1.1) for singular case by using Galerkin method.
The Holder regularity for parabolic systems (1.1) , where u is real valued and scalar case, goes
back to the fundamental work of DiBenedetto and Friedman/seel[l, 2, 3, 4].

Moreover, [13] was studied the local boundedness for u is a vectorial case, the technique used
resembles the classical approach going back to Campanato, to prove local Schauder estimates.
Then the kind of regularity enjoyed by the solutions of the comparison problems is inherited
by the original solution by mean of a delicate comparison technique. This is indeed the crucial
technical point. While in the normal elliptic case this is done on a sequence of standard shrink-
ing balls, in the parabolic case, this must be done in a very careful way. Namely, the so-called
intrinsic geometry must be used. This notion, introduced and deeply studied by DiBenendetto
in the 80s, prescribes that the cylinders used are stretched in the time direction by a factor that
depends on the solution itself. This allows to rebalance the inohomogeneity of the equation
considered, seé [12] 6, 7].

However, the local Holder regularity of weak solutions[of1.1) was studied by [10] for De-
generate parabolic type only. The emphasis here is the boundedness of gradient of weak solution
of (1.1) only for singular case, as continuity from our pevious paper ($ee [9]), in which the in-
trinsic geometry ([[5,/2,13] ) changes its type.

We consider the definition of weak solution as below.
Definition 1.1. A functionw is a weak solution of (T]1), if and onlyif € L>(0, T; L*(Q2, R"))
NLP(0,T; WP (), R™)) and satisfies
(1.2) / O + |DulP">Du - Dy dz = 0,
(0,T)XQ

forall ¢ € LP(0,T; Wy (Q, R™) with 9,0 € L*(Q,R") andT > 0.
Our main theorem is the following:

Theorem 1.1.If u is a weak solution of1.J)and 72—112 < p < 2, then there exist’; > 0 and

Cy > 0 such that for allQ(p?, )\%p)(zo) CQ,o=7-and0 <7 <3
2
m(p—2) p(m+2)—2m
(1.3) sup |Du| < Cy Aptmt2)-2m ( £ | Dul|P dz) + O,
_ p—2
QUop)? A2 op) QA2 )

holds, where”; depends omn, p, o and (5 is arbitary constant.

2. RESULTS
Let u is a weak solution of (T]1) i®(p?, )\%p)(zo) C @, and set the intrinsic geometry for
2m
= < p<2
m+2 )
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(2.1) t=to+pts, w=x0+ AT py, Z=(s,9),

—2
u(to + p2s, 20 + A7 py)

2.2) o(s,) = v

, 0<p<1,
hence the equatiof (1.1) ®(p?, A%p)(zo), can be written to the equation @(1, 1)(0, 0):

(2.3) Oy — div(|Dv|P~2Dv) = 0.

Next, we will proof of ourTheorem 1.1

Proof. Set our intrinsic geometry as in (2.1) ahd {2.2) then the equafion (1CX)ih A%p) (20),
(1.1) can be reduced to equation (2.3)%J(1, 1)(0, 0) such that

P oy e
(2.4) sup |Dv| < C’( (75 | Dv|P dz) + C.
Q(02,0) Q(L1)

Let take the testing functiop = vn?¢, wheren is a linear cutoff function, such that= 1
in B(r), supgDn) C B(1) and0 < 9,¢ < =2 BY using the reverse Poincaré’s inequality
Lemma and the Sobolev inequality, we have the following reverse Hélder inequality,

m—+2

0 -
/ | Dy| 2"+ 5 (e42) g, S/ (/ | Do| 5t (4D ts dx> o
Q(r) —r? B(r)

m—2
m—+2

a+p 2m 2m
(/ (|Dv| )22 dx) dt
B(r)

2m
< sup (/ | Dy|(@+?) dx) X
—r<t<0 B(r)

—2

0 T
(2.5) / (/ (|Dv| 2" )z dx)
—r2 B(r)

We let
m+2)—2m 1 m—+2)—2m 1
o = 2 ) (1+—)'“—p( ) tp=2 =1+ —;
2 m 2 m
1—0
Ry =0+ T Ry =1.

Chooser = £ and make iteration oh = 0,1, 2, ..., we have
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JRET a1 3
< : / | Du|@s+1+2 dz 4 1) <C Q) le (02 +2) le
|Q(Rk+1 | Ri11 |Q<Rk+1>|‘9k+1 (Rk Rk‘—l—l) ok

1
ok
Dvak+2dz+1>
(IQ |/Rk’ |

ot (Oéi + 2>%

<HC

i- z+1)’7 (Ri — Rig1)ot
o
(2.6) X (—/ | Dv|**2 dz + 1) :
|Q(Ro)| Jo(ro)
In fact, we have
2)—2 1. 2)—2 1
aizp(er ) m(1+_)z_p(m+ ) Tip-2 =1+
2 m 2 m
1
R =0+ 2Z0-’ RO = 1,
The constant i (2]6) can be evaluated as
) 3
Vel Q o a; + 2)e
C(m,p,a):HC’ ’ ( ) A ( ) >
2o |Q(Ri)[7 (R; — Ripy)o

= », o | z
1 i=1 gt 0o i 1 _
(Cy)==re (1 + ) (2)x= " (a +— U)

m
1=0

2.7) =(C,)m*? (1 + 2

3¢
2 2¢ 1 m-+2
=) erare,
whereC; = C2%(1 —o)~% and

. (i+1) 1
g =gt

Thus for all; it holds that

(2.8) (let%i) | Dv

In fact, we use

1

O‘i”dz) "<C £ Dol dz ¢
Q(Ro)

.o +2  pm+2)—2m
lim — = .
1—00 9@ 2
From this estimate, we conclude that for % <p<?2

I
(2.9) sup |Dv| < C(Qf ]Dv]pdz) +C.
Qo2.0)

If we use scaling in[(2]2) thepq (2.9) becomegto](1.3).
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