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ABSTRACT. The main objective of this paper is to establish as many as thirty new closed-
form evaluations of the generalized hypergeometric funcjion?, (z) for ¢ = 2,3,4. This

is achieved by means of separating the generalized hypergeometric fupctiby(z) for ¢ =
1,2,3,4,5 into even and odd components together with the use of several known infinite series
involving central binomial coefficients obtained earlier by Ji and Hei & Ji and Zhang.
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1. INTRODUCTION

The generalized hypergeometric functig, (=) with p numerator ang denominator para-
meters is defined by [13]

CLl,CLQ,...,CLP 00 (al) (a2) (CL ) o
(11) F ‘2 _ n n P n_7
" bbb, ; (01)n(b2)n---(bg)n !

where(a),, is the well-known Pochhammer’s symbol defined by

ala+1)...(a+n—-1) ;neN
(a)n =
1 ;n=0.
In terms of gamma function, we have
I'(a+n)
(@)n = —=~—
I'(a)
Here, as usualy andq are non-negative integers and the parameterd < j < p) andb,
(1 < j < ¢) can have arbitrary complex values with zero or negative integer valugs of

excluded. The generalized hypergeometric functibl(z) converges forz| < oo, (p < q),
|z| < 1(p=q+1)and|z| =1 (p = ¢+ 1 andRe(s) > 0), wheres is the parametric excess

defined by
q p
S = Z bj — Z CLJ'.
j=1 j=1

It is not out of place to mention here that the generalized hypergeometric function occurs in
many theoretical and practical applications such as mathematics, theoretical physics, engineer-
ing and statistics. For more details about this function, we refer [1,2/3, 10,112, 17].

Further, it is well-known that the process of resolving a generalized hypergeometric function
into even and odd components can lead to new results. This composition is facilitated by use of

the identities
_ o (@ a 1
(@)an =2 <2>n (2 * 2)n

a 1 a
P i (— 1) .
(@)ont1 =a (2+2>n 5 T i

Then for the generalized hypergeometric function

and

ai, @z, ..., 0q+1
q+1Fq stz |,
bi,be, ..., b,
it is not difficult to obtain the following two general results:
ai, g, ..., 0q+41 ap, @z, ..., 0g+1
g+115 ! 2|+ gk ’ 1 TR
b17b27‘ 7bq bl)b27"'7bq

ap ap 1 Qg1 Ggi1 +1

272 27777 27 2 2
1.2 = 29,19 F: - 22
(12) e ) b 1 by by ]

27272 277777272 2
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and
ay, Az, ..., 0g+1 ] r ai, Az, ..., 0g+1
2N 1 TR
it blyb27"'abq T b17b27' abq
a1 1 a g1 | 1 agr
— 4+ -, — 41 — 1
2zaq1ay . . . Ggy1 2+2’2+ 9 +2’ 2 * 9
(1.3) = 2g+2F2q+1 )&
biby ... b, 3b, 1 b 1y
L 272 272 ’ T2 272

The convergence condition for the serjesF, (=) should be

q g+1

ij — Zaj > 0.
j=1 j=1

On the other hand, the binomial coefficients are defined by

n!

— :n>k
(1.4) (Z) _ ) Bm—n)
0 in < k,

for nonnegative integers andk. The central binomial coefficients are defined by

(1.5) (2") _ 20 (n=0,1,2,...).

n (n!)?

It is well-known that the binomial and reciprocal of binomial coefficients play an important role

in many areas of mathematics (including number theory, probability and statistics). Actually the
sums containing the central binomial coefficients and reciprocals of the central binomial coeffi-
cients have been studied for a long time. A large number of very interesting results can be seen
in the research papers by Lehmier [8], Mansour [9], Pla [11], Rockeltt [15], Sprugnoli [18, 19],
Sury [20], Sury et al.[[21], Trifl[[22], Wheelon [23] and Zhao and Wand [24]. Many facts about
the central binomial coefficients and the reciprocals of the central binomial coefficients can be
found in the book of Koshy [7]. Gould [4] has collected numerous identities involving central
binomial coefficients. Riordan [14] is also a good reference.

In 2012, using one known infinite series, Ji and Zharg [6] obtained the following fifteen new
alternated series (containing positive and negative terms) of reciprocals of binomial coefficients
by splitting items involving Golden ratip = @ viz.

=~ (- 45

(1.6) ; ) @n+1) 5 .
= (=1 36v/5

(1.7) - = Iny + 8,
; ") (2n +3) 5 7
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— (= 5725 368
(18) nz; Cy@n+5) 15 g =5
=~ (=)~  916V5 14792
(1.9) ; Cy@en+T) 5 g ==
> (—1)n ~29308V/5 3311008
(1.10) nz; ®Y2n+9) 3 R T
(1.11) Z;( G <+11)>722 )-4\/51ng0 4
- (=) _28V5 92
(1.12) = Inp+ —,
nz%( Nen+)@nt+s) 3 0
S (Yt esvE L 20
(1.13) ;( e @t 3 g + ==,
= (—1)" 92V 7396
(1-14) 7;( "@2n+1)(@2n+T7) 3 e = 55
- (—1)" 3548
(1.15) ; GRS = 44v5Ingp —
= (—1)" 332f 26788
(20 ,; @Yen+5)@2nt+7) 3 7 225
- (=)™ 132V 413876
(-17) ; Y@+ En+e) 21 M 3ems
= (—1)" _2956V5 1670204
(1.18) ; CYent3)znto) 20 T oz
- (—1)™ _ 4196v5 2370556
(49 ; CYentsento 21 P oz
- (—1)" _BTV5 2017908
(1.20) ,; Bl on T 1)@ 0] I+ o

Remark: The results[(1]6) td (1.10) are first recorded in Sherrnah [16].

In addition to this, by the same technique, in 2013, Ji and[Hei [5] obtained fifteen new series of
reciprocals of binomial coefficients

> 2\/§7T
1.21
( ) ; (2n + 1) 9 7’

> 14\/§7r
1.22 -8,
( ) Z 2n +3) 9

n=0 TL
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- 1 7430 400
(1.23) _ _ _ 400
nz; (>)(2n + 5) 9 9
. 1 177437 16072
1.24 _ B |
(1.24) ; (*™) (2n+17) 45 75
(1.25) i 1 ~ 56758V/3m 3602528
=0 (27? )(2n+9) 315 3675
= 1 2\/§7r
1.26 _ vy
-2 Z:% (*)(2n+1)(2n + 3) 3
- 1 100
20 nz; (*")(2n + 1)(2n + 5) 9
S 1 10/ 164
(1.28) S _ _10vam | 164
= (> (2n + 3)(2n + 5) 3 9
- 1 08v31 8036
(1.29) 3 _ 983 | 8036,
— (M) (2n+1)(2n +7) 15 925
N 1 14237 3868
1.30 _ | 3868
. ; (M) (2n+3)(2n +7) 15 75
(1.31) i 1 78v3r 19108
| — (> (2n+5)(2n+7) 5 225
= 1 92362v/31 450316
1.32 _ . |
(32 ; (> (2n+1)(2n +9) 105 3675
= 1 104237 1786564
(1.33) S _1042v3r N |
— (*)(2n+3)(2n +9) 35 11025
(1.34) i 1  4514v3r 2579396
| < (*")(2n + 5)(2n + 9) 105 11025
= 1 147831 56300
(1.35) S __4mVaT |
= (™) (2n+T7)(2n 4 9) 21 147

Remark: The results[(1.21) t¢ (1.25) are first recorded in Shermaln [16].

The rest of the paper is organized as follows. In Section 2, the relsults (11.6) tp (1.35) have been
expressed in terms of the generalized hypergeometric functions that will be required in our
present investigations. In Section 3, we shall establish as many as thirty new closed-forms eval-
uations of the generalized hypergeometric functipng,(z) for ¢ = 2,3, 4. This is achieved

by means of separating the generalized hypergeometric functiohs(z) for ¢ = 1,2,3,4,5

in to even and odd components together with the use of the regults (2[1) b (2.30) given in
Section 2.
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2. REsuLTs (1.6) To (1.38)IN TERMS OF GENERALIZED HYPERGEOMETRIC
FUNCTIONS

In this section, we shall express the resylts|(1.6) to {1.35) in terms of generalized hypergeo-
metric functions as follows:

(1,1

1 45
(2.1) 2 F1 3 1|7 Tln ©,
L 2
1,1,
9 1 12
2.2 F —— :-(1— 1 )
(2.2) 32 15 1 5 0—9v5Ing
[ 272 ]
1’1’2 1 20
2.3 F i :—(429 51 —460),
23) S I 4 15 (420V5Ine
[ 272 ]
- . -
Llg 1 28
2.4 F. — :_( — 34 1 )
(2.4) S - (3698 3435v5In ) |
[ 272 ]
- ) -
1’1’5 1 12
25 F Sy ln — 827752)
(2.5) sFo | g 1 oo 769335v/5 In ¢ — 82775
[ 27 2 1
(1,1 )
(2.6) | 5 imp | =12 (\/glngo - 1) ,
L 2
- - _
1,1,=
9 1 20
2.7 F L= :-(23—21 51 )
(2.7) 3472 3 7 1 9 \/_H@
[ 272 ]
- 5 -
1,1,
9 1 20
2.8 F i :—(55—51 51 )
(2.8) 34’2 17 1 3 \/_I“P
[ 272 1
- . -
LLg 1 28
2, F - :—(12 1 —14>,
(2.9) 34’2 39 4 595 75\/51190 849
[ 272 ]
I 37
171a§7§ 1 28
(2.10) al'3 1509 1 2585\/5n<p 887
[ 27272
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(2.16) o F) |
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(2.18) S Fy |
(2.19) S Fy |
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- _
1.1.2
by 1| 140
1 S ),
e 1 T (6225\/_ N — 6697
29 |
11,2
2] 12 (103469 96075+/51 )
311 ' 4| 1225 ne
2" 2 |
39 .
1717575 1 36
o 4 1 42 4)
s i m e (757 75v/5 In o — 3507428
2'2 2 |
59 :
1717575 1
-~ | = = (592639 — 550725V/51 )
17 11 1 245( Ving
2'2 2 |
11!
2 Ly 12 (04477 468825+/51 )
111 ' 4| 175 ne
2’9
1,1
1 2V/3m
§ 74 9 9
2
; ]
1717_
2 ;1 14\/57?_24’
15 '4 3
22 |
g -
LLs -
.= 2 (74 —400)
17 4 9( V3
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g -
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5
1.1.2
by 10
2.22 F = :_( . )
( ) 39 3 7 1 5 50 — 9v/37
| 272 |
. . -
LLs -
2.2 F - —<14 )
(2.23) S 2 64 — 30V/37
| 272 |
. . .
1’1’5 1 14
2.24 ja N (41 _ )
( ) 31’2 39 1 225 018 735\/_7r
| 272 |
i 37
1717575 1 14
2.25 ja = :-(1 4 )
(2.25) L 5 (193 355v/3m
| 27272
1,1,2 . ”
2.26 F - :—( 4292 )
(2.26) N 75955 925v/37
| 272 |
1’1’2 1 24
2.27 F -z (56277—11515 )
(2.27) 20 311 2 | T 1225 V3r
| 272 |
[ 139 ]
LR | 27 1786564
2.2 F. =25 —1042
(2.28) il s 11 4 5(0\/§”+ 315 )
| 2727 2 |
[ 1129 ]
99 1 6 1289698
2.29 F. =2 (=22
(2.29) S S B AR 7( 5TV3T + 55 )
| 2727 2 |
i 7
Ll 6
(2.30) o F) = —( 5173\/_7r+28150>
111 7
| 27792

3. MAIN RESULTS

In this section, we shall establish the following thirty closed-form evaluations of the general-
ized hypergeometric function with argumqigt

1
ivla]- 1 1

1 F - :-( 18v/51 )
4’4

AJMAA Vol. 19(2022), No. 1, Art. 7, 13 pp. AIMAA


https://ajmaa.org

SEVERAL NEW CLOSED-FORM EVALUATIONS 9

R _
LLS )
32) F L :-( —18V/51 )
(B2) 3k 57 16 B 5v/31 —18V51In ¢
L 114 |
= -
57171 1 1
. F . :-( —162v/51 )
(B3) sk L7 16 B 35v/31 — 162v/51n ¢
L 14 |
= -
LLS )
4)  LF Sl :-( _ 162v/51 )
A P T 5 35v/3m — 360 + 16251 ¢
L 114 |
St _
5717171 1 1
35) LF L :—(1 — 192 1 >
(3.5)  4F3 139 1o 5 85v/3m — 1920 + 858v/51In ¢
| 1474 ]
R
3.6) LF L :—(1 — 80 — 1 )
(3.6) 4F3 T Ve 85v/3m — 80 — 8585 In ¢
L 47474 |
= -
5717152 1 1
37) F L :—(6209 3 — 2688 — 288544/51 )
I I Rt RAT: 45 Vi Vol
| 4744 |
= -
1717571 1 2
. F e :—(44 — 46296 + 2061 1),
(3.8) LF; 25 13 16 o 35v/3m — 46296 + 20610v/5 In ¢
L 4744 J
= -
5717171 1 1
3.9) LF L :-(141 1481472 430v/51 )
(39 4F 1313 76 T 89531 — 1481472 + 659430v/51In ¢
L 444 |
T3 11
1717§7Z 1 11
3.10) LF L :—< — 174912 — 1846404v/51 )
(3.10) 4F3 T 530% 39730631 — 1749 846404v/51n ¢
| 144
F 1
57171 1
3.11) F L 6E e —
( ) 3k 59 16 6\/5ng0 V3m,
L 114
L
3.12) F il :10(12— 3 — 6v/51 )
( ) sh 11 13 16 V3 \/_ngo
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(3.13) 35
(3.14) R
(3.15)  .F
(3.16) .
(3.17) .5
(3.18)  .F
(3.19) R
(320) 45
(321) 5K
(322) S5
(3.23)  .F
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1
57171 1 5
- 2 (32— _ 1451 )
39 16 3(3 3V37r — 14v5Ing
| 474 ]
- -
11,2
R | 42
— | ==(4- 42/51 )
511 16 9( 0V3r +42v5In ),
| 474 ]
= : _
5717171 1
L= :5(64—5 31 — 34v/51 )
179 16 V3 =345l
L 114 |
- A -
LLod 1] 70
= | =2 (102v5Imngp — 28 — 15 3),
3911 16 9( Voing Var
L1104 |
= -
5717172 1 7
— | == 1 4~ 147V/37)
N R T (690\/5ng0+6 V3r),
L1104 |
LLsg |
- 92572 — 24531 — 1150151 )
5713 16 25( V3 Volng
L1104 |
L _
577 1 7
— L 51 271 )
A 5(330\/_n<,0+3 71v3n
| 44 ]
S -
LLS ;
— | =z —1 ).
213 16 5(3708 355v/31 — 1650V/5 In
| 44 ]
m 1 5 7
571717171 1 7
P L (830vEIn g — 117 —256)
13911 6 3( Voing Var
111
1’1’;’;1’% 1 126
L 99948 — 1755v/31 — 12450+/51 )
3511 13 '16 225( V3 Vblng
17444
m 1
57171a% 1 3
P — 2 (61728 — 5905v/31 — 27450/51 )
3513 16 175( Van Volng
114

No. 1, Art. 7, 13 pp.

AJMAA


https://ajmaa.org

SEVERAL NEW CLOSED-FORM EVALUATIONS 11

T3 11
1717572 1 29
3.24) F | = (644 2 430v/51 )
@24) Py T e | T 3 8267+/3m + 38430v/51n ¢
L 4744
M1 9
57171a1 1 9
25) ,F - :—(2 4781 - 1 )
(3.25) ,F; N T - (82304 - 78 5v/31 — 36950v/5 In
| 47474
T 311
17175’1 1 29
26) ,F N (11 282 155190+/51 )
(326) 4Fy| o 7 o iqp | = gap (11636 - 32823V/371 + 155190v/5 In ¢
| 4744
= - _
5717171 1 3
3.27) ,F L :—(112 117856 — 52450/51 )
B2 WB T 5 5 i - 85v/3m + 117856 — 52450v/5In ¢
L 4474 ]
1717;7’£ 1 22
3.28) ,F S (2 1—4 2202901/51 )
(328) uFy| 7 0 iqp | = gpp (2088 739737 + 220290v/5 In ¢
L 4474 ]
m 1
571717272 1 3
3.29) F L :—(244672—18475 3 — 133950v/51 )
(29 b a1 13 T 25 Van Vol
| 4444
T 3911
LLhara 1 66
. F il ( 1 204 — 12932 )
(330) 5P| , "o i | T oo 937650v/5 In ¢ — 30520 9325v/37
L 44404

Proof. The derivations of the results (8.1) {o (3.30) are quite straight forward. Thus in order
to establish the result§ (3.1) arid (3.2), we proceed as follows[ Th (1.2) and (1.3) if we set
q=2,a1 = az = 1 andb; = 3/2 and making use of the resulfs (2.1) ahd (P.16) (1.2) inthe
left-hand side[(1]2) andl (1.3), we at once arrive at the results (3.1] and (3.2) respectively. The
remaining resultd (3]3) td (3.B0) can be proven on similar lines by taking appropriate values of
¢, ag+1 andb,, forg = 1,2, 3,4, 5. So we left this as an exercise to the interest of the reader.

We conclude this section by remarking that the resfilig (3.1) 10](3.30) have been verified by
using MAPLE.x

4., CONCLUDING REMARK

In this paper, thirty new-closed form evaluations of the generalized hypergeometric functions
+1F5(z) for ¢ = 2,3,4 with arguments.ll6 have been established. This is achieved by means
of separating the generalized hypergeometric functigt, (=) into even and odd components
together with the use of the several known results of interesting series involving central bino-
mial coefficients obtained earlier by Ji and Heli [5] & Ji and Zhang [6]. We believe that the
results established in this paper have not been appeared in the literature and represent a definite
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contribution to the theory of generalized hypergeometric function. It is hoped that the results
could be of potential use in the area of mathematics, statistics and mathematical physics.
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