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1. INTRODUCTION

We define the arithmetic meat), and the geometric meds, by

1
n n

An:%Zak and G, = (Hak>n

k=1 k=1
for positive real numbersg,, a,, - - - , a,. It is known that the inequality
—1
(1.1) Ay — G > = (Apy — Gs)

holds for the integer > 2. The inequality[(1.]1) is known as Rado inequality, see [1] in pp. 94—
105 and|[5] in pp. 94. From the inequalify (JL.1), we can get Arithmetic mean-Geometric mean
inequality A,, — G,, > 0, immediately. We show the refinement and reverse of the inequality
(1.7) as follows.

Theorem 1.1.Letay, as, - - - , a, be positive real numbers, then the inequality
—1 —1 n - Yn— >
(1.2) A, =G, > & (Anfl - anl) + k . (G G : 1)
n—1
holds for the integen > 2.
Theorem 1.2.Let! andn be integers witl2 <[ < n and leta;,_1,a,, - - - , a, be real numbers
with0 < a;_1,a,- - , a,, then the inequality
-1 2R
(13) An - Gn S t (An—l - Gn—l) + 2 l
. Gr\ T Gr\ 1
holds for the integen. > [, whereR;, =1+ (I — 1) (—T’;) —1 (a—:) :

Moreover, we obtain the following refinement and reverse of Arithmetic mean-Geometric
mean inequality.

Corollary 1.3. Letaq,aq,-- - , a, be positive real numbers, then the inequality
n—1
1 (Gk+1 - Gk)2
An - Gn 2 - -~

holds for the integen > 2.

Corollary 1.4. Letay,as,--- ,a, be real numbers with < a; < ay < --- < a,, then the
inequality

k=2

ny\ 2
2
holds for the integen > 2, whereR, = (1 — Gf) .
arn
If A, andG,, are the arithmetic and geometric means of the intege2s: - - , n, respec-
tively, then McCartin[[4] asserts thétn,, .., A,/G, = e¢/2. Recently, Hassani[2] proved that
the rational expressiod,, /G, is strictly increasing for the integer > 1 and the inequality
A,/G, < e/2 holds for the integer. > 1. As mentioned above4,, andG,, have interesting
relations for the integers, 2, - - - , n. We show the following Rado type inequality for positive
integersl, 2, ---  n.
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Theorem 1.5.Let A,, andG,, be the arithmetic and geometric means of the integig2s: - - , n,
respectively, then the inequality

n—1

(1.4) A =G> ( ) (Auor — Go)

n

holds for the integen > 2.

2. PROOF OF THEOREMS [L_IAND[T.2

Proof of Theorer I}1We set
(2.1) fla,y) =2’ —yr+y—1-(y—1)(z - 1)°
for the real numbers > 0 andy > 2. Since the derivatives of(z, y) are
%(x, y) = a¥(Inz) —2* + 3
and
2
() = ()’ >0,

Of /0y(z,y) is strictly increasing foy > 2. We havedf/dy(z,2) = xg(x), whereg(z) =
z(Inx) — z + 1. Since the derivative of(x) is ¢'(z) = Inz, we haveg(z) > ¢(1) = 0 and
0f/0y(x,2) > 0for x # 1. Therefore f(z,y) is strictly increasing foy > 2 and f(z,2) = 0,
also, f(1,y) = 0 for y > 2. Thus, we have(z,y) > 0 with equality if and only ify = 2 or
z =1. Putz = G,/G,_; andy = nin (2.1), then we have

Gn \" Gy Gy 2
. > _ _ _
(2.2) (Gnl) > nGni1 n+1+(n—1) (Gnl 1)

with equality if and only ifn = 2 or G,, = G,,_;. By the inequality[(2.R) and

Gna An—l G "
A, = —1 ,
n ((n )Gn—l i (Gn—1> )
we can get

Gn—l An—l Gn "
A, = —1
! n <<n )Gn—l i <Gn—1> )
Gn—l Anfl Gn Gn ?
> -1 — 1 -1 -1
> — ((n )Gn—l +nGn_1 n+14+(n—1) (Gn—l ) >

1 1 1 — G, )2
_ n An_1+Gn_ n n (Gn Gn 1) )
n

Therefore, we have

n—1 n—1 (G,—G,1)?
A1 — G- .

" ( 1 1) + n G

and the proof of Theorefm 1.1 is complege.
Proof of Theorerm 1]2We set
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for the real number8 < = < 1 andy > 2. The derivative off (x, y) is

af 1 xving 1 xvilnx
8—(az,y):—xy—|— y +xvT — —
B xy%l(—lnx +y—1) x%(y — Inx)
- y—1 oy

From—Inx +y —1 > 0andy — Inx > 0for 0 < = < 1 andy > 2, we can take the logarithm.
Hence, we consider the function

B L I E)

y—1 y

1 1
= n:cl ST In(—lnz +y—1) —In(y — Inz) — In(y — 1) + Iny.
Y= Y

The derivative ofy(z, y) is

@@: - (Inz)?(—2ylnx + Inz + 3y? — 3y + 1)
A e [T D

By —2ylnz +1Inz > 0 and3y*—3y+1 > 0for 0 < z < 1andy > 2, dg/0y(x,y) > 0. Hence,
g(x,y) is strictly increasing fory > 2. Fromlim, .. g(z,y) = 0 for 0 < z < 1, we can get
g(xz,y) < 0for0 <z < 1andy > 2. Therefore,f(x,y) is strictly decreasing foy > 2. Put
z = G"/a? andy = n in (2.3), then we have the following inequality far> 1.

1

1+(n—1)(ﬂ) —n(ﬂ) gl+(l—1)(ﬂ> —z(ﬂ> ,
ay ay ary ar

and

an+ (n—1)G,—1 — nG, < a, Ry,

1 1
1

whereR; =1+ (1 — 1) (%)m —1 (%) . Froma,, = nA, — (n — 1)A4,_1, we have

n
A, n

n—1 anR
(An—l - Gn—l) + n l'

An - An—l S

Therefore, the proof of Theorgm 1.2 is complege.
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3. PROOF OF COROLLARIES [I.3AND [1.4

Proof of Corollary{ 1.B.From the refinement of Rado type inequalfty {1.2), we have the follow-
ing inequality.

n—1 n—1 (G,—G,1)?
_ > - .
An Gn - n (An—l Gn—l) + n Gn_l
n—2 1 (Gry1 — Gi)?
> A o —G, _ — E ~—~r
- n ( n—2 Gn 2) + n e k Gk
>
2 1A (G G)?
S 2 B 1 Z k+1 — Gk
- <A2 GZ) + n P Gy
1 (Gy—Gi)? 1A (G =Gy 1 e (Grar — Gy)?
> = SN AR T TR DN p kL T TR
n Gy + n ; Gy, n ; Gy

Hence, the proof of Corollafy 1.3 is complete.

Proof of Corollary{1.4.From the refinement of Rado type inequality {1.3), we assume2,
then we have the following inequality.

1 .
An_Gngn (Anfl_anl)—i—a_lRQ
_9 .
Sn (A2 — Gpoa) + ¢ 1R2+ RQ
ST
2 Ry —
< (A, — G —
_n( 2 2)—1-”;3%
1
Sﬁ(z‘h G1) —1——2 k:_ ag.
k=2

Hence, the proof of Corollafy 1.4 is complege.

4. PROOF OF THEOREM [I.5
We need some lemmas to prove theofem 1.5.

Lemma 4.1. The inequality

11

_ 1 _ 1
e " < pl < T2

holds for the integen > 1.

The Lemma 4.1 is proved by Hummel in [3].

Lemma 4.2. The inequality
11 1
——:1:+E+(1—x) (—ln(2—\/§—x+\/§x)

12 2
+ln(3—2\/§—x+\/§w)> >0

holds for the real number > 3.
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Proof. We set

f(:z:):E—x—l—l—jL(l—a:) <—1n(2—\/§—x+\/§aj)

12 2
+In(3-2vV2 -z + \/§x)>

and the derivative of (z) is f'(z) = (1 — 2z)g(x), where

() = 10 — 7v2 — 31z + 222z + 3122 — 22222 — 122° 4 8v/22°
T T 3 -2v2 — 2+ Vo) (2 — V2 — 2 + v2r)(1 — 22)
+1In(3-2v2 — 2 +v2z) —In(2 — V2 — 2 + V2z).

The derivative ofy(x) is
h(z)

gle) = 202(—1 4 22)2(3 — 2v2 — 2 + v22)2(2 — V2 — 2 + /22)?’

whereh(z) = —198+140v/2+4 12362 —874+/22 — 270122 +1910/22% +25402° — 17961/22° —
9112 + 644+/22* + 682° — 481/22°. The derivatives oh(z) are

W(z) =2(618 — 4372 — 2701z 4 1910v/2x + 381022 — 2694v/22% — 182223
+1288v/22% + 1702 — 120v/22),

B (x) =2(—2701 4 19102 + 7620 — 5388+/22 — 54662>
+ 3864v/2x% + 6802° — 480v/22),

KO () = 24(635 — 449v/2 — 911z + 64422 + 17022 — 120v/22?)
and
AW () = 24(—240V2x + 340z + 644v/2 — 911).

From 340 — 240+/2 = 0.588745 > 0, h¥(x) is strictly increasing forr > 1 andh®(z) >

hW(1) = 24(—571 + 404/2) = 8.2147 > 0. Thus,h® (z) is strictly increasing forr > 1

andh®(z) > hB®)(1) = 24(—106 + 75v/2) = 1.58441 > 0. By h”(x) is strictly increasing for
r > 1andh”(x) > h"(1) = 2(133 — 94y/2) = 0.12785 > 0, k'(z) is strictly increasing for
x> 1. Fromh/(z) > h'(1) = 2(75 — 53v/2) = 0.0933624 > 0, h(x) is strictly increasing for
x> 1andh(x) > h(1) = 34 — 24/2 = 0.0588745 > 0. Hence, we have'(z) > 0 andg(z) is

strictly increasing for: > 1. Since we havéim, ... g(x) = 0, g(x) < 0 andf’'(z) > 0. Thus,
f(z) is strictly increasing for: > 1. Fromf(3) = —25/12 — 3In2 + In3/2 + 6In(—1 +2v/2) =

0.00726788 > 0, we can geff(z) > 0forz > 3. 1

Lemma 4.3. The inequality

1 3—2\/§—n—|—\/_n 1

(41) ((n—l)')" = 2_\/— n_'_\/—n( )

holds for the integen > 2.

Proof. If n = 2, then we have

3—2\F—n+fn( )
2—vV2—n++2n

(n—=1))7™T =1 and — 1.
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Hence, we consider the casewof> 3. The inequality[(4]l) is equivalent to the following
inequality.

%_lnﬁn—ln@_Qﬁ—n%—\/En)+ln(2—\/§—n_|_\/§n)ZO'

From Lemma 41, it is suffices to show that

%_nnzrn(ﬁ;%)lnn—an—ln(S—Zﬂ—nJr\@n)Jrln(Z—\/§—n+\/§n)
ﬁ(%—n—i—ln?n+(1—n)n(—ln(2—\/§—n+\/§n)

+1In(3 —2v2 —n+ \/§n)>>

for n > 3. By Lemmg 4.2, we can prove the inequallty (4.4).

Proof of Theorer 1]5FromA4,, = (n+1)/2 andG,, = (n!)%, the inequality) is equivalent
to

n((n— 1)) — (n—1)(nl)7 >

N |

By Lemmag 4.]L and 4.3, we have

T — (n— o (2 - V2)(n))~ (2 — V2)(ez"n 2 )n
o b 22—\/5—77,+\/§n> 2—V2—n+v2n

Hence, it is suffices to show that

2Vt 1
2—V2—n+v2n 2’

so, we may show that

11 1
nln2+nln(2—\/§)+ﬁ—n+(§+n) Inn — nln(2 — V2 —n +v2n) > 0

for the integem > 2. We set

f(x):xln2+xln(2—\/§)+%—x+ (%—i—x) Inz — zIn(2 — V2 — 2 + V2x)

for the real numbes > 2. The derivatives of’(x) are

_2—\/§—az+\/§x+2x2—2\/§x2

f(z) 202 — V3 — 11 v22) +1n2 +In(2 — v2)
+Inz —In(2 — V2 — 2 + V2z)
and
; —6 + 4v/2 + 20z — 14v/22 — 322 + 2¢/222
fi(x) =

2x2(2 — V2 —a+ \/§x)2
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By 20 — 14v/2 + 2(—3 + 2v/2) = —0.142136 < 0, we have
—64+4v/2 + 202 — 14v/22 — 32° + 2v/222
= —6+4V2 + (20 — 14v/2 — 32 4 2v/22)

= 6+4V2 42 (20— 14\/§+x(—3+2\/5>>
< =6+4V2+x (20 - 14V2+ 2(-3 +2v2))

< —6+4v2+2 (20— 14V2+2(-3 +2v72))

= 2(11 — 8V/2) = —0.627417.
Therefore,f'(x) is strictly decreasing fox > 2 and f'(z) > lim, . f'(z) = —1 + In2 +
In(2 — v2) — In(—1 4+ v/2) = 0.0397208. Since f(x) is strictly increasing forr > 2 and
f(2) > f(2) = —13/12 4+ (7In2) /2 + 2In(2 — /2) = 0.273082 for 2 > 2, we obtainf(z) > 0
for x > 2 and the proof of Theorem 1.5 is complege.
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