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1. I NTRODUCTION

We define the arithmetic meanAn and the geometric meanGn by

An =
1

n

n∑
k=1

ak and Gn =

(
n∏

k=1

ak

) 1
n

for positive real numbersa1, a2, · · · , an. It is known that the inequality

An −Gn ≥
n− 1

n
(An−1 −Gn−1)(1.1)

holds for the integern ≥ 2. The inequality (1.1) is known as Rado inequality, see [1] in pp. 94–
105 and [5] in pp. 94. From the inequality (1.1), we can get Arithmetic mean-Geometric mean
inequalityAn − Gn ≥ 0, immediately. We show the refinement and reverse of the inequality
(1.1) as follows.

Theorem 1.1.Leta1, a2, · · · , an be positive real numbers, then the inequality

An −Gn ≥
n− 1

n
(An−1 −Gn−1) +

n− 1

n
· (Gn −Gn−1)

2

Gn−1

(1.2)

holds for the integern ≥ 2.

Theorem 1.2. Let l andn be integers with2 ≤ l ≤ n and letal−1, al, · · · , an be real numbers
with 0 < al−1, al, · · · , an, then the inequality

An −Gn ≤
n− 1

n
(An−1 −Gn−1) +

anRl

n
(1.3)

holds for the integern ≥ l, whereRl = 1 + (l − 1)

(
Gn

n

an
n

) 1
l−1

− l

(
Gn

n

an
n

) 1
l

.

Moreover, we obtain the following refinement and reverse of Arithmetic mean-Geometric
mean inequality.

Corollary 1.3. Leta1, a2, · · · , an be positive real numbers, then the inequality

An −Gn ≥
1

n

n−1∑
k=1

(Gk+1 −Gk)
2

Gk

holds for the integern ≥ 2.

Corollary 1.4. Let a1, a2, · · · , an be real numbers with0 < a1 ≤ a2 ≤ · · · ≤ an, then the
inequality

An −Gn ≤
R2

n

n∑
k=2

ak

holds for the integern ≥ 2, whereR2 =

(
1− G

n
2
n

a
n
2
n

)2

.

If An andGn are the arithmetic and geometric means of the integers1, 2, · · · , n, respec-
tively, then McCartin [4] asserts thatlimn→∞An/Gn = e/2. Recently, Hassani [2] proved that
the rational expressionAn/Gn is strictly increasing for the integern ≥ 1 and the inequality
An/Gn < e/2 holds for the integern ≥ 1. As mentioned above,An andGn have interesting
relations for the integers1, 2, · · · , n. We show the following Rado type inequality for positive
integers1, 2, · · · , n.
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Theorem 1.5.LetAn andGn be the arithmetic and geometric means of the integers1, 2, · · · , n,
respectively, then the inequality

An −Gn >

(
n− 1

n

)−1

(An−1 −Gn−1)(1.4)

holds for the integern ≥ 2.

2. PROOF OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1.We set

f(x, y) = xy − yx + y − 1− (y − 1)(x− 1)2(2.1)

for the real numbersx > 0 andy ≥ 2. Since the derivatives off(x, y) are

∂f

∂y
(x, y) = xy(lnx)− x2 + x

and

∂2f

∂y2
(x, y) = xy(lnx)2 > 0,

∂f/∂y(x, y) is strictly increasing fory > 2. We have∂f/∂y(x, 2) = xg(x), whereg(x) =
x(lnx) − x + 1. Since the derivative ofg(x) is g′(x) = lnx, we haveg(x) ≥ g(1) = 0 and
∂f/∂y(x, 2) > 0 for x 6= 1. Therefore,f(x, y) is strictly increasing fory > 2 andf(x, 2) = 0,
also,f(1, y) = 0 for y ≥ 2. Thus, we havef(x, y) ≥ 0 with equality if and only ify = 2 or
x = 1. Putx = Gn/Gn−1 andy = n in (2.1), then we have(

Gn

Gn−1

)n

≥ n
Gn

Gn−1

− n + 1 + (n− 1)

(
Gn

Gn−1

− 1

)2

(2.2)

with equality if and only ifn = 2 or Gn = Gn−1. By the inequality (2.2) and

An =
Gn−1

n

(
(n− 1)

An−1

Gn−1

+

(
Gn

Gn−1

)n)
,

we can get

An =
Gn−1

n

(
(n− 1)

An−1

Gn−1

+

(
Gn

Gn−1

)n)
≥ Gn−1

n

(
(n− 1)

An−1

Gn−1

+ n
Gn

Gn−1

− n + 1 + (n− 1)

(
Gn

Gn−1

− 1

)2
)

=
n− 1

n
An−1 + Gn −

n− 1

n
Gn−1 +

n− 1

n
· (Gn −Gn−1)

2

Gn−1

.

Therefore, we have

An −Gn ≥
n− 1

n
(An−1 −Gn−1) +

n− 1

n
· (Gn −Gn−1)

2

Gn−1

and the proof of Theorem 1.1 is complete.

Proof of Theorem 1.2.We set

f(x, y) = 1 + (y − 1)x
1

y−1 − yx
1
y(2.3)

AJMAA, Vol. 19 (2022), No. 1, Art. 6, 8 pp. AJMAA

https://ajmaa.org


4 RIN MIYAO AND YUSUKE NISHIZAWA AND KEIGO TAKAMURA

for the real numbers0 < x ≤ 1 andy ≥ 2. The derivative off(x, y) is

∂f

∂y
(x, y) = −x

1
y +

x
1
y lnx

y
+ x

1
y−1 − x

1
y−1 lnx

y − 1

=
x

1
y−1 (−lnx + y − 1)

y − 1
− x

1
y (y − lnx)

y
.

From−lnx + y − 1 > 0 andy − lnx > 0 for 0 < x ≤ 1 andy ≥ 2, we can take the logarithm.
Hence, we consider the function

g(x, y) = ln

(
x

1
y−1 (−lnx + y − 1)

y − 1

)
− ln

(
x

1
y (y − lnx)

y

)

=
lnx

y − 1
− lnx

y
+ ln(−lnx + y − 1)− ln(y − lnx)− ln(y − 1) + lny.

The derivative ofg(x, y) is

∂g

∂y
(x, y) =

(lnx)2(−2ylnx + lnx + 3y2 − 3y + 1)

(y − 1)2y2(−lnx + y − 1)(y − lnx)
.

By−2ylnx+lnx > 0 and3y2−3y+1 > 0 for 0 < x ≤ 1 andy ≥ 2, ∂g/∂y(x, y) > 0. Hence,
g(x, y) is strictly increasing fory > 2. From limy→∞ g(x, y) = 0 for 0 < x ≤ 1, we can get
g(x, y) < 0 for 0 < x ≤ 1 andy ≥ 2. Therefore,f(x, y) is strictly decreasing fory > 2. Put
x = Gn

n/a
n
n andy = n in (2.3), then we have the following inequality forn ≥ l.

1 + (n− 1)

(
Gn

n

an
n

) 1
n−1

− n

(
Gn

n

an
n

) 1
n

≤ 1 + (l − 1)

(
Gn

n

an
n

) 1
l−1

− l

(
Gn

n

an
n

) 1
l

,

1 + (n− 1)
Gn−1

an

− n
Gn

an

≤ Rl

and

an + (n− 1)Gn−1 − nGn ≤ anRl,

whereRl = 1 + (l − 1)
(

Gn
n

an
n

) 1
l−1 − l

(
Gn

n

an
n

) 1
l
. Froman = nAn − (n− 1)An−1, we have

An − An−1 ≤
n− 1

n
(An−1 −Gn−1) +

anRl

n
.

Therefore, the proof of Theorem 1.2 is complete.
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3. PROOF OF COROLLARIES 1.3 AND 1.4

Proof of Corollary 1.3.From the refinement of Rado type inequality (1.2), we have the follow-
ing inequality.

An −Gn ≥
n− 1

n
(An−1 −Gn−1) +

n− 1

n
· (Gn −Gn−1)

2

Gn−1

≥ n− 2

n
(An−2 −Gn−2) +

1

n

n−1∑
k=n−2

k
(Gk+1 −Gk)

2

Gk

≥ · · · · · ·

≥ 2

n
(A2 −G2) +

1

n

n−1∑
k=2

k
(Gk+1 −Gk)

2

Gk

≥ 1

n
· (G2 −G1)

2

G1

+
1

n

n−1∑
k=2

k
(Gk+1 −Gk)

2

Gk

=
1

n

n−1∑
k=1

k
(Gk+1 −Gk)

2

Gk

.

Hence, the proof of Corollary 1.3 is complete.

Proof of Corollary 1.4.From the refinement of Rado type inequality (1.3), we assumel = 2,
then we have the following inequality.

An −Gn ≤
n− 1

n
(An−1 −Gn−1) +

an

n
R2

≤ n− 2

n
(An−2 −Gn−2) +

an−1

n
R2 +

an

n
R2

≤ · · · · · ·

≤ 2

n
(A2 −G2) +

R2

n

n∑
k=3

ak

≤ 1

n
(A1 −G1) +

R2

n

n∑
k=2

ak =
R2

n

n∑
k=2

ak.

Hence, the proof of Corollary 1.4 is complete.

4. PROOF OF THEOREM 1.5

We need some lemmas to prove theorem 1.5.

Lemma 4.1. The inequality

e
11
12
−nnn+ 1

2 < n! < e1−nnn+ 1
2

holds for the integern > 1.

The Lemma 4.1 is proved by Hummel in [3].

Lemma 4.2. The inequality

11

12
− x +

lnx

2
+(1− x)x

(
− ln(2−

√
2− x +

√
2x)

+ ln(3− 2
√

2− x +
√

2x)
)

> 0

holds for the real numberx ≥ 3.
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Proof. We set

f(x) =
11

12
− x +

lnx

2
+(1− x)x

(
− ln(2−

√
2− x +

√
2x)

+ ln(3− 2
√

2− x +
√

2x)
)

and the derivative off(x) is f ′(x) = (1− 2x)g(x), where

g(x) =
10− 7

√
2− 31x + 22

√
2x + 31x2 − 22

√
2x2 − 12x3 + 8

√
2x3

2x(3− 2
√

2− x +
√

2x)(2−
√

2− x +
√

2x)(1− 2x)

+ ln(3− 2
√

2− x +
√

2x)− ln(2−
√

2− x +
√

2x).

The derivative ofg(x) is

g′(x) =
h(x)

2x2(−1 + 2x)2(3− 2
√

2− x +
√

2x)2(2−
√

2− x +
√

2x)2
,

whereh(x) = −198+140
√

2+1236x−874
√

2x−2701x2+1910
√

2x2+2540x3−1796
√

2x3−
911x4 + 644

√
2x4 + 68x5 − 48

√
2x5. The derivatives ofh(x) are

h′(x) =2(618− 437
√

2− 2701x + 1910
√

2x + 3810x2 − 2694
√

2x2 − 1822x3

+ 1288
√

2x3 + 170x4 − 120
√

2x4),

h′′(x) =2(−2701 + 1910
√

2 + 7620x− 5388
√

2x− 5466x2

+ 3864
√

2x2 + 680x3 − 480
√

2x3),

h(3)(x) = 24(635− 449
√

2− 911x + 644
√

2x + 170x2 − 120
√

2x2)

and

h(4)(x) = 24(−240
√

2x + 340x + 644
√

2− 911).

From 340 − 240
√

2 ∼= 0.588745 > 0, h(4)(x) is strictly increasing forx > 1 andh(4)(x) >
h(4)(1) = 24(−571 + 404

√
2) ∼= 8.2147 > 0. Thus,h(3)(x) is strictly increasing forx > 1

andh(3)(x) > h(3)(1) = 24(−106 + 75
√

2) ∼= 1.58441 > 0. By h′′(x) is strictly increasing for
x > 1 andh′′(x) > h′′(1) = 2(133 − 94

√
2) ∼= 0.12785 > 0, h′(x) is strictly increasing for

x > 1. Fromh′(x) > h′(1) = 2(75 − 53
√

2) ∼= 0.0933624 > 0, h(x) is strictly increasing for
x > 1 andh(x) > h(1) = 34− 24

√
2 ∼= 0.0588745 > 0. Hence, we haveg′(x) > 0 andg(x) is

strictly increasing forx > 1. Since we havelimx→∞ g(x) = 0, g(x) < 0 andf ′(x) > 0. Thus,
f(x) is strictly increasing forx > 1. Fromf(3) = −25/12−3ln2+ ln3/2+6ln(−1+2

√
2) ∼=

0.00726788 > 0, we can getf(x) > 0 for x ≥ 3.

Lemma 4.3. The inequality

((n− 1)!)
1

n−1 ≥ 3− 2
√

2− n +
√

2n

2−
√

2− n +
√

2n
(n!)

1
n(4.1)

holds for the integern ≥ 2.

Proof. If n = 2, then we have

((n− 1)!)
1

n−1 = 1 and
3− 2

√
2− n +

√
2n

2−
√

2− n +
√

2n
(n!)

1
n = 1.
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Hence, we consider the case ofn ≥ 3. The inequality (4.1) is equivalent to the following
inequality.

ln ((n− 1)!)

n(n− 1)
− lnn

n
− ln(3− 2

√
2− n +

√
2n) + ln(2−

√
2− n +

√
2n) ≥ 0.

From Lemma 4.1, it is suffices to show that

11
12
− n + (n− 1

2
)lnn

n(n− 1)
− lnn

n
− ln(3− 2

√
2− n +

√
2n) + ln(2−

√
2− n +

√
2n)

=
1

n(n− 1)

(11

12
− n +

lnn

2
+ (1− n)n

(
− ln(2−

√
2− n +

√
2n)

+ ln(3− 2
√

2− n +
√

2n)
))

for n ≥ 3. By Lemma 4.2, we can prove the inequality (4.1).

Proof of Theorem 1.5.FromAn = (n+1)/2 andGn = (n!)
1
n , the inequality (1.4) is equivalent

to

n ((n− 1)!)
1

n−1 − (n− 1)(n!)
1
n >

1

2
.

By Lemmas 4.1 and 4.3, we have

n((n− 1)!)
1

n−1 − (n− 1)(n!)
1
n ≥ (2−

√
2)(n!)

1
n

2−
√

2− n +
√

2n
>

(2−
√

2)(e
11
12
−nnn+ 1

2 )
1
n

2−
√

2− n +
√

2n
.

Hence, it is suffices to show that

(2−
√

2)(e
11
12
−nnn+ 1

2 )
1
n

2−
√

2− n +
√

2n
>

1

2
,

so, we may show that

nln2 + nln(2−
√

2) +
11

12
− n +

(
1

2
+ n

)
lnn− nln(2−

√
2− n +

√
2n) > 0

for the integern ≥ 2. We set

f(x) = xln2 + xln(2−
√

2) +
11

12
− x +

(
1

2
+ x

)
lnx− xln(2−

√
2− x +

√
2x)

for the real numberx ≥ 2. The derivatives off ′(x) are

f ′(x) =
2−

√
2− x +

√
2x + 2x2 − 2

√
2x2

2x(2−
√

2− x +
√

2x)
+ ln2 + ln(2−

√
2)

+ lnx− ln(2−
√

2− x +
√

2x)

and

f ′′(x) =
−6 + 4

√
2 + 20x− 14

√
2x− 3x2 + 2

√
2x2

2x2(2−
√

2− x +
√

2x)2
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By 20− 14
√

2 + 2(−3 + 2
√

2) ∼= −0.142136 < 0, we have

−6+4
√

2 + 20x− 14
√

2x− 3x2 + 2
√

2x2

= −6 + 4
√

2 + x(20− 14
√

2− 3x + 2
√

2x)

= −6 + 4
√

2 + x
(
20− 14

√
2 + x(−3 + 2

√
2)
)

< −6 + 4
√

2 + x
(
20− 14

√
2 + 2(−3 + 2

√
2)
)

< −6 + 4
√

2 + 2
(
20− 14

√
2 + 2(−3 + 2

√
2)
)

= 2(11− 8
√

2) ∼= −0.627417.

Therefore,f ′(x) is strictly decreasing forx > 2 andf ′(x) > limx→∞ f ′(x) = −1 + ln2 +
ln(2 −

√
2) − ln(−1 +

√
2) ∼= 0.0397208. Sincef(x) is strictly increasing forx > 2 and

f(x) ≥ f(2) = −13/12 + (7ln2)/2 + 2ln(2−
√

2) ∼= 0.273082 for x ≥ 2, we obtainf(x) > 0
for x ≥ 2 and the proof of Theorem 1.5 is complete.
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