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2 P. SINGH AND V. SINGH

1. I NTRODUCTION

The advancements in technology have lead researchers to extend and improve the concept
of a metric space to accomodate the various applications like, modular metric, complex-valued
metric , b-metric spaces and partial metric spaces. The concept of partial metric space was
proposed by Matthews in 1992.

Matthews, introduced the notion of a partial metric space as a denotational semantics of
dataflow network. The most important difference of a partial metric rather than a standard met-
ric is the existing possibility of a non-zero self distance, [2]. The author further showed that the
Banach contraction principle is valid in partial metric spaces. In 1993, Bakhtin, introduced the
concept ofb-metric space and proved the Banach contraction principle in theb-metric space,[1].
Shukla, introduced the partialb-metric and generalization of many results related to fixed point
theories have been studied in these spaces, [3]. O’Neill generalized the concept of a partial
metric space further by admitting negative distances. The partial metric defined by are dualistic
partial metric,[5]. In a generalization by Heckmann, omitted the small self distance axiom and
called the partial metric a weak partial metric,[6].

In 2014, Satish introduced the concept of a partialb-metric space and proved the fixed point
theorem of the Banach contraction principle and Kannan type mapping in partial metric spaces,
[4]. In the paper we shall focus on the very interesting generalization of metric spaces namely,
partial metric spaces.

Definition 1.1. Let X be a non-empty set. A functiond : X ×X → [0,∞) is a partialb-metric
on X [3] , if there exists a real numberα ≥ 1 such that the following conditions hold for all
x, y, z ∈ X :

(i) d(x, x) = d(x, y) = d(y, y) ⇐⇒ x = y
(ii) d(x, x) ≤ d(x, y)

(iii) d(x, y) = d(y, x)
(iv) d(x, y) ≤ α [d(x, z) + d(z, y)]− d(z, z)

The pair(X, d) is a called a partialb-metric space.

Example 1.1. Let X = [0,∞), p > 1 a constant such thatd(x, y) = [maxx,y∈X {x, y}]p +
|x− y|p for all x, y, z ∈ X. Then(X, d) is a partial b-metric space.

Definition 1.2. Let X be a non-empty set. A functionρ : X×X → [0,∞) is a generalizedα, β
partial b-metric onX if there exists real numbersα, β ≥ 1 such that the following conditions
hold for allx, y, z ∈ X :

(i) x = y ⇐⇒ ρ(x, x) = ρ(x, y) = ρ(y, y)
(ii) ρ(x, x) ≤ ρ(x, y)

(iii) ρ(x, y) = ρ(y, x)
(iv) ρ(x, y) ≤ αρ(x, z) + βρ(z, y)− ρ(z, z)

The pair(X, ρ) is a called anα, β partialb-metric space. In anα, β b-metric space(X, ρ), if
ρ(x, y) = 0 for x, y ∈ X thenx = y but the converse may not be true. Every partialb-metric is
anα, β partialb-metric withα = β.

The following example justifies the generalization presented in definition 1.2.

Example 1.2.LetX = (1, 3) and letρ : X ×X → [0,∞) be a function defined by

ρ(x, y) = e|x−y| + 1
2
,

To show that the example is a generalizedα, β partial b-metric, we verify properties (i)-(iv)
of definition 1.2.
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Property (i): forx, y ∈ X
If x = y, we get

1 + 1
2

= e|x−y| + 1
2

sincee0 = 1.
If 3

2
= e|x−y| + 1

2
thene|x−y| = 1 which impliesx = y.

Property (ii): For x, y ∈ X
ρ(x, x) = 3

2
≤ e|x−y| + 1

2
sinceex ≥ 1 for all x ≥ 0.

Property (iii): For x, y ∈ X, sincee|x−y| = e|y−x| it follows thatρ(x, y) = ρ(y, x)
Property (iv): Forx, y, z ∈ X,

ρ(x, y) ≤ e|x−z|+|z−y|

= e
1
3
|x−z|+2

3
|z−y|e

2
3
|x−z|+1

3
|z−y| + 1

2

≤ sup
x,y,z∈X

e
1
3
|x−z|+2

3
|z−y| (2

3
e|x−z| + 1

3
e|z−y|) + 1

2

≤ 2
3
e2e|x−z| + 1

3
e2e|z−y| + 1

2

< 2
3
e2e|x−z| + 1

3
e2e|z−y| + 2

3
e2 1

2
+ 1

3
e2 1

2
− 3

2

since4 < e2, it follows that

ρ(x, y) ≤ αρ(x, z) + βρ(z, y)− ρ(z, z),

whereα = 2
3
e2 ≥ 1 and β = 1

3
e2 ≥ 1. We conclude that(X, ρ) is an α, β partial b-metric

space.

One introduces a topologyτ on a generalizedα, β partialb-metric space(X, ρ) whose base
is the family of open ballsBρ(x, ε) with centrex ∈ X and radiusε > 0 is given byBρ(x, ε) =

{y ∈ X : ρ(x, y) < ε + ρ(x, x)} andBρ(x, ε) = {y ∈ X : ρ(x, y) ≤ ε + ρ(x, x)}

Definition 1.3. Let (X, ρ) be anα, β partial b-metric space, and let{xn} be a sequence inX
andx ∈ X. Then:

(i) The sequence{xn} converges tox ∈ X, if limn→∞ ρ(xn, x) = ρ(x, x).
(ii) The sequence{xn} is a Cauchy in(X, ρ), if limn,m→∞ ρ(xn, xm) exists and is finite.

(iii) The α, β partialb- metric space(X, ρ) is complete, if every Cauchy sequence{xn} in
X there existsx ∈ X such thatlimn,m→∞ ρ(xn, xm) = limn→∞ ρ(xn, x) = ρ(x, x).

2. FIXED POINT THEOREM FOR GENERALIZED α, β PARTIAL b-METRIC SPACES

The following theorem is an analog to the Banach contraction principle inα, β partial b-
metric space.

Theorem 2.1.Let (X, ρ) be a completeα, β partial b-metric space andT : X → X a mapping
such that

(2.1) ρ(Tx, Ty) ≤ λρ(x, y)

for all x, y ∈ X, whereλ ∈ [0, 1), thenT has a unique fixed point.
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Proof. We begin the proof by showing that if fixed points ofT exists, then it is unique. Let
x∗, x∗∗ ∈ X be distinct fixed points ofT . It follows from (2.1) that

ρ(x∗, x∗∗) = ρ(Tx∗, Tx∗∗) ≤ λρ(x∗, x∗∗)

< ρ(x∗, x∗∗)

a contradication. Therefore, we must have thatρ(x∗, x∗∗) = 0. Furthermore, ifx∗ is a fixed
point andρ(x∗, x∗) > 0 then from (2.1) we get

ρ(x∗, x∗) = ρ(Tx∗, Tx∗) ≤ λρ(x∗, x∗) < ρ(x∗, x∗)

a contradiction, thusρ(x∗, x∗) = 0.
For the existence of a fixed point forλ ∈ [0, 1), we choosen0 ∈ N such thatλn0 < ε

2(α+β)

for 0 < ε < 1. Let (T n0)k x0 = xk for all k ∈ N, wherex0 ∈ X is arbitrary.
Forx, y ∈ X

ρ((T n0) x, (T n0) y) ≤ λn0ρ(x, y)

For anyk ∈ N, we get

ρ(xk+1, xk) ≤ λn0ρ(xk, xk−1)(2.2)

≤ (λn0)k ρ(x1, x0) → 0(2.3)

ask → ∞. It follows that we can choosexm ∈ N such thatρ(xm+1, xm) < ε
2(α+β)

. We shall

now show thatT n0

(
Bρ(xm, ε

2
)
)
⊂ Bρ(xm, ε

2
).

Sincexm ∈ Bρ(xm, ε
2
) it follows thatBρ(xm, ε

2
) 6= ∅. Let z ∈ Bρ(xm, ε

2
) be arbitrary, then

we get

ρ(T n0z, T n0xm) ≤ λn0ρ(z, xm)

≤ ε
2(α+β)

[
ε
2

+ ρ(xm, xm)
]

< ε
2(α+β)

[1 + ρ(xm, xm)]

Therefore,

ρ(T n0z, xm) ≤ αρ(T n0z, T n0xm) + βρ(T n0xm, xm)− ρ(T n0xm, T n0xm)

≤ α ε
2(α+β)

[1 + ρ(xm, xm)] + β ε
2(α+β)

= ε
2

(
α

α+β
+ β

α+β

)
+ αε

2(α+β)
ρ(xm, xm)

< ε
2

+ ρ(xm, xm)

thusT n0z ∈ Bρ(xm, ε
2
).

For xm ∈ Bρ(xm, ε
2
) it follows that T n0xm ∈ Bρ(xm, ε

2
) and repeating the process we get

(T n0)n xm ∈ Bρ(xm, ε
2
) for all n ∈ N. Thus we obtainρ(xn, xk) < ε

2
+ρ(xm, xm) for all n, k >

m and the sequence{xn} is a Cauchy sequence sinceρ(xm, xm) ≤ ρ(xm+1, xm) < ε
2(α+β)

< ε
2
.

By the completeness ofX there existsx∗ ∈ X such thatlimn→∞ ρ(xn, x
∗) = ρ(x∗, x∗). We
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shall show thatx∗ is a fixed point ofT . Forn ∈ N we get

ρ(x∗, Tx∗) ≤ αρ(x∗, xn+1) + βρ(xn+1, Tx∗)− ρ(xn+1, xn+1)

< αρ(x∗, xn+1) + βρ(Txn, Tx∗)

≤ αρ(x∗, xn+1) + βλρ(xn, x
∗)

Thus we obtain thatρ(x∗, Tx∗) = 0. Thusx∗ is a fixed point of T.

Theorem 2.2. Let (X, ρ) be a completeα, β partial b-metric space and letT : X → X be a
mapping such that

ρ(Tx, Ty) ≤ λ [ρ(x, Tx) + ρ(y, Ty)](2.4)

for everyx, y ∈ X, whereλ ∈ [0, 1
2
), λ 6= 1

β
. ThenT has a unique fixed point inX.

Proof. For the existence of a fixed point, letx0 ∈ X, the sequence{xn} generated by the
formulaxn = Txn−1 = T nx0. Without loss of generality we may assume thatρ(xn, xn+1) > 0
for all n ∈ N, otherwisexn is a fixed point ofT for at least onen ≥ 0. For anyn ∈ N it follows
that

ρ(xn, xn+1) = ρ(Txn−1, Txn)

≤ λ [ρ(xn−1, Txn−1) + ρ(xn, Txn)]

= λ [ρ(xn−1, xn) + ρ(xn, xn+1)]

therefore it follows that

ρ(xn, xn+1) ≤
(

λ
1−λ

)
ρ(xn−1, xn)(2.5)

where λ
1−λ

< 1 sinceλ < 1
2
. On repeating the process we obtain

ρ(xn, xn+1) ≤
(

λ
1−λ

)n
ρ(x0, x1).(2.6)

thereforelimn→∞ ρ(xn, xn+1) = 0. We shall now show that the sequence{xn} is a Cauchy
sequence. Forn,m ∈ N

ρ(xn, xm) = ρ(Txn−1, Txm−1)

≤ λ[ρ(xn−1, Txn−1) + ρ(xm−1, Txm−1)]

= λ[ρ(xn−1, xn) + ρ(xm−1, xm)](2.7)

sincelimn→∞ ρ(xn, xn+1) = 0. For everyε > 0 there existsn0 ∈ N such thatρ(xn−1, xn) < ε
2

andρ(xm−1, xm) < ε
2

for all n, m ≥ n0. It follows from inequality (2.7) that

ρ(xn, xm) < ε
2

+ ε
2

= ε(2.8)

for all n, m ≥ n0. Thus{xn} is a Cauchy sequence andlimn,m→∞ ρ(xn, xm) = 0. By the
completeness of theX there existsx∗ ∈ X such thatlimn→∞ ρ(xn, x

∗) = limn,m→∞ ρ(xn, xm) =
ρ(x∗, x∗) = 0. We shall show thatx∗ is a fixed point ofT . Forn ∈ N

ρ(x∗, Tx∗) ≤ αρ(x∗, xn+1) + βρ(xn+1, Tx∗)− ρ(xn+1, xn+1)

≤ αρ(x∗, xn+1) + βρ(Txn, Tx∗)

≤ αρ(x∗, xn+1) + β[λρ(xn, Txn) + ρ(x∗, Tx∗)]
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ρ(x∗, Tx∗)[1− βλ] ≤ αρ(x∗, xn+1) + βλρ(xn, Txn)

ρ(x∗, Tx∗) ≤ α
1−βλ

ρ(x∗, xn+1) + βλ
1−βλ

ρ(xn, Txn)

therefore it follows thatρ(x∗, Tx∗) = 0. Thusx∗ is a fixed point ofT .
We shall show that ifx∗ is a fixed point ofT thenρ(x∗, x∗) = 0 From (2.4) it follows that

ρ(x∗, x∗) = ρ(Tx∗, Tx∗)

≤ λ[ρ(x∗, Tx∗) + ρ(x∗, Tx∗)]

= 2λρ(x∗, x∗)

< ρ(x∗, x∗)

a contradiction. Therefore it follows thatρ(x∗, x∗) = 0.
Suppose thatx∗, x∗∗ ∈ X are distinct fixed points ofT thenx∗ = Tx∗ , x∗∗ = Tx∗∗ and

ρ(x∗, x∗∗) = ρ(Tx∗, Tx∗∗)

≤ λ[ρ(x∗, Tx∗) + ρ(x∗∗, Tx∗∗)]

= λ[ρ(x∗, x∗) + ρ(x∗∗, x∗∗)]

It follows thatρ(x∗, x∗∗) = 0, i.e.,x∗ = x∗∗.

Theorem 2.3. Let (X, ρ) be a completeα, β partial b-metric space and letT : X → X be a
mapping such that

ρ(Tx, Ty) ≤ λ max
x,y∈X

{ρ(x, y), ρ(x, Tx), ρ(y, Ty)} ,(2.9)

whereλ ∈ [0, 1
β
), for all x, y ∈ X. ThenT has a unique fixed point.

Proof. We begin by showing that, if fixed points ofT exists, then it is unique. letx∗, x∗∗ be two
distinct fixed points ofT thenTx∗ = x∗ andTx∗∗ = x∗∗. It follows that from (2.9) that

ρ(x∗, x∗∗) = ρ(Tx∗, Tx∗∗)

≤ λ max
x∗,x∗∗∈X

{ρ(x∗, x∗∗), ρ(x∗, Tx∗), ρ(x∗∗, Tx∗∗)}

≤ λ max
x∗,x∗∗∈X

{ρ(x∗, x∗∗), ρ(x∗, x∗), ρ(x∗∗, x∗∗)}

From definition 1.2,property [(ii)]

ρ(x∗, x∗∗) ≤ λρ(x∗, x∗∗)

< ρ(x∗, x∗∗)
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a contradiction, thusρ(x∗, x∗∗) = 0. For the existence of the fixed point, letx0 ∈ X be arbitrary
and define a sequence byxn = Txn−1 for all n ∈ N. From (2.9) we get

ρ(xn+1, xn) = ρ(Txn, Txn−1)

≤ λ max
n∈N

{ρ(xn, xn−1), ρ(xn, Txn), ρ(xn−1, Txn−1)}

= λ max
n∈N

{ρ(xn, xn−1), ρ(xn, xn+1), ρ(xn−1, xn)}

= λ max
n∈N

{ρ(xn, xn−1), ρ(xn, xn+1)}

If maxn∈N {ρ(xn, xn−1), ρ(xn, xn+1)} = ρ(xn, xn+1) then we obtain that
ρ(xn+1, xn) ≤ λρ(xn+1, xn) < ρ(xn+1, xn), a contradiction thus we get that
maxn∈N {ρ(xn, xn−1), ρ(xn, xn+1)} = ρ(xn, xn−1) and we obtain that

ρ(xn+1, xn) ≤ ρ(xn, xn−1).

Repeating the process we getρ(xn+1, xn) ≤ λnρ(x1, x0) for all n ≥ 0. Form,n ∈ N,we have

ρ(xn, xn+m)

≤ αρ(xn, xn+1) + βρ(xn+1, xn+m)− ρ(xn+1, xn+1)

≤ αρ(xn, xn+1) + βαρ(xn+1, xn+2) + β2ρ(xn+2, xn+m)− βρ(xn+2, xn+2)

≤ αρ(xn, xn+1) + αβρ(xn+1, xn+2) + · · ·+ αβm−2ρ(xn+m−2, xn+m−1)

+ βm−1ρ(xn+m−1, xn+m)

≤ αλnρ(x0, x1) + αβλn+1ρ(x0, x1) + · · ·+ αβm−2λn+m−2ρ(x0, x1)

+ βm−1λn+m−1ρ(x0, x1)

= αλnρ(x0, x1)
[
1 + βλ + · · ·+ βm−2λm−2

]
+ βm−1λn+m−1ρ(x0, x1)

= λn

[
α

1− βm−1λm−1

1− βλ
+ βm−1λm−1

]
ρ(x0, x1)

=
λn

(1− βλ)

[
α− βm−1λm−1(α + βλ− 1)

]
ρ(x0, x1)

≤ λn α

(1− βλ)
ρ(x0, x1).

Sinceλ ∈ [0, 1
β
) andβ ≥ 1 implies thatρ(xn, xn+m) → 0 asn → ∞. It follows that the

sequence{xn} is a Cauchy sequence in(X, ρ). Since(X, ρ) is complete there existsx∗ ∈ X
such that

(2.10) lim
n→∞

ρ(xn, x
∗) = ρ(x∗, x∗) = 0.

We now show thatx∗ is a fixed point of the mappingT . Forn ∈ N

ρ(x∗, Tx∗) ≤ αρ(x∗, xn+1) + βρ(xn+1, Tx∗)− ρ(xn+1, xn+1)

≤ αρ(x∗, xn+1) + βρ(Txn, Tx∗)

≤ αρ(x∗, xn+1) + βλρ(xn, x
∗)(2.11)

Using (2.10) and takingn →∞, we obtainρ(x∗, Tx∗) = 0. Thusx∗ is a fixed point ofT .
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3. CONCLUSION

In this paper, we have presented anα, β partialb-metric and proved some fixed point results
for this new class of generalized metric. The generalization may bring a wider applications of
fixed point results. We have shown that for partialb-metric spaces the contractive mappings that
have fixed points have fixed points in the generalizedα, β partialb-metric space.
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