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2 P. SNGH AND V. SINGH

1. INTRODUCTION

The advancements in technology have lead researchers to extend and improve the concept
of a metric space to accomodate the various applications like, modular metric, complex-valued
metric , b-metric spaces and partial metric spaces. The concept of partial metric space was
proposed by Matthews in 1992.

Matthews, introduced the notion of a partial metric space as a denotational semantics of
dataflow network. The most important difference of a partial metric rather than a standard met-
ric is the existing possibility of a non-zero self distance, [2]. The author further showed that the
Banach contraction principle is valid in partial metric spaces. In 1993, Bakhtin, introduced the
concept ob-metric space and proved the Banach contraction principle it+thetric space,|1].
Shukla, introduced the partis?dlmetric and generalization of many results related to fixed point
theories have been studied in these spacés, [3]. O’Neill generalized the concept of a partial
metric space further by admitting negative distances. The partial metric defined by are dualistic
partial metric/[5]. In a generalization by Heckmann, omitted the small self distance axiom and
called the partial metric a weak partial metfic,[6].

In 2014, Satish introduced the concept of a pattiaietric space and proved the fixed point
theorem of the Banach contraction principle and Kannan type mapping in partial metric spaces,
[4]. In the paper we shall focus on the very interesting generalization of metric spaces namely,
partial metric spaces.

Definition 1.1. Let X be a non-empty set. A functioh: X x X — [0, c0) is a partialb-metric
on X [3], if there exists a real number > 1 such that the following conditions hold for all
r,Yy,z2 € X :

() d(x,x) =d(x,y) =d(y,y) <= v=y
(i) d(z,z) < d(z,y)
(i) d(x,y) = d(y,r)

(iv) d(z,y) < ald(z,2) + d(z,y)] — d(z, 2)
The pair(X, d) is a called a partidl-metric space.

Example 1.1.Let X = [0,00), p > 1 a constant such thal(z,y) = [max, ,ex {z,y}* +
|z — y|" forall z,y, z € X. Then(X,d) is a partial --metric space.

Definition 1.2. Let X be a non-empty set. A functign: X x X — [0, c0) is a generalized,
partial b-metric onX if there exists real numbers, 5 > 1 such that the following conditions
hold forallz,y, z € X :

() 2=y < plz,2) = p(z,y) = p(y,y)
(i) p(z,x) < p(z,y)

(i) p(z,y) = p(y, x)

(V) p(z,y) < ap(z,z) + Bp(z,y) — p(z, 2)

The pair(X, p) is a called anv, 5 partialb-metric space. In an, § b-metric spacé X, p), if
p(x,y) = 0forz,y € X thenz = y but the converse may not be true. Every pattiaietric is
ana, [ partialb-metric witha = .

The following example justifies the generalization presented in defiffition 1.2.

Example 1.2.Let X = (1,3) and letp : X x X — [0, 00) be a function defined by

plr,y) = eV 43,
To show that the example is a generalized partial b-metric, we verify properties (i)-(iv)

of definitior] 1..

AJMAA Vol. 19(2022), No. 1, Art. 2, 8 pp. AIMAA


https://ajmaa.org

RELAXED b-METRIC 3

Property (i): forz,y € X
If z =y, we get

1+i=elvlyl

sincee’ = 1.
If 3 = el*=vl 4 I thenel*~¥! = 1 which impliesz = y.

Property (ii): Forz,y € X

p(z,z) =3 < el*=vl + L sincee” > 1 forall z > 0.

Property (iii): For z,y € X, sinceel*=¥l = elv—2l it follows thatp(z, y) = p(y, z)
Property (iv): Forz,y, z € X,

1 2 2 1
— e3le=zl+5la—yl 3le—zl+3 ==yl +%
Slo—zl42ley| (2 Jo—z| | 1 Jz—yl) 4 1
< sup e3 3 y(gewz+§ezy)+§
z,y,2€X
S %626|$—Z| + %GQG‘Z—M + %
2

2,2 |lz—z| 4 1,2 |z—y| 4 2,21 , 1,21 3
< z€%e +366 +3€2+362 5

since4 < 2, it follows that
p(xvy) S Oép(f, 2) + 5P(Z',y) - p(Z,Z),

wherea = 2¢2 > 1and 8 = z¢? > 1. We conclude thatX, p) is an«, 3 partial b-metric
space.

One introduces a topologyon a generalized, 3 partial --metric spacé X, p) whose base
is the family of open balls3,(z, €) with centrex € X and radius > 0 is given byB,(z,¢) =

{ye X :p(z,y) <e+p(z,x)} andB(z,€) = {y € X : p(z,y) < €+ p(z,2)}

Definition 1.3. Let (X, p) be ana, 3 partial b-metric space, and Igtr,, } be a sequence iX
andx € X. Then:

(i) The sequencézx, } converges ta: € X, if lim,, . p(x,, ) = p(z, ).

(i) The sequencéz,} is a Cauchy inX, p), if lim,, ;00 p(Tn, z.m) €XiSts and is finite.
(iii) The «,  partial b- metric spac€ X, p) is complete, if every Cauchy sequenie,} in
X there exists € X such thatim,, ,;, ..o p(@p, Tp) = lim,, .o p(x,, ) = p(z, ).

2. FIXED POINT THEOREM FOR GENERALIZED «, 3 PARTIAL b-METRIC SPACES

The following theorem is an analog to the Banach contraction principle, ih partial b-
metric space.

Theorem 2.1.Let(X, p) be a complete, 5 partial b-metric space and’ : X — X a mapping
such that

(2.1) p(Tz,Ty) < Ap(z,y)
forall x,y € X, where) € [0, 1), thenT has a unique fixed point.
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Proof. We begin the proof by showing that if fixed points ‘Bfexists, then it is unique. Let
x*, x* € X be distinct fixed points of . It follows from (2.1) that

p(z*,x™) = p(Tx*, Tx™) < Ap(z*, 2™)
< p(z*, 2™)

a contradication. Therefore, we must have that", z**) = 0. Furthermore, ifc* is a fixed
point andp(z*, z*) > 0 then from [2.]l) we get

p(I*,ZL’*) = ,O(Tl’*, TZL’*) < /\p(l‘*, x*) < p(x*,x*)

a contradiction, thug(z*, 2*) = 0.

For the existence of a fixed point fare [0, 1), we choosel, € N such that\"® < ard)
for 0 < e < 1. Let (T™)" 2, = x;, for all k € N, wherez, € X is arbitrary.
Forz,y € X

p((T7) , (T") y) < Xp(z,y)

For anyk € N, we get
(2.2) P(Tryr, T) < A p(T, Th1)
(2.3) < (") p(x1, 29) — 0
ask — oo. It follows that we can choose,, € N such that(z,, 11, x.,) < aw We shall

now show thaf/™° <B,,(xm, g)) C By(wm, 5).
Sincex,, € B,(zm, 5) it follows that B,(z,,, 5) # 0. Letz € B,(zn, 5) be arbitrary, then
we get

p(T™z, T™x,,) < X"p(z, 2p,)
<3 (a+[8) [% + (T, xmﬂ

< 2(a+g) (14 p(Tms Tm)]

Therefore,

p(T™ 2z, x) < ap(T™z, T™x,,) + Bp(T™ T, Tm) — p(T™ 2y, T x,,)
< O‘m [1 + p(xmaxmﬂ + ﬂm

€

=5 (ats + %) + mlfmplem o)

thusT™z € B,(Tm, 5).
Forx,, € B,(zm,5) it follows thatT"0x,, € B,(z,, 5) and repeating the process we get
(T7)" 2, € By(zm, 5) foralln € N. Thus we obtaim(z,, zx) < §+ p(@m, vm) foralln, & >
m and the sequender,, } is a Cauchy sequence singe,,,, Tm) < p(Tmi1, Tm) < m < £
By the completeness of there existsc* € X such thatim,, .. p(z,, z*) = p(z*,z*). We
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shall show that* is a fixed point ofl’. Forn € N we get
p(a”, Tr*) < ap(a™, 2uir) + Bp(@ni1, Tr*) — pl(Tnsr, Ts)
< ap(CL'*, anrl) + ﬁp(Txm Tx*)
< Ozp(:L“*7 xn—i—l) + ﬁ/\,0<17m (E*)

Thus we obtain that(z*, Tx*) = 0. Thusz* is a fixed point of T.
|

Theorem 2.2. Let (X, p) be a completey, 5 partial b-metric space and lI€f’ : X — X be a
mapping such that

(2.4) p(Tz, Ty) < Xp(z,Tx) + p(y, Ty)]
for everyz,y € X, whereh € [0, 5), A # %. ThenT has a unique fixed point iX.

Proof. For the existence of a fixed point, lef € X, the sequencéz,} generated by the
formulazx, = Tz, = T"xz. Without loss of generality we may assume th@t,, =, 1) > 0
forall n € N, otherwiser,, is a fixed point off” for at least one:. > 0. For anyn € N it follows
that
P(Tn; Tng1) = p(Txn1, Ty)
S A [p(xn—lv Tl‘n—l) + p($n7 Txn)]
= Ap(@n-1,20) + p(Tn, Tni1)]

therefore it follows that

(2-5) p(In, xn—&-l) < (ﬁ) p(*rN—la J"n)
Whereﬁ < 1since) < % On repeating the process we obtain
(26) p(xnaxn-i-l) < (ﬁ)np(xoaxl)‘

thereforelim,, ., p(z,,r,+1) = 0. We shall now show that the sequenice,} is a Cauchy
sequence. Far,m € N

P(l"n, Im) = p(TIn—17 T:L'm—l)
S )\[,O(xnfla Txn71> + ,O(xmfly Txmflﬂ
(2.7) = Ap(Tn-1,7n) + p(Tm—1,Tm)]

sincelim,, .., p(x,, x,11) = 0. For everye > 0 there exists,, € N such thap(x,,_1,z,) <
andp(zy,—1, m) < § forall n,m > ny. It follows from inequality [(2.7) that

(2.8) Pltn, o) < 5+ 5=¢

£
2

for all n,m > ny. Thus{z,} is a Cauchy sequence atith,, ,,—.oc p(Tn,zm) = 0. By the
completeness of th& there exists™* € X such thatim,, .. p(x,,, 2*) = limy, 100 P(Tn, T) =
p(x*, x*) = 0. We shall show that* is a fixed point ofl". Forn € N
p(z*, Ta*) < ap(x”, xpi1) + Bp(Tni1, TT™) — p(Tng1, Tnsa)
< ap(z”, 2pt1) + Bp(Tay, Ta”)
< ap(x”, tni1) + BAp(2n, Tay) + p(a”, Ta")]
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p(x*, Tx)[1 — BA] < ap(x™, py1) + Brp(2p, Txy,)
p([L‘*) TI‘*) S 170,6Ap(x*7 xn+1) + %p(l‘n, TZL’n)

therefore it follows thap(z*, Tx*) = 0. Thusz* is a fixed point of7".
We shall show that it* is a fixed point ofl” thenp(z*, *) = 0 From (2.4) it follows that

pla*,z") = p(Tz", Tx")
< Np(a", T2") + pla", T")]
= 2\p(z*, z")
< pla”,z7)

a contradiction. Therefore it follows thatz*, z*) = 0.
Suppose that*, z** € X are distinct fixed points df thenz* = Tz* , 2** = Tx* and

(Ta*, Tz*)
[p(z*, Tx") + p(z™, Tx™)]
[p(z”, 2") + p(z™, ™)

p(x*, ™) = p
<A
A

It follows thatp(z*, 2**) = 0, i.e.,z* = 2™ i

Theorem 2.3. Let (X, p) be a completey, 5 partial b-metric space and lI€f’ : X — X be a
mapping such that

(2.9) p(Tz, Ty) < A max {p(z,y), p(z, Tx), ply, Ty)}
where\ € [0, %), forall z,y € X. ThenT has a unique fixed point.

Proof. We begin by showing that, if fixed points @fexists, then it is unique. let*, z** be two
distinct fixed points off” thenT'z* = z* andT'z** = z**. It follows that from [2.9) that

pla”, ™) = p(Ta", Tx™)
<A max {p(z*, ™), p(z*, Tx"), p(=™, Tx™)}

r*r**eX

<X max {p(@", ™), p(a*, 2, pla, )}

¥ e X

From definitior] 1.2, property [(ii)]

pla”, x™) < Ap(x”, ™)
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a contradiction, thug(z*, z**) = 0. For the existence of the fixed point, lef € X be arbitrary
and define a sequence by = T'z,,_, for all n € N. From [2.9) we get

P(Tni1, Tn) = p(Txy, Ty 1)

<A max {p(@n, 1), p(Xn, Txn), p(Xp_1,TxH_1)}

= A Iilgl\}lc {P(l‘n, xn—l)v p(x’m xn—l—l); p(xn—la mn)}

=\ max {p(@n, Tn-1), p(Tn, Tnt1)}

If max,en {p(Tn, Tn_1), p(Tn, Tni1)} = p(Tn, T,41) then we obtain that
P(Tns1, ) < Ap(Tpi1, xn) < p(Tny1, ), @ contradiction thus we get that
max,en {p(Tn, Tn_1), p(Tn, 1)} = p(zn, z,—1) and we obtain that

P(Tnt1,Tn) < p(Tn, Tno1).
Repeating the process we gét,, 1, z,) < \"p(x1,x0) foralln > 0. Form,n € N,we have
P(Tn, Tngm)
< ap(Tn, Tnt1) + Bp(Tnt1, Tntm) — p(Tnt1, Tnt1)
< p(Tn, Tns1) + Bop(Tngt, Tnia) + 52p(Tnta, Tngm) — Bp(Tns2, Tni)
< ap(n, Tns1) + ABp(Tps1s Tnva) + -+ B P p(Tpimo2, Tnpm1)
+ 8" (L m1, Tnm)
< aX'p(xg, 11) + BN p(zg, 21) + - 4 BT TENT 2 p(20, 21)
+ BN (2, 201)
= a\"p(xg, 1) [1 + O+ + ﬁmﬂ)\m*z} + BTN (20, 21)

_ agm—1lym-—1
—\" al 16_ 5i + ﬁm—l)\m—l p(on,l‘l)
An
= A= [0 = BN oo+ BA = 1)] plao, 1)
a

n

<A (l_ﬁ)\)p(mo,xl).

Since\ € [0, %) andg > 1 implies thatp(x,, x,1.m) — 0 @asn — oo. It follows that the
sequencegz,} is a Cauchy sequence {tX, p). Since(X, p) is complete there exists" € X
such that

(2.10) lim p(z,,2") = p(z*,z*) = 0.

We now show that* is a fixed point of the mapping. Forn € N
p(:L“*, T:E*) Ozp(:t*, xn—l—l) + ﬁp(l‘n—&-lv Tx*) - p(xn—&-la xn—&-l)

ap(a”, xps1) + Bp(Ta,, Tx7)

(2.11) ap(z”, Tni1) + BAp(Tn, 27)

Using (2.10) and taking — oo, we obtainp(z*, T'z*) = 0. Thusz* is a fixed point of7".
|

ININIA
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3. CONCLUSION

In this paper, we have presentedard partial --metric and proved some fixed point results
for this new class of generalized metric. The generalization may bring a wider applications of
fixed point results. We have shown that for parti@hetric spaces the contractive mappings that
have fixed points have fixed points in the generalized partial b--metric space.
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