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ABSTRACT. We develop the condition in our previous paper [The Conservativeness of Girsanov
transformed for symetric jump-diffusion process (2018)] in the framework of nonsymmetric

Markov process with jumps associated with regular Dirichlet form. We prove the conserva-
tiveness of it by relation in duality of Girsanov transformed process and recurrent criteria of
Dirichlet form.

Key words and phrasesConservativeness; Girsanov transformed process; Non-symmetric Markov process.

2010Mathematics Subject Classificat/orPrimary 60G05. Secondary 60J75, 60J60.

ISSN (electronic): 1449-5910
(© 2022 Austral Internet Publishing. All rights reserved.


https://ajmaa.org/
mailto: <mila${}_{-}$n12@ub.ac.id>
https://www.ams.org/msc/

2 M. KURNIAWATY

1. INTRODUCTION

Let F be a metrizable Lusin space, i.e., a space topologically isomorphic to a Borel subset of
a complete separable metric spaBéF) the Borelo-field of £/, andm a o-finite measure on
(E,B(F)). Let X = (Q, F, (F)e>0, (Xt)i>0, (Pr)zer) be a diffusion on, which is assumed
to be associated with strongly local non symmetric Dirichlet f¢&yD(£)) on L?*(E; m) in the
sensethdl,f = P,f m—a.e.forany f € B,(E)NL*(E;m) andt > 0, whereB,(E) is the set
of all bounded3(E)-measurable functions af, (T});>, is the L?-semigroup corresponding to
(€,D(E)), and(P;):>o is the transition semigroup of. It is wel known tha{ &, D(€)) must be a
quasi-regular Dirichlet form oh2(E; m) (cf. [13]). LetX = (Q, F, (F))i0, (X1)i=0, (Pr)ser)
be the dual process of. Let (£,D(£).) be the extended Dirichlet space @, D(€)). For
u € D(E)., we have the Fukushima’s decomposition

u(Xy) —u(Xo) = M + N/, P,-as. forg.ez € E
and
(X)) — a(Xy) = M+ N, P,-a.s. forq.ez € E,

whereM}! and]\?[ﬁ are square integrable martingales (MAFs) with respeéf #nd X, respec-
tively; N;* and Nt“ are continuous additive functional (CAF) of zero energy with respegt to
and X, respectively.

We define a pair of local MAFs by

1 ~ — 1 —~
L; := exp(M} — 5(M“>t) and’L; := exp(M;" — 5(M“>t)

Denote by the lifetime of X. Then, by [15](cf. also [4]/]6]]),
dQ, = L,dP, andd@z = L,dP, onF; N {t<(},z€eFE

define unique families of probability measufés, ) .cx and(@x)er on (2, F), respectively,
whereF,, := o(Us>0F:). Note thatX and X are still Markov processes with state spdce
under these measures. We denote them by

Y = (Q,F, (F)iz0, (Yi)iz0, (Qu)ecE) andY = (0 F, (Ft)ezo, ()/}1;)15207 (@x)xGE)
and call them the Girsanov transformed processes ahd.X, respectively. For a fixed € ),

if t < ((w), we define the time reversal operatpby

— i <u<
Ttw(u):{ wt—u), IfO0<u<t,

w(0), if u>t.
The following theorem has been proved!(in [3, Theorem 2.2]
Theorem 1. Y andY arein duality with respect te**m if and only if
(1.1) Ny + %(M“)t = ]Vt“ + %(A/f\“)t fort < ¢, P,-a.s.
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2. SEMI-DIRICHLET FORM ASSOCIATED WITH GIRSANOV TRANSFORMED PROCESS

Since (£, D(€)) is a general (non-symmetric) Dirichlet form, the characterization of the
(semi-) Dirichlet form(Q, D(Q)) associated witi” becomes much more difficult, sindé
andY may not be in duality (cf. TheoreB 1) and some powerful tools like Lyons-Zheng de-
composition are mainly developed for symmetric Dirichlet forms. Based on the idea is that if
N is of bounded variation, then antransformation of @, D(Q)) can be characterized by the
perturbation of £, D(E)).

Let u = u™ — u~ be a smooth signed measure, whete~ € S andS denotes the set of
all smooth measures div, B(E)). Define the perturbation ¢€, D(€)) with respect tq: by

EMNf,9) =E(f,9) +(f, 90 f,g9€DEM),
D(EF) = D(E) N L*(E; |ul),

where(f, g), := [, fou(dz). We useAQ‘+ andA! to denote the positive CAFs (PCAFs) with
the Revuz measurgs™ andy—, respectively. Definel}' = A§‘+ — A and the corresponding
generalized Feynman-Kac semigroup by

Pl f(x) = Eyle ™ (X))t < (], t >0,
provided the right-hand side makes sense.

Definition 1. A measureu € S is said to be of the Hardy class, denotedby¥ Sy, if there
exist constants,,, v, € (0, 00) such that

/E P < 6,01 1) + 1, (f. Fms VI € D(E).

Proposition 1. (See[17, Theorem 5.2.7Detu € D.(£). ThenN* is of bounded variation if
and only if there exist;, v, € S and an€-nest{ F },~, such that

E(u,v) = [E@d(m — 1), W e | JDE)r.

The following Theorem has been proved!|in [3, Corollary 3.5].

Theorem 2. Letu € D(E).. Suppose that the Girsanov transformed proceYsaad}A/ are in
duality with respect te**m and N* is of bounded variation with

Nt =NV - N®fort < ¢,

where N, N®) are the PCAFs with the respective Revuz measyr@ndv,, andv, € Sy
with 4, < 1. Definey = (541, + v1) — v2, Wherep,,, is the Revuz measure (¥/*). Then
(Y,Y) are associated with the Dirichlet forQ, D(Q)) on L2(E; e2*m) defined by

Q(f,g) = E(fe", ge") + (fe", ge), Vf,g € D(Q),

(2.1) D(Q) = {f € L*(E;e™m)|fe" € D(EM)}.
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3. MAIN RESULT

Theorem 3. Assume that is bounded and let € D.(€). Then the Dirichlet forn{Q, D(Q))
is conservative.

Proof. The proof is based on an idea in [4]. We see from [7, Lemma 1.6.7] that there exists a
strictly positive bounded functioh € L!(E;m) such that: € D.(E") and thenu € D.(E"),
where&" is perturbed form ord.?(E; m) defined by

EMNfo9) =E(f.9) + {f. Onm [, g € DE).

Then(&",D(€)) is a transient Dirichlet form and thus its extended Dirichlet sgade”) is
a Hilbert space with inner produét' ([7, Theorem 1.6.2]). By Proposition 3.1, for, v, € S,
we can takef-nest{ F}. },~1 such that

E(u,v) = / 3d(v — ) Yo € | D(E) .
E E>1

Setp = ¢*, and letF\" = {x € Fy : p(z) > 1}. Then{F" : k > 1} is an&-nest because
E\Ups1{p > 1} is an&-exceptional. Since the normy &l (-, ) is equivalent to\/&(-, -),
{FV} is &M-nest as well. SeD, (")) := {f € D.(EM) : f = 0m—a.e. on E\F,}. Then
De(Sh)Flil) is a closed set of the Hilbert spa¢®.(£"),EM) andU,s, De(€)
D.(€) by [5, Corollary 3.4.4].

Let P be the&"-orthogonal projection of ontoDe(Sh)F,gl). TheonIgU converges te in
(De(EM),EM). Letp, = (0V p.m) A p. Thenp, € D(E) o) for eachk andp, — p m-a.e. as
k — oo. Sincep — p, = (p — p;gn)ﬂ we have '

) is dense in
k

E(p—pep—pr) <E"(p—peop— p1)
<E"p— PR P~ pF£1)>'

The last inequality tends to 0 &s— oo. By taking subsequence if necessary, we may assume
thatp, converges tp £-g.e. onE ([5, Theorem 2.3.4]). Fok > 1, define a functionu, by

pr(@)
w4 s o) >0,
0, if p(z) = 0.

Then0 < w; < 1 andwy, — 1£-g.e. onk ask — oo. Noting thatp, € D(€) o) thenwy, is
also inD(é’)FéU. SincelJ,», D(€)r, is denseiD(£) andD(E) C D(Q) thenU,f21 D(E)p, C
D(Q). Hence, since € D.(E) (N (Es) thenw,, belongs tdD(Q).

Forwy, € D(Q), by Theoren P

Q(wy, wy) = E(wrp, wrp) + (Wkp, WrP),

= E(wip, wep) + (WP, wep) 1y, o+ (WkP, WEP) vy v

w)
(3.1) = E(wip, wip) + (Wip, wip) 1, — E(u, wip?).
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Since(&€,D(E)) is a strongly local Dirichlet form,

1
E(wrp, wyp) = ) /E dlu(wkp-wkf’)

1 C C C C
(3.2) =5 ( / widpfyy + / P f + / WEPA Ly + / Pwkdﬂwk,m)-
E E E E

and by the Schwarz inequality [12, Lemma 5.2]

S(U’szQ) = %/Edﬂiu,wgp%

— %/ rdpif, 2 + % /Epzdu‘{u,w@
/ / prkdll’?u,wk)
<(/

1/2 1/2 1/2 1/2
(3.3) wipdu, ) ( [E widu€p>) + ( /E pQwiduﬁm) ( /E deu‘fwk>>
Since
A4ty = dipur)
= 2wy, , + de“?ww - wid'“?p)
we have

1 1
2 c _ c 2 1c
/P Ay = 5/ ity +§/ wid(y) —/wkdﬂ orop)
E E E E

Sincew;, — 1 andp, — p ask — oo, the first and second term in the right hand side of the
equality above tend téu ). The third term tends tp{ , (E) because

1/2 1/2
c 273, c
/ Wk p) / it | = ( / wkd“<p>) ( / dﬂ<pk—p>) :
E E E E

Hence we have
(3.4) ;3550 i p*dpf,,, = 0.

By the Schwarz inequality [12, Lemma 5.2] and {3.4), the third and the fourth terms tend to 0
and the last part of (3.3) also tends to Gcas> oo by (3.4) then we havBmy, ., Q(wy, w) = 0.
Thereforew, — 1 g.e. andQ(wy,wx) — 0 ask — oo which implies thatl € D.(Q) and
Q(1,1) = 0. Hence, by([7, Theorem 1.6], D(Q)) is recurrent, in particular conservative.
4. EXAMPLE
Let £ = R? andm = dx be the Lebesgue measureRfr Suppose that;; € C*(R?),1 <

1,7 < d, satisfying the following conditions:

d
Z DEE; > MeRa, Ve, (61,65, ., €) € R and|ay (2)] < C, Vo € RY,
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Wheredij = %(aij + ajl-), Cvlij = %(aij — CL]‘Z‘), 1<4,7<d, \,C € (O, OO) Define

Z/ or agd LV, g € C(RYD).

i 0z; O

Then(&,Cg°(RY)) is closable and its closur&, D(£)) is a regular (non-symmetric) Dirichlet
form on L2(R%; dz). Itis easy to see thg€, D(E)) and(Y,Y") be the Girsanov transformed
processes dfX, X) associated with the Dirichlet forfQ, D(Q)) on L2(R%; ¢2*dx) satisfying

d
1 af dg , / af 0u 2
_ = e2tdr e“"d
2 z;/R Y o (%] T3 Z 1 o, B:Bj v
for f,g € C5°(R%.) Suppose that € C2(R?) satisfying

Oa;; Ou
(4.1) Z 0;1:: o

1,7=1

ThenY andY are in duality with respect te**dz and(Q, D(Q)) is conservative.

Proof.
1< o ou
(4.2) NP = 5; /0 5, |“5m, (X,)ds.
. 1<K [t o oul
(43) Nt = 5£JZﬂ/; axl -a]’ia—%- (XS)dS
d T Ou Ou]
(4.4) (M*); = Z/O az‘ja—%a—% (X)ds.
2,7=1 -
- Ot Qu o
(4.5) (M*) = Z/o ajif)_xjﬁ_xj (Xs)ds.
i,7=1 o -
By (#.1) we get

Z 8CLZJ 8u 0
(‘3@ 81’3 - " aZL’lan

i,7=1 i,0=1
- UZ_ 0x; { i &%J

Hence we obtaiV* = N and(M*), = (M*),. ThereforeY” andY” are in duality with respect
to e**dz by Theorenj [L. Obviouslyy* is of bounded variation. The Revuz measurd iaf*)
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and N*" are respectively given by

d ou Ou
(4.6) py (da) = Y agm——=—dx
i1 @xz 8:16]-

and

d

1 0 ou 1
4.7 L = - — | a;;— —
( ) udz 2 Zl 8:61 <CLU 8:1:J> o 2

17.]:

da;j Ou d 0%*u
Z 0x; (9% Zlaij 8:61'(9%-] dz.

17.7:

1,7=1 Ox; ax]
bounded orR?. Hencev, € Sy with §,, < 1. By Theoren] RY is associated with Dirichlet

form (Q, D(Q)):

Sincea;; € C'(RY), 1 < i,j < d,andu € CZ(R?), [Zd Bai; Bu +Zw 1 %ij g, 8x] is

(4.8) Q(f,g) = E(fe", ge") + (fe", ge") 1

1
2

+ <f€uageu>Ludaca fag € D(Q)

Note thatD(Q) = {f € L*(R%; e*dx)|fe* € D(EH)} and assume thz{tz Ou Ou am> is

i,j=1 9z, Bz

bounded orR¢. ThenCg°(R?) C L?(R% |u|) and thusCge(R?Y) € D(Q). By the definition of
(€,D(£)),(4.8), [4.7), we get

afe dge"
el get) Z /Rd 8@ Oz, T
1 of 9g Q2 / df Ou Q2
2 Z_:/R ”0@(‘39&1 dr+3 Z R ”(9961(9963 de

ou 0 ou Ou
+ = Z/ ”8_1’2 J e?idr + = Z/ l]a——fgezudx

and

<f€u7 geu>Ludz = _g(ua fge2u)
d d
1 Ju Of 2u 1 ou Og J2u
=52 f gy =5 3 [ gt e

ou Ou ou
_Z/Rd ”(’9_131_]0‘(]6 dz

4,7=1

and the last part of the right hand side[of {4.8)

ou Ou , o,
(e, ge") ——Z/ 0 o faetds

2,7=1
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We thus have

of Og Q2 / Af Ou ,,
Z/ J&'chaxj dx Z Uaxz 8% getde

'le

du af 2u
2 Z /Rd i or; 8:1:J de

i,j=1

of 99 2 / of du
Z /Rd i o, 0;5] Z i dx; O, az,7°

3,j=1

Sincel € D(Q) andQ(1,1) = 0then(Q,D(Q)) is conservativen
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