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2 M. K URNIAWATY

1. I NTRODUCTION

Let E be a metrizable Lusin space, i.e., a space topologically isomorphic to a Borel subset of

a complete separable metric space,B(E) the Borelσ-field of E, andm a σ-finite measure on

(E,B(E)). Let X = (Ω,F , (Ft)t≥0, (Xt)t≥0, (Px)x∈E) be a diffusion onE, which is assumed

to be associated with strongly local non symmetric Dirichlet form(E ,D(E)) onL2(E; m) in the

sense thatTtf = Ptf m−a.e. for anyf ∈ Bb(E)∩L2(E; m) andt ≥ 0, whereBb(E) is the set

of all boundedB(E)-measurable functions onE, (Tt)t≥0 is theL2-semigroup corresponding to

(E ,D(E)), and(Pt)t≥0 is the transition semigroup ofX. It is wel known that(E ,D(E)) must be a

quasi-regular Dirichlet form onL2(E; m) (cf. [13]). LetX̂ = (Ω,F , (Ft)t≥0, (X̂t)t≥0, (P̂x)x∈E)

be the dual process ofX. Let (E ,D(E)e) be the extended Dirichlet space of(E ,D(E)). For

u ∈ D(E)e, we have the Fukushima’s decomposition

ũ(Xt)− ũ(X0) = Mu
t + Nu

t , Px-a.s. for q.e.x ∈ E

and

ũ(Xt)− ũ(X0) = M̂u
t + N̂u

t , P̂x-a.s. for q.e.x ∈ E,

whereMu
t andM̂u

t are square integrable martingales (MAFs) with respect toX andX̂, respec-

tively; Nu
t andN̂u

t are continuous additive functional (CAF) of zero energy with respect toX

andX̂, respectively.

We define a pair of local MAFs by

Lt := exp(Mu
t −

1

2
〈Mu〉t) andL̂t := exp(M̂u

t −
1

2
〈M̂u〉t).

Denote byζ the lifetime ofX. Then, by [15](cf. also [4, [6]]),

dQx := LtdPx anddQ̂x := L̂tdP̂x onFt ∩ {t < ζ}, x ∈ E

define unique families of probability measures(Qx)x∈E and(Q̂x)x∈E on (Ω,F∞), respectively,

whereF∞ := σ(∪t≥0Ft). Note thatX andX̂ are still Markov processes with state spaceE

under these measures. We denote them by

Y = (Ω,F , (Ft)t≥0, (Yt)t≥0, (Qx)x∈E) andŶ = (Ω,F , (Ft)t≥0, (Ŷt)t≥0, (Q̂x)x∈E)

and call them the Girsanov transformed processes ofX andX̂, respectively. For a fixedω ∈ Ω,

if t < ζ(ω), we define the time reversal operatorrt by

rtω(u) =

{
ω(t− u), if 0 ≤ u ≤ t,

ω(0), if u > t.

The following theorem has been proved in [3, Theorem 2.2]

Theorem 1. Y andŶ are in duality with respect toe2um if and only if

(1.1) Nu
t +

1

2
〈Mu〉t = N̂u

t +
1

2
〈M̂u〉t for t < ζ, Pm-a.s.
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2. SEMI -DIRICHLET FORM ASSOCIATED WITH GIRSANOV TRANSFORMED PROCESS

Since (E ,D(E)) is a general (non-symmetric) Dirichlet form, the characterization of the

(semi-) Dirichlet form(Q,D(Q)) associated withY becomes much more difficult, sinceY

and Ŷ may not be in duality (cf. Theorem 1) and some powerful tools like Lyons-Zheng de-

composition are mainly developed for symmetric Dirichlet forms. Based on the idea is that if

Nu is of bounded variation, then anh-transformation of(Q,D(Q)) can be characterized by the

perturbation of(E ,D(E)).

Let µ = µ+ − µ− be a smooth signed measure, whereµ+, µ− ∈ S andS denotes the set of

all smooth measures on(E,B(E)). Define the perturbation of(E ,D(E)) with respect toµ by

Eµ(f, g) = E(f, g) + 〈f, g〉µ, f, g ∈ D(Eµ),

D(Eµ) = D(E) ∩ L2(E; |µ|),

where〈f, g〉µ :=
∫

E
fgµ(dx). We useAµ+

t andAµ−

t to denote the positive CAFs (PCAFs) with

the Revuz measuresµ+ andµ−, respectively. DefineAµ
t = Aµ+

t − Aµ−

t and the corresponding

generalized Feynman-Kac semigroup by

P µ
t f(x) := Ex[e

−Aµ
t f(Xt); t < ζ], t > 0,

provided the right-hand side makes sense.

Definition 1. A measureµ ∈ S is said to be of the Hardy class, denoted byµ ∈ SH , if there

exist constantsδµ, γµ ∈ (0,∞) such that∫
E

f̃ 2dµ ≤ δµE(f, f) + γµ(f, f)m, ∀f ∈ D(E).

Proposition 1. (See [17, Theorem 5.2.7])Let u ∈ De(E). ThenNu is of bounded variation if

and only if there existν1, ν2 ∈ S and anE-nest{Fk}k≥1 such that

E(u, v) =

∫
E

ṽd(ν1 − ν2), ∀v ∈
⋃
k≥1

D(E)Fk
.

The following Theorem has been proved in [3, Corollary 3.5].

Theorem 2. Letu ∈ D(E)e. Suppose that the Girsanov transformed processesY andŶ are in

duality with respect toe2um andNu is of bounded variation with

Nu
t = N

(1)
t −N

(2)
t for t < ζ,

whereN (1), N (2) are the PCAFs with the respective Revuz measureν1 and ν2, andν2 ∈ SH

with δν2 < 1. Defineµ = (1
2
µ〈u〉 + ν1) − ν2, whereµ〈u〉 is the Revuz measure of〈Mu〉. Then

(Y, Ŷ ) are associated with the Dirichlet form(Q,D(Q)) onL2(E; e2um) defined by

(2.1)
Q(f, g) = E(feu, geu) + 〈feu, geu〉µ, ∀f, g ∈ D(Q),

D(Q) = {f ∈ L2(E; e2um)|feu ∈ D(Eµ)}.
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4 M. K URNIAWATY

3. M AIN RESULT

Theorem 3. Assume thatu is bounded and letu ∈ De(E). Then the Dirichlet form(Q,D(Q))

is conservative.

Proof. The proof is based on an idea in [4]. We see from [7, Lemma 1.6.7] that there exists a

strictly positive bounded functionh ∈ L1(E; m) such thatu ∈ De(Eh) and thenu ∈ De(Eh),

whereEh is perturbed form onL2(E; m) defined by

Eh(f, g) = E(f, g) + 〈f, g〉h.m f, g ∈ D(Eh).

Then(Eh,D(E)) is a transient Dirichlet form and thus its extended Dirichlet spaceDe(Eh) is

a Hilbert space with inner productEh ([7, Theorem 1.6.2]). By Proposition 3.1, forν1, ν2 ∈ S,

we can takeE-nest{Fk}k≥1 such that

E(u, v) =

∫
E

ṽd(ν1 − ν2) ∀v ∈
⋃
k≥1

D(E)Fk
.

Setρ = eu, and letF (1)
k = {x ∈ Fk : ρ(x) ≥ 1

k
}. Then{F (1)

k : k ≥ 1
k
} is anE-nest because

E\∪k≥1{ρ ≥ 1
k
} is an E-exceptional. Since the norm

√
Eh

1 (·, ·) is equivalent to
√
E1(·, ·),

{F (1)
k } is Eh-nest as well. SetDe(Eh)

F
(1)
k

:= {f ∈ De(Eh) : f = 0 m−a.e. on E\F (1)
k }. Then

De(Eh)
F

(1)
k

is a closed set of the Hilbert space(De(Eh), Eh) and
⋃

k≥1De(E)
F

(1)
k

is dense in

De(E) by [5, Corollary 3.4.4].

Let ρ
F

(1)
k

be theEh-orthogonal projection ofρ ontoDe(Eh)F
(1)
k . Thenρ

F
(1)
k

converges toρ in

(De(Eh), Eh). Let ρk = (0 ∨ ρ
F

(1)
k

) ∧ ρ. Thenρk ∈ D(E)
F

(1)
k

for eachk andρk → ρ m-a.e. as

k →∞. Sinceρ− ρk = (ρ− ρ
F

(1)
k

)+, we have

E(ρ− ρk, ρ− ρk) ≤ Eh(ρ− ρk, ρ− ρk)

≤ Eh(ρ− ρ
F

(1)
k

, ρ− ρ
F

(1)
k

).

The last inequality tends to 0 ask → ∞. By taking subsequence if necessary, we may assume

thatρk converges toρ E-q.e. onE ([5, Theorem 2.3.4]). Fork ≥ 1, define a functionwk by

wk :=

{
ρk(x)
ρ(x)

, if ρ(x) > 0,

0, if ρ(x) = 0.

Then0 ≤ wk ≤ 1 andwk → 1 E-q.e. onE ask → ∞. Noting thatρk ∈ D(E)
F

(1)
k

thenwk is

also inD(E)
F

(1)
k

. Since
⋃

k≥1D(E)Fk
is dense inD(E) andD(E) ⊂ D(Q) then

⋃
k≥1D(E)Fk

⊂
D(Q). Hence, sinceρ ∈ De(E)

⋂
(E∂) thenwk belongs toD(Q).

Forwk ∈ D(Q), by Theorem 2

Q(wk, wk) = E(wkρ, wkρ) + 〈wkρ, wkρ〉µ
= E(wkρ, wkρ) + 〈wkρ, wkρ〉 1

2
µ〈u〉

+ 〈wkρ, wkρ〉ν1−ν2

= E(wkρ, wkρ) + 〈wkρ, wkρ〉 1
2
µ〈u〉

− E(u, w2
kρ

2).(3.1)
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Since(E ,D(E)) is a strongly local Dirichlet form,

E(wkρ, wkρ) =
1

2

∫
E

dµ〈wkρ.wkρ〉

=
1

2

(∫
E

w2
kdµc

〈ρ〉 +

∫
E

ρ2dµc
〈wk〉 +

∫
E

wkρdµc
〈ρ,wk〉 +

∫
E

ρwkdµc
〈wk,ρ〉

)
.(3.2)

and by the Schwarz inequality [12, Lemma 5.2]

E(u, w2
kρ

2) =
1

2

∫
E

dµc
〈u,w2

kρ2〉

=
1

2

∫
E

w2
kdµc

〈u,ρ2〉 +
1

2

∫
E

ρ2dµc
〈u,w2

k〉

=

∫
E

w2
kρdµc

〈u,ρ〉 +

∫
E

ρ2wkdµc
〈u,wk〉

≤
(∫

E

w2
kρ

2dµc
〈u〉

)1/2 (∫
E

w2
kdµc

〈ρ〉

)1/2

+

(∫
E

ρ2w2
kdµc

〈u〉

)1/2 (∫
E

ρ2dµc
〈wk〉

)1/2

(3.3)

Since

dµc
〈ρk〉 = dµc

〈ρwk〉

= 2wkdµc
〈ρwk,ρ + ρ2dµc

〈wk〉 − w2
kdµc

〈ρ〉

we have ∫
E

ρ2dµc
〈wk〉 =

1

2

∫
E

dµc
〈ρk〉 +

1

2

∫
E

w2
kd

c
〈ρ〉 −

∫
E

wkdµc
〈ρk,ρ〉.

Sincewk → 1 andρk → ρ ask → ∞, the first and second term in the right hand side of the

equality above tend to1
2
µc
〈ρ〉(E). The third term tends toµc

〈ρ〉(E) because∣∣∣∣∫
E

wkdµc
〈ρk,ρ〉 −

∫
E

dµc
〈ρ〉

∣∣∣∣ ≤ (∫
E

w2
kdµc

〈ρ〉

)1/2 (∫
E

dµc
〈ρk−ρ〉

)1/2

.

Hence we have

lim
k→∞

∫
E

ρ2dµc
〈wk〉 = 0.(3.4)

By the Schwarz inequality [12, Lemma 5.2] and (3.4), the third and the fourth terms tend to 0

and the last part of (3.3) also tends to 0 ask →∞ by (3.4) then we havelimk→∞Q(wk, wk) = 0.

Thereforewk → 1 q.e. andQ(wk, wk) → 0 ask → ∞ which implies that1 ∈ De(Q) and

Q(1, 1) = 0. Hence, by [7, Theorem 1.6.3](Q,D(Q)) is recurrent, in particular conservative.

4. EXAMPLE

Let E = Rd andm = dx be the Lebesgue measure onRd. Suppose thataij ∈ C1(Rd), 1 ≤
i, j ≤ d, satisfying the following conditions:

d∑
i,j=1

āij(x)ξiξj ≥ λ|ξ|2Rd ,∀x, (ξ1, ξ2, ..., ξd) ∈ Rd and|ǎij(x)| ≤ C, ∀x ∈ Rd,
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whereāij := 1
2
(aij + aji), ǎij := 1

2
(aij − aji), 1 ≤ i, j ≤ d, λ, C ∈ (0,∞). Define

E(f, g) =
1

2

d∑
i,j=1

∫
Rd

aij
∂f

∂xi

∂g

∂xj

dx, ∀f, g ∈ C∞
0 (Rd).

Then(E , C∞
0 (Rd)) is closable and its closure(E ,D(E)) is a regular (non-symmetric) Dirichlet

form onL2(Rd; dx). It is easy to see that(E ,D(E)) and(Y, Ŷ ) be the Girsanov transformed

processes of(X, X̂) associated with the Dirichlet form(Q,D(Q)) onL2(Rd; e2udx) satisfying

Q(f, g) =
1

2

d∑
i,j=1

∫
Rd

aij
∂f

∂xi

∂g

∂xj

e2udx +
1

2

d∑
i,j=1

∫
Rd

ǎij
∂f

∂xi

∂u

∂xj

ge2udx

for f, g ∈ C∞
0 (Rd.) Suppose thatu ∈ C2

0(Rd) satisfying

d∑
i,j=1

∂ǎij

∂xi

∂u

∂xj

= 0.(4.1)

ThenY andŶ are in duality with respect toe2udx and(Q,D(Q)) is conservative.

Proof.

Nu
t =

1

2

d∑
i,j=1

∫ t

0

∂

∂xi

[
aij

∂u

∂xj

]
(Xs)ds.(4.2)

N̂u
t =

1

2

d∑
i,j=1

∫ t

0

∂

∂xi

[
aji

∂u

∂xj

]
(Xs)ds.(4.3)

〈Mu〉t =
d∑

i,j=1

∫ t

0

[
aij

∂u

∂xj

∂u

∂xj

]
(Xs)ds.(4.4)

〈M̂u〉t =
d∑

i,j=1

∫ t

0

[
aji

∂u

∂xj

∂u

∂xj

]
(Xs)ds.(4.5)

By (4.1) we get

d∑
i,j=1

∂

∂xi

[
aji

∂u

∂xj

]
=

d∑
i,j=1

∂aji

∂xi

∂u

∂xj

+
d∑

i,j=1

aji
∂2u

∂xi∂xj

=
d∑

i,j=1

∂aij

∂xi

∂u

∂xj

+
d∑

i,j=1

aij
∂2u

∂xi∂xj

=
d∑

i,j=1

∂

∂xi

[
aij

∂u

∂xj

]
.

Hence we obtainNu
t = N̂u

t and〈Mu〉t = 〈M̂u〉t. ThereforeY andŶ are in duality with respect

to e2udx by Theorem 1. Obviously,Nu is of bounded variation. The Revuz measure of〈Mu〉
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andNu are respectively given by

µ〈u〉(dx) =
d∑

i,j=1

aij
∂u

∂xi

∂u

∂xj

dx(4.6)

and

Ludx =
1

2

d∑
i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
dx =

1

2

[
d∑

i,j=1

∂aij

∂xi

∂u

∂xj

+
d∑

i,j=1

aij
∂2u

∂xi∂xj

]
dx.(4.7)

Sinceaij ∈ C1(Rd), 1 ≤ i, j ≤ d, andu ∈ C2
0(Rd),

[∑d
i,j=1

∂aij

∂xi

∂u
∂xj

+
∑d

i,j=1 aij
∂2u

∂xi∂xj

]
is

bounded onRd. Henceν2 ∈ SH with δν2 < 1. By Theorem 2,Y is associated with Dirichlet

form (Q,D(Q)):

Q(f, g) = E(feu, geu) + 〈feu, geu〉 1
2
µ〈u〉 + 〈feu, geu〉Ludx, f, g ∈ D(Q).(4.8)

Note thatD(Q) = {f ∈ L2(Rd; e2udx)|feu ∈ D(Eµ)} and assume that
(∑d

i,j=1
∂u
∂xi

∂u
∂xj

aij

)
is

bounded onRd. ThenC∞
0 (Rd) ⊂ L2(Rd; |µ|) and thusC∞

0 (Rd) ⊂ D(Q). By the definition of

(E ,D(E)),(4.6), (4.7), we get

E(feu, geu) =
1

2

d∑
i,j=1

∫
Rd

aij
∂feu

∂xi

∂geu

∂xj

dx

=
1

2

d∑
i,j=1

∫
Rd

aij
∂f

∂xi

∂g

∂xj

e2udx +
1

2

d∑
i,j=1

∫
Rd

aij
∂f

∂xi

∂u

∂xj

ge2udx

+
1

2

d∑
i,j=1

∫
Rd

aij
∂u

∂xi

∂g

∂xj

fe2udx +
1

2

d∑
i,j=1

∫
Rd

aij
∂u

∂xi

∂u

∂xj

fge2udx.

and

〈feu, geu〉Ludx = −E(u, fge2u)

= −1

2

d∑
i,j=1

∫
Rd

aij
∂u

∂xi

∂f

∂xj

ge2udx− 1

2

d∑
i,j=1

∫
Rd

aij
∂u

∂xi

∂g

∂xj

fe2udx

−
d∑

i,j=1

∫
Rd

aij
∂u

∂xi

∂u

∂xj

fge2udx

and the last part of the right hand side of (4.8)

〈feu, geu〉 1
2
µ〈u〉

=
1

2

d∑
i,j=1

∫
Rd

aij
∂u

∂xi

∂u

∂xj

fge2udx
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We thus have

Q(f, g) =
1

2

d∑
i,j=1

∫
Rd

aij
∂f

∂xi

∂g

∂xj

e2udx +
1

2

d∑
i,j=1

∫
Rd

aij
∂f

∂xi

∂u

∂xj

ge2udx

− 1

2

d∑
i,j=1

∫
Rd

aij
∂u

∂xi

∂f

∂xj

ge2udx

=
1

2

d∑
i,j=1

∫
Rd

aij
∂f

∂xi

∂g

∂xj

e2udx +
1

2

d∑
i,j=1

∫
Rd

ǎij
∂f

∂xi

∂u

∂xj

ge2udx.

Since1 ∈ D(Q) andQ(1, 1) = 0 then(Q,D(Q)) is conservative.
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