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1. INTRODUCTION

Let (H,(-,-)) be a complex Hilbert space afd;},., anorthonormal basiof H. We say
thatA € B (H) is aHilbert-Schmidt operatoif

(1.1) > |l Aei]f* < oo
icl
Itis well know that, if{e;},., and{f;},_, are orthonormal bases féf andA € B (H) then

(1.2) Dol = AL =Y 1A

i€l Jjel jel
showing that the definitiorj (11.1) is independent of the orthonormal basisideda Hilbert-
Schmidt operator if and only ifi* is a Hilbert-Schmidt operator.

Let B, (H) the set of Hilbert-Schmidt operatorsB(H) . For A € B, (H) we define

1/2
(1.3) [A]ly = (ZHA@IIQ)
iel
for {e;},.; an orthonormal basis aff. This definition does not depend on the choice of the
orthonormal basis.

Using the triangle inequality if¥ (1), one checks thaB, (H) is avector spaceand that
|||, is @ norm onB, (H) , which is usually called in the literature as tHébert-Schmidt norm

Denotethe modulusf an operatord € B (H) by [A| := (A*A)"/2.

Because||A| z|| = ||Az|| for all x € H, A is Hilbert-Schmidt if and only if A| is Hilbert-
Schmidt and|A||, = |[||A]|l, . From [1.2) we have that ifl € B, (H), thenA* € B, (H) and
1Al = [}A*]], -

The following theorem collects some of the most important properties of Hilbert-Schmidt
operators:

THEOREM1.1. We have
(i) (B2 (H),||l,) is a Hilbert space with inner product

(1.4) (A,B), =) (Ae;, Be)) = Y (B Ae;,e;)
iel iel
and the definition does not depend on the choice of the orthonormal pajjs; ;
(i) We have the inequalities

(1.5) LA < 1[All
forany A € B, (H) and
(1.6) AT ||y, (1T Ally < 1T 1Al

foranyA € By (H)andT € B(H);
(iii) By (H) is an operator ideal i3 (H) , i.e.

B(H)B,(H)B(H) < B, (H);

(iv) Byin (H) , the space of operators of finite rank, is a dense subspabe @7 ) ;
(V) By (H) C K (H),wherek (H) denotes the algebra of compact operatorsin

If {e;},., an orthonormal basis df, we say thatd € B (H) is trace classf

(17) JAlL == 3" (JAlei,e) < oc.

iel
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The definition of|| A||, does not depend on the choice of the orthonormal basis., . We
denote by3, (H) the set of trace class operatordiiiH ) .
The following proposition holds:

PRoPOSITION1.2. If A € B(H), then the following are equivalent:
() Ae B (H);

(ii) |A]'? € By (H);

(i) A (or |A]) is the product of two elements Bf (H) .

The following properties are also well known:

THEOREM 1.3. With the above notations:
(i) We have

(1.8) [A[l, = 14", and [[A[], < [lAll,
foranyA € B, (H);

(i) By (H) is an operator ideal i3 (H) , i.e.

B(H) By (H)B(H) < By (H);
(iii) We have
By (H) By (H) =By (H);
(iv) We have
[A[l; = sup{[{(A, B)o| | B € By (H), |Bll, <1};

(V) (B: (H),|]-]l,) is a Banach space.
(iv) We have the following isometric isomorphisms

B, (H)~ K (H)" andB, (H)" =~ B(H),
whereK (H)" is the dual space ok (H) andB; (H)" is the dual space df; (H) .

We define theéraceof a trace class operater € B, (H) to be

(1.9) tr(A) .= Z (Ae;, e;)
i€l
where{e; },., an orthonormal basis dff. Note that this coincides with the usual definition of
the trace ifH is finite-dimensional. We observe that the seffies (1.9) converges absolutely and it
is independent from the choice of basis.
The following result collects some properties of the trace:

THEOREM 1.4. We have
()If Ae B, (H)thenA* € B, (H) and

(2.10) tr (A*) = tr (A);
(i)If Ae By (H)andT € B(H),thenAT,TA € B, (H) and
(1.11) tr (AT) = tr (T'A) and |tr (AT)| < [|A]|, | Tl ;

(iii) tr (-) is a bounded linear functional off; (H) with ||tr| = 1;
(iv)If A, B € By (H) thenAB, BA € By (H) andtr (AB) = tr (BA) ;
(V) Byin, (H) is a dense subspace Bf (H) .
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Utilising the trace notation we obviously have that
(A, B), = tr (B*A) = tr (AB*) and || 4||; = tr (4*A) = tr (|A]*)

foranyA, B € By (H).

Now, for the finite dimensional case, it is well known that the trace functionsllsnulti-
plicative, that is, forpositive semidefinite matricesand B in M,,(C),

0 <tr(AB) <tr(A)tr(B).
Therefore
0 < tr(AF) < [tr (A)]",

wherek is any positive integer.

In 2000, YanglL35 proved a matrix trace inequality

(1.12) tr [(AB)*] < (tr A)*(tr B)*,

where A and B are positive semidefinite matrices ovérof the same orden and k is any
positive integer. For related works the reader can refe2@ [22], [[114] and [137], which are
continuations of the work of BellmafT].

If (H,(-,-)) is a separable infinite-dimensional Hilbert space then the inequiality] (1.12) is
also valid for any positive operators, B € B; (H). This result was obtained by L. Liu in
2007, see107).

In 2001, Yang et al.13¢ improved [1.1IP) as follows:

(1.13) i [(AB)™] < [tr (42™) tr (B*™)]"?,

whereA andB are positive semidefinite matrices o¥eof the same order and is any positive
integer.

In [124] the authors have proved many trace inequalities for sums and products of matrices.
For instance, ifA and B are positive semidefinite matricesid, (C) then

(1.14) tr [(AB)}] < min {HAHktr (B*), | B||* tr (Ak)}

for any positive integek. Also, if A, B € M, (C) then forr > 1 andp, ¢ > 1 with ]l) + % =1
we have the followingroung type inequality

(1.15) tr (|[AB*|") < tr K& + @)} .

p q

Ando [4] proved a very strong form of Young’s inequality - it was shown thad &ind B are in
M,,(C), then there is anitary matrixU such that

1 1
A8 <U (S1ap+ 2 jBp) v
p q
wherep, ¢ > 1 with ]13 + (1] = 1, which immediately gives the trace inequality
1 1
(1.16) tr (|JAB*|) < = tr (|A]") + = tr (|B|9).
p q

This inequality can also be obtained from (1.15) by taking 1.
Another Holder type inequality has been proved by Manjegari@§j[and can be stated as
follows:

(1.17) tr(AB) < [tr(AP)]? [tr(BY)]Y

wherep, ¢ > 1 with 1 + 1 = 1 andA and B are positive semidefinite matrices.
For the theory of trace functionals and their applications the reader is referi&2o [
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For other trace inequalities se],[[20], [52], [49], [83], [99], [123 and [134].

In this paper we survey some recent trace inequalities obtained by the author for opera-
tors in Hilbert spaces that are connected to Schwarz’s, Buzano’s and Kato’'s inequalities and
the reverses of Schwarz inequality known in the literature as Cassels’ inequality and Shisha-
Mond’s inequality. Applications for some functionals that are naturally associated to some of
these inequalities and for functions of operators defined by power series are given, s€lalso |
Further, various trace inequalities for convex functions are presented including refinements of
Jensen inequality and several reverses of Jensen’s inequality. Hermite-Hadamard type inequal-
ities and the trace version of Slater’s inequality are given. Some Lipschitz type inequalities are
also surveyed. Examples for fundamental functions such as the power, logarithmic, resolvent
and exponential functions are provided as well.

For Griss’ type inequalities for positive maps, séle [10€ and [L15. For Cassels, Diaz-
Metcalf and Shisha-Mond type inequalities, s&&3. For other inequalities for positive maps
seeP], [1Q], [19], [129 and [13§].

For trace inequalities for Hilbert space operators that appeared in information theory and
guantum information theory we refer 23], [72], [10§ and [134].

2. SCHWARZ TYPE TRACE INEQUALITIES

2.1. Some Trace Inequalities Via Hermitian Forms.Let P a selfadjoint operator with
P >0.ForA e B, (H) and{e;},., an orthonormal basis df we have

1AlG,p = tr (A"PA) = Y (PAei, Aei) < [Pl Y [l Aeil® = | PIL|A]3
i€l el
which shows that:, -), ,, defined by

(A,B),p:=tr(B"PA) =Y (PAe;,Be;) = Y (B*PAe;,¢;)
i€l el
is anonnegative Hermitian forran B, (H) , i.e. (-, -), p satisfies the properties:
(h) (A, A), p > 0forany A € B, (H);
(hh) (-, -), p is linear in the first variable;

(hhh) (B, A), , = (A, B), p forany A, B € B, (H).
Using the properties of the trace we also have the following representations
IAI3 = tr (P|A*P) = tr (|A*” P)
and
(A, B), p :=tr (PAB") = tr (AB*P) = tr (B*PA)
foranyA, B € B, (H).
We start with the following result:

THEOREM 2.1 (Dragomir, 2014,/38]). Let P a selfadjoint operator with? > 0, i.e.
(Px,z) > 0foranyz € H.
() Forany A, B € By (H)

(2.1) |tr (PAB™)|> < tr (P |A*]") tr (P |B*[")
and
(2.2) [tr (PA*]%) + 2Retr (PAB*) + tr (P |B*?)]"?

/2

< [ (P|A*A)]Y + [t (P B*H)] %

AJMAA Vol. 19(2022), No. 1, Art. 1, 202 pp. AIMAA
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(i) Forany A, B, C € By (H)
(2.3) |tr (PAB*) tr (P |C*[*) — tr (PAC™) tr (PCB” )|
< [tr (PA*]) tr (P |C*[*) — |tr (PACY)[]
x [tr (P|B*?) tr (P|C*|)?) — |tr (PBC™)[*],

(2.4) ltr (PAB*)| tr (P |C*[?)
< |tr (PAB*) tr (P|C*?) — tr (PAC™) tr (PCB")
+ |tr (PAC™) tr (PCB")|
< [ (P1A)] 2 [t (P B7)] P 12 (P |C7)?)

and
(2.5) [tr (PAC™) tr (PCB™)|
< % “tr (P1A )] [er (P1B7)] 2 + |t (PAB*)]] tr (P|C7?).

PROOE (i) Making use of the Schwarz inequality for the nonnegative hermitian (QHHP
we have

2
(A B)yp| (4,40, (B.B),

forany A, B € BB, (H) and the inequality{ (2]1) is proved.
We observe that: ||, » is a seminorm oS, (/) and by the triangle inequality we have

A+ Bllyp < 1 Allyp + [1Bll;,p

forany A, B € BB, (H) and the inequality (2]2) is proved.
(i) Let C € By (H), C # 0. Define the mapping, |, p - : Ba (H) x By (H) — C by

A, Bb,P,C = (4, B>2,P ||C||§,P — (4, C)Q,P (C, B>2,P'

Observe that, -], 5 is @ nonnegative Hermitian form a, (/) and by Schwarz inequality
we have

2

26) (A B)plClp — (A,C)yp (C, By
2 2
< 1A 1€ 5 — [t4. € | [1BIE £ 1€ 5 — [0B.C0a

forany A, B € B, (H) , which proves[(2]3).
The cas&” = 0 is obvious.
Utilising the elementary inequality for real numbexis n, p, g

(m* —n?) (p* — ¢%) < (mp —nq)*,
we can easily see that

2 2 2 2 2 2
(2.72) LA R ICIE 5 = [(A,Chop| | |IBIRICIE S = [(B. O

2
< (141l 1Bl 1€ = |4, € | [(B, ) )
forany A, B, C € By (H).
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Since, by Schwarz’s inequality we have
1Al 1C1p 2 (4, Chy

and

Y

1Bl [ Clop = (B, Chy

then by multiplying these inequalities we have

1Al 1Bl ICTE 5 = [(A, O | (B, €|

forany A, B, C € By (H).
Utilizing the inequalities[(2]6) andl (2]7a) and taking the square root we get

(2.8) (A B €1 p = (A, Cap (C By
< Al p 1By e IC 1 = [(A,Chy | [ (B, Y

forany A, B, C € B, (H), which proves the second inequality jn (2.4).
The first inequality is obvious by the modulus properties.
By the triangle inequality for modulus we also have

(2.9) (A,C)yp (C.B)yp| = [(4, B ICI3
< (4 By p €15 = (4. p (C. By |

forany A, B, C € By (H).
On making use of (2]8) anf (2.9) we have

(4,Chyp (C, By p| = (A B | IO

< Al 1Bl €1 5 = (A O] | (B, €Y

Y

which is equivalent to the desired inequality {2.5).

REMARK 2.1. By the triangle inequality for the hermitian fofm, . : By (H)x By (H) —
(Cl
4, B]2,P,C = (4, B>2,P ||C||§,P — (4, C)Q,P (C, B)Q,P

2) 1/2
o\ 1/2
2 2 2 2
< (Mo 101 - |l )+ (1812 118 - |18,

which can be written as

we get

(144 B3 I - |+ B.Ch,

2) 1/2

(2.10) (i [Plca+ By Pl (Pic?) ~ P (at By C)P)
< (tr (P|AP) tr (P|C7P) = [tr (PACH) )
+ (tr (P|B*[*) tr (P|C*?) — |tr (PBC™)?)
foranyA, B,C € By (H).

1/2
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REMARK 2.2. If we takeB = \C'in (2.10), then we get
(2.11) 0< tr [P (A + AC)ﬂ tr (P|C*?) = [tr [P (A+ AC) C7]?
<tr (P|A*)) tr (P|C*)?) — Jtr (C*PA)|?

foranyA € CandA, C € By (H).
Therefore, we have the bound

(2.12) sup {tr [P (A + A(J)*|2] tr (P|C*?) = [t [P (A + AC) c*]|2}
AeC

= tr (P|A*)?) tr (P|C*|?) — Jtr (PAC™)|*.
We also have the inequalities
(2.13) 0 < tr[P(A+C) Pt (PIC*P) — | [P (A% C) €]
<tr(P |A*|2) tr (P\C*\Q) — |tr (PAC™)|?
forany A, C € By (H) .
REMARK 2.3. We observe that, by replaciag with A, B* with B etc...above, we can get
the dual inequalities, like, for instance
(2.14) [tr (PA*C) tr (PC”B)|

< 5 [l (P1APY] Y o (P1BP) Y + 1 (PA*B) ] e (PICP)

that holds for anyd, B, C € By (H) .
This is an operator version of Buzano’s inequality in inner product spaces, namely

(2.15) [(z, ) (e, )] < %[HfrH 1yl + [z, )]

for z, y, e € H with |le|| = 1.
Since

ltr (PA*C)| = ‘m‘ = [tr [(PA*C)Y]| = [tr (C*AP)| = |tr (PC*A)] |
tr (PC*B)| = |tr (PB*C)|
and
tr (PA*B)| = |tr (PB*A)|
then the inequality (2.14) can be also written as
(2.16) tr (PC*A) tr (PB*C)|

<5 [l (P1APY Y o (P1B Y + 1o (PBEA) ] 1 (PICP)

that holds for anyd, B, C € By (H).
If we take in [2.1B)B = A* then we get the following inequality

(2.17) |tr (PC*A) tr (PAC)
< % [[tr (P |A|2)]1/2 [tr (P |A*|2)]1/2 n {tr (PAQ)H tr (P|C’]2) 7

foranyA,B,C € By (H).
If Ais a normal operator, i.64|* = |A*|* then we have fron{ (2.17) that

2.18)  [tr (PC"A) tr (PAC)| < % [t (PAP) + |t (PA%) [t (P|CT).
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In particular, ifC' is selfadjoint and” € B, (H) , then

(2.19) o0 (PAC)® < o [ix (PIAP) + [tr (PA?)|] tx (PC?),

forany A € B, (H) a normal operator.
We notice that{(2.19) is a trace operator versiod@Bruijn inequalityobtained in 1960 in
[11], which gives the following refinement of the Cauchy-Bunyakovsky-Schwarz inequality:

Zaizi Siza? [Z‘Zi|2+ 221'217
i—1 i—1 1 i=1

provided that; are real numbers whilg are complex for eache {1,...,n}.

(2.20)

We notice that, ifP? € B, (H), P > 0andA, B € B(H), then
(A, B)y p = tr (PAB") = tr (AB"P) = tr (B"PA)

is anonnegative Hermitian forron B (H) and all the inequalities above will hold fot, B,
C € B(H) . The details are left to the reader.

2.2. Some Functional Properties.We consider now the convex coie (H) of nonneg-
ative operators on the complex Hilbert spaéeand, forA, B € B, (H) define the functional
oap By (H) — [0,00) by

221)  oap(P) = [tr (P1AP)]" [t (P|B*)]Y? = |tx (PA*B)| (> 0).
The following theorem collects some fundamental properties of this functional.

THEOREM 2.2 (Dragomir, 2014/58]). LetA, B € By (H) .
() Forany P, Q € B, (H)

(2.22) oaB(P+Q)>0ap(P)+0oap(Q)(>0)

.,namelyo 4 5 is a superadditive functional o, (H);
(il Forany P, Q € B, (H) with P > Q

(2.23) oan(P)>0ap(Q)(>0),
namely,o 4 5 is @ monotonic nondecreasing functional Bp (H) ;
(i) If P, Q € B, (H) and there exist the constanté > m > 0 such thatM @) > P > m@Q
then
(2.24) Moap(Q)>oap(P)>moap(Q)(>0).
PROOF (i) Let P, Q € B, (H). On utilizing the elementary inequality

(a? —|—62)1/2 (¢? +(12)1/2 > ac+bd, a,b,c,d >0

AJMAA Vol. 19(2022), No. 1, Art. 1, 202 pp. AIMAA
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and the triangle inequality for the modulus, we have
oap(P+Q)
— [tr (P+Q)[A)]* [tr (P + Q) |BY)]
= [tr (PIAP + QAP [ (P|BI* + Q|B)?)]
—|tr (PA*"B 4+ QA*B)|
= [ (PAP) +tr (Q[AP)] [t (P|B?) + tr (Q|B)]
— |[tr (PA*B) + tr (QA™B)|
> [or (P1AP)] [t (P1BP)] " + [ix (Q14)] " [tr (Q1BP)]
— |tr (PA*B)| — |tr (QA* B))|
=045 (P)+0a5(Q)

and the inequality] (2.22) is proved.

(i) Let P, Q € B, (H) with P > Q. Utilising the superadditivity property we have
oap(P)=0a((P—Q)+Q)>0ap(P—Q)+0ap(Q)>0a5(Q)

and the inequality (2.23) is obtained.
(iif) From the monotonicity property we have

oap(P)20oap(mQ)=moap(Q)
and a similar inequality fof/, which prove the desired resylt (2]24).

COROLLARY 2.3. Let A, B € By (H) and P € B (H) such that there exist the constants
M>m>0withMlyg > P > mlyg. Then

(2.25) a (e (1AP)]" [tr (1BI)]™* [t (4" B)))

2 _ltr (P +Q) A*B)|

1/2
1/2

1/2

> [tr (P1AP)]"? [t (P1BP)] " — |or (PA"B)
> m ([ex (jAP)] [ir (1BP)] = (4" B)] ).
Let P = |V[°withV € B(H).If A, B € By (H) then
o (IVIP) = [or (VP 1AP)]Y [ (V1P 1B12)] = Jor (VP A°B))|
= [tr (V*VA* A2 [tr (V*VB*B)]"* — |tr (V*V A*B)]
= [tr (VA*AV))Y2 [tr (VB*BV*)]Y? — |tr (VA*BV?)|
= [tr ((AV*)" AV e (BV")" BV — [t ((AV*)" BVY)|
= [tr (JAV*A)]Y? [er (1BV))]? = | ((AV*)" BV

On utilizing the property{ (2.22) foP = |[V|*, Q = |U]> with V, U € B (H) , then we have
forany A, B € B, (H) the following trace inequality

(2.26) [tr (JAV*)? + |AU* )] [ (1BV*? + |BU* )]
~ltr ((AV*)* BV* + (AU*)* BU*)|
> [ir AV 2] [t (1BVP)]? = e ((AV?) BV
+ [t (JAU* )] [t (1BU* )] M2 = Jtx ((AU™)* BU™)| (> 0).

1/2
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Also, if |V[> > |U|* with V, U € B (H) , then we have for anyl, B € B, (H) that
(2.27) [tr (JAV* )] [t 1BV )] = o ((AV*) BV
> [tr (JAU* )] [t (1BU*2)]Y? = |tx ((AU")* BU*)| (= 0).

If U € B(H) is invertible, then

1
o= [zl < [U=]| < |U][||=] foranyz € H,
which implies that

1
HU*1H21H <|UP < |JU|* 1y

By making use of{(2.25) we have the following trace inequality
(2.28) Joi ([ (A)] 7 [er (1BP)] = lox (4*B) )
> [t (JAU* )] [er (1BU*P)]Y = [t ((AU™)* BU™)|

> i (B (AP] fr (8] — e (43)

foranyA, B € B, (H).
Similar results may be stated fét € 5, (H), P > 0 andA, B € B(H). The details are
omitted.

2.3. Inequalities for Sequences of OperatorsForn > 2, define the Cartesian products
B™ (H) :=B(H)x...xB(H),B" (H) := By (H) % ... x By (H) andB'"” (H) := B, (H) x
... X By (H) whereB, (H) denotes the convex cone of nonnegative selfadjoint operatafs on
i.e. P e By (H)if (Px,z) > 0foranyz € H.

PROPOSITION2.4 (Dragomir, 2014,18)). LetP = (P,...,P,) € Bﬁr”) (H) and A =
(A1,..,4A,),B = (By,...,B,) € B (H) andz = (z, ..., z,) € C" withn > 2. Then

tr (Z ZkPkAZBk> S tr (Z |Zk| Pk |Ak’2) tr (Z |Zk| Pk |Bk|2> .
k=1 k=1

k=1
PrROOF Using the properties of modulus and the inequallity|(2.1) we have

2
(2.29)

k=1 k=1
<) lzl [t (PeALBy))|
k=1
<3 Ll o (P AR [or (P 1B
k=1
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Utilizing the weighted discrete Cauchy-Bunyakovsky-Schwarz inequality we also have

n

Z |2k [tr (P |Ak|2)] 1/2 or (P, ’Bk|2)}1/2

k=1

(S (rian ) : (St (s (1) :

k=1 k=1

_ (;\zk\tr (P,g|A,g2)>1/2 (gmm (P \Bk\2)>

n 1/2 n 1/2
— (u <Z|zk|Pk|Ak|2>> (tr <Z|Zk|Pk|Bk|2>> ,
k=1 k=1

which is equivalent to the desired resiilt (2.29).

1/2

We consider the functional for-tuples of nonnegative operators as follows:

n 1/2 n

(2.30) oan(P) = [tr (Z P m,ﬁ) [tr (Z P |Bk\2>
k=1 k=1
k=1

Utilising a similar argument to the one in Theorem| 2.2 we can state:

1/2

PROPOSITION2.5. LetA = (A, ..., A,), B = (By, ..., B,) € B (H).
(i) Forany P, Q € B (H)

(231) OAB (P + Q) > OAB (P> + 0AB (Q) (Z O) )

namelyoa g is a superadditive functional oﬁf) (H);
(i) Forany P, Q € Bﬂr") (H)withP > Q, namelyP, > Q, forall k € {1,...,n}

(2.32) oas(P)>0ap(Q)(>0),

namelyo a g iS @ monotonic nondecreasing functional Bfﬁ) (H);

(i If P,Q € BSF”) (H) and there exist the constant¢ > m > 0 such thatMQ > P >
mQ then

(2.33) Moas(Q)>0as(P)>moas(Q)(>0).
If P=(pily,...,ple) with p, > 0, k € {1,...,n} then the functional of nonnegative

weightsp = (pi, ..., p,) defined by
1/2 "
k=1

(2.34) oaB(P) = [tr (Zpk |Ak|2>
k=1

tr <Z pkAsz>
k=1

has the same properties as[in (2.31)-(2.33).

1/2
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Moreover, we have the simple bounds:

-----

(2.35) ker{r%axn} {pr} { ltr (Z ]Akp)

> Agl?
B, W{ «(3w)

2.4. Inequalities for Power Series of Operators.Denote by:

z€ C:l|z] < R}, if R < oo
D(07R):{<{c, A= it R — oo,

and consider the functions:
A— f(A):D(0,R) — C, f(A Zan/\”

and
A= fo(A) : D(0,R) — C, fa(\ Zyanw

As some natural examples that are useful for applications, we can point out that, if

(2.36) f(A):i(j)nA”:lnlix AeD(0,1);
g()\)zz((;:b;')\%:cos)\, A e G
n=0 ’
o - (_1)" 2n+1 - .
h(A)_Z—@nH)!A —sin\, A e C;
[e%e] . 1
z(A):;(—m N'= o AED0,1);
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then the corresponding functions constructed by the use of the absolute values of the coefficients
are

(2.37)

1 1
n -\

(0,1);

VoL
i

" =cosh A\, A € C;

_ 1 2n+1 _ _: .
ha (A) _Z(Zn——{—l)')\ —Slnh)\, AEC,

Z)\"_— AeD(0,1).

Other important examples of functions as power series representations with nonnegative coeffi-
cients are:

(2.38) exp(A) =) niA" A eC,

1 L+ A =1 et
LAY sl B o N L AeD(0,1);
2“(1—A) ;Qn—l €D0.1);

W“, AeD(0,1);

Z\/_ 2n—|—1

1
tanh ()\) = Z m)\Qn 1, )\ € D (0, ].)

n=1
o

S Tar T+ AT ),
08N = L S T ) O

AeD(0,1);

wherel" is Gamma function

PROPOSITION2.6 (Dragomir, 2014,58]). Let f(\) = >~ a,\" be a power series
with complex coefficients and convergent on the open@igk R), R > 0. If (H,(-,-)) is a
separable infinite-dimensional Hilbert space add B € B; (H) are positive operators with
tr (A), tr (B) < RY2, then

(2.39) ltr (f (AB))]” < f2(tr Atr B) < f, ((tr A)?) f, ((tr B)?) .
PROOF. By the inequality[(1.1]2) for the positive operatotsB € B, (H) we have

tr [Z ag( AB Zak tr AB

<Z\akHtr [(AB)* ‘—Z|akltr [(AB)*

(2.40)

k=0
<Y Jag| (tr A)F(tr B)F = " fay| (tr Atr B)*.
k=0 k=0
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Utilising the weighted Cauchy-Bunyakovsky-Schwarz inequality for sums we have

1/2 n 1/2
(2.41) Z|ak| (tr A)*(tr B)* (Z|ak| (tr A)? ) (Z|ak|(tr3)2k)
k=0 k=0
Then by [(2.4D) and (2.41) we have

n 2 n 2
(2.42) tr [Z ar(AB)F|| < [Z\aky (tr Atr B)¥
k=0 k=0
< Z\aky [(tr A)? Zyak\ [(tr B)?]"
k=0
forn > 1.

Since0 < tr (A), tr (B) < R'?, the numerical series

Z]ak\ (tr Atr B)" Z|ak| [(tr A)? andZ\ak] [(trB)ﬂk

k=0 k=0
are convergent.
Also, sincel < tr(AB) < tr (A)tr (B) < R, the operator series -, ax(AB)* is con-
vergentins, (H).
Lettingn — oo in (2.43) and utilizing the continuity property of (-) on 3, (i) we get the
desired resul{ (2.39%

EXAMPLE 2.1. a) If we take |n-9)“ (1+ )", || < 1then we get the inequality
(2.43) ltr (14 + AB) ) [* < (1 —(tr A (1— (B
forany A, B € BB, (H) positive operators withr (A) , tr (B) < 1.

b) If we take in[(2.39) (\) = In (1 £ )",
(2.44) |tr (In (17 £ AB)™)|” < In (1 — (trA) ) (1 - (tr B)?)
forany A, B € 3, (H) positive operators withr (A) , tr (B) < 1.

We have the following result as well:

THEOREM 2.7 (Dragomir, 2014,98]). Let f(\) := >~ o, A" be a power series with
complex coefficients and convergent on the openBisk R), R > 0. If A, B € By (H) are
normal operators wit*B = BA* andtr (|A[*) , tr (| B]?) < R then the inequality

(2.45) ltr (f (A*B))|* < tr (f. (JA]P)) tr (f. (|1B]%)) -
PrROOF From the inequality (2.29) we have

tr (Z a (A)F Bk) < tr (Z v | \A’“}Z) tr (Z v \B’f|2> :

SinceA, B are normal operators, then we haveé|* = |A[* and|B*|* = | B|** for anyk > 0.
Also, sinceA* B = BA* then we also haved*)* B¥ = (4*B)* for anyk > 0.

Due to the fact thatl, B € B, (H) andtr (|A*) , tr (|B|*) < R, it follows thattr (4*B) <
R and the operator series

> ap (A*B)*, Y Con [APF and ) on| B
k=0 k=0 k=0

(2.46)
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are convergent in the Banach sp#te H) .
Taking the limit ovem — oo in (2.46) and using the continuity of the(-) on B, (H) we
deduce the desired result (2.4%).

EXAMPLE 2.2. a) If we take in)"()\) = (1+ )", || < 1then we get the inequality
(2.47) for (L = A B) ) < or (1= 14P) ) e (1= 1B7) )
forany A, B € B, (H) normal operators wit*B = BA* andtr (|A]*), tr (|1B|*) < 1.
b) If we take in[(2.45) (\) = exp (A), A € C then we get the inequality
(2.48) ltr (exp (A*B))|* < tr (exp (|A\2)) tr (exp (]B|2))
forany A, B € B, (H) normal operators wittA*B = BA*.

THEOREM 2.8 (Dragomir, 2014,88]). Let f (2) := > 2 p;2/ andg(z) = > 22 ¢;2’
be two power series with nonnegative coefficients and convergent on the open (0isk) ,
R > 0.1f T and V are two normal and commuting operators frdfa (2) with tr (|T]°),

tr (|V|*) < R, then
(2.49) [t (F (ITP) + g (ITP)] [ex (£ (V) +9 (V)]

— e (f (T"V) + g (T*V))]

> (o (f (TP)] o (£ (V)] =l ( (V)]

+ [t (g (IT2))]" [tx (g (VP))]? = lex (g (TV))] (2 0).

Moreover, ifp; > g; for anyj € N, then, with the above assumptionsBandV,

(2.50) [or (f ()] [t (£ (V)] = o (F (T7V))

> [tr (g (1TP))] " [tr (g (V)] = Jtx (g (T*V)] (2 0).

PrRoOF Utilising the superadditivity property of the functional g (-) above as a function
of weightsp and the fact thal’ andV are two normal and commuting operators we can state
that

(2.51) [tr (Z (P + ) |T|2k>

k=0

tr (i (. + qx) (T*V)k>

k=

1/2

1/2 "
[tr (Z (px + qr) |V|2k>

k=0

o

n 1/2 " 1/2 "
> |tr Dk |T|2k> ltr (Zpk |V|2k> — |tr (Zpk (T*V)k> ‘
k=0 k=0 k=0
" 1/2 " 1/2 "
+ [tr < Qk ]T]2k> [tr <Z Qe ]V]2k> — |tr (Z Qe (T*V)k>
k=0 k=0 k=0
foranyn > 1.

Since all the series whose partial sums are involvefl in(2.51) are converd&nt/if) , by
lettingn — oo in (2.51) we get[(2.49).

The inequality (2.§(’ ) follows by the monotonicity property«f g (-) and the details are
omitted.n
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ExaMPLE 2.3. Now, observe that if we take

: m 1 .
f(A) :SlnhA:ZmA2 +1
n=0 ’

and
g (A\) = cosh A Z
0
then
o 1 .
)+ =exp = ;W
forany\ € C.

If T and V" are two normal and commuting operators frdtw (H ), then by|(2.1]1)

(2.52) [tr (exp (IT1%))] " [t [ (exp (IVIP))]"? = |tx (exp (T"V))]
> [tr (sinh (|7]2))] " [tr (sinh ([V]*))] " = [tx (sinh (T7V))]
+ [tr (cosh (|T] ))] [tr (cosh (|V|2))] V2 _ [tr (cosh (T*V))| (> 0).

Now, consider the seriests = >->° A", A € D(0,1) andln =5 = > LX", X\ €

n=1n

D (0,1) and definey, =1,n > 0,90 =0, g, = %, n > 1, then we observe that for any> 0,

Pn 2 Gn-
If T andV are two normal and commuting operators frédn(H) with tr (|7%) , tr (|V]?) <

1, then by [(2.1R)
eso (i) o (0w )
—|tr (L = T*V) )|

> [or (= ) ) [ (o 1 1))

—[tr(In(1g = T*V) )| (> 0).

1/2

2.5. Inequalities for Matrices. We have the following result for matrices.
PROPOSITION2.9 (Dragomir, 2014[38]). Let f(\) := >">°  a,\" be a power series with
complex coefficients and convergent on the openidifk R), R > 0. If A and B are positive
semidefinite matrices ift/,, (C) with tr (A?), tr (B?) < R, then the inequality
(2.54) ltr [f(AB)])? < tr [f. (A%)] tr [f. (B?)] -
If tr (A), tr (B) < /R, then also
(2.55) |tr [f(AB)]| < min {tr (fs ([[Al] B)) ,tr (fa (I B[ A))}-

PROOF We observe thaf (1.13) holds for = 0 with equality.
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By utilizing the generalized triangle inequality for the modulus and the inequiality] (1.13) we
have

(2.56)

tr [Zm: an(AB)"

> antr[(AB)"]

<D lal [t [(AB)"]

=3 ol tr[(AB)"] < o [tr (A2)] "2 [br (B2")]"2,

foranym > 1.
Applying the weighted Cauchy-Bunyakowsky-Schwarz discrete inequality we also have

(2.57) i |Oén| [tr (AQn)]l/Q [tr (BQn)]1/2
. A2/ m )
< §%|an| ([tr (42))") ) <§glan| ([ (5)]") )
. 2 /. 1/2
= |2t fi (A%)}) (Z% Jeva] [tr (BQ")])
_ " m 1/2 " m 1/2
= |tr (Z |t | A2"> [tr <Z || B2")

foranym > 1.
Therefore, by[(2.56) and (2.57) we get

m 2 m m
tr [Z an(AB)"|| <tr <Z |, | A2"> tr (Z |, | BZ")
n=0 n=0 n=0

1/2

(2.58)

foranym > 1.
Sincetr (A%) , tr (B?) < R, thentr (AB) < \/tr (42) tr (B?) < R and the series

i an(AB)", i o, | A*™ and i v, | B*"
n=0 n=0 n=0

are convergent ii/,, (C).

Taking the limit overm — oo in (2.58) and utilizing the continuity property of (-) on
M, (C) we get [2.54).

The inequality[(2.55) follows fronj (1.14) in a similar way and the details are omijted.

EXAMPLE 2.4. a) If we takef(\) = (1 + A)~, |\| < 1 then we get the inequality
(2.59) o (1 AB) ] < o [ (1, — 4%) e [ (1 - B3]

for any A and B positive semidefinite matrices i, (C) with tr (A?), tr (B?) < 1. Here I, is
the identity matrix inM,, (C) .
We also have the inequality

(2.60) |tr [(Z, £ AB)™']| < min {tr (I, — ||A]| B)™") ,tr (I, — | B]| A7)}
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for any A and B positive semidefinite matrices i, (C) with tr (A) , tr (B) < 1.
b) If we takef(\) = exp A, then

(2.61) (tr [exp(AB)])2 < tr [exp (AQ)] tr [exp (BQ)}
and
(2.62) tr [exp(AB)] < min {tr (exp (|| A B)), tr (exp (|| B|| A))}

for any A and B positive semidefinite matrices i1, (C) .

PROPOSITION2.10 (Dragomir, 2014,98]). Let f(\) := >, «,A" be a power series
with complex coefficients and convergent on the open Bigk R), R > 0. If A and B are
matrices inM,, (C) with tr (|A"), tr (| B|?) < R, wherep, ¢ > 1 with ]l) + é =1, then

(2.63) tr (f (JAB*)| < [fa(% ’i‘q)}

1 p 1 q
< o L;fa(\A! )+ 258 >} |

ProoF The inequality[(1.1]5) holds with equality for= 0
By utilizing the generalized triangle inequality for the modulus and the inequality] (1.15) we

have
tr (Z a, |AB*|”) ‘
n=0

st

m m

Z | [tr (JAB*[")] = |ag| tr (JAB*[")

n=0

Eeal( )
e[y

foranym > 1andp, ¢ > Lwith ; + 1 = 1.
It is know that if f : [0,00) — R is a convex function, thetr f (-) is convex on the cone
M, (C) of positive semidefinite matrices itY,, (C). Therefore, fom > 1 we have

(2.65) tr K% + E)n] < %tr (JA[P™) + étr (|1B]™)

p q

wherep, ¢ > 1with 1 + 1 =1,
The inequality reduces to equalityrif= 0.
Then we have

(2.66) Z\m (B0 Y < Zm[ (AP + 2o (1)
- E > lonl 147"+ 13 51
n=0 n=0

foranym > 1 andp, ¢ > Lwith ; + 2 = 1.

(2.64)
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From (2.64) and (2.66) we get

m [ m AP Bq n
tr (Z a, |AB*|T> < tr Z || (u + u)
p
n=0

| n=0 q

1 & Ll .
<tr =) anl AP+ =) lag| 1B
_p n=0 qnzO

(2.67)

foranym > 1andp, ¢ > 1with 1 + 1 =1.
Sincetr (|A["), tr (| B|?) < R, then all the series whose partial sums are involvefl in [2.67)
are convergent, then by letting — oo in (2.67) we deduce the desired inequality (2.68).

EXAMPLE 2.5. a) If we takef(\) = (1 + A)~, |\| < 1 then we get the inequalities

(- (550 )

1 -1 1 -1
< tr|= (L, — AP + = (I, — |B)* 1
[p( APy 4L (1 - 1B)

(268) o ((I, £]|AB)7Y)|

IN

whereA and B are matrices inVZ,, (C) withtr (JA[") , tr (| B*) < 1andp, ¢ > 1with _+ = 1.
b) If we takef(\) = exp A, then

(2.69) tr(exp (|AB*[)) < tr [eXp (% " %ﬂ

IN

1 1
br L; exp (AP) + £ exo <|B|q>] |

whereA and B are matrices inV/,, (C) andp, ¢ > 1 with % + % = 1.

Finally, we can state the following result:

PROPOSITION2.11 (Dragomir, 2014,98]). Let f(\) := > 2, a,A" be a power series
with complex coefficients and convergent on the open gk R), R > 0. If A and B are

commuting positive semidefinite matriceslif (C) with tr (A?), tr (B?) < R, wherep, g > 1
with % + % =1, then

(2.70) tr (f (AB))| < [tr(fa (A")]7 [tr(fa (BY)]M7.

PROOF. SinceA and B are commuting positive semidefinite matricesMify (C) , then by
(L.17) we have for any natural numbeimncludingn = 0 that

(2.71) tr((AB)") = tr(A"B") < [tr(A™)]'? [tr(B")] 4

wherep, ¢ > 1with 1 + 1 =1,
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By (2.71) and the weighted Holder discrete inequality we have

(]

Z a, tr(A"B")

n=0

<Yl [er(A™)] 7 [oe(B)]

< Z |, | [tr(A™B™)|

IN
-~
(]
Q
2
~ N
=
=
:u>
3
=
=
3
N~
=3
v

wherep, ¢ > 1 with ]13 =1.
The proof follows now in a similar way with the ones from above and the details are omit-
ted. n

EXAMPLE 2.6. a) If we takef()\) = (1 + \) ', |A\| < 1 then we get the inequality
(2.72) ltr (I, = AB) )| < [tr((I, — A7) [ex((1, — BY) ],
for any A and B commuting positive semidefinite matricegip (C) with tr (A?) , tr (B?) < 1,
wherep, ¢ > 1with 2 +1 = 1.

b) If we takef(\) = exp A, then
(2.73) tr (exp (AB)) < [tr(exp (Ap))]l/p [tr(exp (Bq))]l/q,

for any A and B commuting positive semidefinite matricesin (C) andp, ¢ > 1 with %‘I—% =
1.

3. KATO’'S TYPE TRACE INEQUALITIES

3.1. Kato’s Inequality. We denote byB (H) the Banach algebra of all bounded linear
operators on a complex Hilbert spadé; (-, -)) .

If P is a positive selfadjoint operator of, i.e. (Px,z) > 0 for anyx € H, then the
following inequality is a generalization of the Schwarz inequalitydin

(3.1) [(Px,y)|* < (Pz,x) (Py,y),

foranyz,y € H.
The following inequality is of interest as well, se&[ p. 221].
Let P be a positive selfadjoint operator ¢h Then

(3:2) 1Pz||* < ||P| {Pz, z)

foranyz € H.
The"square root"of a positive bounded selfadjoint operatorfrcan be defined as follows,
see for instance9d[l, p. 240]: If the operatorA € B (H) is selfadjoint and positive, then there
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exists a unique positive selfadjoint operatr:= /A € B(H) such thatB? = A. If Ais
invertible, then so if3.

If A€ B(H),thenthe operatad* A is selfadjoint and positive. Define thabsolute value"
operator byl A| := v A*A.

In 1952, KatoD2] proved the following celebrategeneralization of Schwarz inequalfiyr
any bounded linear operatéron H:

(3.3) (Ta,y)|” < (T°T)"2,2) (TT*) " y.y)

foranyz, y € H, a € [0, 1]. Utilizing the modulus notation introduced before, we can write
(3.3) as follows

(34) (T ) < (TP w,2) (1T P y,)

foranyz,y € H,a € [0, 1].
It is useful to observe that, if = N, a normal operator, i.e., we recall th&tV* = N*N,
then the inequality (3]4) can be written as

(3.5) [(Na,y) P < (NP 2,2) (INPO gy,
and in particular, for selfadjoint operatafswe can state it as
(3.6) (A, y)| < 1A% ] [|IA] o

foranyz,y € H,a € [0,1].
If T = U, a unitary operator, i.e., we recall thelt/* = U*U = 1p, then the inequality
(3.4) becomes
(U, y)| <[] [yl
foranyz,y € H, which provides a natural generalization for the Schwarz inequalify.in
The symmetric powers in the inequalities above are natural to be considered, so if we choose

in (3.4), [3:%) and in[(3]6)} = 1/2 then we get for any, y € H

(3.7) [Tz, y)* < (|T|,z) (| T y,v) ,
(3.8) (N, y)[* < (IN|a,z) (IN] y,y) ,
and

(3.9) [(Az,p)| < 1417 | 14172
respectively.

It is also worthwhile to observe that, if we take the supremum gwerf, ||y|| = 1in (3.4)
then we get

(3.10) T |® < ||| (|TP** 2, z)
foranyxz € H, or in an equivalent form
(3.11) Tz < T 2 |7
foranyx € H.
If we takea = 1/2 in (3.10), then we get
(3.12) |Tl* < | TN T )
for anyxz € H, which in the particular case @f = P, a positive operator, provides the result
from (3.2).

For various interesting generalizations, extension and Kato related results, see the papers
[75]-[86], [[102-[109 and [131].
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3.2. Trace Inequalities Via Kato’s Result. We start with the following result:

THEOREM 3.1 (Dragomir, 2014/d5]). LetT € B(H).
(i) If for somea € (0, 1), |T**, |T*[**~) € B, (H) , thenT € B, (H) and

(3.13) tr (T))? < tr (|T**) t (|T*|2(1_0‘)> :
(ii) If for somea € [0, 1] and an orthonormal basige; },., the sum
Do lTel ™ 1T e
i€l
is finite, thenl” € B, (H) and
(3.14) [tr (7)) < Y [1Tes]| ™ 1T7es])
iel

Moreover, if the sum$ ., ||Te;|| and )., ||T%e;|| are finite for an orthonormal basis
{ei};er,thenT € B, (H) and

* l1—a *
(315)  |u () < n[g”{ZuTezu T }<mm{ZHTelH ST elu}

iEF i€F

PROOF. (i) Assume thaty € (0,1) . Let {e;},., be an orthonormal basis i and 7" a finite
part of /. Then by Kato’s inequality (3]4) we have

Z <T€i7ei> < Z |<T6i7€i>| < Z <|T‘2a ei, 6i>1/2 <‘T*|2(1_a) ei,€i>1/2 .

ieF el el
By Cauchy-Buniakovski-Schwarz inequality for finite sums we have

@17) (TP e (TP )

1€l

< (Z (TP esen)”’] 2> 2 (Z Rmma) 6i,6i>1/1 2) 12

i€EF i€EF

_ (Z (T ei,ei>> " (Z <|T*|2(1,a) e e>> 1/2.

ieF 1€EF

Therefore, by[(3.16) and (3.]L7) we have

1/2 1/2
Z Te;, €;) (Z <|T|2°‘ e e; ) <Z <|T*|2(1*°‘) e, €i>>

i€l 1€F i€EF
for any finite part/” of I.

If for somea € (0,1) we have T, |T*[*" ™) € B, (H) , thenthe sum&_,_, (|T** ¢;, e;)
andy",., <yT*12<H> e, ei> are finite and by (3.18) we have tha,_, (Te;, ¢;) is also finite
and we have the inequality (3]13).

(i) Assume thatv € [0,1]. Let {¢;},., be an orthonormal basis i and " a finite part of
1. Utilising McCarthy’s inequality for the positive operatér namely

<Pﬂx,x> < (Px,x>ﬁ,

(3.16)

(3.18)
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that holds fors € [0, 1] andz € H, ||z|| = 1, we have
(T* e, ey < {|T ei er)”

and
<’T*|2(1_a) ei7€i> S <|T*|2€i,ei>1_a
forany: € I.
Making use of[(3.16) we have
1/2
3.19 Te; e;)| < Te;. e;)] < TI**¢;, e; V2L 20-a) g o
(3.19) Y (Teie| <D (Teie)| <Y (TP esve
1€F 1EF i€F
< Z <|T|2 €i, €i>a/2 <|T*|2 €i; €i>(1_a)/2
iEF
= Z <T*T6i, €i>o¢/2 <TT*€Z', €i>(1—a)/2
1EF
= || Tes|* T e .
i€EF

Utilizing Holder’s inequality for finite sums ang= 1, ¢ = -~ we also have

(3.20) S e T e
ieF
- o l1-a
av1l/a * —a 1/(17a)
< Z(Hmﬂﬂ] > (IT7el ) ]
LieF i€EF
r «@ 11—«
= DY ATell| D17
Li€F 1€F

Since all the series involved ip (3]19) and (3.20) are convergent, then we get

Z (Te;, e;)

el

(3.21)

<D ITes|* 1T el
il

« 11—«

<

> |ITei]

el

D lIT"e]

el

foranya € [0,1].
Taking the infimum ovew € [0, 1] in (3.21) produces

(3.22) > (Teje)| < inf {Z||Tei||a||T*ei||1a}
i€l €01 i€F
a 11—«
< inf D |Tell| | D] IT|
aclod] | TR i€F
= min {Z | Teill > ||T*ez-||} .
el el

|
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COROLLARY 3.2. LetT € B(H).
() If|7|,|T*| € By (H),thenT € B, (H) and

(3.23) [tr (T)[* < te (1) tr (IT7]) 5

(ii) If for an orthonormal basis{e; },., the sum)_._, \/||Te;| || T*e;]| is finite, thenT" e
B, (H) and
(3.24) ltr (7)) < Y VITell [T

el

COROLLARY 3.3. Let N € B(H) be a normal operator. If for some € (0,1), |[N|**,
IN|*=*) ¢ B, (H), thenN € B, (H) and

(3.25) ltr (V)]? < tr (|N*) tr (|N|2<1*a>) .

In particular, if |[N| € B, (H), thenN € B, (H) and

(3.26) tr (V)] < tr (|N]).
The following result also holds.

THEOREM 3.4 (Dragomir, 2014/G5]). LetT € B(H) andA, B € By (H) .
(i) Forany o € [0,1], |A*)* |T]**, |B*)* |T*)*" ) and B*T'A € B, (H) and

(3.27) ltr (AB*T)|> < tr (JA* 2 |T*) tr <|B*|2 |T*|2<1*“>) :
(i) We also have

(3.28) ltr (AB*T)|?
< min {tr (|BI°) tr (|A[*|TP) ,tr (JAP") e (|B**|T°*) }.

PROOF. (i) Let{e;},;
inequality [3.4) we have

be an orthonormal basis i and F" a finite part of/. Then by Kato’s

(3.29) (T Aei, Bei)|? < (TP Aei, Aes) {|T*P*~ Be;, Be,)
for any: € I. This is equivalent to
1/2

(3.30) (BT Aei, e)| < (A" [TP* Aciyei) ™ (B TP Bey,e:)

foranyi € I.
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Using the generalized triangle inequality for the modulus and the Cauchy-Bunyakowsky-
Schwarz inequality for finite sums we have frgm (3.30) that

(3.31) > (B'TAe;,e;)

iEF

S Z |<B*TA€Z, €z>|

el
* o 1/2 * % —Q 1/2
S Z<A |CT|2 Aei,ei> <B ‘T ‘2(1 )Bei,ei>

1eF

< [Z ((A* TP ey, e) )

1eF

1/2\ 2
[Z <<B* |T*|2(1—a) Bei,ei> )
ieF
1/2
Z <B* |T*|2(l—a) Be;, €¢>]

i€EF

1/2

1/2

X

1/2

Z <A* |T|2a A@Z‘, €i>

S
for any F' a finite part of!.

Leta € [0,1]. SinceA, B € B, (H), then A* |T|** A, B*|T*[*"™ B and B*TA ¢
B, (H) and by [3.3[L) we have

@32 wrTA) < o (a1 ) o (5 e 5)|

Since, by the properties of trace we have
tr (B*TA) = tr (AB*T),
tr (A* 7> A) = tr (AA4* |T|2°‘) =tr (|A*|2 |T|20‘)
and
tr <B* |T*|2(17a) B) — tr <|B*|2 |T*|2(17a)> :

then by [3.3p) we gef(3.27).
(i) Utilising McCarthy’s inequality [LO9 for the positive operatoP

(PPz,z) < (Pz, )’
that holds fors € (0,1) andx € H, ||z|| = 1, we have

(333) PPy ) < Iyl (Py, )
foranyy € H.
Let {e;},., be an orthonormal basis iff and F* a finite part ofl. From (3.38) we have

(TP ey, Aes) < || Aes|[*H= (T Aes, Aes)”
and
<|T*|2<1*“> Bei,Bei> < ||Be|** (|T*? Be;, Be;)

foranyi € I.
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Making use of the inequality (3.29) we get

(T Ae;, B€i>|2 < ||A€z‘||2(1_a) <|T|2 Ae;, A€i>a ||B€i||2a <|T*|2 Be;, B€¢>1_a
= ||B€z'||2a <|T|2 Ae;, A€i>a ||A61H2(1_a) <|T*|2 Be;, B€i>1_a

and taking the square root we get
2 g 1 2 1=
(334) |<TA€“B€Z>‘ § ‘|B€ZHQ<‘T‘ Aei,Aei>2 HA€1H _a<‘T*‘ Bei,Bei> 2

forany: € I.
Using the generalized triangle inequality for the modulus and the Hdélder’s inequality for

finite sums ang = =, ¢ = = we get from(3.3¢) that

(3.35) > (B*TAe;,e)
i€EF
< Z |(B*T Ae;, €;)]
iEF
< ST IBesl® (IT? Aes, Aes)? || Aes|'™ (IT*F Bes, Bes)
ieF
< (Z 1Be|® <|T]2Aei,Aei>g]l/a>
i€EF
a1/ =)\ 17
X (Z |:|‘A6i|’1_a<|T*|2 Bei,Bei>2} >
ieF
) o ) 11—«
- <ZHB@H <\T]2Aei,Aei>2> (ZHA@-H <]T*]2Bei,Bei>2> .
1EF i€l

By Cauchy-Bunyakowsky-Schwarz inequality for finite sums we also have

1/2 1/2
S IBeil| (ITF Aey, Aes)? < (Z HBeiHQ) <Z<|T|2Aei,z46i>>

= i€l i€F
1/2 1/2
= <Z<|B|2elaez>> (Z <A* |CT|2 A€Z,61>>
i€F i€F

and

1/2 1/2
> |l Aeil| (|7 Bes, Be)® < (Z HAei||2> <Z<|T*FB@,B€Z»>)

1EF icF Py
1/2 1/2
= <Z<|A|2€laez>> (Z <B* |T*|2B6“€Z>>
i€F i€EF
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and by [(3.3p) we obtain
(3.36) > (BT Ae;, e;)
i€l
a/2 /2
S <Z<|B|2€Z,61>> (Z <A*|T’2 A61,61>>
1EF 1EF
(1-a)/2 (1—)/2
X (Z:<|A|2 €i7€i>) (Z <B*|T*|236i,6i>)
i€EF 1EF

for any I’ a finite part of!.
Let o € [0,1]. SinceA, B € B, (H), thenA* |T|* A and B* |T*|* B € B, (H) and by

(3.36) we get
(3.37) ltr (AB*T)|?
< [tr (IBP) tr (A% |T]? A)]* [tr (JAP) & (B*| TP B)]*
— [tr (|1B]) tr (JA*PT1)]" [tr JAP) te (1B [T 1))] "
Taking the infimum over € [0, 1] we get (3.2B)x

COROLLARY 3.5. LetT € B(H) and A, B € B, (H). We haveg A*|*|T|, | B*|* |T*| and
B*TA e B, (H)and

(3.38) ltr (AB*T)|* < tr (|JA*)*|T)) tx (|B*[* |T7]) -

COROLLARY 3.6. Let N € B(H) be a normal operator and\, B € B, (H) .
(i) Forany o € [0,1], |A*)* |N|*, |B*]> N~ and B*N A € B, (H) and

(3.39) tr (AB*N)|? < tr (JA*2 [N tr (|B*y2 |N;2<H>> .
In particular, |A*|* |N|, |B*|*|N| and B*N A € B, (H) and
(3.40) ltr (AB*N)[> < tr (JA*]* [N|) tr (|1B** [N]) .

(i) We also have
(3.41) ltr (AB*N)|?

< min {tr (|B]?) tr (|A*P IN?)  tr (JA]?) tx (| B2 [N]?) } .

REMARK 3.1. Leta € [0, 1]. By replacingA with A* and B with B* in (3.27) we get

(3.42) [tr (A*BT)|? < tr (|A]? [T]%) tr (|By2 \T*E“—“))

foranyT € B(H)andA, B € B, (H) .
If in this inequality we taked = B, then we get

(3.43) o (1B T) [ < tr (1B [TP°) tr (1B [T

foranyT € B(H)andB € B, (H).
If in (B.42) we takeA = B*, then we get

(3.44) o (B2T)[* <t (|B* [TP) e (1B 720
foranyT € B(H)andB € B, (H) .
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Also, if ' = N, a normal operator, thep (3}43) and (3.44) become

(3.45) o (1B N)|* < e (1B INP) tr (1B |NPO)
and
(3.46) o (B2N)|* <t (1B INP) e (1B NP0

foranyB € By (H).

3.3. Some Functional PropertiesLet A € B, (H) andP € B(H) with P > 0. Then
Q := A"PA € B, (H) with Q > 0 and writing the inequality| (3.43) foB = (A*PA)"/? €
B, (H) we get

|tr (A"PAT)|? < tr (A"PA|T**) tr (A*pA ’T*‘Q(l—a)> 7
which, by the properties of trace, is equivalent to
(347) |tr (PATA*)|2 < tr (PA |T|2a A*) tr (PA |T*|2(17a) A*) 7

whereT € B (H) anda € [0,1].
ForagivenA € By (H), T € B(H) anda € [0,1], we consider the functionat 7,
defined on the conB_. (H) of nonnegative operators @(H) by

oaza (P) = [tr (PAITP* A7) [ (PA|T* PO A*)]W

— |tr (PAT A")|.
The following theorem collects some fundamental properties of this functional.

THEOREM 3.7 (Dragomir, 2014/G5]). LetA € By (H),T € B(H) anda € [0, 1].
() Forany P, Q € B, (H)

(3.48) oara(P+Q)>0ara(P)+0ara(Q)(>0),

namely,o 4 ., IS a superadditive functional o, (H) ;
(i) Forany P, Q € B, (H) with P > Q

(3.49) oaTa(P)>0ara(Q)(>0),
namelyo 4 7., IS @ monotonic nondecreasing functional Bn (H ) ;
(i) If P,Q € B, (H) and there exist the constamt$ > m > 0 such thatV/Q) > P > m@
then
(3.50) Moara(Q) > 0ara(P)>moara(Q)(>0).
PROOF (i) Let P, Q € B, (H). On utilizing the elementary inequality

(a® —|—62)l/2 (¢? +d2)1/2 > ac+bd, a,b,c,d >0
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and the triangle inequality for the modulus, we have

oaTa (P +Q)
= [t (P + QAT A7) [ux (P + QAT a7)]
—|tr (P + Q) AT A")|
= [tr (PA|T[ A"+ QA|T 7))

X [tr (PA 720 A% 4 QA TP A*ﬂl/Q

— [tr (PAT A" + QAT A™)|
= [tr (PA|T*® A) + tr (QA|T|** A%)] "/

X [tr (PA|T*|2(1—a) A*> 4 tr (QA|T*|2(1_°“) A*ﬂm

— |tr (PATA*) + tr (QAT A™)|

> [tr (PA|TP A7)]" [tr (PA\T*ﬁ(l—a) A*>]1/2

N [tr (QA |T|2a A*)]m [tr (QA |T*|2(1—oc) A*)}”Q
— |tr (PATA")| — |tr (QATAY)|
=0ATa (P) + OAT,« (Q)

and the inequality| (3.48) is proved.
(i) Let P, Q € B, (H) with P > . Utilising the superadditivity property we have

OAT,a (P) = OATa ((P - Q) + Q) Z OAT« (P - Q) + OAT« (Q)
2 OAT,o (Q)

and the inequality| (3.49) is obtained.
(iif) From the monotonicity property we have

OAT,« (P) > OAT,o (mQ) = MO AT, (Q)
and a similar inequality fof/, which prove the desired resylt (3|5@).

COROLLARY 3.8. LetA € By, (H),T € B(H)anda € [0,1]. If P € B(H) is such that
there exist the constanfd > m > 0 with M1y > P > mly, then

(3.51) M <[tr (A T[> A")]"* [tr (A |7 20 A*)] R (ATA*)|>
> [t (PA|T* A41)]" [tr (PA 7 20 A*)} e (pAT A

>m ([tr (A |T|* A)] V2 [tr (A T2 A*)} . |tr (ATA*)|> :
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Foragivend € B, (H),T € B(H) anda € [0,1], if we takeP = |V|* with V € B (H) ,
we have

1/2

oara (V) = [ir (VP AP 4] [er (V2 AT )]
— |tr (|V|* AT A%)

= [or (Vv a] 7 o (Vv APt At v
— |t (V*V AT A%)|

= [tr (AV VAP o (AV VAT Pe)) v
— [tr (A*V*VAT)|

= [tr (VA VAT])]" [tr ((VA)* VA yT*|2(1‘“>>} v

— |tr (VA) VAT)]
= [t (VAP TP [ex (v ap P - e (vap )
Assumethatd € B, (H),T € B(H) anda € [0, 1].

If we use the superadditivity property of the functional , we have forany, U € B (H)
that

(3.52) e (VAP + [UAP) [272)] Jir (VAP + 0 aP) [r2e-)]
= [tr (VAP +|UAP) T)|
2 200\ 11/2 2 | 2(1—) 1/2 2
> [t (VAP T*)] [tr(WAy | )} — | (VAP T)|

+ [ (AR )] i (jUAP (0] = o (A7)
(=0).

Also, if |[V|* > |U|* with V, U € B (H) , then

@53 [ (VAP TP fer (AR )] e (vap )
> [t (UAP )] [er (AP (1P = o (A )
(=0).
If U € B(H) is invertible, then

1

o ]l < Uzl < U ||=]] foranyz € H,

which implies that

1 2 2

AJMAA Vol. 19(2022), No. 1, Art. 1, 202 pp. AIMAA


https://ajmaa.org

TRACE INEQUALITIES FOROPERATORS INHILBERT SPACESSURVEY 33

Utilising (3.51) we get

2 2 20\11 2k 2(1—a 1/2 2
@se) 0l ([ A ) [ (14 P )] e ap )
2 20\ 71 2 1 2(1—a)\ ] /2 2
> [tr (JUAPP|TP)]"? [tr<|UA| 7 >>} — |tr (UAPT)|
>—1 3
o

x ([tr (AP |T2)]"? [tr (|A|2 ]T*F(l_“))}m i (\AFT)\) .

3.4. Inequalities for n-Tuples of Operators. We have:

PrROPOSITION3.9 (Dragomir, 2014/d5]). LetP = (P, ..., P,) € BT) (H), T=(T,...T,) €
B™ (H), A = (Ay,..., A,) € BS (H) andz = (21, ..., z,) € C* with n > 2. Then
2

k=1
< tr (Z 2| PeAp | T ™ A;;) tr (Z 2| PoAy | T A;)
k=1 k=1

foranya € [0,1].

PROOF. Using the properties of modulus and the inequality (3.47) we have

tr (Z ZkPkAkaAZ>
k=1

3

k=1

k=1

< zn: 25| [tr (PeAg |Ti* AZ)]W [tr (PkAk TP AZ)} "

k=1

Utilizing the weighted discrete Cauchy-Bunyakovsky-Schwarz inequality we also have

n 1/2
S 1l [t (Ped TP 40)] 7 [tr (PeAw TP 47) |
k=1

n ) 1/2
- (Z al ([t (Peae 7P 47)]) ) )

k=1

< (i |2 <[tr (Pt 20~ AZ)T/Q)g)

1/2

k=1

n /2 , 4, 1/2
:<Z|zk|tr(PkAk|Tk|2aA,:)) (me(PkAk|T,:|2<l-a>A,:)> :

k=1 k=1

which imply the desired result (3.65).
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REMARK 3.2. If we takeP,, = 1 foranyk € {1,...,n} in (3.58), then

tr <Z Zk |Ak’2 Tk)

k=1
o (Z 247 'TH?a) ' (Z 0 4 m:r?“_a))
k=1 1

provided thatT = (T%,...,T,) € B™ (H), A = (Ay, ... A,) € B{ (H), o € [0,1] and
z=(z1,...,2,) € C".

2

(3.56)

We consider the functional for-tuples of nonnegative operatoB® = (P,...,P,) €
Bi") (H) as follows:

1/2

(3.57) AT (P) = [tr (Z P A | T A;)
k=1

1/2

X

bl

tr (Z Py | T 0 Az)

k=1

k=1

whereT = (T3,...,T,,) € B™ (H), A = (A, ..., A,) € B (H) anda € [0, 1].
Utilising a similar argument to the one in Theorem| 3.7 we can state:

PROPOSITION3.10 (Dragomir, 2014/65)). LetT = (Ty,...,T;,) € B™ (H), A = (A4, ..., A,)
e B (H) anda € [0,1].
() ForanyP, Q € Bf) (H)

(3.58) oaTa(P+Q)>0a1a(P)+0a1a(Q)(>0),

namelyoa T, IS a superadditive functional oﬁ(f) (H);
(i) Forany P, Q € Bf) (H)withP > Q, namelyP, > Q. forall k € {1,...,n}

(3.59) oaTa(P)>0a1a(Q)(>0),

namelyo g iS @ monotonic nondecreasing functional B_Fﬁ) (H);

@i If P,Q € Bf) (H) and there exist the constant$ > m > 0 such thatM/Q > P >
mQ then

(3.60) Moara(Q)>0ara(P)>moara(Q)(=>0).

If P=(p1ly,....,palg) With p, > 0, k € {1,...,n} then the functional of real nonnegative
weightsp = (py, ..., p,) defined by

(3.61) oA T (P) = [tf (Zpk | Ay |Tk’2a>

k=1

n 1/2
. [tr (Zpk [Al? |T,:F“‘°‘>>] -
k=1

has the same properties as in Theofem 3.7.

1/2

tr (Zpk ‘Ak|2Tk> |
k=1
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Moreover, we have the simple bounds

3.62 t AT
( ) kef{l}axn}{pk} [r<;’ k‘ | k| )

1/2

.....

n 1/2 n

X [tr <Z|Ak|2\T,j|2(1_“)>] — |tr (Zpk|Ak|2Tk>
k=1 k=1
n 1/2 n 1/2

2 [tr (Zpk Al !Tk\2a> [“" (Zpk Al |T§|2(1_a)>]
k=1 k=1

tr (Z i | Ax|? Tk:)
k=1

tr (Z | Al \Tk|2a>
=1

1/2

T ke{l,...n

>  min }{pk}

1/2

X [tr (Z |Ayl? \T,:E“—a)) tr (Zpk |Ak|2Tk>
k=1 k=1

3.5. Further Inequalities for Power Series. We have the following version of Kato’s in-
equality for functions defined by power series:

THEOREM 3.11 (Dragomir, 2014/d5]). Let f(\) := > 7, a,\" be a power series with
complex coefficients and convergent on the open 8isR, R), R > 0. Let N € B(H)
be a normal operator. If for some € (0,1), [N, [N|*"™ ¢ B, (H) with tr (|N[**),

tr <|N|2(1*°‘)> < R, then

(3.63) e (f (V)P <t (fa (NP)) e (Fa (INPO)).

PROOF SinceN is a normal operator, then for any natural number 1 we have{ NF

|N|2ak and{Nklz(l_a) — |N|2(1—Oz)k ]
By the generalized triangle inequality for the modulus we have:for2

tr <Z&ka> Zaktr (Nk) §Z|Oék‘ ‘tr (Nk)‘
k=1 k=1 k=1

If for somea € (0,1) we have|N|*, [N|**~) e B, (H), then by Corollary 3]3 we have
N € By (H). Now, sinceN, |[N|*, IN[*"™ e B, (H) then any natural power of these
operators belong t8, (H) and by |(3.2b) we have

(3.65) o (N9)[* < b (I ) (IO,

for any natural numbek > 1.
Making use of[(3.65) we have

(3.66) i: o [t (V%) < an | (i (|N|2a’“))1/2 (i (|N|2<1a>’“)>1/2.
k=1 k=1

=

(3.64)
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Utilising the weighted Cauchy-Bunyakovsky-Schwarz inequality for sums we also have

o Bl (e ()” o)
Lg o ((tr (|N|2ak>>1/2)2] e

LZ el ( (o () /)] "

vt ()] [ )]

Making use of[(3.64)] (3.66) and (3]67) we get the inequality

n 2 n n
tr (Z aka) < tr (Z || |N|2ak> tr (Z |ty | |N|2(1_°‘)’“>
k=1

k=1 k=1
foranyn > 2.

Due to the fact thatr (| N|**), tr (|N\2(1_a)> < Ritfollows by (3.2%) thattr (|N|) < R
and the operator series

D NN onl INPF and ) fag | [N
k=1 k=1 k=1

are convergent in the Banach sp#&g H) .
Taking the limit ovem — oo in (3.68) and using the continuity of the(-) on B, (H) we
deduce the desired result (3.68).

IN

X

1/2

(3.68)

EXAMPLE 3.1. a) Ifwe take inf(A\) = (1= A) " = 1=FA((1£ X)), )| < L then we
get from [[3.6B) the inequality

(3.69) ltr (N (1 £ N)7H))|
<tr (‘N‘2a (11-1 — |N’2a)71> tr (’N|2(1_"‘) <1H _ ’N’2(1—a))_1) :

provided thatN' € 13 (H) is a normal operator and for € (0,1), |[N|**, [N|**™ € B, (H)
with tr (|N*) | tr yNF(l*a)) <1
b) If we take in|(3.63) (\) = exp () — 1, A € C then we get the inequality

3.70)  [tr(exp(N) — 1)> < tr (exp (|N[*) — 1) tr (exp (yNF(HY)) - 1H> ,

2

provided thatV € B (H) is a normal operator and for € (0, 1), |N|**, [N]**™ € B, (H).
The following result also holds:

THEOREM 3.12 (Dragomir, 2014/d5]). Let f(\) := >~ a,\" be a power series with
complex coefficients and convergent on the open Bisk, R), R > 0. If T' € B(H), A €
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B, (H) are normal operators that double commute, i'fA = AT andTA* = A*T and
tr (JAP [T, t (|A|2 |T|2<1-a>) < R for somenx € [0, 1], then

@7y e (F(APD)[ <t (fa (1AP 7)) b (£ (JAP [2PC)).
PrROOF. From the inequality (3.56) we have

n 2
tr <Z a, ‘Ak|2Tk>
k=0
<tr (Z |k ‘Ak|2 }Tk|2a) tr (Z | ‘Ak|2 ‘Tk}Q(la)> _
k=0 k=0

T+ = |7 and| T =

(3.72)

SinceA andT are normal operators, themlﬂ2 — |A]*,

IT[>=* for any natural numbekt > 0 anda € [0, 1] .
SinceT and A double commute, then is easy to see that

AP T = (JAPT)", AP | T = (|4 71"

and i
|A|2k‘ ’T|2(1—a)k _ <|A’2 ‘T’2(1—a)>

for any natural number > 0 anda € [0, 1].
Therefore[(3.7R) is equivalent to

o3y
S“(gy%“MVWWV>“(gy%WMWﬂ““Uv’

for any natural numbetr > landa € [0, 1].
Due to the fact thatr (|A]* |T|**) , tr (|A|2 |T|2(1’“)> < Ritfollows by (3.56) forn = 1
thattr (JA|> T) < R and the operator series

D e NF D oy [NPR and Y o] [V
k=1 k=1 k=1

are convergent in the Banach sp#&g H) .
Taking the limit ovem — oo in (3.73) and using the continuity of the(-) on B, (H) we
deduce the desired result (3. 7).

EXAMPLE 3.2. a) If we takef(\) = (1£X)"", |A| < 1 then we get frol) the in-
equality

2

(3.73)

(3.74) tr (g £ 4P 7)) :

<tr ((t =Py o (o - i) ).

provided that?” € B(H), A € By (H) are normal operators that double commute and
tr (JAP [T, tr (W |T\2<1—a>) <1forae(0,1].
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b) If we take in[(3.7[LY (\) = exp ()), A € C then we get the inequality
@79) (e (AP D) < br (e (147 7)) o (e (1P (170 )

provided thatT" € B(H) and A € B, (H) are normal operators that double commute and
a€[0,1].

THEOREM3.13 (Dragomir, 2014/g5]). Letf (z) := > 2 p;2/ andg (z) := > ¢;2’ be
two power series with nonnegative coefficients and convergent on the open disk) , R >
0.fT € B(H), A € By(H) are normal operators that double commute atln(@|A|2 |T|2“) :

tr (|A|2 |T|2(1_°“)> < Rfora € [0,1], then

(3.76) [or (f (|AP [T1*) + g (|41 [T))] 2
e L () P o)
—|tr (f (JAPT) + g (JA*T))|
> [ (7 (AP 1T2))] 7 [oe (£ (1P == ))]
= [te (£ (1A T))]
+ o (g (AP 1P [er (9 (142 1P ) )|
— |t (g (IAPT))| (= 0).

Moreover, ifp; > g, for anyj € N, then, with the above assumptionsBiand A,

3.77) [or (f (AP 1P [ (£ (142 1P) ) "
= |t (f (JAP T))]
> [tr (g (JAP1T)] 7 er (9 (1P TP ) |
—|tr (9 (JAP*T))| (> 0).

The proof follows in a similar way to the proof of Theor¢m 3.12 by making use of the
superadditivity and monotonicity properties of the functionalr, (-) . We omit the details.

1/2

1/2

ExampPLE 3.3. Now, observe that if we take

= 1
f() =sinhA=>)" AZntt

— (2n+ 1)!
and
g (A) = cosh A Z
0
then
1
f)+g)=expr=2 —A"
n=0
forany\ € C.
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If T'e B(H), A € By (H) are normal operators that double commute and [0, 1], then

by (3.76)

(3.78) [or (exp (AP [T))] " [tr (exp (1P [TP0) )]
— [tr (exp (JA]°T))]|
> [t (sinb (|AP [71%))]" [er (simb (| (220-)) ]
— i (sinh (|41 7))
+ [or (cosh (1A [T7))]"* [t (cosh (A (7120 ) ) |
— Jtr (cosh (|A]*T))[ (= 0).

Now, consider the seriests = Y>> A", A € D(0,1) andln15 = > 07 LX" X\ €

n=1n

D (0,1) and define, =1,n > 0,90 =0, ¢, = %, n > 1, then we observe that for amy> 0,
Pn 2 Gn-
If T € B(H), A € By(H) are normal operators that double commute,c [0, 1] and

tr (|A|2 |T‘20‘)  tr <|A|2 |T|2<1_a)> < 1, then by|(3.7[7)
(3.79) [tr ((1H _ |A\2 \T|2O‘)71>] 1/2 {tr <<1H _ |A|2 ‘T|2(1—a)>—1>]
tr ((1H - |A|2T)_1>
> [ir (1w (1 — AP [P) )]

N2
X [tr (m (1H— |A|2|T|2<1*a>) )}

tr (1n (1y — yA|2T)*1> (>0).

1/2

1/2

1/2

1/2

4. REVERSES OF SCHWARZ INEQUALITY

4.1. Some Classical FactsLeta = (ay,...,a,) andb = (by,...,b,) be two positive
n-tupleswith
(41) O<m1Sai§M1<ooand0<m2§bi§M2<oo;
foreachi € {1,...,n}, and some constants,, ms, M;, M.

The following reverses of the Cauchy-Bunyakovsky-Schwarz inequality for positive se-
guences of real numbers are well known:

a) Polya-Szegd's inequaliid 2Q:

D ke Gh Dy Ui < 1 [ MM, i [ MMM
(22:1 akbk)Q — 4 mM1Ms MM,

b) Shisha-Mond’s inequalitfl23:
1 172
> ket O _ D o1 b < (%)2 _ (ﬁ) ?
PO DAY S AN My) |
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If w = (w,...,w,) IS a positive sequence, then the following weighted inequalities also
hold:
c) Cassels’ inequalityi133. If the positive real sequenc@s = (ay,...,a,) andb =
(by,...,b,) satisfy the condition

4.2) O<m§%§M<ooforeachke{1,...,n},
k
then , , )
(X wrai) O =y wiby) < (M +m) .
(X ey wrakbe)® - AmM
For other recent results providing discrete reverse inequalities, see the monograph online

[33].
The following reverse of Schwarz’s inequality in inner product spaces ha#js [

THEOREMA4.1 (Dragomir, 2003/34]). LetA, a € Candz, y € H, acomplex inner product
space with the inner product, -) . If

(4.3) Re (Ay — x,x — ay) > 0,
or equivalently,

a+ A 1
@4 o= 52| < 1A= dl.
holds, then
1
(4.5) 0 < |zl lyll* = [{z, y)|* < 7 1A —al*|ly|".

The constan} is sharp in[(4.5).

In 1935, G. Gruss9(] proved the following integral inequality which gives an approxi-
mation of the integral mean of the product in terms of the product of the integrals means as
follows:

(4.6) ‘ !

b—a/ab““’)g(“‘)dx—ﬁ/abf(:r)dmbia/abg(a:)dx

1
wheref, g : [a,b] — R are integrable ofu, b] and satisfy the condition
(4.7) p<f(z)<®,y<g(x)<T

for eachx € [a,b] , whereg, @, ~, I are given real constants.

Moreover, the constaritis sharp in the sense that it cannot be replaced by a smaller one.

In [25], in order to generalize the Gruss integral inequality in abstract structures the author
has proved the following inequality in inner product spaces.

THEOREM 4.2 (Dragomir, 1999,25]). Let (H, (-,-)) be an inner product space ové&t
(K=R,C)ande € H, |le|| = 1. If p, v, @, " are real or complex numbers and y are vectors
in H such that the conditions

(4.8) Re (Pe — z,x — pe) > 0and Re (I'e — y,y —ve) >0
hold, then
1

The constang is best possible in the sense that it can not be replaced by a smaller constant.
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For other results of this type, see the recent monogia@jraind the references therein.
For other Griss type results for integral and sums see the pdp¢8},[13]-[15], [16]-[119],
[24]-[69], [73], [117], [139 and the references therein.
4.2. Additive Reverses of Schwarz Trace Inequality We denote by
Bf (H):={P: P e B, (H), Pisselfadjointand® > 0} .
We obtained recently the following resuf]]:

THEOREM4.3 (Dragomir, 2014 51]). Forany A, C' € B(H)andP € Bf (H) \ {0}

(4.10) tr (PAC)  tr (PA) tr (PC) ‘

tr (P) tr (P) tr(P)

< inf A=A Ll - () (

(=55 ) )

r(PICP) ‘tr(PC’) ?
tr (P) tr (P)

)

< i —\-
< inf A=A 1y

where||-|| is the operator norm.

PROOF We observe that, for any € C we have

(4.11) tr(lp) {P(A Alp) (C— <PPC)1 )}

“am | ()|

“wm (e tﬁfp?“ff)]
tr(PAC)  tr(PA) tr(PC)

tr (P) tr(P) tr(P)

Taking the modulus irj (4.11) and utilizing the properties of the trace, we have

tr (P) tr (P) tr(P)

tr (PAC)  tr (PA)tr (PC) ‘

ey [ P4 (- tffp?lffﬂ
:tr(lp) [A Ay) < i PO )P}
<A = M| (‘( 1H)p)

forany\ € C.
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Utilising Schwarz’s inequality we also have

(4.12) tr (’ (C - tszp(’;) 1H> P >

(|- )

<[o (o= sgmn) )] e
Observe that

(4.13) tr (’ (C . tszpo) 1H) pl/QD
o (C’ B tzr ZDC)Y) 1H) P1/2>* <C B tzr(éjpc)') 1H) P1/2)
/ — ﬂlH ' C — tr(PC’)l pl/2
PR
tr(P) " tr(P)
t )

B (C " 1H> (o=t P)
_ulficp B, _wpO) . |x(PC)P
B ('C‘ 7w O e H>P
_(=(CrPP) juro) Py
—( tr (P) ‘U‘(P)‘)t(m'
By (#.12) and[(4.13) we get
r _ tr (PC) tr (‘C| P) |t (PC) 2\ 1/2 r
‘ (‘(C tr (P) 1H)P> é( tr (P) ‘ tr (P) ‘) o
and by [4.2)4) we have
tr (PAC)  tr (PA) tr (PC)
(4.14) tr (P) tr (P tr (P) ‘
< A=A dull eyt ‘( o )P)
1/2
< HA—)\.1HH< (C )P> ‘ttr(ch;)‘ >
forany\ € C.

Taking the infimum ovei € C in (4.14) we get the desired resylt (4.28).

We also haved]):
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COROLLARY 4.4. Leta, € Cand A € B(H) such that

oz+ﬁ
2

1

ForanyC € B(H)andP € B (H)\ {0}

(4.15)

tr (PAC)  tr(PA)tr (PC)
tr (P)  tr(P) tr(P)‘

(=) )

1 1
§§|ﬁ_a|tr(P)tr(

9 1/2
§%|5—a| trEP|C’] ) |t (PC) ?
r(P) tr (P)
In particular, if C' € B (H) is such that
=32 0 e dp-or
then
tr (P|C’|2) tr (PC)|?
(4.16) Vs e
1 1 tr (PC) PC
<gb-age((e-% ) )
1 tr (P|C|%) (PC) 1 )
<510 tr (P) “ tr (P) szl
Also
tr (PC?)  [tr (PC)\>
@10 v (i)

IA

<3l (|0~ ) )
1
4

tr (P|C) - ’tr(PC’) 2
tr

1
318l |

tr (P)

For other related results se€l].
In order to simplify writing, we use the following notation

B, (H):={P € B(H), Pisselfadjointand® > 0} .
The following result holds:

THEOREM 4.5 (Dragomir, 2014,94]). Let, eitherP € B, (H), A, B € By(H)or P €
Bf (H),A BeB(H)andy,T € C.

AJMAA Vol. 19(2022), No. 1, Art. 1, 202 pp. AIMAA


https://ajmaa.org

44 SILVESTRU SEVER DRAGOMIR

() We have

(4.18) 0 <tr (P|Af*) tr (P|B[*) — |tr (PB*A)[”
=Re[(T'tr (P|B ) —tr (PB*A)) (tr (PA*B) — 7tr (P|B[))]
—tr (P|B| ) Re (¢ —7B") (I'B - A)))

yr I [tr (P|B| )}
—tr (P|B| )Re( r[P(A*—7B*)(I'B - A)]).
(i) If

(4.19) Re (tr [P (A* —=5B*) (IB — A)]) > 0

):

(4.21) 0<tr(P|A?) tr (P|B]?) — [tr (PB*A)[?
<Re[(Ttr (P|B|*) — tr (PB*A)) (tr (PA*B) — 7 tr (P|B[%))]

or, equivalently

(4.20) ( ‘A 1l I — Pt (P|B),

2

»Jkl»—‘

then

1
<10 =P [tr (PIBI))

and
(4.22) 0 <tr (P|AP) tr (P|Bf) — |tr (PB*A)[?
< 1P = for (P1BF)]”
r(P\B! ) Re (tr [P (A" —73B") (I'B — A)])
< 10— for (P 1B

PROOF Observe that, by the trace properties, we have
(4.23) I :==Re [(Ttr (P|B[*) — tr (PB*A)) (tr (PA*B) — 7t (P |B|*))]
= Re[(Ttr (P|BP) - tr (PB*A)) (w(PBA) -7 (P|B*) )]
— Re [Ftr (P|BJ?) tr (PB*A) + 7 tr (PB*A) tr (P |B|?)
— [tr (PBA)P — 17 [tx (P|B])]’
—tr (P|BJ*) Re [Fm b (PB*A)]
— |t (PB*A)* = [t (P|BI*)]” Re ()
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and
I, := tr (P|B[*) Re (tr [P (A* —5B*) (IB — A)))
= tr (P|B|*) Re[tr (TPA*B + 7PB*A — 3T PB*B — PA*A)]
= tr (P|B|*) Re[['tr (PA*B) + 7 tr (PB*A)]
~ATtr (P|B)?) — tr (P|A])]
= tr (P|BJ*) Re [Ftr (PB*A) + 7t (PB*A)}
— [ox (P|B[")]" Re (3T) — tx (P |B]*) tr (P |AP),

for P a selfadjoint operator wit? > 0, A, B € B, (H) and~, I" € C.
Then we have

I — L =tr (P|B)tr (P|A]?) — Jtr (PB*A)|*,

which proves the equality ifi (4.].8).
Utilising the elementary inequality for complex numbers

lu+v|*, u,veC,

»bl»—‘

Re (uv) <

we have

(Tt (P|B|*) — tr (PB*A)) (tr (PA*B) — 7 tr (P|B|?))]
[(ru« (P1BF) = tr (PBA)) (tr (PB*A) = ytr (P 13\2))]

Re |
Re
i [Tt (P|Bf°) — tr (PB*A) + tr (PB*A) — vtr (P |B|2)]2
= 10— [ (P1BP))

which proves the last inequality ip (4]18).
We have the equalities

| r
(4.24) Z\r—7|21_D|B\2—P‘A—7+ B
1 2| 2 y+T
S LI P Rt
LIl 1BE - a2
1 r r
e e (a2 E) (42t
i 2 2
1 2 2
—p[ir—apim
T r r
4P +7‘g B A+ '” Ry ‘7+ '|B|2
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A*B

ST r
{ AP +7+ B*A+ 7";

P
1 v+
(1 - )wﬁ

SIT T
:P[—|A| +7; B*A + 7; A*B — Re(F7)|B|}

for any bounded operators, B, P and the complex numbers I" € C.
Let P be a selfadjoint operator with > 0, A, B € B, (H) and~y, I' € C. Taking the trace

in (4.24) we get

1 r
(4.25) ZW—vﬁwuwBﬂ—wr@ﬂA—lg—B

= —tr (P|AP’) - Re(I7) tr (P |BJ)

Tt (PBA) + % tr (PA*B)

+
= —tr (P|A]®) = Re (I7) tr (P | BP?)

T r—
+ %t (PB*A) + %t (PB*A)

y¥T PN
= —tr (P|A]*) = Re (I'9) tx (P|B| )+7Tt (PB*A)+7Tt r (PB*A)

T
—tr (P|A]*) — Re(I'y) tr (P |BJ? +2Re{ tr(PB*A)}

(P1AF) - (P1BI)

—tr (P|A]*) —Re (%) tr (P|B|?) + Re [y tr (PB*A)] + Re [T tr (PB*A)]

= —tr (P|A]*) = Re (I9) tr (P |BJ) + Re [yt (PBA)] + Re [Ftr(PB*A)]
) - )

= —tr (P|A]") — Re(T¥) tr (P |B|*) + Re [y tr (PB*A)] + Re [m (pB*A)} .

Utilising the equality forl, above, we conclude that (4]19) holds if and only if (4.20) holds, and

the inequalities (4.21) anfl (4]22) thus follow frgm (4.18).
The case” € B (H), A, B € B(H) goes likewise and the details are omittad.

For two given operatord’, U € B (H) and two given scalara, 5 € C consider the
transform

Ca,ﬁ (T7 U) = (T* - @U*) (6[] - T) :
This transform generalizes the transform
Cap (1) = (I" —aly) (Bly —T) = Cap (T, 1),

wherely is the identity operator, which has been introducedi§ [n order to provide some
generalizations of the well known Kantorovich inequality for operators in Hilbert spaces.

We recall that a bounded linear operafoon the complex Hilbert spadéd, (-, -)) is called
accretiveif Re (Ty,y) > 0foranyy € H.
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Utilizing the following identity
(426) Re <Coc,ﬁ (T, U) Z, x> = Re <Cﬁ,a (T, U) Z, $>

a—+f 2

2

_1 2 ) Oé+6
*ZW_OA (U] x,x>—<‘T— 5 U

-Ux

1
— {19 af Ul - 7 -

2
T, T

that holds for any scalars, 7 and any vector: € H, we can give a simple characterization
result that is useful in the following:

LEMMA 4.6. For o, f € CandT, U € B(H) the following statements are equivalent:

(i) The transfornC, s (7, U) (or, equivalentlyCs,, (T, U)) is accretive;
(i) We have the norm inequality

a+f

1
(4.27) HTx— UIH < §|ﬁ—a| |Uz||

foranyx € H;
(i) We have the following inequality in the operator order

2

a—l—ﬂ‘U

1 217712
< — — .
5 _4|ﬁ al” |U|

-

As a consequence of the above lemma we can state:
COROLLARY 4.7. Leta, f € CandT, U € B(H). If C, 3 (T,U) is accretive, then

a—i—ﬂ.
2

(4.28) 7= 2520 < 51 -allon.
REMARK 4.1. In order to give examples of linear operatétd/ € B(H) and numbers,
B € C such that the transfori, s (7', U) is accretive, it suffices to select two bounded linear
operatorS andV and the complex numbeesw (w # 0) with the property thaf Sz — 2V z|| <
lw| [|[Vz| foranyz € H, and, by choosing’ = S, U =V, a = 5 (z + w) and = 1 (z — w)
we observe thaf’ andU satisfy [4.2]), i.e.C. (T, U) is accretive.

COROLLARY 4.8. Let, eitherP € B, (H), A, Be By (H)orP € Bf (H),A, B € B(H)
andy, T e C. Ifthe transfornC, r (4, B) is accretive, then we have the inequalities (#.21) and

@.22).

The case of selfadjoint operators is as follows.

COROLLARY 4.9. Let P, A, B be selfadjoint operators with eithé? € B, (H), A, B €
By(H)orP e Bf (H),A BeB(H)andm, M € RwithM > m.If (A—mB) (MB — A)
0, then

v

(4.29) 0 < tr (PA?) tr (PB?) — [tr (PBA))?

<t
< [(Mtr (PB?) — tr (PBA)) (tr (PAB) — mtr (PB?))]
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and

(4.30) 0 < tr (PA?) tr (PB?) — [tr (PBA)]?
< }l (M —m)? [tr (PB?)]* — tr (PB?) tr [P (A — mB) (MB — A)]
< T O —m)? [ix (PB)]".

We also have the following result:

THEOREM 4.10 (Dragomir, 2014,54]). Let, eitherP € B, (H), A, B € By(H) or
PeBf (H),A BeB(H)and\ e C.
(i) We have

(4.31) 0 <tr (P|B)?) tr (P|A]*) — |tr (PB*A)”

=tr (P

_‘ [tr (P|B[2)]* A tr(PB*A)r.

1/2

[tr (P|B)?)]

2
A—AB‘ )

(ii) If there isr > 0 such that
2\71/2 2 2 2
tr(P‘[tr(P]B| ) A_AB})ST (e (P1B])].

then we have the reverse of Schwarz inequality

(4.32) 0 < tr (P|BJ?) tr (P|Af) — |tr (PB*A)[?
< [tr (P|B?)] —’ (P1B)]* ) -t (PB*A)‘Z
r [t (P1BI)] .

PROOF. Using the properties of trace, we have for> 0, A, B € B, (H) and\ € C that

=t (P ([tr(P1BP)]"* 4= B) ([tr (P|BP)]"* A— \B))
=tr (P [tr (P |B]*) |A]> + |\ |B)?

Xt (P1BP)] B A=A e (P1BP)] " 4] )

=tr (P |B*) tr (P |A]®) + |\*tr (P |B[)

~ Xt (PB)]  tr (PBA) — X [tr (P|B)] "t (PA*B)
=t (P|B]?) tr (PAP) + |\ tr (P|B[)

~ X (PBA) [tr (P|BI)]? = Xr (PB-A) [tr (P |B*)]

= tx (P|BP) tr (P|AP") + |t (P| BI?)

—2[tr (P|B|*)]"* Re (X tr (PB* A))
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and
Iy :‘[tr(P|B|2)]1/2)\—tr(PB*A)’Q
= ([ (PIBP]* A=t (PBA)) ([tr (P1BI)] " A~ tr (PB4))
= tr (PBP) A? = 2[tr (P|B*)]”* Re (\tr (PB*A)) + [t (PB*A)|* .
Therefore

Ji1— Jo

1/2

— tr (P‘[tr (PI1BP)]"* 4~ 2B ) = |l (1B A~ (PB"a) i

and the equality[ (4.31) is proved.
The inequality[(4.32) follows fronj (4.31).

The other case is similag.

COROLLARY 4.11. Let, eitherP € B, (H),C, D € By (H)or P € Bf (H),C, D €
B(H)ands, A € C.
If

(4.33) Re (tr [P (C*—0D*) (AD - C)]) >0

or, equivalently

(4.34) ( ‘C—¥D ) < %|A—6|2tr (P|D])
then
(4.35) 0<tr(P|CP)tr (P|D|*) - |tr (PD*C)|?

1 A ?
<A oR [ (PIDP] - |75

r (P|D)?) — tr (PD*C)

1
< A =6 [tr (P|D[*)]”.
PrROOF. The equivalence of the inequalitigs (4.33) and (4.34) follows from Theprem 4.5
(ii).
If we write the inequality[(4.34) fo€' = A andD = B, we have

0+ A 1 2 2

If we multiply this inequality bytr (P |B|*) > 0 we get

(4.36) tr (P'[tr(P]B\Q)}lﬂA—#[ (P|B)]"* B ’)
< % A =52t (P|Bf) tr (P|Bf) .
et 0+ A 1
A:%[ (PIBP)]"* andr = 1A — 3] [or (P1B)] .
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Then by [4.3p) we have
tr (P [tr (P1BP)] A~ )\Br) <r2tr (P|BP),

and by [4.3R) we get
0 <tr (P|B)?) tr (P|A]*) — |tr (PB*A)[”

2
oAy (P|B)*) — tr (PB*A)

1
gﬂA—Wﬁdeﬁf—‘
1
< la—6P [ (PIBP)],

and the inequality] (4.35) is proveq.

COROLLARY 4.12. Let, eitherP € B, (H),C, D € By(H)or P € Bf (H),C, D €
B(H)andd, A € C. If the transformC; o (C, D) is accretive, then we have the inequalities

@.39).

The case of selfadjoint operators is as follows.

COROLLARY 4.13. Let P, C, D be selfadjoint operators with eithd? € B, (H),C, D €
By(H)orPeBf (H),C,D e B(H)andn, N € RwithN > n.If (C —nD)(ND - C) >
0, then

437)  0<tr(PC?) tr(PD?) — [tr (PDC))’
< E (N —n)? [tr (PD?)]* - (” N (PD?) —tr (PDC))2
4
< LN ) [ (PDY)]?.

4.3. Trace Inequalities of Gruss Type.Let P be a selfadjoint operator witR > 0. The
functional(-, -), , defined by

(A, B), p = tr (PB*A) = tr (APB*) = tr (B AP)

is anonnegative Hermitian forran By (H) .
For a pair of complex numbe(sy, 3) andP € B, (H), in order to simplify the notations,
we say that the pair of operatais, V') € B, (H) x B, (H) has therace P-(«, 3)-propertyif

Re (tr [P (U* —aV*) (BV — U)]) >0

or, equivalently

tr(P‘U—a;ﬁV

2 1
) < lB=altr (PIVF).

The above definitions can be also considered in the case wkeB; (H) andA, B € B(H) .

THEOREM 4.14 (Dragomir, 2014/94)). Let, eitherP € B, (H), A, B, C € By (H) or
PeBf (H),A B,CeB(H)and\ T,d, A eC.If (A, C) has the trace”-(\, T')-property
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and(B, C) has the traceP-(J, A)-property, then

(4.38) |tr (PB*A) tr (P |C?) — tr (PC*A) tr (PB*C))|
s tr (P\Clz) \F yl1A = éltr (PIC[)

— [Re (tr [P (A" = 5C™) ('C — A)])]"?

x [Re (i [P (B~ 3C*) (AC - B)])] "]

< 110 =11a | fir (PICP))”

PROOF We prove in the case that € B, (H) andA, B, C € B, (H).
Making use of the Schwarz inequality for the nonnegative hermitian ferry, , we have

2
(A B)yp| (4,4, (BB,

forany A, B € By (H).
LetC € B, (H), C # 0. Define the mapping, ‘|, p : Bz (H) x By (H) — C by

[A, Bb,P,c = (4, B>2,P HCH;P — (4, C>2,P (C, B>2,P'

Observe thaf, -], 5 is @ nonnegative Hermitian form a8y, (/) and by Schwarz inequality
we also have

(A, By 115 — (A, Oy p €. B |
< M1 et - [t | (181 1CIE - - (8.0, ]
forany A, B € By (H), namely
(4.39) |tr (PB*A) tr (P |C*) — tr (PC*A) tx (PB*C)
< [tr (PJA]) tr (P|C|?) — [tx (PC*A)|?]
x [tr (P|B*) tr (P|C[*) — |tz (PC*B)|?],

‘ 2

where for the last term we used the equa’l(tﬁ C), P) ‘ (C,B),y p

Since (A, C) has the trace’-(\, I')-property and B, C') has the trace’-(J, A) -property
then by [4.2R) we have

(4.40) 0 <tr(P|A?) tr (P|C°) — [tr (PC*A)[?
<tr (P |C']2)

[0 = [ (PICP)] = Re ([P (4 =767 (€ = )]

and
(4.41) 0 < tr (P|BJ?) tr (P|C?) - |tr (PC*B)|?
<tr(P |C’\2)

‘ E A = 5 [tr (P|C]?)] = Re (i [P (B® — 5C*) (AC — B)])] .
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If we multiply (4.40) with [4.41) and usé (4.39), then we get

(4.42) |t (PB A)tr (P]C| ) — tr (PC*A) tr (PB*C)|”
< [tr (PICP)]
(10— e (PIC)] = Re(er [P = 507 (rC - )]

x {Z A = 8 [tr (PIC]?)] - Re (it [P (B® — 5C°) (AC — B)D] .
Utilising the elementary inequality for positive numbetsn, p, ¢

(m* =n?) (p° = ¢*) < (mp —ng)®,

we can state that
(4.43) E T —~)? [tr (P|C[*)] = Re (tr [P (A" —5C*) (TC — A)])]
X E |A = 6]* [tr (P|C]*)] = Re (tr [P (B* — 6C™) (AC — B)D]

< (30 =118 =81 [ (PICP)
— [Re (tr [P (A" —=5C*) (TC = A)))]'/?
x [Re (tr [P (B* = 5C*) (AC — B)])] 1/2)2

with the term in the right hand side in the brackets being nonnegative.
Making use of[(4.42) andl (4.43) we then get

(4.44) ltr (PB*A) tr (P|CJ?) — tr (PC*A) tr (PB*C)|"
< [ (PICE))* (F10 =118 81 [r (P 1)
— [Re (tr [P (A" —5C") (TC — A)))]"?
x [Re (tr [P (B* = 5C") (AC — B)])] 1/2)2 .
Taking the square root in (4.44) we obtain the desired rgsult](4a38).

COROLLARY 4.15. Let, eitherP € B, (H), A, B,C € By(H)or P € Bf (H), A, B,
CeB(H)and\ I, 6, A € C. If the transformg’, r (A, C) andCs A (B, C) are accretive,
then the inequality] (4.38) is valid.

We have:

COROLLARY 4.16. Let P, A, B, C be selfadjoint operators with eithd? € B, (H), A,
B,CeBy(H)orP e B (H),A B,C € B(H)andm, M,n, N € R with M > m and
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N >n.lf (A—mC)(MC —A)>0and(B —nC)(NC — B) > 0then
(4.45) |tr (PBA) tr (PC?) — tr (PCA) tr (PBC)|
< tr (PC?) i (M —m) (N —n)tr (PC?)

— [Re (tr (A — mC) (MC — A)]?
X [Re (tr [P (B —nC) (NC — B)ml/?]

(M —m) (N —n) [tr (PC?)]”.

)bIH

Finally, we have:
THEOREM4.17 (Dragomir, 2014/54]). With the assumptions of Theorem 4.14
(4.46) |t (PB*A) tr (P |C*) — tr (PC*A) tr (PB*C))|
< (PICF) [0 =al18 =l (PlCP)

'”7 (P|C| )—tr(PC*A)’

‘“A (PICP) —tr(P(J*B)H

< 110 —11a | fir (PICP))”

If the transform<’, - (A, C') andCs A (B, C) are accretive, then the inequality (4|46) also holds.

The proof is similar to the one for Theorém 4.14 via the Corollary]4.11 and the details are
omitted.

COROLLARY 4.18. With the assumptions of Corolldry 4]16
(4.47) |tr (PBA) tr (PC?) — tr (PCA) tr (PBC)|
< tr (PC?) E (M —m) (N —n)tr (PC?)

_M—I-m

tr (PC?) — tr (PC’A)‘

n+ N
X

tr (PC?) — tr (PCB) H
< i (M —m) (N —n) [tr (PC?)]".

4.4. Some Examples in the Case d? € B, (H). Utilising the above results in the case
whenP € B (H), A € B(H) andB = 15 we can also state the following inequalities that
complement the earlier results obtained5d][

PROPOSITION4.19 (Dragomir, 201454]). LetP € B (H), A € B(H) and~, T € C.
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() We have
2

tr (P|A]?)  |tr (PA)
(4.48) 'S e

-2 (52

L Re(tr[P (A" —71g) (T14 — A)))

~ tr (P)
1 ) 1 _
<=7 — —— * — .
< 10 =" = oy Re (0[P (47 = 1) (T = A4))
(i) If
(4.49) Re (tr [P (A" —7ly) (I'ly — A)]) >0
or, equivalently
y+T. | 1 2
(4.50) tr(P>tr<P‘A— 5 1y >§4]F—7| ,
and we say for simplicity that has the traceP-(\, I')-property, then
tr (PA]) |t (PA)|?
. < —
(4.51) 0= tr (P) ‘ tr (P)
tr (PA)\ [tr(PA*) _ 1 9
< — — < I =
<we|(r-557) (g 7)) <30
and
tr (P|A[")  |tr (PA)|?
. < —
4.52) 0= = 7p or (P)
1 2 1 - 1 2
<=7 = —— - - — ' —~].
< 0=l =y Re ([P (47 =74 (P = A)]) < 417 =

(iii) If the transformCy (A) = (A* —71y) (I'ly — A) is accretive, then the inequalities
(4.51) and|[(4.5R) also hold.

COROLLARY 4.20. Let P € Bf (H), A be a selfadjoint operator andr, M € R with
M > m.

(4.53) o< TPA) {“ (P A)r

= "t (P) tr (P)
<|(- ) (it —m)) =0

and
tr (PA?) tr (PA)]?
asy o< [N
< i(M—m)Q— TP tr[P(A—mB)(MB — A)] < }l(M—m)2

(i) If mly < A< M1y, then [4.58) and (4.54) also hold.
We have the following reverse of Schwarz inequality as well:
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PROPOSITION4.21 (Dragomir, 2014/54)). LetP € Bf (H), A€ B(H) andv,T € C.
(i) If A has the traceP-(\, I')-property, then

2

tr (P|A]2) tr (PA)
(4.59) S ") ‘ tr (P)
<lposp- }F;” - ﬂfr(f]j;)‘ < Hp -

(ii) If the transformCyr (A) = (A* —71y) (I'ly — A) is accretive, then the inequality
(4.58) also holds.

COROLLARY 4.22. Let P € By (H), A be a selfadjoint operator aneh, M € R with

M >m.

tr (PA?)  [tr(PA)7?

(4.56) "= h ) ‘{trua)]
1 s |m+M tr(PAJ? 1 )
gZ(M—m) — 2w (P Sz(M—m) :

(i) If mly < A < M1y, then [4.56) also holds.
Finally, we have the following Griss type inequality as well:

PROPOSITION4.23 (Dragomir, 2014[54)). LetP € By (H), A, B € B(H) and\, T, §,
A eC.

(i) If A has the traceP-(\, I')-property andB has the traceP-(4, A)-property, then
tr (PB*A)  tr(PA)tr (PB")

(4.57) tr (P) tr (P) tr(P)

1
< |2\ = _
< |3Ir=11a -4

1

o (p) e ([P (A7 =7L) (Tla - A2
1

w0 [Re (tr [P (B* — 61p) (Aly — B)])] 1/2} < % T —~]|A =4

and

tr (PB*A) tr(PA)tr (PB")
tr (P) tr (P) tr(P)

I+y tr(PA)‘ ‘5+A B tr(PB)‘
2 tr (P) 2 tr (P)

(4.58)

1
<P =alla=a-|

1
< —I'—~]|A—-4].
SN

(ii) If the transformsC, r (4) andC; A (B) are accretive therj (4.57) and (4]58) also hold.
The case of selfadjoint operators is as follows:

COROLLARY 4.24. Let P, A, B be selfadjoint operators witl? € B (H), A, B € B(H)
andm, M,n, N € Rwith M >mandN > n.
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(4.59)

tr (PBA) tr(PA)tr(PB)
tr(P)  tr(P) tr(P)‘

1
< {Z(M—m)(]\f—n)

1

P [Re (tr (A —mly) (M1y — A))]Y?
1

X

- [Re (tr [P (B — nly) (N1y — B)])]l/z}

-

(P)

< - (M—m)(N—n)

1=

and

(4.60)

tr (PBA) tr(PA)tr(PB)
tr(P)  tr(P) tr(P) ‘

m+ M  tr(PA)
- -

n+ N tr(PB)
2 tr(P)

(i) If mly < A< Mlyandnly < B < N1y then [4.59) and (4.60) also hold.

5. CASSELS TYPE |NEQUALITIES

5.1. General Inequalities. We have the following result:

THEOREM 5.1 (Dragomir, 2014 /49)). Let, eitherP € B, (H), A, B € By(H) or P €
B (H), A, Be€ B(H)andv, T € CwithRe (I'y) = Re (') Re (7) + Im (T') Im (v) > 0.
() If (A, B) satisfies theP-(~, I')-trace property, then

(5.1) tr (P|A[*) tr (P |B[)
1 [Re(y+T)Retr (PB*A) +Im (y+ ) Imtr (PB*A)]’
Re (I")Re () + Im (I") Im (=)

IN

|+
Re (I'7)

VAN
==

tr (PB*A)|*.

(ii) If the transformC, r (4, B) is accretive, then the inequality ($.1) also holds.
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ProOF (i) If (A, B) satisfies thé’-(, I')-trace property, then, on utilizing the calculations
above, we have

1 r
0< 50—t (PIBP) —u <P‘A—%B

= —tr (P|A]") = Re (1) tr (P|B[)
+ Re[7tr (PB"A)] + Re |T'tr (PBA)|
= —tr (P|A]") = Re (T7) tr (P|B[)
4 Re[7tr (PB*A)] + Re [P (PB* A}
= —tr (P|A]") = Re (17) tr (P|B")
+Re[ytr (PB*A)] + Re [T tr (PB*A)]
= —tr (P|A]*) —Re(I9)tr (P|B|?) + Re [(F+T) tr (PB*A)]
which implies that
(5.2) tr (P|A[*) + Re (I7) tr (P |B[?)
<Re[(7+T)tr(PB*A)]
=Re(y+T)Retr (PB*A) + Im (y+T') Imtr (PB*A) .
Making use of the elementary inequality
2ypg <p+q, p,qg >0,
we also have
(653)  2y/Re(I9)tr (PIAP) tr (P|BI) < tr (PAP) + Re(I9) tr (P |Bf) .
Utilising (5.7) and|[(5.B) we get
(5.4) Vi (P1AP) e (P|BP)
< Re (v + F) Retr (PB*A) +Im (v +I') Imtr (PB*A)
B Re (I7)

that is equivalent with the first inequality in (5.1).
The second inequality ifi (5.1) is obvious by Schwarz inequality

(ab+ cd)® < (a* +¢*) (0* +d*), a,b,c,d € R,
The (ii) is obvious from (i).a

REMARK 5.1. We observe that the inequality between the first and last term in (5.1) is
equivalent to

1 y—TJ

COROLLARY 5.2. Let, eitherP € B, (H), A€ By (H)or P € B (H), A€ B(H) and
v, I' € CwithRe (I'y) = Re (') Re () + Im (T") Im () > 0.
(i) If A satisfies theP-(~,I")-trace property, namely

(5.6) Re (tr [P (A* — 71y) (Dly — A)]) > 0
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or, equivalently

r 2

(5.7) tr(P‘A_V; 1y > ;1|1“ v tr (P),
then

tr (P\A]Q)
(5.8) P

| Rt T 1y ]

< .

— 4 Re (T ) ( )+ Im (I') Im ()

1 AP Ay

=4 Re(I7) | tr(P)

(ii) If the transformC, 1 (A) is accretive, then the inequality (5.1) also holds.
(iif) We have
tr (P|A]Y)  [tr(PA)|* 1 |y =T |tr (PA)|?
- tr(P) tr(P) | — 4 Re(I'®)| tr(P)
REMARK 5.2. The case of selfadjoint operators is as follows.
Let A, B be selfadjoint operators and eithere B, (H), A, B € By (H)or P € B (H),
A, B € B(H)andm, M € R with mM > 0.
(i) If (A, B) satisfies the”-(m, M)-trace property, then

(m—i—M)2

(5.9)

(5.10) tr (PA%) tr (PB?) <~ [tr (PBA))?
or, equivalently
(5.11) 0 < tr (PA?) tr (PB?) — [tr (PBA))* < % [tr (PBA))”.

(ii) If the transformC,, 1 (A, B) is accretive, then the inequality (5/10) also holds.

(i) If (A—mB)(MB — A) > 0, then [5.1D) is valid.

5.2. Trace Inequalities of Griiss Type.We have the following Griiss type inequality:

THEOREM 5.3 (Dragomir, 2014,99)). Let, eitherP € B, (H), A, B, C € By (H) or
P e Bf (H), A, B,C € B(H)with P|A]”, P|B]*, P|C|* # 0and A, T, 5, A € C with
Re (I'7), Re (Ad) > 0. If (4,C) has the traceP-(\,I')-property and(B, C)) has the trace
P-(6, A)-property, then
tr (PB*A) tr (P |C*)
tr (PC*A) tr (PB*C)

_1 h=TiE-A

4\ /Re(I7) Re (23)

PROOF We prove in the case th&t € B, (H) andA, B,C € By (H).
Making use of the Schwarz inequality for the nonnegative hermitian (o,rmm we have

(5.12) —1

2
‘<Av B>2,P‘ S <A’ A>2,P <Bv B>2,P

forany A, B € B, (H)
LetC € By (H), C # 0. Define the mapping, -], p - : B2 (H) x By (H) — C by

[A, Bb,P,c = (4, B>2,P ||C||§,P — (4, C)Q,P (C, B>2,P'
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Observe that, -], 5 is @ nonnegative Hermitian form afy, (/) and by Schwarz inequality
we also have

(A, By [ICI1 = (4, Chy p (C. By

2
< M1 et - [t | | (1B IR - ~ |c8.Ch

forany A, B € B, (H), namely

‘ 2

(5.13) |tr (PB*A) tr (P |C*) — tr (PC*A) tr (PB*C)

< [tr (PJAP) tr (P|C|?) — [tx (PC*A)|?]
x [tr (P|B*) tr (P|C[*) — |tz (PB*C)|?]

‘ 2

where for the last term we used the equa‘l(tﬁ C), P) ‘ (C, B), P‘

Since(A, C) has the tracé’-(\, I')-property and B, C') has the tracé>-(d, A) -property
then by [5.5) we have

2
(5.14) 0 <tr (P|Af*) tr (P|CI") — |tr (PC*A)* < i : Qe (FF7|) |tr (PC*A)|?
and
(5.15) 0 <tr (P|B)*) tr (P|C]*) - |tr (PB*C)|* < <Lb= A_|2 ltr (PB*C)|”.
~ 4 Re (A5)

If we multiply the inequalities[(5.14) anfl (5]15) we get
(5.16) [tr (P A]*) tr (P |C?) — |t (PC*A)[]
x [tr (P|BP) tx (PICP) - [tr (PBC)P’]
L =T s —-AP

=16 Re(r9) Re (a9) PO AN I (PEOR

If we use [5.1B) and (5.16) we get
(5.17) ltr (PB*A) tr (P|CJ?) — tr (PC*A) tr (PB*C)|”
< L= IEP AR po a2 o (PEO).

16 Re(T9) Re (A0)

SinceP, A, B, C' # 0 then by 5.14) and (5.15) we gat(PC*A) # 0 andtr (PB*C') # 0.
Now, if we take the square root in (5]17) and divide|by(PC*A) tr (PB*C')| we obtain the
desired resul{ (5.12)x

COROLLARY 5.4. Let, eitherP € B, (H), A, B € Byor P € Bf (H), A, B € B(H)
with P |A|*, P|B|* # 0and\, T, §, A € C with Re (I'7), Re (Ad) > 0. If A has the trace
P-(\, T')-property andB has the traceP-(4, A)-property, then
tr (PB*A)tr (P) ‘ < 1 |y =T[[0 =4

tr(PA)tr (PB*) |~ 4 \/Re (17) Re (A3)

(5.18)

The case of selfadjoint operators is useful for applications.
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REMARK 5.3. Assume thatl, B, C' are selfadjoint operators. If, eithét € 5, (H), A,
B,C € By(H)or P € Bf (H), A, B, C € B(H) with PA?, PB? PC? # 0 andm, M,
n, N € Rwith mM,nN > 0. If (A, C) has the tracé’-(m, M )-property and(B, C') has the
trace P-(n, N )-property, then

tr (PBA) tr (PC?)

(M —m)(N —n)
tr (PCA) tr (PBC) '

1
5.19 -
( ) 4 mnM N

_1‘§

If A has the tracé’-(k, K)-property andB has the tracé>-(l, L)-property, then

(KR

tr (PBA) tr (P) 1
4 IKL

tr (PA)tr (PB)

(5.20)

_1‘3

x>

wherek K, L > 0.
We observe that, if < k1 < A< K1y and0 <1y < B < L1y, then by [5.2]L)

(5.21)  |tr (PBA)tr (P) — tr (PA)tr (PB)| < (K —k)(L=1)

1
ST JHRL tr (PA)tr (PB)

or, equivalently

tr (PBA) tr(PA)tr(PB)
tr (P)  tr(P) tr(P)

1 (K —k)(L—1)tr(PA)tr(PB)
4 VEIKL tr (P) tr(P)

5.3. Applications for Convex Functions. In the paper33] we obtained amongst other
the following reverse of the Jensen trace inequality:

Let A be a selfadjoint operator on the Hilbert spd¢eand assume thaip (4) C [m, M]
for some scalars:, M with m < M. If f is a continuously differentiable convex function on
m, M]andP € B, (H) \ {0}, P > 0, then we have

(5.22) <

tr (Pf (A)) tr (PA)
o2 =i (i)
tr(Pf(A)A)  tr(PA) tr(Pf(A)
- tr (P) tr (P) tr (P)
(L1 ) — () S )
) Gl ),
3 (M —m) t(P)

\
;

LU (M) — ' (m)] {trt(:;;‘;) _ (tzgfpf;))? 1/2

<
tr ! 2 tr(PF! 2]1/2
307 =y [0 (g
1
< 2 ) = 1)} (M —m).

Let M,, (C) be the space of all square matrices of ordewith complex elements and
A € M, (C) be a Hermitian matrix such thatp (A) C [m, M] for some scalars:, M with
m < M.If fisa continuously differentiable convex functionem, M|, then by takingP = I,
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in (5.23) we get
(5.24) o< A, <M)

(A A) _tr(A) ([ (4)
(|4 "1

3 Lf (M) = f' (m)] n"

IN

IN

7tr(f/(A))1H‘>

\ %(M—m) (
) - o] | M ()’ |

1
2 n

) 1/2
(M —m) {“([f @r) (tr(f’(A)))Q]

[f" (M) = f*(m)] (M —m).

=

<

The following reverse inequality also holds:

PROPOSITIONS.5 (Dragomir, 2014,99)). Let A be a selfadjoint operator on the Hilbert
spaceH and assume thaip (A) C [m, M| for some scalarsn, M with0 < m < M. If fisa
continuously differentiable convex function jem, M| with ' (m) > 0andP € B, (H) \ {0},

P >0, then

tr (Pf (A)) tr (PA)
(5.25) Vs —%m)y f( tr (P) )
L(PII(A)A) _tx(PA) tr(Pf(4))
o (P) tr (P) tr (P)

1 (M -—m)[f'(M) - f(m)] tr (PA) tr (Pf'(A))
— 4 VmMf (m) fr(M)  tr(P)  tr(P)

The proof follows by the inequality (5.22) and the details are omitted.
Let A € M,, (C) be a Hermitian matrix such th&lp (A) C [m, M| for some scalars:, M
with m < M. If fis a continuously differentiable convex function pn, M| with " (m) > 0

then by takingP = I,, in (5.25) we get

(5.26) 0< -/ (UELA )
< (f’ _tr(4) tr(f(4))
oL (M =—m)[f'(M) — f'(m)] tr (A) tr (f (A)).
B VmMf' (m) f' (M) n n

We consider the power functiofi : (0,00) — (0,00), f () = t" with ¢t € R\ {0}. For
r € (—o0,0) U[1,00), f is convex while forr € (0,1), f is concave.

AJMAA Vol. 19(2022), No. 1, Art. 1, 202 pp. AIMAA


https://ajmaa.org

62 SILVESTRU SEVER DRAGOMIR

Letr > 1 and A be a selfadjoint operator on the Hilbert spda¢@nd assume thaitp (A) C
[m, M| for some scalars:, M with0 < m < M. If P € B (H)\ {0}, then

tr (PA") tr (PA)\"

520 o<~ ()
tr (PA")  tr(PA) tr(PA™Y)
[tr(P)  w(P) tr(P) ]

L (M —m) (M — ) e (PA) tr (PAY)
>~ 4T mr/2 M Mr/2 tr (P) tr (P)
If we take the first and last term ip (5]27) we get the inequality:
T r—1
(5.28) 0 tr (P) tr (PA") tr (P) [tr (PA)]

=t (PA)tr (PA™Y) tr (PAPY) [tr (P)]"
1 (M —m) (Mt —m1)
ZT mr/2 M2

Consider the convex functiofi : R — (0,00), f (f) = expt and letA be a selfadjoint
operator on the Hilbert spadé and assume thaitp (A) C [m, M] for some scalars:, M with
0<m< M. If PeBf(H)\{0},then using[(5.25) we have

tr (Pexp A) tr (PA)

(5.29) 0< o) exp (  (P) )

tr (PAexpA) tr(PA) tr(PexpA)
tr(P) tr(P)  tr(P)
(M —m) (exp M —expm) tr (PA) tr (PexpA)

\/mMeXp(m—I—M) tr (P) tr (P)
If we take the first and last term in (5]29) we get the inequality:

wep) (PP e (55
= tr(PA)  tr(PA)tr(PexpA)
(M —m) (exp M — expm)

VmMexp (m+ M)

<

1
< Z.
— 4

(5.30)

VAN
| =

6. SHISHA-MOND TYPE TRACE INEQUALITIES
6.1. General Results.We have the following result:

THEOREM 6.1 (Dragomir, 2014 /d0]). Let, eitherP € B, (H), A, B € By(H) or P €
Bf (H), A, BeB(H)andy,I' € CwithT +~ # 0.
() If (A, B) satisfies theP-(~, I')-trace property, then

(6.1) Vi (PIAP) e (P|BP)
_ Re(y + D) Retr (PB*A) + Im (7 + ') Im tr (PB*A)
a T+
1[0 =4
4T+

+ tr (P |B*)

1|F_7|2 2
< |tr (PB*A -——tr (P|B|7).
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(i) If the transformC, - (A, B) is accretive, then the inequali@.l) also holds.
PrRoOOF (i) If (A, B) satisfies theP-(, I')-trace property, then

tr (P‘A—%B

2
1
)sZW—ﬂ%deﬁ
that is equivalent to

tr (P|A[) = Re [(7+T) tr (PB*A)] + i T +9)*tr (P|B") < |0 —+)*tr (P|B]*),

| =

which implies that
1
(6.2) tr (P|A]?) +Z\F—|—7]2tr (P|BJ)
— 1
<Re[(7+T)tr(PB*A)] + il vt (P|B*).
Making use of the elementary inequality

2ypg<p+gq, p,qg =0,
we also have

(6.3) T+ [tr (PAP) tr (P |BI)]? <t (P|A]?) + i T+~ (P|BJ).
Utilising (6.9) and|[(6.B8) we get
(6.4) 0+~ [t (P|A]P) tx (P |B))]

- 1
<Re[(T+T)tr(PB A+ |l - vt (P|BJ?).
Dividing by [T + v| > 0 and observing that
Re [(7+T7T) tr (PB*A)] =Re(y+ ') Retr (PB*A) + Im (y + I') Im tr (PB*A)

we get the first inequality irj (6.1).
The second inequality ifi (§.1) is obvious by Schwarz inequality

(ab+ cd)® < (a* +¢*) (0* +d*), a,b,c,d € R.
The (ii) is obvious from (i).x

REMARK 6.1. We observe that the inequality between the first and last term in (6.1) is
equivalent to

(6.5) 0< \/t (P|AP) tr (P|BJ?) — |tr (PB*A)| < 1P —qf
. < r T r <7 |F+7\

COROLLARY 6.2. Let, eitherP € B, (H), A€ By(H)or P € Bf (H), A € B(H) and
v, I'e Cwithy + T # 0.
(i) If A satisfies the”-(, I')-trace property, namely

(6.6) Re (tr [P (A" —71y) (T'ly — A)]) >0
or, equivalently

tr (P|B]?).

(6.7) tr (P‘A— 7;F1H

2 1
> < ;1|F—’V\2tr(P),
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then
tr (P|AJ?
o8 (P IA7)
tr (P)
_ Re(y+T) Rctir((;)A) +Im(y+T) Imtzr(g))A) 1D =~
- T+ 7] 4 T+~
o |t (PA)| 1|7 —~)?
— | tr(P) 4T+~

(ii) If the transformC, - (4) is accretive, then the inequality (6.1) also holds.
(iif) We have

tr (P |A|2)
(6.9) 0< ()

tr (PA) < 10—
tr(P) | — 4T+~

REMARK 6.2. The case of selfadjoint operators is as follows.

Let A, B be selfadjoint operators and eithere B, (H), A, B € By (H)or P € B (H),
A, B € B(H)andm, M € Rwithm + M # 0.

(i) If (A, B) satisfies the”-(m, M)-trace property, then

(M — m)?

) 2 2) < 2
(6.10) \/tr (PA?)tr (PB?) < Retr (PBA) + 1] ml tr (PB )
(ld m)2 2
< PBA)| + ~— PB
[or ) 4|M+m|tr( )
and

(M — m)2 2
< 2 2) — < -7 :
0 < \/tr (PA2)tr (PB?) — Retr (PBA) < IR tr (PB?)
(i) If the transformC,, s (A, B) is accretive, then the inequality (6/10) also holds.
(i) If (A—mB)(MB — A) >0, then [6.1D) is valid.

COROLLARY 6.3. Let A, B be selfadjoint operators and eithd? € B, (H), A, B €
By(H)orPe By (H),A BeB(H)andm, M € Rwithm + M # 0.
(i) If (A, B) satisfies the’-(m, M )-trace property, then

(6.11) <\/tr (PA2) + \/tr (PB2))2 —tr (P(A+B)?) < % tr (PB?)
and
(6.12)  /tr(PA2) + +/tr (PB2) — \/tr (P(A+B)?) < g%\/tr (PB?).

PROOF Observe that
<\/tr (PA2) + +/tr (PB2)>2 —tr (P(A+ B)?)
—9 <\/tr (PA2)tr (PB?) — Retr (PBA)> .

Utilising (6.1Q) we deducg (6.11).
The inequality[(6.1)2) follows fronj (6.11a
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6.2. Trace Inequalities of Gruss Type.We have the following Gruss type inequality:

THEOREM 6.4 (Dragomir, 2014,[d0])). Let, eitherP € B, (H), A, B, C € By (H) or
P e Bf(H), A B, C e B(H)with P|A*, P|B’, P|C|” # 0and\, I, §, A € C with
v+ I #0,0+ A #0.1f (A, C) has the traceP-(\, I')-property and(B, C) has the trace
P-(6, A)-property, then

tr(PBA)  tr(PCA) tr (PBC)|
tr (PIC]") e (P|CF) tr (P|CT)

_1 P—ofla- 52J tr (PAP) tr (P|BJ)

(6.13)

“4 D] A+ [t (P]C?)])°

PROOF We prove in the case th&t € B, (H) andA, B, C € By (H).
Making use of the Schwarz inequality for the nonnegative hermitian ferry, , we have

2
(A B)yp| (4,4, (B.B),

forany A, B € By (H).
LetC € By (H), C # 0. Define the mapping, ‘|, p : Bz (H) x By (H) — Cby

[A, By po = (A, B)y p |Clls.p — (A, Chy p (C. B)y p

Observe thaf, -], 5 is @ nonnegative Hermitian form a8y, (/) and by Schwarz inequality
we also have

2
(A B)p ICI3 5 = (A, (C, By
2 2 2 2 2 2
< [nAnz,p ICI3. = (A, ) } {HBHQ,P 11 = (B, Cha }
forany A, B € By (H) , namely

(6.14) |tr (PB*A) tr (P |C|*) — tr (PC*A) tr (PB*C)
< [tr (P|A) tr (P|C|?) — [tx (PC*A)|?]
x [tr (P|B*) tr (P|C[*) — |tz (PB*C)|?],

‘ 2

where for the last term we used the equa‘l(tﬁ C) QP’ = ‘ (C,B)y p

Since (A, C) has the tracé’-(\, I')-property and B, C') has the trace”-(J, A) -property
then by [6.5) we have

|F 7| 2

0<\/tr (PIAP) tr (PICP) — [tx (PC*A)]| <

and

1|A =6
4 |A+ 9]

0</tr (PBP) tr (PIC) — |tr (PC*B)| < tr (P|C)
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which imply
(6.15) 0 <tr (P|A[*) tr (P|C]) — |t (PC*A)|?
el (P|CP) (\/tr (PIAP) tr (P|C]?) + Jtx (PC*A)|)
4 T+ 4|
P L ol tr (P |C*) \/tr (P|A]?) tr (P|C)?)
— 2|44
and
(6.16) 0 <tr (P|B)) tx (P|C*) — |t (PB*C)|?
1 ‘A_5|2 2 2 2 *
<7 TN tr (P |C]%) (\/tr (P|B[") tr (P|C[7) + |tx (PC B)|)
1 ‘A — 5‘2 2 2 2
<5are t(PIO ) \/tr (P1BP) r (PICP).
If we multiply the inequalitieg(6.15) anfl (6]16) we get
(6.17) [tr (P|A]*) tr (P |C[) — |tr (PC*A)[]
x [tr (P|B*) tr (P|C[*) — |tx (PB*C)|?]
1 [r= 1A= 2 2 2
< Ay E )\t (PIAP) & (PICP)
< tr (P|C?) \/tr (PB) tr (PIC).
If we use [6.14) and (6.17) we get
(6.18) ltr (PB*A) tr (P|C[?) — tr (PC* A) tr (PB*C)|"

1 |F—’7|2|A—5|2 2 2 2
o A Pl ) \/tr (P1AP) e (PICP)

< tr (P|CP) y/tr (PIBP) tr (PICP).

SinceP |C|* # 0 then by [(6.1B) we get the desired resflt (6.188).

COROLLARY 6.5. Let, eitherP € B, (H), A, B € Byor P € B (H), A, B € B(H)
with P|A]>, P|B]* # 0and\, T, 6, A € Cwithy +T # 0,6 + A # 0. If A has the trace
P-(\, T')-property andB has the traceP-(J, A)-property, then

<

2

tr(PB*A)  tr(PA)tr (PB")

(6.19) o (P) tr (P) tr(P)
L e A= fir(PlAP)u (PIBP)
ST T ATd e

The case of selfadjoint operators is useful for applications.

REMARK 6.3. Assume thatl, B, C' are selfadjoint operators. If, eithét € 5, (H), A,
B,C eBy(H)orP e Bf (H), A, B,C € B(H) with PA%2, PB2 PC? # 0 andm, M, n,
N € Rwithm + M, n+ N # 0. If (A, C) has the tracé’-(m, M )-property and(B, C') has
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the traceP-(n, N)-property, then

tr (PBA)  tr(PCA) tr (PBC)|”
tr (PC?)  tr(PC?) tr (PC?)
1 (M —=m)*(N—n)" [tr(PA?) tr(PB?)
4 |M+m| |N+n] [tr (PC2)]?

(6.20)

<

If A has the tracé’-(k, K')-property andB has the tracé>-(l, L)-property, then

2

tr (PBA) tr(PA)tr(PB)
tr(P)  tr(P) tr(P)

1 (K—k)?(L—=10)7% [tr(PA2)tr (PB?)

4 |K+kl |L+1 [tr (P)]? ’

(6.21)

<

wherek + K, 1+ L # 0.

6.3. Applications for Convex Functions. In the paper$3] we obtained amongst other
the following reverse of the Jensen trace inequality:
Let A be a selfadjoint operator on the Hilbert spdéeand assume thap (A) C [m, M]

for some scalars, M with m < M. If f is a continuously differentiable convex function on

m, M]andP € B, (H) \ {0}, P > 0, then we have

tr (Pf (A)) tr (PA)
2 e )
tr (Pf(A)A) tr(PA) tr(Pf(A))
- tr (P) tr (P) tr (P)
(31— g ) )
S /
PINCUEE

\
;

LU (M) — () |:tt<1(3;1)2) _ <t§£fpf;)>z} 1/2

<
P2 o 7 1/2
M ) [ (srpany]
1
< L n) - ) 01 - m).

Let M,, (C) be the space of all square matrices of ordewith complex elements and
A € M, (C) be a Hermitian matrix such thatp (A) C [m, M] for some scalars:, M with
m < M.If fisa continuously differentiable convex functionem, M|, then by takingP = I,
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in (6.22) we get
(6.23) o< EUA) (M)

BA)A) (A) b (4)
(11 ) — g () S )
_u ), D

ﬂf@@f@ﬂﬁ%ﬁ(%?yym

1/2

IN

IA

L (M = m) |:tr([f/75A)]2) _ <tr(f7’1(A)))2:|
\

1 / !
< (M) = f (m)] (M = m).
The following reverse inequality also holds:

PROPOSITIONG6.6 (Dragomir, 2014,)d0]). Let A be a selfadjoint operator on the Hilbert
spaceH and assume tha$p (A) C [m, M] for some scalarsn, M with m + M # 0. If
f is a continuously differentiable convex function jem M| with /' (m) + f' (M) # 0 and
Pe B, (H)\{0}, P>0,then

624) o< ZLFA) f(HG%U

tr (P) (P)
< tr(Pf(A)A) tr(PA) tr(Pf (A))
- tr (P) tr (P) tr (P)

S M= mlf (M) — £ (m) wamdewum%
2 Im+M/If (m)+ f DY tr(P) r(p)
The proof follows by the inequality (6.21) and the details are omitted.

Let A € M, (C) be a Hermitian matrix such thatp (A) C [m, M] for some scalars,
M with m + M # 0. If fis a continuously differentiable convex function pn, M| with

f'(m)+ f' (M) # 0 then by takingP = I,, in (6.24) we get

(6.25) 0< m_f(w>

n n
tr(ff(A)A)  tr (A> r (f’( )
o n
S Ml (M) — f ) yu 1)
2 ¢|m+M|¢|f’ +f’ )l
We consider the power functiofi : (0,00) — (0,00), f () = t" with ¢t € R\ {0}. For
r € (—o0,0) U1, 00), f is convex while forr € (0, ), f |s concave
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Letr > 1 and A be a selfadjoint operator on the Hilbert spd¢@nd assume thaitp (A) C
[m, M| for some scalars:, M with0 < m < M. If P € B (H)\ {0}, then

tr (PA") tr (PA)\"
(020) =57 ‘(tr<P>)

tr (PA")  tr(PA) tr(PA™Y)

[ tr(P)  tr(P)  tr(P) ]
(M —m) (M™=' — 1) \4/1;1« (PA2) tr (P A1)

m—i—]\f)l/2 (771T_1—1-J\47"_1)1/2 tr (P) tr (P)

1
< -r
=2

Consider the convex functiofi : R — (0,00), f(t) = expt and letA be a selfadjoint
operator on the Hilbert spadé and assume thatp (A) C [m, M] for some scalars:, M with
m < M.If P e By (H)\ {0}, then using[(6.24) we have

tr (Pexp A) tr (PA)
62n 0=t e ()
tr (PAexp A) tr(PA) tr(PexpA)
tr(P)  tr(P)  tr(P)

< 1|M —m|(exp (M) — exp (m)) il/tlr (PA2) tr (Pexp (24))
2 \/m\/expm—l—expM tr (P) tr (P) .

7. SOME HOLDER TYPE TRACE INEQUALITIES

7.1. Some Preliminary Facts.Assume thatd, B are positive invertible operators on a
complex Hilbert spacéH, (-, -)) . We use the following notation

Af,B = A7 (ATVPBAT2)T AV,

for theweighted geometric meaiheny = %, we write At B for brevity.
We have the following Holder type trace inequality:

THEOREM 7.1 (Dragomir, 2015,88]). If A, B are positive invertible operatorg, ¢ > 1
with >+ - = 1andA?, B* € B, (H), thenB%,,A? € B, (H) and

(7.1) tr (B, A7) < [tr (AP)]'/P [tr (B)]9.
In particular, if A%, B> € B, (H) , thenB?$A* € B, (H) and
(7.2) [tr (B%£4%)])” < tr (4%) tr (B?).

PROOF In[74], the authors obtained the following Holder’s type inequality for the weighted
geometric mean:

(7.3) (B4 ), APz, 1) < (APz, )P (Biz, z)"/

foranyz € H.
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Let {e;},., be an orthonormal basis éf. Then by ) and Hoélder’s inequality we have
tr (B, A?) = Z (B APe;, ;)
i€l

<Y (APeie) P (Bley, )

1/p 1/q
(gl (Sl
- 1/p - 1/q
— (Z (APe;, ei>> (Z (Be;, e,->> = [tr (AP)]** [tr (BY)]Y,

which proves the desired inequalify (7.1).

COROLLARY 7.2. If Ay, B, are positive invertible operatorg, ¢ > 1 with 119 + % =1land
AL, Bl € By (H) fork € {1,...,n}, thenB],,A} € B, (H) for k € {1,...,n} and for any
pr >0,k e{l,..,n} wehave

n n 1/p n 1/q
(7.4) tr (Z pk,Bgﬁl/pA§) < (tr (Z pkAZ>> (tr (Z pkB,Z)) .
k=1 k=1 k=1

In particular, if AZ, B? € B, (H) for k € {1,...,n} thenB2$A? € B, (H) for k € {1,...,n}
and for anyp, > 0, k € {1, ...,n} we have

n 2 n n
(7.5) ltr (Z pkBizﬂAi) < tr (ZpkAi> tr (Z m&?) :
k=1 k=1 k=1
PROOF Using Holder's weighted discrete inequality we have

tr (ZpkBZﬁl/pAZ> = putr (BityAD) < 3 pe[tr (A [tr (BD)?
k=1 k=1 k=1

. p / 1/q
< (Zpk & <Az>]”p)p) @pk (it <Bz>1”‘1)q>

k=1

n 1/p n
(i) (Enein)

(e (&) (- ()

and the inequality| (7]4) is proved.

1/q

THEOREM 7.3 (Dragomir, 2015,88]). If A, B are positive invertible operatorg, g > 1
with . + . =1andC € B (H), C > 0thenCA?, CB, C (B, ,A?) € B, (H) and

(7.6) tr (C (B, ,A?)) < [tr (CAP)]'P [tr (CBY)]"1.
In particular, if C € B, (H) , thenCA? CB? C (B*tA?%) € B, (H) and
(7.7) [tr (C (BQtiAQ))}2 < tr (CA%) tr (CB?).
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ProoF From the inequality| (7]3) we have
(B APC M2, C20) < (APC20, CV22) P (BICH 20, CV22) "
for anyx € H, which is equivalent to
(7.8)  (CV2BY,, APC M2, 3) < (CV2APCY 20, 2) P (V2 BICY 20, )

foranyx € H.
Let {e;},., be an orthonormal basis éf. Then by ) and Holder’s inequality we have

tr (C (B, A7)
= tr (C'? (B, A7) C'?) =) (C'V? (B, A7) C'ei, e7)

il

< Z <Cl/2ApC'1/2€i,ei>l/p <Cl/23q01/26¢,ei>1/q

el

1/ 1
<Z (et e, ) | (Z [<Cl/23q01/2ei,ei>”q]q> |

el iel

1/p 1/q
_ (Z <C«1/2Apcvl/2ei7 6Z>> (Z <Ol/23q01/26i7 61>>

IA

i€l i€l
= [tr (C242CY2)] Y7 [tr (C2B9C2) )T = [tr (CAP)VP [t (CB9)) Y,
which proves the desired result (7.8).
COROLLARY 7.4. If A, By are positive invertible operators;, ¢ > 1 with é + é =1

ande € Bl (H) , Ck >0 fork € {1, ,n} theanAZ, CkBZ7 Ck (Bgul/pAZ) € Bl (H) for
k € {1,...,n} and we have

n n 1/p n 1/q
(7.9) tr (Z Cy (Bt /pA§)> < (tr (Z cmg) ) (tr (Z (JkB;g,> ) :
k=1 k=1 k=1

In particular, Cy A2, Cy, B2, C), (B24A2) € B, (H) for k € {1, ...,n} and we have

k=1 k=1 k=1

The proof follows by[(7.6) on making use of a similar argument to the one in the proof of

Corollary[7.2.
7.1.1. Some Reverse Vector Inequalitiéd’e have the following reverse of Holder’s vector

inequality for operators:

(7.10)

THEOREM7.5 (Dragomir, 2015/d8]). Let A and B be two positive invertible operators,
q> 1With%—l—%: 1 andm, M > 0 such that

(7.11) mPBY < AP < MPBY.

Then
P 2
() 1)
2pq m

(7.12) (APz, )P (B2, )7 < exp (B%: APz, x)

foranyx € H.
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PROOF In [57] we proved the following double inequality that provides a refinement and a
reverse of tharithmetic mean - geometric mearequality:

min{a,b}>2] < (1-v)a+vb

max {a, b} al=vbr

< oxp Ey(l ~v) (% B 1)2]

(7.13) exp [%V (1—-v) <1 —

foranya, b > 0 andv € [0,1].
If a,b € [t,T] C (0,00) and since

max {a,b} < T
min {a, b} ot

2 2
(et ) < (T
min {a, b} t
Therefore, by[(7.13) we get

0<

hence

(7.14) (1—v)a+vb<a b exp [%V (1—-v) (% — 1) ] ,

foranya,b € [t,T] andv € (0,1).

Now, if C'is an operator with/ < C < T1 then forp > 1 we havet?] < C? < TP].
Using the functional calculus we get fro.14) for- 1 that

P 2 L
<1 — 1) d+ C'p < exp ! (<Z> — 1) d'rC,
p 2pg \\ t

namely, the vector inequality,

(7.15) (1 - %) ; (pr y) < exp [27199 (G)p - 1)2] 4" (Cy,y)

foranyy € H, ||y|| = 1 andd € [t?,T?].
Sinced = (C?y,y) € [t*,T?] foranyy € H, |y|| = 1, hence by[(7.15) we have

( ) (CPy,y) + ];<pr,3/>

< exp [2]1%1 ((%)p - 1)2] (CPy, )7 (Cy,y),

that is equivalent to

vz ( )

and by division with(C?y, )" > 0,y € H, ||ly|| = 1, to

1 /(T\ .\’
71 P 1/p < ) g
(7.16) (CPy,y) exp lzpq ((t) )
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If 2 € H with z # 0, then by takingy = El in @) we get

(7.17) (O, AP (2 AV < exp [i ((%)p - 1)2 (O, %)

2pq

foranyz € H.
Now, from (7.11) by multiplying both sides with~% we havem?I < B~ APB~% < M*]

and by taking the powef we getm/ < (B—%APB—%)% < MI.

By writing the inequality|(7.17) for’ = (B~ APB~3)»,t = m, T = M andz = Bix,
with x € H, we have

q

q a4 g q 1/p q 1/q
(BiarB 4Bl Biz) " (Biz, Bix)
1 M P 2 q q % q q
—<(—) —1) <<BQAPB2) B2x,32x>,
2pq m

(APg, x>1/p (B, x>1/q

1 [ ( M\’ ? /4 N\E o
< exp [— ((—) — 1) <B2 (B_EAPB_5> B?:L‘,a:>,
2pq m

for anyz € H, and the inequality (7.12) is proved.

< exp

namely

REMARK 7.1. We observe, fad and B two positive invertible operators, that the condition
(7.113) is equivalent to following condition

1
(7.18) ml < (B—%APB-%)p < MI.
If we assume thatB? < AP < RB9, then by [(7.1R) we have the inequality
1/p 1/q 1 R :
(7.19) (APx,x) P (Blx,z) 7 < exp Sl B 1 (B%, APz, x)
Pq \ T

foranyz € H.
The following particular case is related to Schwarz’s trace inequality:

COROLLARY 7.6. Let A and B be two positive invertible operators and, M > 0 such
that

(7.20) ml < (B7'A2B™)? < M1,

(2 1) | s

Under more suitable conditions for the operators involved, we have:

then we have

(7.21) <A2:v,x>1/2 <B2:1:,x>1/2 < exp

ool —

foranyx € H.
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COROLLARY 7.7. Assume tha#l and B satisfy the conditions
(7.22) mil < A< MI, myl <B<MI
for some) < m; < M; and0 < my < M,. Then we have
(7.23) (AP, )P (Biz, z) "

ool () ()

(B /p APz, ) |

foranyz € H.
In particular, we have
2
1 (M My\?
(7.24) <A2:L‘, x>1/2 <B2:z:, x>1/2 < exp 3 ((mimj) — 1) <A2|szx, x> ,

foranyx € H.

8. REFINEMENTS AND REVERSES OF YOUNG | NEQUALITY

8.1. Trace Inequalities Via Kittaneh-Manasrah Results.Kittaneh and Manasrat®¥],
[96] provided a refinement and a reverse Yaung’s inequalityas follows:

(8.1) r<\/_—\/5>2§(1—1/)a+1/b—a1_”b”§R<\/_—\/g>

2
wherea, b > 0, v € [0,1], r = min{1l — v, v} andR = max {1l —v,v}. The cases =
reduces|(8]1) to an identity.

We can give a simple direct proof fgr (8.1) as follows. Recall the following result obtained

by the author in 200637] that provides a refinement and a reverse for the weighted Jensen’s
discrete inequality:

] — 1
8.2 : N o _a (L |
e g efTe-o(E)
1 & T
<5 Yope) -2 5 Y pa
j=1 =1
X | = N 1 ‘
T je{1,2,..,n} P; n J n 2 j ,

where® : ¢ — R is a convex function defined on convex subéebf the linear space
X {2} icq10. .y arevectorsit and{p;} , are nonnegative numbers with = > 7, p; >
0. Forn = 2, we deduce fron{ (8]2) that

(8.3) 2min {v,1 — v} [M—ob(Hy)]

1
2

je{1,2,...,n

2 2
<vd(z)+(1—v)®(y)—Pve+ (1 —v)yl

) 100y (240)]

<2 1-—
< 2max {v, V}[ 5 5
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foranyz, y € Randv € [0,1]. If we take® (z) = exp (x), then we get from|(8]3)

2 2
< wvexp(z) + (1 —v)exp(y) —exp [vr + (1 — v) y]

) el (¥>]

(8.4) 2min {v,1 - v} {exp (2)+exply) o <x + yﬂ

<2max{r,1 —v} {

foranyz, y € Randv € [0,1]. Further, denotexp(x) = a, exp(y) = b with a, b > 0, then
from (8.4) we obtain the inequality (8.1).
We have:

THEOREM 8.1 (Dragomir, 2015,d6]). Let A, B be two positive operators anf, () €
B, (H) with P, @ > 0. Then for any € [0, 1] we have

tr (P) tr (P) tr (Q) tr (Q)
tr (PA) tr(QB) tr (PA™)tr (QB")
U=V E VR wd) w0

SR(w(PA) It (PAY) r (QB'2) tr(QB)>’

(8.5) . (tr (PA) 2tr (PAY2) tr (QBY?) N tr (QB)>

o (P) w(P) w@ | w©)

wherer = min {1 — v,v} andR = max {1 — v, v}.

PROOF Fix b > 0, and by using the functional calculus for the operatome have from

(8.1) that

(8.6) r <<Am, z) —2vb (AY2z,2) +b (x,x))
(1 —v)(Az,z) + vb(z,z) — b (A""z,x)
<R ((Am,x) —2vb <A1/2x, ) + bz, x))

<

foranyz € H.
Now, fix x € H \ {0}. Then by using the functional calculus for the operaBomwe have

by (88) that

(8.7) r ((Az, 2) ly|* — 2 (A2, 2) (B?y,y) + ||z||* (By,y))
< (1—v)(Az,2) lyl|* + v ||| (By,y) — (B"y,y) (A" "z, z)
< R ((Az,z) |ly||* — 2 (AY%z,2) (BY?y,y) + ||=|* (By,y))

foranyz,y € H andv € [0, 1].
This inequality is of interest in itself as well.
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Now, letz = P'/2¢, y = Q'/2f wheree, f € H. Then by (8.7) we get

(8.8) r ((PY2APY e e) (QFf, f)
_9 <P1/2A1/2P1/267 e> <Ql/QB1/2Q1/2f7 f>
+(Pe,e) (Q'*BQ'*f, f))
< (1—v) (PYV2AP2¢,e) (Qf, f) + v (Pe,e) (QV2BQ'2f, f)
. <P1/2A1_VP1/2€, €> <Q1/2BVQ1/2f, f>
< R({PY2APY?e,e) (Qf, f)
_9 <P1/2A1/2P1/2€, e> <Q1/231/2Q1/2f, f>
+(Pe,e) (Q2BQ'*f, f))

for anye, f € H.
Let {e:},c; and{f;} ., be two orthonormal bases &f. If we take in )e =e;,1 €1
andf = f;, 7 € J and summing over € I and;j € J, then we get

(8.9) r (Z (PYPAPYe; e) > (Qf £7)

icl Jj€J
_9 Z <P1/2A1/2P1/Qei, 6¢> Z <Q1/231/2Q1/2fj, f].>
iel JjeJ
+ (Pese) Y (QVBQY S, fj>>
iel JjeJ
<(1-v) Z <P1/2AP1/262', ei> Z (QFf;, [)
iel jeJ
+u Y (Peie) Y (QV°BQYf;, f3)
i€l JjEJ
i Z <P1/2A171/P1/26i7 ei> Z <Q1/2BVQ1/2fj7 fj>
i€l jedJ
<R (Z (P'?APY?¢;, e;) Z (Qfj, f7)
iel JjeJ
-9 Z <P1/2A1/2P1/26i, €i> Z <Q1/231/2Q1/2fj, f]>
el JjeJ
+)_(Peien) Y (QVPBQ'AS;, fj>> '
i€l JjeJ
Using the properties of the trace we get
r(tr (PA)tr (Q) — 2tr (PAI/Q) tr (QBl/2) + tr (P) tr (QB))
<(1=v)tr (PA)tr(Q) +vitr (P)tr (QB) —tr (PA™) tr (QBY)
< R (tr (PA) tr(Q) — 2tr (PAY?) tr (QBY?) +tr (P) tr (QB))

and the inequality| (8]5) is proved.
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COROLLARY 8.2. Let A be a positive operator an&® € B; (H) with P > 0. Then for any
v € [0, 1] we have

(810) 2 (tr (PA) <tr (PA1/2)>2) _tr(PA)  tr(PAY) tr (PAY)

tr (P) tr (P) ~ tr(P) tr(P)  tr(P)

tr (PA) tr (PA'/?) ?
<2R(tr(P) _< o (P) ) )

wherer = min {1 —v,v} andR = max {1 — v, v}.

REMARK 8.1. If P, Q are positive invertible operators with @ € B; (H) , then by (8.10)
for A= P~12QP~'/? we get

tr(Q) (tr (Pm))?) _ (@ (PhL,Q) u(PLQ)

tr (P) tr (P) ~ tr(P) tr (P) tr (P)

(@ (tr(PQ)’
< —
= 2H (tr (P) ( we) ) |
where the operator weighted geometric mean is defined as

(8.12) At B = AV? (ATV2BATYR) AV,

Whenv = 1, we write At B for brevity.

(8.11) 2r (

COROLLARY 8.3. Let A, B two positive operators ané, Q € B; (H) with P, @ > 0. If p,
g > 1with  + 1 =1, then we have

tr(PA?) tr (PAP?) tr (QBY?)  r(QBY)
(8.13) ' ( wP) T u@)  w© | w(Q
< 1tr (PAP) n 1tr (@B?Y)  tr(PA)tr(QB)
Tp w(P) g tr(Q) tr (P)  tr(Q)
tr (PAP)  tr (PAP) tr (QBY?)  tr (QBY)
ST( v u@) =@ Q) ) ’
wheret = min {}D, %} and7 = max{%, %} .

The proof follows by) on replacing with A7, B with B¢ andv = ..

REMARK 8.2. If P, ), S, V are positive invertible operators with, @, S,V € B, (H),
then by [(8.1B) we get fod = P~1/25P~1/2 andB = Q~'/2VQ~'/? that
tr (P4,S)  _tr (PhpS) tr (QyeV)  tr (Qf,V)
e ( W) wr) @ ¢ n@
L (P5,S) | 1tr(Q4V) _ tr(8) tr(V)
Tp tr(P) g (@) tr(P)tr(Q)
o7 (tr(ijpS) o (Pyy2S) tr (Q22V)  tr (QﬁqV)> |

tr (P) tr (P) tr (Q) tr (Q)
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wheret = min {%, %} andT = max{%, %} .
In particular, if we take in[(8.14y = @ andV = P, then we get

t <tr (PeQ) _fx (PhyaQ) tr (QyeP) | tr (QﬂqP))

tr (P) tr (P) tr (Q) tr (Q)

Lo (P4,Q) | 1tr (Q4,P)
=) uE) i uQ

o7 (u (PyQ) _ b (Pa@) tr (Qty2P) | (QtiqP)> |

(8.15)

-1

i (P) w(P) u@) | w(Q
wheret = min {]10, %} andT = max{%, %} .

8.2. Trace Inequalities Via Liao-Wu-Zhao and Zuo-Shi-Fujii Results. We consider the
Kantorovich’s ratiodefined by

(h+1)°
4h
The functionK is decreasing of0, 1) and increasing ofl, ), K (k) > 1 for anyh > 0 and
K (h) = K (3) foranyh > 0.
The following multiplicative refinement and reverse of Young inequality in terms of Kan-
torovich’s ratio holds

(8.17) K" <%) a7 < (1—v)a+uvb< KR <%> at=ry,

(8.16) K (h) == ,h>0.

wherea, b > 0,v € [0,1], 7 =min {1 — v,v} andR = max {1 — v, v}.

The first inequality in[(8.1]7) was obtained by Zuo et al.[1d4( while the second by Liao
et al. 99).

We can give a simple direct proof fgr (8]17) as follows.

Indeed, if we write the inequality (§.3) for the convex functidiiz) = — In z, and for the
positive numbers andb we get

2min{v,1 —v} {ln (a;—b) - lna;lnb]

<lnwb+(1—-v)a]—(1=v)lna—rvind

<2max{r,1—v} {ln (a;—b) —W}

that is equivalent to

min {,1 - v} In <“+b)2 < [M]

2\/% al-vhv
a+b\>
<max{v,1 —v}in
= maxd } (2\@)

and to [8.1]), as stated.
If a € [my, My] andb € [mq, My] with 0 < my < My, 0 < my < M, then

m
<

a Ml
MQ b_mg.
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Denote
m =: min K (2) andM =: max K <—> )
(a,b)E€[m1,M1]x[ma,Ms) b (a,b)€[m1,M1]x[mz,Ms] b
Taking into account the properties of Kantorovich'’s ratio we have
( K(%>>1if%<1, ( K(%)>1ifﬁ<1,
ma2 ma 1 ma

o o ma M, - SEoma My
my Mo i my
\ <M>>1|f1< \K<m1>>llf1<M2
and
(
mi i My
K<E>>1lfm—2<1,
(8.19) M= Q max {K (52) K ()} > 1if g <1< 20,
| K() > it 1< g

(
(M) > 12 <,
1 m2

= max{K(%—f),K(M>}>llfﬁ—§1§

m2

=

I

K(%—;)>1if1<ﬁ—;.
\
We have the following result:

THEOREM 8.4 (Dragomir, 2015)d6]). Let A, B be two operators such that

and P, @ € B, (H) with P, @ > 0. Then for any € [0, 1], we have form, M as defined by
(8.18) and|(8.1P) that
tr (PAT™Y) tr (QBY) tr (PA) tr (QB)
8.21) v w@ Y %m e
ptr (PA™) tr (QBY)
=M= w0
wherer = min {1 — v,v} andR = max {1 — v, v}.
In particular, we have
1o T (PAY2) tr (QBY?) < 1 [tr(PA) tr(@B)
tr(P)  w(Q) ~—2|t(P)  tr(Q)
Y tr (PAY?) tr (QB'/?) ‘
- tr(P) Q)

(8.22)

PRoOOF From [8.17) we have
(8.23) m'a' ™y < (1—v)a+vb< MBab,
wherea € [my, My, b € [mgy, My] andv € [0, 1].
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Using the functional calculus for the operatdrwe have
(8.24) m'b” (A" x,x) < (1 —v) (Az,z) + vb |z||> < MEv” (A'z,x)

foranyx € H, b € [my, M) andv € [0, 1].
Using the functional calculus fds we get from[(8.24) that
(8.25) m" (A w,w) (BYy,y) < (1= v) (Az, ) ly[* + v [l2]" (B, y)
< MF® <A1_V:B, 35> (B"y,y) ,
foranyz,y € H andv € [0, 1].

This is an inequality of interest in itself as well.
Further, letr = P'/?e, y = Q'/?f wheree, f € H. Then by (8.25) we have

(826) m’ <P1/2A171/P1/267 €> <Q1/ZBUQ1/2f, f>
< (1—v) (P2AP2e,e) (Qf, ) + v (Pe,e) (QBQY?f, f)
< ME <P1/2A1_VP1/26’ 6> <Q1/2B”Q1/2f, f> ’

foranye, f € H andv € [0, 1].
Now, on making use of a similar argument as in the proof of Theprem 8.1, we get the desired

result [8.21).x

REMARK 8.3. LetA, B be two operators such that the conditipn (8.20) is valid &nd
B, (H) with P > 0. Then for anyv € [0, 1], we have forn, M as defined by (8.18) and (8/19)
that

P (PATY) e (PBY) _ tr(P[(1—v) A+vB])
tr(P) tr(P) — tr (P)

(PA™")tr (PB")

tr(P)  tr(P) "’

(8.27)

< mi

wherer = min {1 — v,v} andR = max {1 — v, v}.
In particular, we have
,tr (PAY2) tr (PB'/?) _tr (P (442))
tr (P) tr(P) — tr (P)
utr (PAY2) tr (PBY2)
- tr (P) tr(P)

(8.28) mY

For0 < m; < M;,0 < my < M, andp, g > 1withllj+§: 1 we define

'K(%—ﬁ)>1ifﬁ—§<1,
2

2

e mP MP
(8.29) My =4 1if ﬁ;q <1< m—é,

\K<M5)>1if1<mzf

oy 79
mj M,
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and
( K<M2)>1|f—<1
1
(8.30) My i=§ max {i (38) K (3F) } > 1if 5 <1< 3,
K(%—i) >1ifl1< ]\”}—
\ 2

COROLLARY 8.5. Let A, B be two operators such thdt (8]20) is valid aRdQ € B, (H)
with P, Q > 0. Then for anyp, ¢ > 1 with  + - = 1 we have fomn,, ,, M, , as defined by

(8.29) and|(8.3D) that
, tr(PA)tr(QB) _ 1tr (PAP)  1tr(QB9)
e " (P) (@ S p w(P) g w(Q
< MT tr (PA) tr (QB)
P (P) (Q)

wheret = mln{p }andT max{l %}

PrRoOOF From [8.20) we have
0<mbl <AP < MPI, 0 <mil <B?<MI.
By replacingA by A?, B by B? andv = % in ) then we get the desired res.(il).
REMARK 8.4. If we take() = P in (8.31), then we get
L w(PA)(PB) _ [P (%Ap + %Bqﬂ
P4ty (P) tr(P) — tr (P)

o tr (PA)tr (PB)
P4 tr(P) tr(P)

(8.32)

Forp = ¢ = 2 we consider

(8.33) e = <{ 1if ™ <1< M

and
( K{(%ﬁ)z} > 1if 2 <
(8.34) My = maX{K {(%—3)1,[({(%1)2 }>1|f1\m/[_2§1§%_;v
K[(%—;)j >1if 1< 2L

\
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COROLLARY 8.6. Let A, B be two operators such thdt (8]20) is valid aRdQ € B, (H)
with P, Q > 0. Then forim,, M, as defined by (8.33) and (8/34) we have that

ml/gtr(PA)tr(QB) ltr(PA2) ltr(QBQ)
(6:35) CHP) w(@ Sp uP) g (@)
~1/2tr (PA) tr (QB)

S MTNT) w@)

In particular,

_1/2tr (PA) tr (PB) tr [P (#)] ~ 19t (PA) tr (PB)
(8.36) iy wP) wd) S D < M,/ NERTIR

COROLLARY 8.7.If P, @, S,V are positive invertible operators withR, @), S,V € B, (H)
and for0 < m; < My, 0 < my < My,

(8.37) 0<mP<S<MP,0<m@Q<V < MQ.
Then for any € [0, 1], we have form, M as defined by (8.18) and (8]19) that

S (Ph,9) tr (QE,V) . tr (5) Vtr(V)
T R TR )
T (P]jl_,,S) tr (Qﬂvv)

tr (P) tr(Q)

(8.38)

<M

wherer = min {1 —v,v} andR = max {1 — v, v}.
In particular, we have

ml/ztr(PﬁS)tr(QﬁV) 11t (S)  tr(V)

(8:39) w(P) u(Q) Sz[mm*tr(@)]
12r (PgS) tr (QV)

SMPT=TP w)

ProOF From [8.3F) we have
0<mg <P Y2SP7V2< M, 0<my, <Q V2VQ™Y2 < M.
If we use the inequality (8.21) fot = P~1/2SP~1/2 andB = Q~'/2VQ~'/? then

tr (P (PTY2SP12) ™) (0 (Q-evQ-12)Y)

r

" tr (P) tr (Q)
tr (Pp—l/ZSP—1/2) tr (QQ—l/ZvQ—l/Q)
==y tr (P) A tr (Q)
- MRtl" <P (P*I/ZSPfl/Q)l—V> i (Q (Qfl/QVQflﬂ)V) |
tr (P) tr (Q)

which, by the properties of trace, is equivalentto (8.38).

REMARK 8.5. If P, S, V are positive invertible operators with S, V' € B, (H) and for
0<my < M, 0<mg < M,
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then for anyv € [0, 1], we have form, M as defined by (8.18) and (8/19) that

tr (Pty_,5) tr (Pg,V) < tr (1 —v)S+vV)

tr (P) tr(P) — tr (P)
(P#;_,S) tr (P4,V)
tr (P) tr(P) '

(8.41)

< mRY

wherer = min {1 — v, v} andR = max {1 — v, v}.
In particular, we have

Lt (PES) tr (PEV) _ tr (557) _ 4ot (PES) o (PEV)

(8.42) tr(P) tr(P) — tr(P) — tr(P) tr(P)

8.3. Trace Inequalities Via Tominaga and Furuichi Results.We recall thaSpecht’s ra-
tio is defined by[12§

BT it b e (0,1) U (1, 00)
(8.43) S (h) == en(n77)

1if h=1.

It is well known thatlim,_, S (k) = 1, S (h) = S (+) > 1for h > 0, h # 1. The function is
decreasing oi0, 1) and increasing ofil, co) .

The following inequality provides a refinement and a multiplicative reverse for Young'’s
inequality

a\"” 1—vyv a 1-vv
: — <(1- <S(=
(8.44) S<<b>>a W< (1 I/)CH—Vb_S(b)a W,
wherea, b > 0, v € [0,1], 7 = min {1 — v, v}.

The second inequality ity (8.44) is due to Tomina$dQ while the first one is due to Fu-
ruichi [82].

If a € [my, My] andb € [mq, My] with 0 < my < My, 0 < my < M, then

M1

a
<_
b —

52

Denote, forr € (0,1)

My =: min S ((gy) andM =: max S (ﬁ) .
(a, b)E[ml Ml] [m2 Mz] b (a,b)e[ml,Ml]X[mz,Mg] b

Taking into account the properties of Specht'’s ratio we have

( S((%—;)T>>1if%—;<1,

(8.45) my = Lif L <1< 20

\ S((%—f)r>>1if1<"]\}—;,
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and
'S(%—f)>1if%—;<1,

(8.46) M= max{S(%—f),S(%—;)}>llf"]\}—2§1§%—;,
S () > it < g

We have the following result:
THEOREM 8.8 (Dragomir, 2015/d6]). Let A, B be two operators such that
(8.47) 0<ml <A<MI, 0<my <B<MI
and P, Q € By (H) with P, @ > 0. Then for anyv € [0, 1], we have forn,., M as defined by
(8:43) and [(8.46) that
. tr (PAY™)tr (QBY) tr (PA) tr (QB)
4 < (1 —
(8.48) P v @) ST mm) TR @
o tr (PA™") tr (QBY)
<M )
()  u(Q)
wherer = min {1 —v,v} andR = max {1 — v, v}.
In particular, we have
tr (PA1/2) tr (QBI/Z)
tr (P) tr (Q)

1[tr(PA)  tr(@B)

2 t(P)  tr(Q)

tr (PAl/Q) tr (QBl/Q)
w(P) t(Q)

(8.49) My /2

IA

IA
§<

PrRoOOF From [8.17) we have
mya' b < (1 —v)a+vb < Ma' ™"V,

wherea € [my, Mi], b € [mo, M) andv € [0, 1].
Now, on making use of a similar argument as in the proof of Theprem 8.4, we get the desired

result [8.48).x

For0 < m; < M;,0 < my < M, andp, g > 1With%+%zlwe define forr € (0,1)
( S((%—i’))nifﬁ—ﬁa,
2 2

(8.50) g = § Lif Jh <1< 2

\S((%—,ﬁf)r)>1lf1< q

and
( S(%—é) >1if]\nf—§<1,
(8.51) ]\Zp,q = maX{S <K—§> 75(%)} > 1if A”;—z; <1< Aﬂ{—g,
M7 i my
s () > it i< g
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COROLLARY 8.9. Let A, B be two operators such thdt (8]20) is valid aRdQ € B, (H)
with P, Q > 0. Then for anyp, ¢ > 1 with i + % — 1 we have fonn,,,,, M,, as defined by

(8.50) and|(8.501) that

. tr(PA)tr(Q@B) _1tr(PAP) 1tr(QBY)
(852 T P) W@ S p w(P) g Q)
<M tr (PA) tr (QB)

POtr(P) tr(Q)

wheret = min {l, l} .
p’q

9. FURTHER REFINEMENTS AND REVERSES OF YOUNG INEQUALITY

9.1. Some Results Via Kittaneh-Manasrah Inequality.Kittaneh and Manasra®¥], [[96]
provided a refinement and a reverse Young's inequalityas follows:
2 2
9.1) r(\/’—\/é) §(1—V)a+l/b—a1_”b”§R(\/_—\/5) :
wherea, b > 0, v € [0,1], 7 = min {1 —v,v} andR = max {1l — v,v}. The cases = 3

reduces[(9]1) to an identity.
We have:

THEOREM 9.1 (Dragomir, 2015,/4]). Let C be a positive operator an® € B (H),
P > 0. Then for any € [0, 1] we have

o ((56)" ) (669)
(368 - 545

tr (POY\'2  tr (PCY2)\ [tr (PC)\" ?
Sm((trm) T Tw(p) )(tr(P))
and
tw(PC) [t (PC2)\’
(9:3) T(tr(P) _( tr (P) ))

tr(PC) tr (PCV2)\" e (pcr) (tr(Pi2)
_ytr(P) =y tr (P) N tr (P) tr (P)

o [wro)  (w(per))
= tr(P) \ tr(P)

wherer = min {1 —v,v} andR = max {1 — v, v}.
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PROOF Fix b > 0, and by using the functional calculus for the operatomwe have from

(0.7) that
9.4) r <<C’az, z) —2vb (CVPz,2) +b (x,x))

(1 —v)(Cx,z) +vb(z,z) — b (C'"z,z)
<R ((C’x,x) — 2\/1_)<C'1/2x, x) +b(z, x>)

foranyx € H.
Now, letz = P'/2c wheree € H. Then by [9.4) we get

(9.5) r <<P1/2C'P1/2e, e) — 2\/5<P1/201/2P1/2e, e) + b (Pe, e>>
<(l1-v) <P1/2CP1/26, e) + vb(Pe,e) — b <P1/26’1”’P1/26, e)
<R (<P1/20P1/26, ey — 2v/b <P1/2C’1/2P1/2e, e) + b (Pe, e))

foranye € H andb > 0.
Let {e;},, be an orthonormal basis df. If we take in [9.5)c = ¢;, i € I and summing
overi € I, then we get

r (Z (PPCPYe, ey —2VBY (PY2CY2P e, ey + Y (Pe, ei>>

el i€l i€l
<(1-v) Z <P1/QC’P1/2ei, ei> + l/bz (Pej,e;) — b Z <P1/201_”P1/2e,~, ei>
i€l i€l i€l
S R (Z <P1/20P1/2€i,€i> — 2\/EZ<P1/201/2P1/2€Z‘,€¢> +bZ<P€“€Z>)
il 1€l i€l

for anyb > 0 and by using the properties of the trace, we obtain
T (tr (PC) — 2tr (PC'?) Vb + tr (P) b)
< (1—v)tr (PC)+vtr(P)b—tr (PC'™")b"
<R (tr (PC) — 2tr (PCY?) Vb + tr (P) b)

for anyb > 0.
Dividing by tr (P) > 0 we get
tr (PC) _ tr (PC'/?)
(9.6) r(MP) —2 (D) \/i_)+b>
tr (PC) tr (PC'™")
tr (PC) _tr (PC'/?)
= R( (@) 2t (P) \/5“’)
for anyb > 0.

This inequality is of interest in itself as well.
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Now, if we take in (9.6} =

) tr (PC)  tr( 01/2 t O
"\ T

r ( P
tr (PC') ( 01 v) (tr PC))

0, 1] that

- tr(P) tr (P) tr (P)
tr (PC)  tr (PCY?) |t (PC)
= 2R< w)  w@) \ wP) )
which is equivalent to
tr (PC)  tr (PCY/?) tr (PC)
©.7) 27"( tr(P)  tr(P) ) tr (P)

tr (PC)\'™"  tr(PC*™)\ [tr(PC)\"
S((tr(P)) TP >(tr<P>>
tr (PC)  tr (PCY?)\ [tr (PC)

SQR( o (P w(P) > o (P)

Now if we replacer by 1 — v in (9.7) we deducg (9]2).
1/2 2
Also, if we take in )5 = (%) and replace by 1 — v then we get the inequality
©3)-n

COROLLARY 9.2. If P, () are positive invertible operators witR, @Q € B; (H), then for
anyv € [0, 1] we have

oo () ) 68
(i)

con (52" ) ()

(@) (P’
(9.9 r (tr(P) _ ( o (P ) >
(@) L g _ [ (PHQ) ? 0 (PLQ) (tr(PQ)\ Y
tr (P a >( tr (P) ) tr (P) ( tr (P) )

)
M)

wherer = min {1 —v,v} andR = max {1 — v, v}.

PROOF. The proof follows by[(9.2) on choosirg = P~1/2QP~1/2. y

/\
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COROLLARY 9.3. Let A and B be two positive invertible operators, g > 1 with 1 +1 =1
and such thatd?, B? € B, (H). Then

tr Ap 1/2 tr (BqﬂAp) tr(BqﬂAp) %_%
(9.10) ( Bq) tr (BY) > ( tr (BY) )
AP) Bqﬁl/ Ap)
= ( Bq)> tr (BY)
( 1

co(at) i) ()
and

tr (AP)  [tr(BU%AP)\>
&1 t(uw@‘(tum>))
Ltr(A?) 1 (tr(BAP)\?  tr (B%A7) [ tr (BigAr)\
= pur(B) (tﬂm>) tr (BY) (td&))

tr (AP)  [tr (B7A4P)\°
ST(uw@‘(tmm>))’

wheret = mln{p }andT maux{l l}.

p’q

The proof follows by Corollar@Z foP = A7, Q = B andv = |

9.2. Some Results Via Tominaga Inequality We recall thatSpecht’s ratias defined by
[12§

WPl _ifhe (0,1)U(1,00),
(9.12) S (h) = 611“( )
lif h=1.

It is well known thatlim,_, S (k) = 1, S (h) = S (+) > 1for h > 0, h # 1. The function is
decreasing oi0, 1) and increasing ofil, co) .
The following inequality provides a multiplicative reverse for Young’s inequality

(9.13) (a0 <) (1= v)a+ b < S (7)™,
wherea,b > 0, v € [0, 1]. This inequality is due to Tominagd3Q.

THEOREM 9.4 (Dragomir, 2015/@4]). LetC' be an operator with the property that
(9.14) ml <C < MI

for some constants:, M with M/ > m > 0andP € B, (H), P > 0 with tr () > 0. Then for
anyp > 1 we have

oo () ()
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In particular, we have

S

(9.16) tr (PC?) tr (P) < 5 ((

)2> [tr (PC)]?.

PROOF Assume that € (0,1). Leta, b € [m, M] C (0,00), then? < ¢ < M with

mocl <M e e [21)thenS (%) < S(2) = S(H). If ¢ € (1,%] then also

S (%) < S (X). Therefore for any., b € [m, M] we have by Tominaga’s inequality (9/13) that
M
(9.17) (1-v)atvb< S (E) a .

Now, if C'is an operator withm! < C' < M1 then forp > 1 we havem?l < C? < MP].
Using the functional calculus we get fro.17) for= 1 that

1 1 MN\? 1
(1 — -) d+-Cr< S (<—> )dlpc,
P P m

namely, the vector inequality,

(9.18) (1 - %) d(y,y) + }9 (CPy,y) <S8 <(%)p) " (Cy.y),

foranyy € H andd € [mP, M?].
Now, lety = P'/2¢ wheree € H. Then by [9.1B) we get

1 1
(9.19) <1 - —) d(Pe,e) + = (PV2CPP'Y2%e, ¢)
p P
MNP 1
o5 () ot rene
m
foranye € H.
Let {e;},., be an orthonormal basis &f. If we take in [9.1P) = ¢;, i € I and summing

overi € I, then we get

(1 — %) dz (Pe;, e;) + % Z (P2CPPY2e; e;)

el el
<s( (M) ok S (PYVCPY ey ;)
— m — 1y </
and by the properties of trace
p 1
(1 - 1) dtr (P) + 2 tr (PCP) < § ((M> ) 05t (PO,
p p m
foranyd € [m?, M?].
This inequality can be written as
1 Ltr (PCP) MNP\ 1 1tr(PC)
: - - ————— < — »
620 (=) =5 ()
for anyd € [m?, MP?], that is of interest in itself.

Now, if we take in|(9.20) = % € [mP, M?], then we get

s (8)) ()
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which is equivalent tg (9.15)

COROLLARY 9.5. Let A and B be two positive invertible operators, ¢ > 1 with %+% =1
andm, M > 0 such thatB? € B, (H) and

(9.21) mPBY < AP < MPBY.
Then

M p
(9.22) r (A7) [ (B[ < § ((E) > tr (Bt )

ProoF The inequality[(9.1]5) can be written as
1/p 1 M\
9.23) [tr P/207 P2 [t (P)] 7 < S ((—) ) tr (PY2CP2) .
m

Now, from {9.21) by multiplying both sides witB~ we havem?] < B~2A?PB~% < MP]
and by taking the powef we getrm/ < (B~2APB=%)? < M1,
By writing the inequality|(9.23) fot! = (B‘%APB‘%)% andP = B then we get

{tr (BW {(B‘ZAPB‘g) ;r BWH v fer (B7)] /4

p 1
<9 (<%> ) tr (BW (B‘%APB‘%)p Bq/2> ,
m

r (A7) [t (B9)] 7 < ((%)) br (Bw (B-tarpt)’ B"/Q) ,

m

and the inequality] (9.22) is proved.

COROLLARY 9.6. Let A and B be two positive invertible operators amd, M > 0 such
that B> € B, (H) and

(9.24) m?B? < A% < M2B2.

Then

(9.25) tr (A%) tr (B?) < §? ((%)2) [tr (B?£A2)]*.

REMARK 9.1. We remark that the condition (9]24) can be written as
(9.26) kB* < A*> < KB?

where0 < k < K, then by [9.2b) we have

(9.27) tr (A%) tr (B?) < §? (%) [tr (B%A2)]*.
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9.3. Some Results Via Liao-Wu-Zhao.We consider th&antorovich’s constantiefined
by
(h+1)°
4h
The functionK is decreasing ofD, 1) and increasing ofl, c0) , K (h) > 1 for anyh > 0 and
K (h) = K (3) foranyh > 0.
The following multiplicative reverse of Young inequality in terms of Kantorovich’s constant
holds

(9.29) (a7 <) (1= v)a+vb < KF (T) '™

(9.28) K (h) ==  h>0.

wherea, b > 0, v € [0, 1] andR = max {1 — v,v}.
This inequality was obtained by Liao et al. @9].

THEOREM 9.7 (Dragomir, 2015)d4]). Let C' be an operator with the property (9]14) for
some constants,, M with M >m > 0andP € B, (H), P > 0. Then for anyp, ¢ > 1 with
L+ 1= 1wehave

tr (PCPY\N'?  f1a MNP\ tr (PC)
<0 () = () S
In particular, we have
M 2
(9.31) tr (PC?) tr (P) < K ((E) ) [tr (PC)]?.
PROOF Assume that € (0,1) andR = max{l —v,v}. Leta, b € [m,M] C ( 00),
then < ¢ < Myith 2 < 1 < M If ¢ ¢ [ 1) thenK" ($) < K () = ( ).

If ¢ € (1,2] then alsoK* (¢) < K (£). Therefore for any:, b € [m, M] we have by
inequality [9.29) that

M
(9.32) (1-v)a+uvb< K~ (E) a v,

Now, if C'is an operator withn/ < C' < M1 then forp > 1 we havem?l < C? < MP].
Using the functional calculus we get fro.32) for- 1 that

11 b 1
(- 2)o-derew (2))
p p m

namely, the vector inequality,

(1 - %) d(y,y) + % (Cry,y) < K ((%)p) a7 (Cy.y),

foranyy € H andd € [mP, M?].
Now, by employing a similar argument to the one in the proof of Thegrein 9.4 we deduce
the desired resulf (9.80). The details are omiteed.

We have:
1

COROLLARY 9.8. Let A and B be two positive invertible operatorg, ¢ > 1 with 119+ :
andm, M > 0 such thatB? € B, (H) and the condition[(9.21) holds. Then

M)p) tr (B, A7)

m

(9.33) for (AP o (B V7 < {34 ((
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If B € B, (H) and the condition| (9.24) is valid, then

(9.34) r (A2) r (BY) < K ((%)2) for (B2242)]7.

9.4. Some Logarithmic Inequalities. In the recent papei6ll] we obtained the following
logarithmic reverse of Young’s inequality:

(9.35) 0<(1-v)at+vb—a" " <v(l—v)(a—>)(Ina—Inb)
wherea, b > 0, v € [0, 1].

THEOREM 9.9 (Dragomir, 2015,/4]). Let C be a positive operator an® € B, (H),
P > 0. Then for any € [0, 1] we have

[ (tr (PC))” ot (PCV)] <tr (Pc))l—”

(9-36) 0 tr (P) tr (P) tr (P)

IN

tr (PCInC)  tr(PC)tr(PIlnC)
S”(l_”){ w(P) (@) (P 1

and, in particular

1/2 t PCl/Q 1/2
(9.37) 0< tr (PC) B r( )| [tr(PC)
tr (P) tr (P) tr (P)
< 1[tr(PCInC)  tr(PC)tr(PInC)
4 tr (P) tr (P)  tr(P)
PrROOF. The inequality[(9.35) may be written as
(9.38) 0<(1-v)a+vb—a" 0" <v(l—v)(alna+blnb—alnb—blna)

foranya, b > 0,v € [0, 1].
Fix b > 0, v € [0, 1]. By using the functional calculus for the operatomwe have

(9.39) 0<(1—v)(Cx,z)+vb(z,z) — b (C" ", )

<
<v(l—-v)(ClnCx,z) +blnb(z,z) —Inb(Cx,z) —b({InCx,x))

foranyb > 0,v € [0,1] andz € H.
Now, letz = P'/2c wheree € H. Then by [9.3p) we get

(9.40) 0< (1—v)(PYV2CPY2¢,e) +vb(Pe,e) — b (PV2CT" P e ¢)
<v(1—v)[(PV?(CInC) P?e,e) + (Pe,e)blnb
- <P1/20P1/26, e)lnb — <Pl/2 (InC) PY?%e, e)b]

foranyb > 0, v € [0, 1] ande € H.
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Let {e;},., be an orthonormal basis &f. If we take in [9.4D) = ¢;, i € I and summing
overi € I, then we get

(9.41) 0< (1—v)) (PVPCPe;e) + by (Peye;)
el i€l
— Z <P1/201_VP1/267;, ei>
el

<v(1—-v) | Y (P2 (CIC)Pe;e) +bInb Y (Pej,e;)
icl i€l
— lnbz <P1/QC’P1/261», ei> — bz <P1/2 (InC) P2, ei> i
i€l el
Using the properties of the trace, we have from (D.41) that
0<(1—v)tr(PC)+vbtr (P)—b"tr (PC'™)
<v(l—=v)[tr(PCInC)+blnbtr (P) —Inbtr (PC) —btr (PInC)],

which by division withtr (P) > 0 produces

tr (PC) tr (PC'™7)
: < (1- gt )
9.42)  0<(1-v) e T e
tr (PC'InC) tr (PC)  tr(PInC)
< _ ol Sl _ _
<v(l I/)l tr (P) +0bInb—1Inbd & (P) b (P |’
foranyb > 0,v € [0, 1].
This is an inequality of interest in itself.
Now, if we take in|(9.4R) = tigfpc)), then we get
tr (PC)  (tr(PC) Y tr (PCY)
~ tr(P) tr (P) tr (P)

tr (PCInC) tr(PC) tr (PC)
<vi-0 MO S (R
tr (PC) | tr (PC') tr (PC) tr (PInC)
"t (P) n( tr (P) )_ tr(P)  tr(P) 1

— tr (PCInC) tr(PC)tr(PlnC)
_”(_”)[ wr(P)  tr(P) tr(P) }

which is equivalent to
tr (PC)\"
tr (P)

tr (PCInC)  tr (PC)tr (PInC)
S”“_”)l a (P w(P) (P }

0<

(tr (P(J))l_” _r(PC'Y)
tr (P) tr (P)

foranyv € [0, 1].
Now, by replacing’ with 1 — v we get the desired resut (9]36G).

We say that the functiong ¢ : [a, ] — R aresynchronous (asynchronous) the interval
la, b] if they satisfy the following condition:

(f (&) = f(s))(g(t) —g(s)) = (<) 0 foreacht, s € [a,0].
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In recent paper49] we obtained the following result: Led be a selfadjoint operators on
the Hilbert spacd{ with Sp (A) C J and assume that the continuous functighg : J — R
are synchronous o If P, Q € B, (H) with P, @ > 0, then

tr[Pf(A)g(A)]  tr[Qf (A)g(A)]
(9.43) tr (P) + Q)
S o [Pf(A)]tr[Qg (A)] L [Pg (A)] tr[Qf (A)]
tr (P) tr (Q) tr (P) tr (Q)

and, in particular
tr[Pf(A)g(A)] _ t[Pf(A)]tr[Pg(A)]
tr (P) ~  tr(P) tr(P)
Now, if we take in[(9.44) (¢) = ¢, g (t) = Int, t > 0 andA = C > 0 then we get
tr (PCInC) tr(PC)tr(PlnC)
tr (P) tr(P) tr(P)

(9.44)

(9.45)

forPe By (H), P >0.
Therefore, the inequalities (9]36) and (9.37) provide refinementg for (9.45).
In [47] we obtained amongst other the following Griss type trace inequality
tr (PAC)  tr (PA) tr (PC) < 1
tr (P) tr(P) tr(P) |~ 4
provided thattly < A< Kly,mly <C < MlygandP e B, (H), P > 0.
Therefore, if we takel = In C, then we get from[(9.46) that
tr (PCInC)  tr(PInC)tr (PC) < 1(
tr (P) tr (P) tr(P) ~— 4
provided that) < mly < C < M1y andP € B, (H), P > 0.

COROLLARY 9.10. LetC be an operator such that1y < C < M1y for some constants
0O<m< MandP € B, (H), P> 0. Then forany € [0, 1] we have
tr(PC)  tr(PC”) (tr(PC)\'~
— tr(P) tr (P) tr (P)

(9.46)

(M —m) (K —k)

(9.47)

M —m)(InM —Inm)

(9.48)

<-v(l—-v)(M—m)(InM —1nm),

| =

and, in particular

tr (PC)  tr (PCY?) (tr (PC)\'? 1
(9.49) 0< w(P) D) (tr(P) > E(M m) (In M —Inm).
REMARK 9.2. The inequality[ (9.48) is equivalent to
tr (PC)\" tr(PC")
(9.50) 0= ( tr (P) ) T Tk (P)
1 tr (P) \'"
§Zy(1—y)(M—m)(lnM—1nm) (tr(PC’)) :
Since ((P>) < L then we get from (9.50) that
tr (PC) tr (PC’”) 1 (M —m) (In M — Inm)
(9.51) 0< <W) - W yid v(l-v) ml—v )
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and in particular

tr (PC)\"? tr (PCY?) 1 (M —m)(InM —Inm)
(9.52) 0= ( tr (P) > -t (P) = 16 ml/? ’

provided thatnly < C' < M1y for some constant$ < m < M andP € B, (H), P > 0.

COROLLARY 9.11.LetA and B be two positive invertible operators, ¢ > 1 with 141 = 1
andm, M > 0 such thatB? € B, (H) and [9.2}1) is valid. Then

(9.53) 0 < [br (AP)]"7 [tr (BY)]"7 — tr (B4, A7)
(MP —mP) (In M — Inm) .
< yp— tr (B?).

In particular, we have

(9.54) 0 < [tr (4%)]"? [tr (B?)]"? — tr (B%A?)
< (M2 — mQ)é:;M —Inm) o (B?)

provided the conditior] (9.24) is valid.

PrRoOF. From the inequality] (9.50) we have

o (P1/2CP1/2) v tr (P1/2CI/P1/2)
(9.55) 0< ( o (P) > - u(P)
. tr (P) o
< v (=) (M —m)(In M —Inm) (tr (P1/2CP1/2)) ’

provided thatnly < C < M1y for some constant$ < m < M andP € B, (H), P > 0.
Now, from {9.21) by multiplying both sides witR~% we haven?l < B~ A?PB~% < M*I,
By writing the inequality|(9.55) fo’ = B~2A4?B~%, P = B the boundsn?, M” and
V= ]lJ, then we get

0<

<tr (AP) ) b tr(B%,A7)
tr (B9) tr (BY)

L) (A — T tr(B7)\
< g O =) (e =) (G55

By multiplying this withtr (B?) > 0 we get
(9.56) 0 < [tr (AP)]7 tr (BY)1 — tr (B, /, A)

tr (B?)

Lo op g q
§@<M —mP)(InM —Inm) (tr(Ap)> tr (B?).

Sincem? tr (BY) < tr (4A?) < MPtr(BY), thenggig < -1 and by [(9.56) we get the desired
result [9.58) .1
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9.5. Some Exponential Inequalities.In paper [B1] we also obtained the following multi-
plicative reverse of Young’s inequality

(1-v)a+vb a
wherea, b > 0, v € [0, 1].
For a numerical comparison of the several bounds in the Young’s inequality, see

By using a similar argument to the one in the proof of Theofem 9.4 we can prove the
following result as well:

THEOREM9.12 (Dragomir, 2015/d4]). LetC be an operator with the property (9]14) for
some constants:, M with M > m > 0andP € B, (H), P > 0 with tr (P) > 0. Then for
anyp, ¢ > 1with . + 2 = 1 we have

o () < (e ()]

In particular, we have

(9.59) tr (PC?) tr (P) < exp [2 (K ((%)j - 1)

We also have:

[tr (PO

COROLLARY 9.13.LetA and B be two positive invertible operators, ¢ > 1 with 141 = 1
andm, M > 0 such thatB? € B; (H) andm?B? < A? < MPB?. Then

(9.60) [tr (AP)]? [tr (B9)]Y4 < exp F <K ((%)p> — 1)} tr (B4, /,A?) .

pq m
In particular, if m?B? < A2 < M?B?, then

©61)  tr(4?)tr (B < exp [2 <K ((%ﬁ - 1)

In [57] we obtained the following inequalities that improve the corresponding results of
Furuichi and Minculete from34):

min {a, b} )2

max {a, b}

[tr (B2£42)]°.

(1—-v)a+vb
al-vpv

1 max {a, b} ?
< — — - - ' - _
< exp [21/(1 v) ( (a0} 1) ]
for anya, b > 0 andv € [0, 1].

THEOREM 9.14 (Dragomir, 2015/4]). LetC be an operator with the property (9]14) for
some constants:, M with M > m > 0andP € B, (H), P > 0. Then for anyp, ¢ > 1 with
L+1=1wehave

oo () sl ()
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and, in particular,

(9.64) tr (PC?) tr (P) < exp [i ((%)p — 1)2

Al [tr (PO))2.

PROOF If a, b € [m, M] C (0,00) and since

max {a,b} < M
min {a, b} ~—m

Therefore, by[(9.62) we get

0<

hence

VAN
—
3=
|
~

m

(9.65) (1—v)a+vb<a b exp [%1/ (1-v) (% — 1> ] :

foranya, b € [m, M] andv € (0,1).
Now, if C' is an operator witin! < C' < M1 then forp > 1 we havem?l < C? < MP].
Using the functional calculus we get fro.65) for- 1 that

2 2 )
(1 — 1) d + Lew < exp 1 ((%) — 1) 4 rC,
P P 2pq m

namely, the vector inequality,

(1 - %) d{y,y) + }9 (CPy,y) < exp [%q ((%)p - 1)1 d'"r (Cy,y),

foranyy € H andd € [mP, M?].

This is an inequality of interest in itself.

Now, by employing a similar argument to the one in the proof of Thegrein 9.4 we deduce
the desired resulf (9.63). The details are omiteed.

Finally, we have:

COROLLARY 9.15. LetA and B be two positive invertible operators, ¢ > 1with -+ = 1
andm, M > 0 such thatB? € B, (H) andm?B? < A? < MPB?. Then

0.66) o (A7) [ox (B1)" < exp [i ((%) - 1)2

5o (O tr (B, A7)

In particular, if m2B? < A% < M?B2, then

(9.67) tr (AQ) tr (BQ) < exp
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10. ADDITIVE REVERSES

10.1. Operator Inequalities. We consider the functiorf, : [0,00) — [0, 00) defined for
v e (0,1) by

(10.1) fo(x)=1—v+ve—2a"
The following lemma holds.
LEMMA 10.1 (Dragomir, 2015/d7]). For anyx € [m, M] C [0, 0c) we have

fo(m) if M <1,
(10.2) énax]fl, () =A, (m, M) :=< max{f, (m), f, (M)} ifm<1<M,
fo (M) ifl<m
and
fo (M) if M <1,
(10.3) erfli%}fl,(:p)zéy(m,M) =< 0ifm <1< M,
fo(m) if 1 <m.

PrRoOOF The functionf, is differentiable and
/ v—1 xliy —1
folw)=v (L =a"") = v,

which shows that the functiof), is decreasing oft), 1] and increasing ofi, oc), f, (0) = 1—v,

f» (1) = 0 and the equatiotf, (z) = 1 — v for > 0 has the unique solutian, = peT > 1.
Therefore, by considering th&possible situations for the location of the interVial, M|
and the numbet we get the desired bounds (10.2) and ([LOK3).

REMARK 10.1. We have the inequalities
0< f,(r)<1l—vforanyx € [0, Vﬁ}

and )
1—v < f, () foranyzx € [uﬁ,oo) :

THEOREM10.2 (Dragomir, 2015/d7]). Assume tha#i, B are positive invertible operators
and the constantd/ > m > 0 are such that

(10.4) mA < B<MA.
Letr € [0, 1], then we have the inequalities
(10.5) d, (m, M)A < AV,B — A8, B < A, (m, M) A,

whereA, (m, M) andd, (m, M) are defined b 2) anfl (10.3), respectively.
ProoF From Lemma 10]1 we have the double inequality
(10.6) o, (m, M) <1—v+4ve—z"<A,(m,M)

foranyz € [m, M].
If X is an operator such that/ < X < M1, then by [10.5) and the continuous functional
calculus, we have

(10.7) Sy (m,MYI<(1—-v)[+vX—-X"<A,(m,M)I.

AJMAA Vol. 19(2022), No. 1, Art. 1, 202 pp. AIMAA


https://ajmaa.org

TRACE INEQUALITIES FOROPERATORS INHILBERT SPACESSURVEY 99

If the condition [(10.4) holds, then by multiplying in both sides with'/? we getmmI <
A"V2BA-1Y2 < MT and by takingX = A~'/2BA~"/2in (10.8) we get

(10.8) 8, (m, M)T < (1 —v)I+vATY2BAY2 — (A7V2BA7Y2)Y

<
<A, (m,M)I.

Now, if we multiply (10.8) in both sides with'/? we get the desired resut (10.9).

COROLLARY 10.3. For two positive operators!, B and positive real numbens, m’, M,
M’ puth = M andn’ = A

If
(0<ml<A<mI<MI<B<MI,
then
If
([ 0<mI<B<mI<MI<A<MI,
then
(10.10) 7, ((h’)_1> A<AV,B- A4,B< f, (h)) A

PrRoOOEF If (i) is valid, then we have

A<£A:h’A§B§hA:MA,
m m

and by [(10.5) we have far < 1’ < h
£, (W)A< AV,B— At,B < f, (h) A,

and the inequality (10]9) is proved.
If (i) is valid, then we have

1 1
—A<B< -A<A
ST S phs
and by [10.5) for. < ;L < 1 we also have
1 1
fV(ﬁ)ASAvVB_AﬂVBgfl/(E)A?

and the inequality] (10.10) is provesl.

We have the following simpler bounds:
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COROLLARY 10.4. With the assumptions of Theorem 10.2 we have
2
( <1—\/M) Aif M <1,

(10.11) TX S 0ifm<1<M,

| (Vm—1)2Aif 1 <m,

< AV,B — A4,B
((1—m)?Aif M <1,

Y

< R x max{(l—\/ﬁ)Q,(m—l)Z}Aifmg1§M,

\ (m—1)2Aif1 <m,
wherev € [0,1], 7 = min{1 —v,v} andR = max {1 — v, v} .
PrROOF. From the inequality (8]1) we have for= ¢t anda = 1 that
r(\/i—1>2 < 1, () :1—u+yt—t”§R(\/£—1>2

foranyt € [0, 1].
Then we have

((1—vm)if M <1,

A, (m, M) < R x max{(l—\/ﬁ)Q,<\/M—1>2} ifm<1<M,

(m—1)2 if 1 < m

\

and
4

(1—\/M)2 if M <1,

Oy (m, M) 271 xS 0ifm <1< M,

L (Vm—1)7if 1 <m,
which by Theorem 10]2 proves the corollagy.

REMARK 10.2. With the assumptions of Corolldgry 10.3, we have, in the case (i), that

2 2
(10.12) r (\/E . 1) A< AV,B — At,B <R (\/E - 1) A,
and in the case (ii), that
2 2
(1-va) (1-v7)
(10.13) rTA < AV,B—- At,B<R A.
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The following bounds in terms of Specht’s ratio can be stated as well:
COROLLARY 10.5. With the assumptions of Theorem 10.2 we have
[S(M") = 1] MYAif M < 1,
(10.14) 0ifm<1< M,

[S(m") —1m"Aif 1 <m,
< AV,B — A4,B

[S (m) —1]m"Aif M <1,
< ¢ max{[S(m)—1m",[S(M) -1 M"} Aif m <1< M,

(S (M) -1 M Aif1 <m.
ProOF From the inequality| (10]1) we have for= 1 andb = ¢ that
(10.15) SHYVt' <1—v4uvt<S(t)t",

wheret > 0, v € [0, 1], 7 = min {1 — v, v}.
By subtracting” in the inequality[(10.15) we get

(10.16) (0<)[S () — 1]t < £, (1) < [S (1) — 1]#*,

foranyt > 0, v € [0, 1].
Then we have

[S(m)—1]m”if M <1,
A, (m, M) << max{[S(m)—1m" [S(M)—-1M"} ifm<1<M,

(S (M) -1 M”if1<m

and
[S(M")—1] M"Y if M < 1,

5, (m,M)>{ 0ifm<1<M,

[S(m™) —1]m”if 1 <m,
which by Theorem 10]2 proves the corollagy.
REMARK 10.3. With the assumptions of Corolldry 10.3, we have in the case (i), that

(10.17) [S(()") = 1] (K)" A< AV,B — A4, B < [S (h) — 1] W’ A,
and in the case (ii), that
(10.18) %A < AV,B — At,B < %A.
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We have
(10.19) O<)K () —1t"<1—v+uvt—t" < [KR(t)—1] ¢

wheret > 0,v € [0,1],r = min {1 —v,v} andR = max {1 —v,v}.
We then have the following bounds in terms of Kantorovich’s constant:

COROLLARY 10.6. With the assumptions of Theorem 10.2 we have
(K7 (M) — 1] MY Aif M < 1,
(10.20) 0ifm <1< M,
[K" (m) — 1]m"Aif 1 < m,

< AV,B — A4,B

(KT (m) — 1] m"Aif M <1,
< ¢ max {[K®(m)—1]m", [KF (M) -1 M} Aif m <1< M,
[K7 (M) —1] MYAif 1 < m.
REMARK 10.4. With the assumptions of Corolldry 10.3, we have in the case (i), that
(10.21) (K" (k') — 1] (W)" A< AV, B — A, B < [K" (h) — 1] K 4,
and in the case (ii), that

K" (W) —1 KE(h)—1
— - ALK — < _
7 ASAV,B - AfB < =

Letp, g > 1 with % + % = 1. Assume that the positive invertible operatarsB satisfy the
condition

(10.22) A.

(10.23) mAP < BT < M AP,

Then by replacingl with A7, B with B? andv =  in ) we have

1
q

(10.24) 51 (m, M) AP < 247+ Lo avg, BY < Ay (m, M) AP,
p q q q

whereA: (m, M) andé: (m, M) are defined by (10]2) an@)ﬁ) respectively.
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If the positive invertible operatord, B satisfy the conditior (10.23), then frofn (10.11) we
get for

;

<1—\/M>2AP if M <1,

(10.25) Tpa Xy 0ifm <1< M,

| (Vm—1)°4rif 1 <m

1,1
< AP+ ZBY — APf, B
P q

((1—m)?Arif M <1,

)

2
<R,, % max{(l—\/ﬁ)z,<m-1) }ApifmglgM,

(\/M—1)2Apif 1<m,

\

from (10.14) we get

(S (M™a) — 1) MY AP if M < 1,
(10.26) 0ifm<1<M,
[S (m™a) —1mYAPif 1 <m
1 1
< —AP 4+ —B7 — AP, BY
p q a
(S (m) — 1]m" AP if M <1,
< ¢ max{[S(m)—1m", [S(M) -1 M} APif m <1< M,

1S (M) — 1] MY APif 1 < m,
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while from (10.20) we get
[K7va (M) — 1) MYAPif M < 1,

(10.27) 0if m <1< M,

(K™ (m) — 1]m"APif 1 <m
1 1

< ZAP 4 B9 — APH, B9
D q e

[K#ra (m) — 1] mr AP if M < 1,
< ¢ max {[Kfa(m) — 1| m¥, [KFfra (M) =1 M"} APif m <1< M,
[Kfva (M) — 1] MY AP if 1 < m,

wherer, , = min {%, %} andR, , = max {i, é} )
If p = ¢ = 2and if we assume that

(10.28) mA?* < B? < M A?,

then by [10.2}4) we get

(10.29) 01 (m, M) A* < %
Assume thatd and B satisfy the conditions

(10.30) mil <A< MI, myl <B< MI

for somed < m; < M; and0 < my < M,. We have from[(10.30) that

mbI < AP < MP].

(A*+ B%) — A%tB* < Ay (m, M) A%

Then by [(10.30) we also have
mPMy T < mPB™? < B3 APB™% < MPB™9 < M"m;I,
which implies that )
mlM;%I < (B*%APB*%)E < Mlm;%f.

Now, on using the inequality (10.24) fat = m, M, *» andM = M;m, ", we get

4 4 1 1
(10.31) 0y (mlM2 ., Mym, ) AP < —AP 4 —BY — AP, BY
p q z

<A, (miMy " Mymy ) A7,

wherep, ¢ > 1with 1 + 1 =1,
In particular, we have

(10.32) 81 (miMy !, Mymy') A% < % (A + B?) — A%
< A% (mlMgl, M1m51> Az,

provided thatd and B satisfy the conditiong (10.80).
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Further inequalities in terms of Specht’s ratio and Kantorovich’s constant may be obtained
by using [10.2) and (10.R7) respectively, however the details are not presented here.

10.2. Inequalities Related to McCarthy’s. By the use of the spectral resolution®f> 0
and the Hoélder inequality, C. A. McCarthg@9 proved that

(10.33) (P, z)’ < (PPz,z), p € (1,00)
and
(10.34) (PPz,x) < (Pz,z)", pe (0,1)

foranyz € H with ||z|| = 1.
From the previous section, for positive numbers$ with £ € [m, M] C (0,00) andv €
[0, 1] we can state the following scalar inequalities

(10.35) §,(m,M)a<(1—-v)a+vb—a' b <A, (m,M)a,
whereA,, (m, M) andé, (m, M) are defined b 2) and (10.3) respectively.
We also have the scalar inequalities

( (1—\/M)2aifM<1,

(10.36) XN 0ifm <1< M,

L (Vm—1)%aif 1 <m,

<(1—-v)a+vb—a "V
((1—ym) aif M <1,

Y

<R x max{(l—\/ﬁ)2,<\/ﬁ—1>2}aifm§1§M,

2

\ (\/M—l) aif 1 <m,
[S(M") = 1] M aif M <1,

(10.37) 0ifm <1< M,

[S(m") —1]m"aif 1 <m
<(-v)a+uvb—a"b

[S(m) —1]m"aif M <1,
< ¢ max{[S(m)—1m",[S(M) -1 M"}aif m <1< M,

[S(M)—1]M’aif 1 <m
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and
[K" (M) — 1] M"aif M < 1,

(10.38) 0if m <1< M,

[K" (m) —1]m¥aif 1 <m
<(1-v)a+vb—a "V

(K™ (m) — 1] m¥aif M <1,
< ¢ max {[K®(m)—1]m", [K® (M) -1 M"}aif m <1< M,
(KR (M) —1] M¥aif 1 < m,
wherer = min {1 — v,v} andR = max {1 — v, v}.
THEOREM 10.7 (Dragomir, 2015/d7]). Let P and operator such that
(10.39) A< P<ZI

for some constantg > 2 > 0.
Then for anyr € H with ||z|| = 1 we have

Pzr. x Z
(10.40) 0§1—<<Px—x>2_max{fx< )Jx(;)},
where) € [0, 1] and the functiory, : [0, 00) — [0, c0) is defined by
(10.41) frt)=1—=X+ At -t

PROOF If u,v € [z, Z] then® € [£, £] and by (10.35) we have

0<(1—=Nv+Au— 1’\’\<max{f,\<%>,f)\<§>}v

forany\ € [0,1].
Fix v € [z, Z], then by using the functional calculus for the operaowith 21 < P < Z1
we have

(10.42) 0<(1— X\ ol +\P—v"*P < max {fA (%) A <§) } v

forany\ € [0, 1].
The inequality[(10.42) implies that

(10.43)  0<(1—-XNv+A(Pr,z)—v' (P, x><max{fk< >fA( >}

foranyx € H with ||z|| = 1, forany\ € [0, 1] and for anyv € [z, Z].
If we take in (10.4By = (Px,x) € [z, 7], for x € H with ||z|| = 1, then we have

0 < (Pz,z) — (Pa,z)' ™ (PPa, x><max{f>\< ) fA( )}(m,@,
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1-X

which, by division with(Pz, z) ~" > 0 produces

0< (Pz,2) — (Pz, x><max{f)\< >fA( >}<Px,a:>A

that is equivalent to the desired res[ilt (10.4D).

REMARK 10.5. If 1 < £ < ATT with A € (0,1) then by Remark 10,1 we have that
max {f (%) ./ (£ )}<1—)\andbym)weget

(10.44) APz, z)* < (Pz, ) ( (Px,x) >

foranyz € H with ||z| = 1.
COROLLARY 10.8. With the assumptions of Theorem 10.7 an#l i= max {),1 — A} for

A €(0,1), then we have
( 2
r(y2-1)
(Pz, 9:>

=l Sy SO -9,

L[5 (%) 1] (9)

foranyz € H with ||z|| = 1.
We have:

THEOREM 10.9 (Dragomir, 2015/d7]). Let A and B be two positive invertible operators,
D, q > 1With%—|—%: 1 andm, M > 0 such that

(10.45) mPB? < AP < MPB1.
Then we have

Tt = (G4 ()
aoss) o<1 PR el () ()
where the functiorf% : [0, 00) — [0, oo) is defined by| (10.41) fox = =

PROOF. From the inequality (10.40) for = 2,

(P'y,y) 2 Z
aean e (v, 9)' " (Py.y) = {fA <§> h (;> } ’

provided thatP satisfy the conditior{ (10.39).

Now, from (10.45) by multiplying both sides witB—3 we havem?] < B 3APB~3 <
MPI.

By writing the inequality|(10.47) fo® = B 3APB~ 3, 2 = mP, Z = MP, \ = 217 and
y = Biz,withz € H, z # 0, we have

((B-iarp71)7 Bis, Bi)

y # 0 we have

0<1~-

(Biz, BYx)t (B-3ArB~%) Bix, Biz)r

<o 1, ()52 ()}
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that is equivalent to

(Bt (B4A"B~)" Birx)
0<1-

(Biz,z)+ (Avx,z)» )
o () ()
withz € H, z # 0.

This is equivalent to the desired resqlt (10.46).
COROLLARY 10.10. With the assumptions of Theorem 10.9 we have ferH, = # 0, that

( P 2
T (GDF 1)
<Bqﬂ1/pApx, x>

(Apz, )7 (Bag, )7 = [S((w)") — 1]

L [T ()7 = 1] 50

0<1~

11
whereT), , = max {]—), 5} .

10.3. Trace Inequalities. We have the following trace inequality:
THEOREM10.11 (Dragomir, 2015/d7]). LetC be an operator with the property that
(10.48) 2 <C<ZI

for some constants, Z with Z > z > 0andP € B, (H), P > 0 with tr (P) > 0. Then for
any\ € [0, 1] we have

tr (PC)‘) z A
104 <1- < — —
(10.49) 0= UlAGﬁUMPO)_HMX{h<Z>“ﬁ(z)}
and the functiory) is defined by{ (10.41).
PROOF As in the proof of Theorein 10.7, we have

0<(1=XNovl+MC—v2Cr< max{f,\ <%) s a (g)}v

z

forany\ € [0,1].
This inequality implies that

(10.50) 0<(1—Nv{z,z)+MCrx,z) —v'" M {Cz,2)

<mc{ 1 (2).5 (2)}otan.

foranyxz € H, forany\ € [0, 1] and for anyv € [z, Z].
Now, if we take in|(10.50) = P'/?e, wheree € H, then

(10.51) 0<(lI—=Xwv(Peye)+ A <P1/20P1/2e, ey — v <P1/20>\P1/26, e)

<max {1 (5) 5 (Z)}oireo,

foranye € H.
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Let {e;},., be an orthonormal basis df. If we take in (10.51) = e¢;, i € I and by
summing ovel € I, then we get

(10.52) 0<(1=XNv)Y (Pejer) + A1) (PVPCP e e;)
i€l el
o ,Ul—)\ Z <P1/20)\p1/26i, 6i>
el
z A
< max {fA <§> s [ (;) } UZ (Peg, eq)
i€l

and by the properties of trace we have

0< (1=Avtr(P)+ Ar(PC) — o' tr (PCY)

< max{fA ()5 <§)}vtr(P),

forany\ € [0, 1] and for anyv € [z, Z].
This inequality can be written as
tr (PC) B v1f>\tr (PCA)
tr (P) tr (P)

el (5) (D)

forany\ € [0, 1] and for anyv € [z, Z].

Now, if we take in (10.58) = %55 € [2, 7], then we get

tr(PC) \tr(PC)  (tx(PC) At (PCY)
tr (P) tr (P) _(mp)) tr (P)

e (5).(2) 20

tr (PC) (tr (PC) ) Tt (PCY)
tr (P) tr (P) tr (P)

< {3 (D)} 00

and by multiplying with-22L ~ 0 we get the desired resqlt (10|49).

tr(PC)

(10.53) 0<(1—N)v+A

0<(1—\)

namely

In particular, we have:

COROLLARY 10.12. With the assumptions of Theorém 10.11 an#l # max {\,1 — A}
for A € (0,1), then we have

tr (PC’)‘) < \
o (P (PO) = ) [S(B) =11 (%),

| (K7 (%) -1] (9)".
The following reverse of Holder’s trace inequality may be stated:

(10.54) 0<1-—
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THEOREM10.13 (Dragomir, 2015/d7]). Let A and B be two positive invertible operators,
p,q > 1with%+%: 1 andm, M > 0 such that

(10.55) mPBY < AP < MPBY.
If B € By (H), then

tr (qujl/pAp) m\P M\?
(10.56) O<1- trl/p (AP) trl/a (B9) < max f% ((M) > ’f% m '
PROOF Now, from {10.55) by multiplying both sides with—% we haven?] < B-3A?B~% <

MP?]. By writing the inequality[(10.49) fot! = B-2APB~%, 2 = mP, Z = MP, \ = 1 and
P = B?we get the desired result (10]5a).

Finally, we have

COROLLARY 10.14. With the assumptions of Theorem 10.13 and,if = max {}D, %} :
then we have

( Tp,q ((%)g - 1>2>
tr (Bqﬂl/pAp)
(10.57) 0= b= o am e (g = ) [S((2)") —1] 2,
[ [K™e ((3)7) = 1] 4

m

10.4. Other Upper and Lower Bounds.In [57] we proved the following reverses of
Young’s inequality

(10.58) 0<(1-v)at+vb—a" "0’ <v(l—v)(a—>)(Ina—Inb)
and
(1-v)a+vb a

foranya, b > 0 andv € [0, 1], whereK is Kantorovich'’s constant.
The inequality[(10.59) is equivalent to

10.60) 0<(1—=v)a+uvb—a""
(

< (e[ -0 (K (5)-1)] - 1) avr

for anya, b > 0 andv € [0,1].

Therefore, by[(10]2)[ (10.58) and (10.60) we have
fo(m) if M <1,

(10.61) A, (m, M) = { max{f, (m),f, (M)} if m <1< M,

fo (M) ifl<m
(m—1)lnmif M <1,

<v(l—v)xq max{(m—1)lnm,(M —1)InM} if m <1< M,

(M —1)InMif 1 <m,
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and
( (exp[Arv (1 —v) (K (m)—1)]—-1)m"if M <1,

max {(exp [4v (1 —v) (K (m) — 1)] — 1) m”,

(10.62) A (m, M) < 4 (oxp [dp (1 — v) (I (M) — 1)] — 1) M¥} if m < 1 < 1M,

( (exp[dv (1 —v) (K (M) —-1)]—=1)M"if 1 <m.

In [61] we also obtained the following refinements and reverses of Young’s inequality

1
(10.63) ol (1 —v)(Ina —Inb)*min{a,b} < (1 —v)a+vb—a*"b"

< oy (L= v) (o — nb)* max {a,b}
and
1 min {a, b} ?
(10.64) exp [5” 1=v) (1 - m) ]
(1-v)a+vd
S
1 max {a, b} ?
< exp [§V(1—V) (m - 1) ]

foranya, b > 0andv € [0,1].
The inequality[(10.64) is equivalent to

(10.65) <exp [%V (1-v) (1 - %) ] - 1> a'vy”

<(1-v)a+vb—a "

1 max {a, b} 2 -
< - _ el Sete R . vy
< (exp [2u(1 v) (min (o} 1) ] 1> a"b
for anya, b > 0 andv € [0,1].

Therefore, by[(10.63) anf (10)65) we have the upper bounds
(lnm)2 if M <1,

(10.66) A, (m, M) < —v(1—v){ max{(lnm)*, (InM)* M} if m <1< M,

DN | —

(InM)*Mif 1 <m
and

<exp w(l-v)(&- 1)2} - 1) mXif M <1,

{
1067) A, man) < { max{ (e [0 —0) (=) 1)
Lyl —v) (M =17 —1)M"} ifm<1<M,

[ (exp [3v (1 —v) (M—l)Q} —1) M if 1 <m.
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From (10.3),[(10.63) and (10.65) we have the lower bounds

£ (M) if M <1,
(10.68) 5, (m,M):=<¢ 0ifm<1<M,
fo(m) if 1 < m.
(In M)* M if M < 1,
z%yu—up< 0if m <1< M,
(Inm)* if 1 <m
and
(exp[Av(1—v)(1—M)*] —1) MV if M <1,
(10.69) 8, (m, M) > ¢ 0ifm<1<M,

<exp [%V(l —v)(1- %)2} - 1) m”if 1 < m.

Assume thatd, B are positive invertible operators and the constaits- m > 0 are such
thatmA < B < MA. If we use the second inequality in (ID.5), then we have the following
upper bounds for the differencéV, B — A4, B:

\

(10.70) AV,B — A4, B
([(m—1)Inm] Aif M <1,
max{(m —1)Inm,(M —1)In M} A
Sv=V) X e <1< M,
( (M —1)InM]Aif 1 <m,
(10.71) AV,B — A4,B

( (exp[Av (1 —v) (K (m)—1)]—1)Am”if M <1,

max {(exp [4v (1 —v) (K (m) — 1)] — 1)ml.’,
(expdv (1 —v)(K(M)—1)]—-1)M"} Aif m <1< M,

IN

( (exp[dv(1—v)(K(M)—-1)]—1)AM"if 1 <m,
(10.72) AV, B — A4, B
[(lnm)ﬂ Aif M <1,

<-v(l-v) max{(lnm)Q,(lnM)QM}Aifmg1§M,

N[ —

[(lnM)QM} Aifl<m
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and
(10.73) AV,B — At,B

( (exp [%y (1-v) (- 1)2} - 1) AmYif M < 1,

max{(exp [%y (1-v) (L - 1)2] - 1) m”,

(exp [%1/(1—1/)(]\4—1)2} —1) M} Aifm <1< M,

IN

([ (exp [sv (1 —v) (M — 1)2} —1) AM”if 1 <m.

If we use the first inequality irf (10.5), then we have the following lower bounds for the
differenceAV, B — A4, B:

(10.74) AV,B — A4, B
[(In M)* M ] Aif M < 1,
Zéu(l—y)x 0if m <1< M,
[(lnm)Q] Aif 1 <m
and
(10.75) AV,B — A4,B

(exp[v(1—-v)(1 —M)Q} —1) AMYif M <1,

0ifm<1< M,

v

(exp |:%V (1-v)(1- %)2} - 1) Am¥if 1 <m.
\
The interested reader may state other inequalities by using Theprerjjs 10J7-10.13, however
the details are nor presented here.
11. MULTIPLICATIVE REVERSES

In [57] we proved the following multiplicative reverse of Young’s inequality
(1—-v)a+vb [ ( (a> ﬂ
: <7 < — - -
(11.2) 1< T <expl|dv(1—v) (K 7, 1)1,
foranya, b > 0 andv € [0,1], whereK is Kantorovich’s constant.
In [61] we also obtained the following multiplicative refinement and reverse of Young’s
inequality

(11.2) exp [%y (1—-v) (1 - %) ]
(1-v)a+vb
al-vpv

< exp [%y(l ~v) (% - 1)2]

foranya, b > 0 andv € [0, 1].
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11.1. Multiplicative Reverses.We consider the functiop, : (0,00) — (0, 00) defined
forv e (0,1) by

B l—v+vx

(11.3) g, (2) = — = (1—v)z ™ +va'.
For [m, M] C (0, c0) define the quantities
g, (m) if M <1,
(11.4) [y (m, M) = { max{g, (m),g, (M)} if m <1< M,
g (M) if1<m

((1—v)m™ +vm'™vif M <1,

max {(1 —v)m™ +vm'™", (1 —v)M " +vM'""}
ifm<1<M,

( (1—v)M 7" +vM'"™ifl<m
and
gy (M) if M <1,

(11.5) v, (m, M) =< 1ifm <1< M,

gy (m) if 1 <m.

1—v)M™"+vM“=if M <1,
=< 1litm <1< M,

1—v)ym™ +vm!7if 1 <m.
The following lemma holds.

LEMMA 11.1 (Dragomir, 201548]). For anyx € [m, M] C (0, 00) we have

(11.6) max g, (z) =T, (m, M)
z€[m,M]

and

(11.7) min g, (z) =7, (m, M).
x€[m,M]

PROOF The functiong, is differentiable and
gy (@) =1 =v)va™ " (z -1),

which shows that the functiog, is decreasing orf0, 1) and increasing offil, co) . We have
9, (1) = 1,lim,_04g, (z) = 400, liM, g, (x) = +oo andg, (1) = g1, (z) foranyz > 0
andv € (0,1).

Therefore, by considering tiepossible situations for the location of the interyial, M|
and the numbet we get the desired bounds (11.6) and (]L1x7).
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The following result provides a multiplicative refinement and reverse for the operator Young's

inequality:

THEOREM11.2 (Dragomir, 2015/48]). Assume thatl, B are positive invertible operators

and the constantd/ > m > 0 are such that

(11.8) mA < B < MA.
Letv € [0, 1], then we have the inequalities
(11.9) v, (m, M) Af,B < AV,B <T, (m,M) A4, B,

wherel', (m, M) and~,, (m, M) are defined by (11/4) angd (11.5), respectively.

ProoFr From Lemma 11]1 we have the double inequality

(11.10) v, (m,M)z" <1—v+4+vae <T,(m,M)z"

foranyz € [m, M].

If X is an operator such that/ < X < M/, then by [11.1ID) and the continuous functional

calculus, we have
(11.11) v, (m, M) X" <(1—-v)I+vX <T,(m,M)X".

If the condition [(11.B) holds, then by multiplying in both sides with'/> we getmI <

A-12BA-12 < MT and by takingX = A-Y/?BA~'/2in (11.11) we get
(11.12) v, (m, M) (A?BA™Y%)" < (1 —v) [+ vA~/2BA7Y?

< T, (m, M) (AV2BA12)"

Now, if we multiply (11.12) in both sides witA'/? we get the desired resut (11.9).

COROLLARY 11.3. For two positive operators!, B and positive real numbens, m’, M,

M’ puth =M andn’ = 2 Letv € (0,1).

()0<mI<A<m'I<MI<B<MI,

then
(11.13) g, (W) At,B < AV, B < g, (h) A, B.

(i) 0<mI<B<mI<MI<A<MI,

then

(11.14) g1, (W) A4, B < AV,B < g,_, (h) A, B.
PrRoOOEF If (i) is valid, then we have
A<£A:h’A§B§hA:%A7
m m

and by [(11.p) forl < &' < h we have

g, (W) A, B < AV, B < g, (h) A%, B,

and the inequality (11.13) is proved.

If (i) is valid, then we have

lA§B§1A<A

h n
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and by [11.1B) for. < ;L < 1 we also have

(;) A4,B < AV,B < g, (%) At,B

9 <%> =g (h), g (;,) g1 (W),

the inequality[(11.14) is proved.

REMARK 11.1. By making use of (11.9) we have the following upper and lower bounds in
terms of Specht’s rati®

S (M) A%, Bif M < 1,

and since

(11.15) A4, Bif m<1< M,

S(m") A, Bif 1 < m.
< AV,B

S (m) A, Bif M <1,
<< max{S(m),S(M)} A, Bift m <1< M, |,

S (M)At Bif 1 <m

wherev € [0,1], 7 = min {1 — v, v}.
With the assumptions of Corollaiy 11.3, we have, either in the case (i) or in the case (ii) that

(11.16) S ((W)") A4,B < AV, B < S (h) At, B
wherev € [0, 1], 7 = min {1 — v, v}.

REMARK 11.2. By making use of (11.9) we have the following upper and lower bounds in
terms of Kantorovich’s constamt

K" (M) At Bif M < 1,
(11.17) At Bifm <1< M,

K™ (m) A8, Bif 1 < m.
< AV,B

KB (m) A4, Bif M <1,
< ¢ max{K®(m),K®(M)} Af,Bift m <1< M,

K®(M) A4, Bif 1 <m,
wherev € [0,1], 7 = min {1 — v,v} andR = max {1 — v, v}.
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With the assumptions of Corollafy 11.3, we have, either in the case (i) or in the case (ii) that
(11.18) K" (W) A4,B < AV,B < K®(h) A1, B,
wherev € [0,1], 7 = min {1 — v,v} andR = max {1 — v, v}.

REMARK 11.3. By making use of (111.9) ar{d (11L.1) we have the following exponential upper
bound

((exp[dv (1 —v) (K (m)—1)] At Bif M <1,

max {exp 4v (1 —v) (K (m) — 1)],

(11.19) AVPB S\ exp v (1 v) (K (M) = 1)]} A, Bt m < 1< M,

(L exp[drv (1 —v) (K (M)—1)]At,Bif 1 <m.

With the assumptions of Corollajy 11.3, we have either in the case (i) or in the case (ii) that
AV, B <exp[dv (1 —v) (K (h) — 1) A4, B,

wherev € [0, 1].

REMARK 11.4. By making use of (111.9) arid (1]L..1) we have the following exponential lower
and upper bounds

([ exp [Av(1—-v)(1- M)z] A, Bif M <1,

(11.20) A, Bif m <1< M,

exp |:%V(1 —v)(1- %)2} A, Bif 1 <m.

\
< AV,B

(

exp |:%V(1 —v) (57 — 1)2] At Bif M <1,

max {exp [2v (1 — v) (m — 1)2} ;
exp |:%l/(1 —v) (4 — 1)2]}Aﬂ,,B ifm<1< M,

IA

| exp [sv(1—v)(m— 1)2} A, Bif 1 <m.
With the assumptions of Corollafy 1I1.3, we have either in the case (i) or in the case (ii) that

;N2
(11.21) exp Ey(l — V) (h ¥ 1)

A4, B

< AV,B < exp BV (1—v)(h— 1)2} At, B,

wherer € [0, 1].

Letp, ¢ > 1 with % + % = 1. Assume that the positive invertible operatersB satisfy the
condition

(11.22) mAP < BY < MAP.
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Then by replacingd with A?, B with B? andy = % in ) we have

1 1
(11.23) v1(m, M)AP4.1 B < —AP + —B?* <T'1 (m, M) APt: B,
q p q q q

q

wherel': (m, M) andvy. (m, M) are defined by (11/4) and (11.5), respectively.
Assume thatd and B satisfy the conditions

(11.24) mil < A< MI, myI <B<MI
for somed < m; < M; and0 < my < M,. We have from[(11.24) that
mPT < AP < MPI.
Then by [(11.24) we also have
mP My T < mPB™? < B3 APB™% < MPB™9 < M"m;I,

which implies that

q

. ) N L
miM, "I < (BTAPB*§> < Mym, "I.

Now, on using the inequality (11.23) fat = m, M, * andM = M;m, ”, we get

(11.25) Y1 <m1MQ_5, M1m2_5> APg1 BT

<T. (mlM;”,MlmQ ) APE, BY,

wherel': (-,-) and~: (-, ) are defined by (11/4) and (11.5), respectively.

Further bounds may be stated as in Remarks[11.1-11.4, however the details are not provided
here.

11.2. Inequalities Related to McCarthy’s. By the use of the spectral resolution®f> 0
and the Holder inequality, C. A. McCarthgQ9 proved that

(11.26) (P, z)’ < (PPz,z), p € (1,00)
and
(11.27) (PPx,x) < (Pz,z)", p€ (0,1)

foranyz € H with |jz|| = 1.
From the previous section, for positive numbers$ with £ € [m, M] C (0,00) andv €
[0, 1] we can state the following scalar inequalities

(11.28) Y (m, M) a0 < (1=v)a+vb<T, (m,M)a' "V,

wherev, (m, M) andTl', (m, M) are defined by (11/4) and (11.5), respectively.
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This inequality can be written explicitly as
Gy (M) a'="b" if M < 1,

(11.29) a7 ifm <1< M,

gy (m)a'="b" if 1 < m.
<(l-v)a+vb

gy, (m)a="bif M < 1,

<< max{g, (m),g, (M)}a' 0" if m <1< M, |
gy (M) a'="b" if 1 < m,
where
1—
(11.30) g, (z) = v (1—v)o ™" +vz'™, x>0
xV

We have the following reverse of McCarthy’s inequality:
THEOREM11.4 (Dragomir, 2015/48]). Let P and operator such that
(11.31) 2l <P<ZI

for some constantg > 2 > 0.
Then for anyr € H with ||z|| = 1 we have

(Pz,z) Z Z
: <)< L= =
(11.32) (1<) (Powa) = maxq gi-a| = )90 | 7 )
where\ € [0, 1] and the functiony, : (0, 00) — (0, c0) is defined by| (11.30).

PROOF. If u,v € [z, Z] then® € [£,£] and by (11.29) we have

max {91A <§) TN <§) } o' At
forany\ € [0, 1].

Fix v € [z, Z], then by using the functional calculus for the operatowith 2/ < P < Z1
we have

Z Z
(11.33) (1 =X vl + AP < max {gH <—) , G (-) } AP
z z

forany\ € [0, 1].
The inequality[(11.33) implies that

(11.34) (1 =N vl + A({Pz,z) < max {gH (Z> , O (Z) } v (P, x)

z z

('t <) (1= A) v+ M

IN

foranyx € H with ||z|| = 1, forany\ € [0, 1] and for anyv € [z, Z].
If we take in (11.38p = (Px,x) € [z, Z], for x € H with ||z|| = 1, then we have

(P, 7) < max { PN (g) 0 (5) } (Pr,2)" (P'z, ),

z
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which, by division with(Pz, z)' ™ > 0 produces the desired resilt (11.3g).

COROLLARY 11.5. With the assumptions of Theorem 11.4 an#l i max {\,1 — A} for
A € (0,1), then we have

(S(%).
| KRS,
(1<) (Px,x) <
(Pra,) = ) exp [4M (1= \) (K (£) —1)],
\ exp [%)\ (1—=2X) (g — 1)2]

foranyz € H with ||z]| = 1.
We have:

THEOREM 11.6 (Dragomir, 201548]). Let A and B be two positive invertible operators,
p, ¢ > 1with . + 1 =1andm, M > 0 such that

(11.35) mPBY < AP < MPB.

Then we have

w09 <o () (G

where the functiom, : (0,00) — (0, 00) is defined by (11.30).
PROOF. From the inequalit2) for = ;L y # 0 we have

(11.37) 1< RN {gu (Z) L0 (5) } ,

(P y,y) z 2

provided thatP satisfy the conditior{ (11.31).

Now, from (11.35) by multiplying both sides witB—2 we havem?] < B 3APB~3 <
MPI. By writing the inequality[(11.37) fo®? = B~2APB~%, z = mP, Z = M?, A\ = L and
y = Biz,withz € H, z # 0, we have

1
P

Bz, B%xﬁ ((B~2APB~%) Biu, B%xﬁ
((B-iarp1)7 Bis, Bir)

oo () ()
09 s <t () (G))

withz € H,x #0. 1

(1<)

that is equivalent to
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COROLLARY 11.7. With the assumptions of Theorem 11.6 we have ferH, = # 0, that
( p
S ()
Ko ((52)")
<Apx,x>1/p <qu,x>1/q

(1<) (BitypArz,zy 7 | exp [i (B ((5)") - 1)} ’

pq m

exp [k ()" - 1)°].

whereT), , = max {%» é} .

11.3. Trace Inequalities. We have the following trace inequality:

THEOREM 11.8 (Dragomir, 201548]). LetC' be an operator with the property that
(11.38) 2l <C<ZI

for some constants, Z with Z > z > 0andP € B, (H), P > 0 with tr (P) > 0. Then for
any\ € [0, 1] we have

az 09 ORI (D) (2))

and the functiory, is defined by[(11.30).
PrRoOOF. From the proof of Theorefn 11.4 we have

(1 =N vl + X {Cx,x) < max{gl_,\ (Z) , (Z> } v (C, )

z z
foranyz € H with ||z|| = 1, forany A € [0, 1] and for anyv € [z, Z].
This inequality implies that

Z Z
(11.40) (I =XNwv(z,z) + A(Cz,z) < max {gl_A (;) N (;) } vt A <C’\x7m>
foranyxz € H, forany\ € [0, 1] and for anyv € [z, Z].
Now, if we take in|(11.40) = P'/2e, wheree € H, then

(11.41) (1= N v (Pe,e) + A(P2CP e, e)

Z Z
< max {91—A (—> , Ox (—) } v <P1/2C')‘P1/2e, e>
z z
foranye € H.

Let {e;},., be an orthonormal basis df. If we take in (11.41)e = ¢;, 7 € I and by
summing ovel € I, then we get

(11.42) (I=XNwv Z (Pej,e;) + A Z <P1/20P1/2€i, ei)

el el

A Z
< max {91,\ (;) » X <;) } o' Z <P1/20)‘P1/2€z'7 €i> ;

el
and by the properties of trace we have

(1 =N wvtr(P)+ Atr (PC) < max {gl)\ (g) , 9 (5) } v (PCP),

z
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forany\ € [0, 1] and for anyv € [z, Z].
This inequality can be written as

tr (PC) Z Z\) _,tr (PC*)

: — < L= Z )

(11.43) (1 )\)v—i—)\tr(P) _max{g1 A<2)79A<Z)}U (P
forany\ € [0, 1] and for anyv € [z, Z].

Now, if we take in|(11.48) = tﬁfpc)) € [z, Z] , then we get

tr(PC) _ {91 X (z) 0 (g)} (tr (PC))l—A tr (PC*)
tr(P) — \z)’ z tr (P) tr(P)
that is equivalent to the desired resflt (11.38).
In particular, we have:

COROLLARY 11.9. With the assumptions of Theorem 11.8 anfl i max {A,1 — A} for
A€ (0,1), then we have

(5(%).

K" (3).

tr (PC?) = exp [4)\ (1—=X) (K (%) - 1)} ;

| e (1= (£-1)7).
The following reverse of Holder’s trace inequality may be stated:

THEOREM11.10 (Dragomir, 201548]). Let A and B be two positive invertible operators,
p, ¢ > 1with . 41 =1andm, M > 0 such that

(11.44) mPBY < AP < MPBY.
If B € By (H), then

xm 09 oo () ()

PRooF Now, from [11.44) by multiplying both sides with—% we haven?] < B~ APB~5 <
MPI. By writing the inequality|(11.39) fot” = B~2APB™%, z = m?, Z = M?, A = ! and
P = B we get the desired resuft (11]4%).

Finally, we have:

COROLLARY 11.11. With the assumptions of Theorem 11.10 and,if = max {%, %} ,
then we have

trl/? (AP) tr'/7 (B9) <
(B ) ) e[ (5 ((20)7) 1))

(11.46) (1<)
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12. HERMITE -HADAMARD TYPE INEQUALITIES

12.1. Some Basic FactsThe following inequality holds for any convex functigrdefined
onR

121)  (h—a)f (Hb) /f Vo < b—a)f(>+f(), a.beR, a<b

It was firstly discovered by Ch. Hermite in 1881 in the jourivdthesis(see [L1(). But
this result was nowhere mentioned in the mathematical literature and was not widely known as
Hermite’s result.

E. F. Beckenbach, a leading expert on the history and the theory of convex functions, wrote
that this inequality was proven by J. Hadamard in 1883 [h 1974, D. S. Mitrinovc found
Hermite's note inMathesis[11{. Since [12.1) was known as Hadamard’s inequality, the in-
equality is now commonly referred as the Hermite-Hadamard inequality.

Let X be a vector space over the real or complex number ffelmhdx,y € X, x # y.

Define the segment

[,y = {(1— )z +ty, t € 0,1]},
We consider the functiolfi : [, y] — R and the associated function
1]

9(z,y) : [0,1] = R, g(z,y)(t) := f[(1 —t)z +ty], t € [0, 1].

Note thatf is convex onz, y] if and only if g(z, y) is convex on0, 1].
For any convex function defined on a segmieny| C X, we have thédermite-Hadamard
integral inequality(see BQ, p. 2], [31, p. 2])

(12.2) f(“y> /f 1—tx+ty]dt<w7

which can be derived from the classical Hermite-Hadamard inequplity] (12.1) for the convex
functiong(z,y) : [0,1] — R.

Sincef(z) = ||z||” (z € X and1 < p < o0) is a convex function, then for any,y € X
we have the following norm inequality frorh (12.2) (s44.§ p. 106])

m+y

p p
123) =1+ Lol

/n D + ty|Pdt <

A real valued continuous functighon an intervall is said to beoperator convex (operator
concave)f

(OC) f(A=XN)A+AB)<(2)(1-A)f(A)+Af(B)

in the operator order, for al € [0, 1] and for every selfadjoint operater and B on a Hilbert
spaceH whose spectra are contained/inNotice that a functiory is operator concave i f is
operator convex.

A real valued continuous functiofi on an intervall is said to beoperator monotond it
is monotone with respect to the operator order, i.e.A05 B with Sp (A),Sp (B) C I imply
f(A) < f(B).

For some fundamental results on operator convex (operator concave) and operator monotone
functions, se€d8] and the references therein.

As examples of such functions, we note tli@t) = ¢" is operator monotone df,, o) if and
only if 0 < r < 1. The functionf (¢) = t" is operator convex off), co) if either1 < r < 2 or
—1 < r < 0andis operator concave @0, co) if 0 < r < 1. The logarithmic functiory (¢) =
In ¢ is operator monotone and operator concavéono). The entropy functioryf (t) = —tInt
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is operator concave off), co). The exponential functioh(t) = ¢’ is neither operator convex
nor operator monotone.

For arecent monograph devoted to various inequalities for functions of selfadjoint operators,
see B8] and the references therein.

We recall the following result concerning a Hermite-Hadamard type inequality for operator
convex functions43] (see also44, p. 60]):

THEOREM 12.1. Let f : I — R be an operator convex function on the intervalThen
for any selfadjoint operatorsl and B with spectra inl we have the inequality in the operator

order
1 3A+ B A+ 3B
() (F57)

(12.4) f (A+B)
F(1—t)A+tB)dt

1 {f <A+B>+f(A)-2Ff(B)1 < f(A)Jer(B)'

2 2

IN

A
N

IN

12.2. Inequalities for Operator Convex Functions.The following representation result
holds.

LEMMA 12.2 (Dragomir, 2014,82]). Let f : I — R be a continuous function on the
interval /. Then for any selfadjoint operator$ and B with spectra inl and for any\ € [0, 1]
we have the equality

(12.5) /1f[(1—t)A+tB]dt:(1—A)/lf[(l—t)((l—)\)A+)\B)+tB]dt
+>\/1f[(1—t)A+t((1—)\)A+>\B)]dt.

PROOF For\ = 0 and\ = 1 the equality[(12.5) is obvious.
Let\ € (0,1). Observe that

/lf[(l—t)()\B+(1—/\)A)+tB]dt:/lf[((l—t)/\+t)B+(1—t)(l—)\)A]dt

and
/lf[t()\B+(1—/\)A)+(1—t)A}dt:/lf[t/\B+(1—)\t)A]dt.

If we make the change of variable:= (1 — ¢) A + ¢ then we havd — u = (1 —t) (1 — \)
anddu = (1 — \) du. Then

/1f[((1—t))\+t)B+(1—t)(1—/\)A]dt:%/lf[uBJr(l—u)A]du.

If we make the change of variable:= A\t then we havelu = \dt and

/lf[t/\B+(1—/\t)A]dt:;/Af[uB%—(l—u)A]du.
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Therefore

(1—A)/lf[(l—t)(/\B+(1—)\)A)+tB]dt

+)\/1f[t(>\B+(1—)\)A)+(1—t)A]dt

:/1f[uB+(1—u)A]dqu/Af[uB%—(l—u)A]du
A 0

:/Olf[uB+(1—u)A]du

and the identity{(12]5) is proved.

THEOREM 12.3 (Dragomir, 2014/d2]). Let f : I — R be an operator convex function
on the intervall. Then for any selfadjoint operatotd and B with spectra in/ and for any
A € [0, 1] we have the inequalities

(12.6) f(A;B) g(l—A)f[(l‘A)“

2(>\+1)B}

Hf[@_A)AHB]

2

0= At )

<

[f((l—A)A+AB)+(1—A)f(B)JrAf(A)]
(A) + f(B)
5 .

(VAN
Khwl»—\

PROOF Sincef : I — R is an operator convex function on the interyathen by Theorem
123 we have

(12.7) f “‘A)A A+ ]g/ (1) (1= A\) A+ AB) + B dt
< F (=X A+2B) + 1 (B)
and
(12.8) f{(z_A)QAJF)\B] g/Olf[(l—t)A+t((1—>\)A+>\B)]dt
<@+ AAB] [ R
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Now, if we multiply the inequality[(12]7) by— X > 0 and [12.8) byA > 0 and add the obtained
inequalities, then we get

(12.9) (1_A)f[(1—A)A;(A+1)B}+Af[(2—A)QA+AB]

g(1—>\)/1f[(1—t)((l—A)A+)\B)+tB]dt

+)\/1f[(1—t)A+t((1—)\)A+)\B)]dt

| —

<SS;U=N((1=A)A+AB)+ f(B)]

+ A f(A)+f(1—=X)A+AB)]

=5 (A=A A+AB) + (1= X) f(B) + Af (A)]

and by [12.p) we obtain the second and the third inequalitigs in|(12.6).
The first and the last inequality ip (12.6) are obvious by operator convexity pf

REMARK 12.1. If we take\ = 3, then we get from (126) the inequalify (1R.4).

Some examples are as follows:

REMARK 12.2. Utilising different instances of operator convex or concave functions, we

can provide inequalities of interest.
If » € [-1,0] U[1, 2] then we have the inequalities for powers of operators

(12.10) <A;B>T§(1_A) [(1—/\)A;(A+1)B}T+)\f{(2—/\)214+)\B]7’

DO = N

g/l((l—t)AthB)Tdt

1
< 5[((1—/\)A+>\B)T+(1—)\)B’”+/\AT]
< A"+ B"
- 2
for any two selfadjoint operatord and B with spectra in0, oo) andX € [0, 1] .

If € (0,1) the inequalities i 0) hold with> ” instead of’ <”.
We also have the following inequalities for logarithm

(12.11) In (A ; B)

—A)A+()\+1)B] +A1n{(2_A)A+)‘B]

(1
Z(l—)x)ln{ 5 5

Z/lln((l—t)A+tB)dt
> %[ln((l—)\)A+)\B)+(1—)\)lnB+)\lnA]
> In (A)—|2—ln(B)

for any two selfadjoint operatord and B with spectra in0, co) andX € [0, 1].

AJMAA Vol. 19(2022), No. 1, Art. 1, 202 pp. AIMAA


https://ajmaa.org

TRACE INEQUALITIES FOROPERATORS INHILBERT SPACESSURVEY 127

If A andB are selfadjoint operators with < B andP € B; (H) with P > 0, then
(12.12) tr (PA) <tr(PB).
Now, if A is a selfadjoint operator, then we know that
|(Az, x)| < (|A] z,z) foranyz € H.

This inequality follows by Jensen’s inequality for the convex functidi) = |¢| defined on a
closed interval containing the spectrumAf
If {e;},c; is an orthonormal basis @, then

> (APY?e;, P'e;)

el

(12.13)  [tr(PA)]

<> [(APPe;, PV

el

< Y (JA|PYe;, PPy = tr (P|A]),
el
for any A a selfadjoint operator antt € B; (H) with P > 0.
COROLLARY 12.4. Let f : I — R be an operator convex function on the intervalThen

for any selfadjoint operators! and B with spectra in/, for any P € B; (H) with P > 0,
tr (P) = 1 and for any\ € [0, 1] we have the inequalities

(12.14) - [Pf (A;B)]

S(1_)\)tr(Pf{(1—A)AJ2F(>\+1)BD
o (Pf[(Q—A)QAHBD

g/ltr(Pf[(l—t)A+tB})dt

< 3 Ir[PF (= N A+ AB) + (1= X) e [PF (B)] + Ax [Pf (A)]

< % (tr [Pf (A)] + e [Pf (B)]).

The proof follows by the property (12.]12) and the inequality ([L2.6).
Similar particular inequalities of interest may be stated if one chooses various operator
convex functions. However the details are not presented here.

12.3. Inequalities for Matrices and Convex Functions.Let M,, denote the space afxn
matrices with complex elements. LAt, denote the: x n Hermitian matricesi.e. the subset
of M,, consisting of all matricesl € H,, such thatd* = A. There is a natural partial order on
H, :amatrixA € H, is said to bgositive semi-definite case

(12.15) (v, Av) > O for all v € C,

in which case we writel > 0. A is said to bepositive definitén case the inequality (12.]L5) is
strict for allv # 0 in C™, in which case we writed > 0. Notice that in the finite-dimensional
case we havel > 0 if and only if A > 0 and A is invertible. LetH, denote the: x n positive
definite matrices.
A function f : (0,00) — R is said to beoperator monotonén case when whenever for all
nandallA, B € H}
A>B= f(A)>f(B).

AJMAA Vol. 19(2022), No. 1, Art. 1, 202 pp. AIMAA


https://ajmaa.org

128 SILVESTRU SEVER DRAGOMIR

The following result is well know.

THEOREM 12.5. Let f : R (R*) — R be continuous and let be a natural number. If
f is monotone increasing, so i — tr[f (A)] on H, (H;"). Likewise, iff is convex, so is
A tr[f(A) onH, (H;),and strictly so iff is strictly convex.

The following Hermite-Hadamard type trace inequality holds.

THEOREM 12.6 (Dragomir, 2014/G2]). Let f : R (R") — R be continuous convex. Then
forany A, B € H, (H,) we have the inequality

(12.16) r [f (A;B)} g/oltr(f[(l—t)A+tB])dt

< S (rlf ()] +trlf (B)

The proof follows by the Hermite-Hadamard type inequality (L2.2) applied for the convex
function A — tr[f (A)] defined onH,, (H,") .
We can prove the following improvement ¢f (12.16).

THEOREM 12.7 (Dragomir, 2014/62)). Let f : R (R™) — R be continuous convex. Then
foranyA, B € H, (H,") and\ € [0, 1] we have the inequality

(12.17)  tr [f (A ; B)]

<(1- Nt (f {(1_A)A;(H1>BD A (f {(2_A);+AB])

g/ltr(f[(l—t)A+tB])dt
< Sl (1= N) A+ AB)] + (1= Nt [f (B)] + Atr [ (4)]

1
< 5 (rf ()] +tr[f (B))).
ProOOF. Utilising Lemmg 12.P we have the equality

(12.18) /ltr(f[(l—t)AthB])dt
:(1—)\)/1tr(f[(1—t)((l—)\)AJr)\B)thB])dt

+)\/1tr(f[(1—t)A+t((1—)\)A+)\B)])dt

forany A, B € H, (H;")andX € [0, 1].
Utilizing a similar argument to the one in the proof of Theofem[12.3 we obtain the desired
result [12.1]7). We omit the details.

It is known that if A and B arecommutingi.e. AB = BA, then the exponential function
satisfies the property

exp (A) exp (B) = exp (B)exp (A) =exp (A+ B).
Also, if X is invertible andz, b € R with ¢ < b then

/ exp (tX)dt = X [exp (bX) — exp (aX)].
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Moreover, if A and B are commuting an@ — A is invertible, then
1 1
/ exp ((1 —s)A+sB)ds = / exp (s (B — A))exp (A)ds
0 0

= (/0 exp (s (B — A)) d5> exp (A)
= (B A)f1 lexp (B — A) — I,] exp (A)
— (B—A)""[exp (B) — exp (4)].

If we write the inequality|(12.17) for the convex functigrit) = exp ¢, then for any commuting
A, B € H, with B — A is invertible we have

(12.19) r {exp (A ; B )}
v (exp [(1 —)\)A;(AJrl)BD

+ Atr <exp l@ — A)QA il ABD

<tr((B- A)"exp (B) — exp (4)])

[trlexp ((1 = A) A4+ AB)] + (1 — \) tr [exp (B)] + Atr [exp (4)]]
(tr [exp (A)] + tr [exp (B)]) ,
forany\ € [0, 1].

If we apply the inequalit 7) for the convex functidtit) = ¢", r € (—o0,0) U [1, 00)
then we have the matrix power trace inequalities

(12.20)  tr KA JQF Bﬂ

s<1—A)trQ“‘A)AHAH)B}’") +/\tr<{(2—/\)A+)\B}T>

2 2

IN

/1tr([(1 —t)A+tB]")dt

VAN
N — DN —

[tr[(1=AN)A+AB) ]+ (1= A tr(B") + Atr(A")]
< = (tr (A7) + tr (B")),
forany A, B € H; and for any\ € [0, 1]

If » € (0,1) then the inequalities in (12.20) reverse.
If we choose in[(12.20) = 2 and take into account that

/ltr([(l—t)A+tB]2)dt:%tr(AQ—l—AB—l—BQ),
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then from [12.2D) we have the quadratic inequality

(12.21) tr (A;B)Q
<(1—>\)tr([(1_)‘)1‘1;(}\+1)3] >+)\tr<{(2—)\)QA+)\B] )
S%tr(AQ—i—AB—f—BQ)
< 5 T [0 = X) A+ ABY] + (1= A (B) + At (47)]
s%(tr (4%) + 1t (B%))

forany A, B € H, and for any\ € [0,1].

12.4. Some Quasilinearity Properties.Considerf : R (R™) — R and continuous convex
function andA, B € H,, (H,"). We denote byA, B] the closed matrix segment defined by the
family of matrices{(1 —¢) A+tB,t € [0, 1]} . We also define the trace functional

(12.22) Y (A, B;t) =1 —-t)tr[f(A)]+ttr[f(B) —tr[f(1—-t)A+tB)] >0

foranyt € [0,1] .
The following result concerning a trace quasilinearity property for the functivnal, -; ¢)
may be stated:

THEOREM12.8 (Dragomir, 2014/62]). Letf : R (R") — R be a continuous convex func-
tionandA, B € H,, (H,"). Then for anyC' € [A, B] we have

(12.23) 0< Y, (A Cit)+ Y, (C,B;t) < T; (A B;t)

foreacht € [0, 1], i.e., the functional(, (-, -; t) is superadditive as a function of matrix interval.
If [C, D] C [A, B], then

(12.24) 0< Y, (C,D;t) < Yy (A B;t)

for eacht € [0,1], i.e., the functionall (-, -;¢) is operator nondecreasing as a function of
matrix interval.

PROOF. LetC' = (1 —5s) A+ sBwiths € (0,1). Fort € (0,1) we have
Yr(C,Bst)=(1—t)tr[f (1 —s)A+sB)|+ttr[f(B)]
—tr[f((1—1%)[(1—s)A+ sB]+tB)]
and
Ti(ACt) =0 —t)tr[f(A)]+ttr[f (1 —s)A+sB)]
—tr[f((1—t)A+t][(1—s)A+ sB])]
giving that
(12.25)  T;(A,C;t)+ T (C,B;t) — Y (A, B;t)
=tr[f(1=5)A+sB)|+tr[f((1-t)A+tB)]
—tr[f(1—=t)(1—s)A+[(1—t)s+t]B)] —tr[f((1—ts) A+tsB)].
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Now, for a convex functiorp : I C R — R, where[ is an interval, and any real numbers

t1,t2, s1 ands, from I and with the properties that < s; andt, < s, we have that

(12.26) p(t) —p(ta) _ p(s1) —p(s2)

t1 — 1o - 81 — Sa

Indeed, since is convex on/ then for anya € I the functiony : I\ {a} — R

) —pl(a)
Y (1) =

is monotonic nondecreasing @i {a}. Utilising this property repeatedly we have

pt) —plta) _ wls1) —wlts) _ plta) —w(s1)

tl_tQ B Sl_tQ tg—Sl
@ (52) — ¢ (51) _ ¥ (s1) — ¢ (s2)
- S9 — S1 S1 — S9 ’

which proves the inequality (12.p6).

Consider the functiog : [0,1] — R given byp (t) :=tr[f (1 —t) A+ tB)]. Sincef is
convex on/ it follows that is convex on0, 1]. Now, if we consider, for given, s € (0, 1),
ty:=ts <s=:spandty =t <t+(1—t)s=: sy, thenp(t;) = tr[f (1 —ts) A+ tsB)]
andy (t2) = tr[f (1 —t) A+ tB)] giving that

p(t) —wlt) _ [f((1—ts) A+tsB)— f(1—t) A+1B)

b=t t(s—1)
Also
p(s1) = tr[f (1~ s) A+ sB)]
and
90(52) :tr[f((l—t) (1—5)A_|_ [(1_t)3+t]B)]

giving that

p (s1) — ¢ (s2)

_ L [FA=9)A+sB) — f(A-t)(1=5)A+[(L-1t)s+1]B)

t(s—1)

Utilising the inequality [(12.26) and multiplying with(s — 1) < 0 we deduce the following
inequality

(12.27) tr[f ((1—ts) A+tsB)] —tr[f((1—t)A+tB)]
>tr[f(1—s)A+sB)—tr[f(1—=t)(1—s)A+[(1—t)s+t]B).

Finally, by (12.25) and (12.27) we get the desired re$ult (12.23).
Applying repeatedly the superadditivity property we have[€arD| C [A, B] that

Tf (A, O; t) + Tf (C,D,t) + Tf (D,B,t) < Tf <A7B;t)

giving that
0<7Ty(ACit)+ Ty (D,B;t) < Ty (A B;t) =Ty (C,D;t),
which proves[(12.24)
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Fort = % we consider the functional

T (A B) =1 (AvB? %)
_ tr[f(A)] ertr[f(B)] ot [f (A;B)} >0,

which obviously inherits the superadditivity and monotonicity properties of the functiopal -; ¢) .
We are able then to state the following

COROLLARY 12.9. Let f : R (R") — R be a continuous convex function addB € H,
(H,5). Then we have the following bounds

(12.28) Cei[rgB] [tr {f (A;(j)] +tr {f (0-53)} —tr[f (0)]}

—lr(50))

A
_’ tr [:f(A)] -;tr[f B _ . lf (A—;Bﬂ ’

PROOF. By the superadditivity of the functiondl; (-, -) we have for eacld’ € [A, B] that

el B) [ (418

5 rlf () ;tr[f O, {f (A+C>]

\)

OB [y (C1E)],

which is equivalent with

(12.30)  tr {f (A;C)} +tr {f (C;Bﬂ e [f(O)] > tr [f <A;B>} .

Since the equality case ip (12]30) is realized for eithe= A or C' = B we get the desired
bound [(12.28).

The bound9) is obvious by the monotonicity of the functiohal-, -) as a function
of matrix interval.g

Consider now the following functional
Qf (A, B;t) := tr [f (A)] + te[f (B)] — tr[f (1 — ) A+ tB)] — tr [f (1 — t) B + t4)],

where, as above), : R (R*) — R is a continuous convex function and B € H,, (H,) while
te0,1].

We notice that

Qf (A,B;t) = Qf (B,A;t) = Qf (A,B; 1-—- t)
and
Qp(A,B;t) =Y, (A, B;t)+ T, (A, B;1—1t) >0

forany A, B € H, (H;") andt € [0,1].
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Therefore, we can state the following result as well:

COROLLARY 12.10.Let f : R (R") — R be a continuous convex function addB € H,
(H,f). The functionakl; (-, -;¢) is superadditive and nondecreasing as a function of matrix
interval.

In particular, ifC' € [A, B] then we have the inequality
(12.31) SR [F (=) A+ tB)] 4 tr[f (L) B+ 14)]
< S el (1= ) A4 O] + e [f (1 = 1) C 4 £A)]

+%[tr[f((1—t)0+tB)]+tr[f((1—t)B+tC)]] —tr[f(C)].

Also, if C, D € [A, B] then we have the inequality
(12.32)  tr[f(A)]+tr[f(B)] —tr[f(1—t)A+tB)] —tr[f (1 —t) B+ tA)]
> tr [f(C) +te[f (D)) = tr [f (1 =) C+tD)] = tr[f ((1 = 1) C + tD)]

foranyt € [0,1].
Perhaps the most interesting functional we can consider is the following one:

(12.33) o, (4, B) = S A+ [/ (B)] —/ltr [F (1= ) A+ tB)] dt.

2

Notice that, by the second Hermite-Hadamard trace inequality for convex functions we have
that®; (A, B) > 0.
We also observe that

1 1
(12.34) <I>f(A,B):/ Tf(A,B;t)dt:/ Y, (A, B;1—t)dt.
0 0

Utilising this representation, we can state the following result as well:

COROLLARY 12.11.Let f : R (R*)— R be a continuous convex function and B €
H, (H,). The functional>; (-, ) is superadditive and nondecreasing as a function of matrix
interval. Moreover, we have the bounds

(12.35) inf [/0 [tr[f((l—t)A+tC)]—i—tr[f((l—t)C’—l—tB)]]dt—tr[f(C)]]

C€[A,B]

:/1tr[f((1—t)A+tB)]dt

and

(12.36) sup [“ ()] ;tr /(D)) —/ tr[f (1 —t)C +tD)] dt]
C,D€[A,B] 0
[ (A)] + ] (B)]

! —/Oltr[f((l—t)AthB)]dt.

REMARK 12.3. The above inequalities can be applied to various concrete convex functions
of interest.
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If we use the inequality (12.29), then we have

w0 (5]
_ tr<AT)_£tr(Br) e KA;B)T} |

wherer € (—o0,0) U [1,00) andA, B € HI.
If » € (0,1), then

C,D€[A,B] 2 2
_ | (ATB (A7) +tr(B)
= {r 2 2 ;
foranyA,B € H.
We have the logarithmic bounds
(12.39) sup {tr {ln <C + D)} _tr [In (C)] + tr [In (D)]}
C,D€[A,B] 2 2
. {ln (A+ B)] _trln(A)] + tr[In (B)]
2 2
foranyA,B € H .
The following bound for the exponential also holds
(12.40) sup {tr lexp (C)] +trfexp (D)] {exp (C + D)H
C,D€[A,B] 2 9
_tr lexp (A)] JQFtr lexp (B)] o [exp <A + B)} .

foranyA, B € H,.
If we use the inequality (I2.36), then we get the following bounds

(12.41) sup {tr () +tr (D7) / e [(1—t)C +tD)] dt}
C,De[A,B] 2 0
_tr (A") + tr

. (B) _ /Oltr (1= 1) A+ tBY]dt,

wherer € (—o0,0) U [1,00) andA, B € HI.
If € (0,1), then

! , tr (C") + tr (D")
(12.42) L [ /O tr[((1—1)C + D)) di — : }
A") + tr (B")

- [l - asmyya - TATEED

foranyA, B € H'.
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We also have the bound for the logarithm

(12.43) L [/Oltr (1= 8)C 4 1Dy at — T —12-tr [1n(p)]]
= /1 tr[n (1—t) A+ tB)] di — = [In (A)] ;tr [n (B)]

foranyA, B € H'.
The following bound for the exponential also holds

tr [exp (C')] + tr [exp (D)] !
(12.44) C’Dsg[%B] { 5 — /0 tr[exp ((1 —¢) C' +tD)] dt}
_tr [exp (A)] + tr [exp (B)]

5 —/Oltr lexp ((1 —t) A+tB)]dt,

foranyA, B € H,.

13. JENSEN TYPE INEQUALITIES FOR CONVEX FUNCTIONS

13.1. Some Preliminary Facts.Let A be a selfadjoint operator on the complex Hilbert
spacd H, (., .)) with the spectrun$p (A) included in the intervdln, M| for some real numbers
m < M and let{ E\ }, be itsspectral family Then for any continuous functioh: [m, M| — R,
it is well known that we have the followingpectral representation in terms of the Riemann-
Stieltjes integralsee for instancedl, p. 257]):

(131) G W)= [ (B,
and
(132) If @l = [ s P dlBal,

foranyz,y € H.
The functiong,,, (A) := (E\z,y) is of bounded variatioron the intervalm, A/] and

Gz,y (m - 0) = 0 while Jzy (M) = <l‘, y>

foranyz,y € H. Itis also well known thay,. (\) := (E\z, z) is monotonic nondecreasirand
right continuouson [m, M] for anyx € H.

The following result that provides an operator version for the Jensen inequality may be
found for instance in Mond & Raaric [117] (see alsol8§, p. 5]):

THEOREM 13.1. Let A be a selfadjoint operator on the Hilbert spaéeand assume that
Sp(A) C [m, M] for some scalarsn, M with m < M. If his a convex function ofm, M|,
then
(MP) h((Az,z)) < (h(A)z,z)
for eachz € H with ||z|| = 1.

As a special case of Theorém 113.1 we have the following Holder-McCarthy inequality:

THEOREM 13.2 (Holder-McCarthy, 1967/1D9). Let A be a selfadjoint positive operator
on a Hilbert spaced. Then for allx € H with ||z|| = 1,

(i) (A"z,z) > (Ax,z)" forall r > 1;

(i) (A"z,z) < (Az,z) forall 0 <r < 1;

(iii) If Aisinvertible, then A"z, z) > (Az, z)" forall r < 0.
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The following reverse fof (MP) that generalizes the scalar Lah-Riliagiguality for convex
functions is well known, see for instand@q p. 57]:

THEOREM 13.3. Let A be a selfadjoint operator on the Hilbert spaéeand assume that
Sp(A) C [m, M] for some scalarsn, M with m < M. If h is a convex function ofm, M|,
then
M- (A
(LR (h (A) 2,2) < L A0D)

(Az,z) —m
M—m

h(m) + - —h (M)

for eachz € H with ||z|| = 1.

13.2. Some Trace Inequalities for Convex FunctionsConsider the orthonormal basis
& := {ei},c; inthe complex Hilbert spadd, (-, -)) and for a nonzero operatét € 3, (H) let
introduce the subset of indices frohdefined by

Ieg:={i€l: Be; #0}.

We observe thal: 5 is non-empty for any nonzero operatBrand if ker (B) = 0, i.e. B is
injective, then/; 5 = I. We also have foB € B, (H) that

tr (|Bf*) =tr(B'B)=> (B*Beje)) =Y |Besl>= Y ||Beil”.

iel iel icle g

THEOREM 13.4 (Dragomir, 2014,32]). Let A be a selfadjoint operator on the Hilbert
spaceH and assume thatp (A) C [m, M| for some scalarsn, M with m < M. If fis
a continuous convex function dm, M|, £ := {e;},.; is an orthonormal basis in7 and

Be B, (H)\ {0}, thentr((Bl’é) € [m, M] and

(13.3) f (M) tr (|B|%)

tr (\B|2)
J. (f; A, B) < tr (|B]? f (A))
<L (F(m)tr [|BP (M1 - A)] + £ )t B (A= mip)])
where
(B*ABe;, e;) e
(13.4) . (f; A, B): Zf( Do )HBZH ,

ZGIgB

PROOF. SinceSp (4) C [m, M], thenm ||y|* < (Ay,y) < M|y|* for anyy € H.
Therefore
m || Be||* < (ABe;, Bes) < M || Bei||,
for any: € I, which implies that

m > _||Bei|* <> (ABe;, Bes) < MY || Bey|?

i€l el el
2
and we conclude th ttf(ig"f) e [m, M].

By Jensen’s inequalit P) we have

(13.5) f <<A?J’ y>> AWy

lyl* Iyl
foranyy € H \ {0}.
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Let F be a finite part of ¢ 5. Then for anyi € ¥ we have from[(13]5) that

f <<AB€i,B2€z‘>> < (f (A) Bez‘,QBez‘>
| Bei| | Bei|

Y

which is equivalent to

B*ABGi, €; %
(13.6) f (%) | Bes||> < (B*f (A) Be;, e;) .
| Bei
Summing ovet € F we get
(B*AB
(13.7) Zf( AR > 2 < ST(Bf(A) Bei,er).
ier | Be:ll icr

Using Jensen’s discrete inequality for finite sums and for the positive weights

f (Zz‘eF wiui) < Ziep w; f (%)7

ZiEF wi N ZieF Wy
we have
* . . *A i€
Sier EAPLE | Be P\ Ve f (a2t ) ||Be?
f HBe’L” < ” ZH
- )
ZieF ||B€i||2 ZieF ||Bei||2

which is equivalent to

Y ier (B ABel,el ( (B* ABeZ,eZ)> 9
13.8 i Be;l|” .
(13.8) f( > Bl >§ [Bea* <> f Mk | Be|

el 1€F
Therefore, for any’ a finite part of]g 5 we have from[(13]7) that

ZzEF <B AB€w€1 ( B ABewez>> 2
13.9 i Be;
N 1 g DM = [

1€EF 1eF

1eF

By the continuity off we then have fronj (13.9) that

. B*ABe;,e;
(13.10) f (ZZGI&B< ; >> > |IBeil?
ZiEIgB ||B6|| i€lg B

(B*ABe;, e;) 2 .
< (e Pk JBelt < Y (0 (4) Bl

ZEIgB iEIS,B

and sinceB € B, (H) \ {0}, then also

Y Bl = lIBe|* =t (1B*)

’L'EIgYB el
> (B"ABeje;) = Y (B*ABej,e;) = tr (|B[* A)
’L'EIg'B el

and

> (B*f(A)Beie;) = > (B'f(A)Bei,e;) = tr (| B f (A)) .

i€lg B el

From (13.10) we then get the first and the second inequalify in|(13.3).
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From (LR) we also have

(13.11)  (f(A)y,y) <
foranyy € H.
This implies that
(13.12)  (f(A) Be;, Be;)
1

—m

L (ML — A)y.0) f (m) + (A= mlu)y,9) f (M)

<

[((M1g — A) Be;, Be;) f (m) + ((A— mly) Be;, Be;) f (M)]

forany: € I.
By summation we have

> (f(A) Be;, Bey)

icl

1
Y — f(m) ; ((M1y — A) Be;, Beg) + f (M) ; ((A—mly) Be;, Be;)
and the last part of (13.3) is provegl.
REMARK 13.1. We observe that the quantities

Ji (f; A, B) =sup J, (f; A, B) andJ; (f; A, B) = inf J, (f; A, B)

are finite and satisfy the bounds

(13.13) f (t;(]()\?_é;)l)) tr (\BF) < Ji(f; A, B)

< J.(f;A,B) <tr (B’ f (4)).

We have the following version for nonnegative operatBrg 0, i.e. P satisfies the condi-
tion (Pz,z) > 0 foranyz € H.

COROLLARY 13.5. Let A be a selfadjoint operator on the Hilbert spaéeand assume that
Sp(A) C [m, M| for some scalarsn, M with m < M. If f is a continuous convex function
on[m,M], € := {e;},.; is an orthonormal basis i/ and P € B, (H) \ {0}, P > 0 then

r(PA
ttf(P)) € [m, M] and

(13.14) f (“ (ED ";)) tr (P)
K, (f; A, P) <tr (Pf(A))
1

< 5 m(f( m)tr [P (M1y — A)] + f (M) tr [P (A —mly)]),
where < / / >
PY2APY2¢; e,
f A P ze]zgpf ( P617€1> > <P€i’€i>
and

Iep:={i€l: P +£0}
Moreover, the quantities
K, (f; A, P):=inf K, (f; A, P) and K, (f; A, P) :=sup K, (f; A, P)
£ £
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are finite and satisfy the bounds

tr (P)

The finite dimensional case is of interest.
Let M,, (C) be the space of all square matrices of ord&rith complex elements.

1315)  f (“ <PA>) r(P) < K, (f: A, P) < K. (f: A, P) < tr (Pf (4).

COROLLARY 13.6. Let A € M,, (C) be a Hermitian matrix and assume théip (A) C
[m, M| for some scalarsn, M withm < M. If fis a continuous convex function ¢m, M|,

-----

(1316)  nf (“f;‘”) < T (f:A) < e (F (4))

1
M—m

<

[f (m)tr (M1, — A)+ f(M)tr(A—ml,)],
where
T, (f; A) = Zf ((Aes,e3))

and I, is the identity matrix inM,, (C) .
REMARK 13.2. The second inequality in (13]16), namely

Zf((Aeueﬁ) < tr(f(4))

-----

a different proof and some applications, see, for instah2p [

13.3. Some Functional PropertiesIf we denote by, (H) the convex cone of nonneg-
ative operators fron8; (H) we can consider the functional; 4 : Bf (H) \ {0} — [0, 0)
defined by

(13.17) 014 (P) = tr (Pf (A)) — tr (P) f (’“Effp";)) >0,

whereA is a selfadjoint operator on the Hilbert spdéevith Sp (A) C [m, M| for some scalars
m, M (m < M) andf is a continuous convex function ¢m, M| .
One can easily observe that,fifis a continuous strictly convex function ¢m, M|, then

the inequality is strict in[(13.17).

THEOREM 13.7 (Dragomir, 2014,52]). Let A be a selfadjoint operator on the Hilbert
spaceH with Sp (A) C [m, M] for some scalarsn, M with m < M and f is a continuous
convex function oifin, M] .

(i) Forany P, Q € Bf (H) \ {0} we have

(13.18) 05 (P+Q) > 0pa(P) +054(Q)(>0),

i.e. o4 (+) is a superadditive functional o} (H) \ {0} ;
(i) Forany P, Q € Bf (H) \ {0} with P > Q we have

(13.19) ofa(P)2054(Q)(20),
i.e. 074 (-) is a monotonic nondecreasing functional Bj (H) \ {0} ;
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(i) If there exists the real numberg, I' > 0 such thatl'QQ > P > ~Q with P, Q €
Bf (H)\ {0}, then

(13.20) Popa(Q)>0pa(P)>7v0s4(Q)(>0).
PrROOF. (i) Let P, Q € By (H) \ {0} . Then we have

321 0P+ =P Q) - P (T
= tr (Pf (A)) +tr (Pf(A))
~ P @l (MU ).
By the convexity off we have
tr(PA) +tr (QA)\ , [tr(P) “(Z%) +tr (
(13.22) f( tr (P) + tr (Q) ) f( tr (P) + tr ( Q
tr(PA)
_ w1 () +u @7
- tr (P) + tr (Q)

Making use of[(13.21) andl (13.22) we have
opa(P+Q) = tr (Pf(A)) +tr(Pf(A))
tr(P) f (%60) + (@) £ (5%0)

— [tr (P) + tr (Q)]
(P (A)) £t (PF (4))

e (P) f (ff(p P/;)) (@) f (“ (QA))
=0sa(P)+074(Q)

and the inequality (13.18) is proved.
(i) Let P, Q € B (H) \ {0} with P > Q. Then on applying the superadditivity property
of os 4 for P — @ > 0 and@ > 0 we have

0pa(P)=05a(P=Q+Q) 2054 (P—Q)+054(Q) 2054(Q)

and the inequality (13.19) is proved.
(ii) If P > ~@Q, then by the monotonicity property of; 4 we have

ora(P)>054(1Q)=7074(Q)

and a similar inequality for'.

We have the following particular case of interest:

COROLLARY 13.8. Let A € M,, (C) be a Hermitian matrix and assume thép (A) C
[m, M| for some scalarsn, M with m < M. If f is a continuous convex function ¢mn, M],
there exists the real numbeysI” > 0 such thati'/,, > P > ~I,, with P positive definite, where
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I,, is the identity matrix, then

(1323) T [tr (f (A) = nf (tr (4)

n

)} > tr (Pf(A)) —tr(P) f (tir((ZDP/;))

> [m(f (4)) — nf (“" (A))} (20).

n

The following result also holds:

THEOREM 13.9 (Dragomir, 2014,52]). Let A be a selfadjoint operator on the Hilbert
spaceH with Sp (A) C [m, M] for some scalarsn, M with m < M and f is a continuous
convex function offrn, M]. For p > 1, the functionak,, , , - By (H) \ {0} — [0, c0) defined

by
Cpga(P) =[x (P)]' 7 0pa (P)
is superadditive o8, (H) \ {0} .
PROOF First of all we observe that the following elementary inequality holds:
(13.24) (a+ B> (L)a? + 67

foranya,>0andp >1(0<p<1).

Indeed, if we consider the functiofy, : [0,00) — R, f,(t) = (t+1)” — t* we have
[ =plt+ 1)»~! —-1]. Observe that fop > 1 and¢ > 0 we have thatf, (t) > 0
showing thatf, is strictly increasing on the intervé), co). Now fort = 3 (6>0,a0 >0)we

havef, (t) > f, (0) giving that(% + 1>p — (ﬂ>p > 1, i.e., the desired inequality (13.24).

B
Forp € (0, 1) we have tha,, is strictly decreasing oft), co) which proves the second case

in @3.23).
Now, sinceo; 4 (-) is superadditive o, (H) \ {0} andp > 1 then by [(13.24) we have
(13.25) oA (P+Q) 2 osa(P)+0pa(Q) 2 0% 4 (P)+ 0% 4 (Q)
forany P, Q € By (H)\ {0}.
Utilising (13.25) and the additivity property of (-) on B{" (H) \ {0} we have
U?,A (P+Q) S U?,A (P) +U;},A Q)
tr(P+Q) — tr (P) + tr (Q)

(P) o}4(Q)
tr (P) f?) +11(Q) g

tw (P) +t:(Q)
gt P p Of, Q p
w(p) () + @ ()

tr (P) + tr (Q) o

(13.26)

foranyP,Q € Bf (H)\ {0}.
Since forp > 1 the power functiory (¢) = t* is convex, then

tr (P) ;’i;‘;(P tr (Q) A
(
)

(13.27) I >

tr (P) 4 tr (Q)

_ (tr“/p( Jopa(P)+tr' 1 (Q) opal )
- tr (P + Q)

forany P, Q € B (H) \ {0}.
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By combining [(13.26) with[(13.27) we get

A (P+Q) (trll/p (P)osa(P)+tr'1(Q)oya (Q))p
tr(P+Q) — tr (P + Q) ’

which is equivalent to

osa(P+Q) tr' =P (P) oy a (P) + tr' 19 (Q) 044 (Q)
/P (P+Q) = tr (P + Q) 7

forany P, Q € By (H) \ {0}.
Finally, if we multiply (13.28) bytr (P + @) > 0 we get

Vppa(P+Q) >, ;4 (P)+ 1,4 (Q)
forany P, Q € Bf (H) \ {0} and the proof is completa.

(13.28)

COROLLARY 13.10. With the assumptions of Theorém 13.9, the two parameters> 1
functionaly, . 4 : Bf (H)\ {0} — [0, c0) defined by

0,9,f,

Upaga (P)i= [ (P)"00) 0% (P)
is superadditive o8, (H) \ {0} .

PROOF. Observe that), , ;4 (P) = [¢, ;4 (P)]" for P € Bf (H) \ {0}. Therefore, by
Theorenj 13J9 and the inequalify (13.24) for 1 we have that
Vpaya(P+Q) = [ g (P+ Q)}q
[0 1.4 (P) + 0,54 (Q)]"
[Vp.ga (P + [0 (@
quA(P) +wquA(Q)

forany P, Q € Bf (H) \ {0} and the statement is provexl.

(AVARAY,

)]

REMARK 13.3. If we consider the functional

Uppa (P) = [tr (P of 4 (P)
then, forp > 1,4, , , () is superadditive ol (H) \ {0} .

COROLLARY 13.11. With the assumptions of Theorém 13.9 and for parameter 1, if
there exists the real numbefs I" > 0 such thatl'Q > P > yQ with P,Q € B (H) \ {0},
then

(13.29) 275 [tr (Q)]V 7 0ya (Q) > [tr (P)]V 7 0pa (P)
> 7 [ Q)7 024 (Q) (2 0).
The case of finite-dimensional spaces is as follows:

COROLLARY 13.12.Let A € M, (C) be a Hermitian matrix and assume thép (A) C
[m, M| for some scalarsn, M withm < M. If fis a continuous convex function ¢m, M|,
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there exists the real numbeysI” > 0 such that'7,, > P > ~I, with P positive definite, then

(13:30) e (7 () - o (S

foranyp > 1.
The following result also holds:

THEOREM 13.13 (Dragomir, 2014/52]). Let A be a selfadjoint operator on the Hilbert
spaceH with Sp (A) C [m, M] for some scalarsn, M with m < M and f is a continuous
strictly convex function ofin, M]. For p € (0,1), the functionaly, ; , : Bf (H) \ {0} —
[0, 00) defined by

[tr (P)]'
P
prA( ) Uf,A(P)
is subadditive o8, (H) \ {0} .
PROOF Lets:= —p € (—1,0). Fors < 0 we have the following inequality
(13.31) (a+p0) <a’+p5°

foranya, 5 > 0.
Indeed, by the convexity of the functigfa (t) = ¢° on (0, o) with s < 0 we have that

(a+ﬁ)8 S 25—1 (O{S—Fﬁs)

for any«, 8 > 0 and since, obviouslg*~! (a® + 3°) < a® + 3°, then (13.3[L) holds true.
Taking into account that; 4 (-) is superadditive ansl € (—1,0) we have

(13.32) 054a(P+Q)<[osa(P)+0ra(Q) <54 (P)+0%,4(Q)

forany P, Q € By (H) \ {0}.
Sincetr (+) is additive on3;" (H) \ {0}, then by [13.3B) we have

054 (P+Q) _ Tha (P)+0%4(Q)
tr(P+Q) — tr(P)+tr(Q)
e (P) ( fl/ii’;)) +r (@ (429)
tr(P) +tr (Q)
we) () @ ()

(
B tr (P) + tr (Q)

(13.33)

—~

foranyP, Q € By (H) \ {0}.
By the concavity of the function (t) = ¢~* with s € (—1,0) we also have

—S

trl/s(P) trl/5(Q)
(13.34) J < tr(P) os,4P) +tr(Q) o5,4(Q)
- tr (P) 4+ tr (Q)

forany P, Q € B (H) \ {0}.
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Making use of[(13.33) angl (13.34) we get

. trl/s(P) at/s@) ]
0% A (P+Q) < tr (P) orA(P) +1r(Q) 05,4(Q)

tr (P+Q) — tr (P) 4+ tr (Q)

forany P, Q € B (H) \ {0}, and by taking the power1/s > 0 we get

1 tritl/s(p) | rltl/s(Q)
OfA (P+Q) < of(P) o7,4(Q)

tr /5 (P+Q) ~  tr(P)+tr(Q)

which is equivalent to
tr1+1/s (P + Q) - tr1+1/s (P) tr1+1/s (Q)
opa(P+Q) — opa(P) oy (Q)

foranyP, Q € By (H) \ {0}.
This completes the proog

The following result may be stated as well:

COROLLARY 13.14. With the assumptions of Theorém 13.13, the two parametersp,
q < 1functionaly,, ;. : B (H)\ {0} — [0, 00) defined by

rq(lii)
Xpg.fra (F) = %
is subadditive o8, (H) \ {0} .

trP~1(P)
sz),A(P)

REMARK 13.4. If we consider the functional, ; 4 (P) = for0 < p < 1, then

Xp..4 (+) is also subadditive o8} (H) \ {0} .
13.4. Some ExamplesWe consider the power functiofi: (0,00) — (0,00), f () = t"
with ¢ € R\ {0} . Forr € (—o0,0) U [1, 00), f is convex while for- € (0, 1), f is concave.
Letr > 1 and A be a selfadjoint operator on the Hilbert spdf@and assume thatp (A) C

[m, M| for some scalars:, M with 0 < m < M. If £ := {e;},, is an orthonormal basis iff
andP € Bf (H) \ {0} then

(13.35) [tr (PA)]" [tr (P)]""
< K, (r;A,P) <tr(PA")

<
~—M-m

(m"tr [P(M1y — A)]+ M"tr [P (A —mly)]),

where
K, (r;A,P):= Y _ (PV?AP'?¢; ;) (Pe,er)' ™"
i€lg p
Moreover, the quantities
K;(r; A, P) :=inf K, (r; A, P) andK (r; A, P) :==sup K, (r; A, P)
I

£

are finite and satisfy the bounds

(13.36) ltr (PAY [tr (P)]'™ < K, (r; A, P) < K, (r; A, P) < tr (PA").
Now, if we takeA = P, P € Bf (H) \ {0}, then by [(13.3b) we have
(13.37) [tr (P?)]" [tr (P)]'" < K, (r; P) < tr (P™)
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where
K, (r;P) := Z (P, €;)" (Pe; e ™"
i€lg p
If we consider the functionat, 4 : B (H) \ {0} — [0, c0) defined by
(13.38) Ora (P) :=tr (PA") — [tr (PA)]" [tr (P)]"" > 0,

whereA is a selfadjoint operator on the Hilbert spaéewith Sp (A) C [m, M] C [0, 00), then
o4 (+) is superadditive, monotonic nondecreasing and if there exists the real numbers0
suchthaf’Q > P > vQ with P, Q € Bf (H) \ {0}, then

(13.39) Lo, a(Q) = 0p,4(P) 2 70,4(Q) (=0).

Consider the convex functiofi: (0, 00) — (0,00), f (t) = —Int and letA be a selfadjoint
operator on the Hilbert spadé and assume thatp (A) C [m, M| for some scalars:, M with
0 <m < M.If £:={e},.; is an orthonormal basis if andP € B (H) \ {0} then

t PA tr(P)
(13.40) ( Zr( : P>)) > L, (A, P) > exp[tr (P1n A)]
LIV Mtr[P(;;::lH)]’
where Perer
<P1/2AP1/262- 6¢> €
L.(A P):= ’ :
£ i!gp < <P6i, €i>

Moreover, the quantities
L;(A,P):=inf L, (A, P) andLs (A, P) :=sup L, (A, P)
£

&
are finite and satisfy the bounds

tr(P)
(13.41) (tz (éD Pf;)) > L,(A,P) > L; (A, P) > exp[tr (Pln A)] .
T
Now, if we takeA = P, P € Bf (H) \ {0}, then by [(13.40) we get
tr (PQ) tr(P)
13.42 >L.(P)> PlnP
(13.42 (F55) = Loz ewlr(Pp)
where Peres
_ (PPeiei)\ "
L, (P):= H ( Bered :
i€lg p
Consider the functional, : B (H) \ {0} — (0, o) defined by
(tr(PA) ) tr(P)
tr(P)
= >
94 (P) exp (tr (PInA)) — L

where A is a selfadjoint operator on the Hilbert spaeand such thabp (A) C [m, M] for
some scalars:, M with 0 < m < M.
Observe that

: tr(P)
o wa(P)i=In (tt;f P’?) ~nfexp (tr (PIn A))] = In [5.4 (P)]

for P e B (H)\ {0} .
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Utilising the properties of_1, 4 (-) we conclude thai 4 (-) is supermultiplicative, i.e.
0a(P+Q)>04(P)oa(Q)>1
foranyP,Q € B (H)\{0} . The functionab 4 (-) is also monotonic nondecreasingBn(H )\

{0}

Consider the convex functiofi(t) = t In ¢t and letA be a selfadjoint operator on the Hilbert
spaceH and assume thafp (A) C [m, M| for some scalarsn, M with 0 < m < M. If
& :={e;},; is an orthonormal basis if andP € By (H) \ {0} then

(13.43) (t;(f P/?)tr(m < 1 (A.P) < explir (PAIn A)]
B L e
where
| <P1/2AP1/2ei, €i> (P1/2APY?e;ei)
I, (A, P) = elgp ( (Berc) ) .

Moreover, the quantities
I; (A, P) :=infI, (A, P) and/; (A, P) :=sup, (A, P)
€ £

are finite and satisfy the bounds

tr(PA)
(13.44) (tir(f Pé”) < I, (A, P) < I,(A, P) < exp[tr (PAIn A)] .
Now, if we takeA = P, P € Bf (H) \ {0}, then by [(13.48) we get
tr (PQ) tr(PQ) )
(13.45) ( tr (P) ) <I.(P)<exp [tr (P In P)]

where

Observe that forf (t) = ¢ Int we have

oymea(P) = tr(PAlnA) —tr(PA)In (tir(ij;))
exp [tr (PAIn A)]

Ay A
tr(P)

= In

foranyP € B (H) \ {0} .
Consider the functional, : B (H) \ {0} — (0, ) defined by
M (P) = exp [tr (PAln A)] >1

tr(PA) tr(PA) —
tr(P)

Utilising the properties ofr(.)in(.),4 (-) we can conclude that, (-) is supermultiplicative and
monotonic nondecreasing @) (H) \ {0} .
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14. REVERSES OFJENSEN'S INEQUALITY

14.1. New Inequalities for Convex Functions.We recall thegradient inequalityfor the
convex functionf : [m, M| — R, namely

(14.1) &) =f(r)zdp(1)(c—7)
for any¢, 7 € [m, M] whered; (1) € [f_ (1)] , (for 7 = m we taked; (1) = f (m)
and forr = M we taked, (1) = (M)) Heref+ (m) and f” (M) are the lateral derivatives

of the convex functiory.
The following result holds:

THEOREM 14.1 (Dragomir, 2014,95]). Let A be a selfadjoint operator on the Hilbert
spaceH and assume thafp (A) C [m, M| for some scalarsn, M withm < M. If fis a

continuous convex function ¢m, M]andB € By (H)\ {0}, then we have% € [m, M],

tr (|B|2 A)\ tr (|B*[2 A) —tr (|B\2A)
(14.2) 5f< tr (1B > tr (1B
_ (1B f(4) (= (B*4)
SN f( o (187 )
where

and the Jensen’s inequality

(14.3) f <tr (|B|2A)> I (|B|2f(A)).

tr (|B|2) tr (|B|2)

PROOF. Let& := {¢;},., be an orthonormal basis i.
Utilising the gradient inequality (14.1) we get

4 f)-f (%) =0 (%) (g ) %)

for any¢ € [m, M], since obviously, bysp (A) C [m, M| we have
m || Be||? < (ABe;, Be;) < M || Bey||?,
for ¢ € I, which, by summation shows that

tr(]B|2A)

w(pp) <M

The inequality[(14}4) implies in the operator ordetbfH ) that
tr (| B> A tr (| B> A tr (| B> A
(14.5) f(A) = f ((’—|2)> ly > oy <(‘—|2>> (A - (’—|2)1H) ;

tr (|B\ ) tr (|B| ) tr (|B| )
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which can be written as

(14.6) O (A)yy) — f (tt(’(ﬂl’i)) (w,9)

- tr (|B|2A) fbr (|B|2A)
> 0y ( tr (|B|2) ) <<Ay,y> tr (|B|2) <yuy>> )

for anyy € H. This inequality is also of interest in itself.
Taking in (14.6)y = Be, we get

(f (A) Bes, Bes) — f (“ (5 A)) (Bes, Be

tr (|B|2)
2 2
- (M) (MB% Bey— TUBLA) b Be») |
tr (|BF) tr (1B]°)
which is equivalent to

(14.7) (B"f (A) Bej,e;) — f <tir(‘(f;‘;§)> (|BI* e, e1)

tr (|B|* A) ) tr (|BI*A) , .,
> (5f< - (|B!2) > ((B ABe;, e;) — tr(]B|2) (|B]| 6i,6¢>> ;

forany: € I.
Summing in[(14.]7) we get

a8 (B Bei,e»—f( (BF4) )Z<rB|

el i€l

> tr (|B‘2A) * e;.e;) — o (‘B|2A> %eir e
2 () (S ames - S S ot

However
Z (B*f (A) Bey, e5) = Z (BB*f (A) i, eq)
_ Z (B f (A)es, ;) = tr (|1B*] f (4))
and
Z (B*ABe;, e;) = Z (BB*Ae;, e;) = tr (| B[ A).
By (14.8) we get
L tr (| B A))
14.9 tr (| B A)) —
(14.9) (IB*]* £ (4)) f(trﬂBU r(|BJ)

i () e ) e 7 ).

and the inequality (14]2) is thus proved.
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Taking in (14.6)y = B*e; we also get
tr (]B|2A)
(f (A)B*e;, B*e;) — f (— (B*e;, B*e;)
tr (\B|2)
B> A B> A
oo, (SUBEANN (apee, prey — SUPLA) pe ey |
tr (|BP) tr (|B[%)
which is equivalent to
2
CUBLA)Y ppee, e
tr (|B| )

>0y <M> ((BAB*ei,eZ) — M (BB*ei,ei)> ,

(14.10) (Bf (A) B*e;,e;) — f (

tr (|B|2) tr (|B|2)

foranyi € I.
Summing in[(14.10) we get

(14.11) > (Bf(A)Beie)— f <M> > (BB*e;e:)

i€l tr (1BI) i€l
tr(]B\2A)>( ) tr (| B* A) ) )
>0 — BAB*e; e)) — ————2% (BB*e;e;) | .
- f(tr(\BF) 2, AT e =Sy & B e
Since
Y (Bf(A) Beien) = tr(Bf (A) BY) = tr (B'Bf (A)) = tr (| B* f (A)) ,
el
> (BBe;e;) =tr (BB") = tr (B*B) = tr (| B|?)
el
and
> (BAB'e; ;) = tr (BAB*) = tr (B"BA) =t (|B* A),
el
then by (I4.1]1) we get

tr (|1B|* f (A)) — f (%) tr (|BI*) >0

and the inequality (14]3) is obtainesl.

COROLLARY 14.2. Let A be a selfadjoint operator on the Hilbert spaékand assume that
Sp (A) C [m, M] for some scalarsn, M withm < M. If fis a continuous convex function on

im, M] and P € B, (H)\ {0}, P > 0 then"’=5) € [m, M] and

tr(PA)\ _ tr(Pf(A)
(14.12) / ( o (P) ) S Twp)

The proof follows by eithe 2) of (14.3) on choosifg= P'/?, P € B, (H) \ {0},
P >0.
The following lemma is of interest in itself:
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LEMMA 14.3 (Dragomir, 2014/35)). Let.S be a selfadjoint operator suchthaty; < S <
I'1y for some real constants > ~. Then for anyB € B, (H) \ {0} we have

(1413) oo w(BPs) (tr(|3|25)>2

tr (|1B|°) tr (|1B°)
1 1 ,
Si(r—’y)w—mz)trom S

97 1/2
1 tr (|1B|* S?) tr (|1B|*S) 1 )
< =(I'— — < (I —~)°.
PROOF. The first inequality follows by Jensen’s inequality (14.3) for the convex function

F(t) =t

Now, observe that

U ('3'2 G (S ) %h’»
-y (o (o= iy )

BRAC NN SR _tr(|B[*S)
2 tI‘(|B’2)t ('B‘ (S tr (|B°) 1H>>
_u(BPSY) (tr(|B|2S)>2

fr (I1B*S)
tr (|B|2)

tr (|B|2) tr (|B|2)

Now, sinceyly < S <TI'ly then

since, obviously

I+ 1
Taking the modulus ir] (14.14) and using the properties of trace, we have
e (BPS?) [ (IBFS)\
(14.15) — | — 5
tr (|B| ) tr (\B[ )
1 > I+~ ) tr (|1BI*S)
= tr [ [B* (S — — §— N
w(BP) | (’ | ( 2 ( (B "
1 ) I+~ ) tr (|1B|*S)
< tr | |B S — 1 S————F=1
T otr (|B\2) ' <| | < 2 ( tr (|B|2) f
1 1 ) tr (|1B|*S)
<-(-9)——tr[|B]"|S — ——= ,
=5 ( 7) i (|B|2) r <| ‘ tr (|B|2) H

which proves the first part of (14.13).
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By Schwarz inequality for trace we also have

tr (\B[Z S)

T (B
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2 H
tr (|B| )

- o\ 7 1/2
1 9 b (|B|25)
= e (157) tr (B (S o (1BD) 1H> )]
1/2

ey (e0srs)\
| (B (tr(|B|2) > ]

1
(14.16) tr (|B|2

From (14.15) and (14.16) we get
tr (|BP*S?) (tr(|B|QS))2
tr (|B|2) tr (|B|2)

1/2

l i o (|B[2 52) (t (|B|2 S) 2

<5 T =) [ & (1BF) ( tr (|B[%) ) ] ;
w(iBf)  \ e (Br) _

By (I4.16) we then obtain

1 2
tr | |B
tr (|B|2) r <| |
1/2

tr(|B]S*) (tr(325)>2] < %(F—v)

tr (|B[2) tr (\B|2)

which implies that

tr(]B|QS)
S U B |
w(|BfF) "

that proves the last part gf (14]13).

REMARK 14.1. LetS be a selfadjoint operator such that; < S < I'ly for some real
constantg’ > ~. Then foranyP € B, (H) \ {0}, P > 0 we have
2 2
(14.17) 0<tr(PS ) (tr(PS))
1 1 tr (PS)

< Z — R S
<30 (Pls - S ))
971/2
tr (PS?) (tr (PS)) 1

- tr(P) tr (P)
w ) (P < @=7"

<
- — 4

The following result provides reverses for the inequalities (14.2)[and|(14.3) above:

THEOREM 14.4 (Dragomir, 2014,95]). Let A be a selfadjoint operator on the Hilbert
spaceH and assume thafp (A) C [m, M| for some scalarsn, M withm < M.If fis a
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continuously differentiable convex functionfom M| and B € B, (H) \ {0}, then we have

tr (| B> £ (A)) <tr(\B[2A)>
14.18 —
(1419 w(BP) tx (1BP)
_ tr (B f(A)A)  tr(BA) (1B f (4)
tr (|B|2) tr (|B|2) tr(|B|2)
and
tr (|B|* f (A)) tr (|B|2A)>
14.19 0 —
419 0= =B f( o (187)
tr (|1B* f'(A)A)  tr(|BPA) tr(|B f'(A)) ,
< — . = K(f,B,A).
w(BF)  w(BR)  wqsr) P
Moreover, we have
(14.20) K(f' B, A)
( ) tr(\B|2A)
tr| | B| AftrTlH
S0 = £ (m) ( P )
<
o| o o (1B ()
X tr<|B| f(A)—tr(lBQ)lH>
\ 5 (M —m) ‘ w(IBP)
( 97 1/2
1t , tr(|B|* A?) tr(|B*A)
U ()~ )] [W— (dp) ]
<
97 1/2
1 tr(|BI*[f'(A)]°) tr(|BI*f'(A))
3 (M —m) [ w(|B?) _( w(|B?) > ]
< 17 (M) = (m)] (M —m).
PROOF. By the gradient inequality we have
(14.21) f(r)=f©) < f(n)(T—9)

foranyr, ¢ € [m, M].
This inequality implies in the operator order

tr (|B\2A) , tr (|B|2A)
Ha=a ( o (1BP) >1H§f A <A_ tw (1BP) 1H)
that is equivalent to
(14.22) (A yy) - f (:(@‘?)) (9, 9)
, tr(B|2A) ,
< (f'(4) Ay,y) — o (187) (f'(A)y.y)

for anyy € H, which is of interest in itself as well.

Let& := {e;},., be an orthonormal basis .
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If we take in (14.2R) = Be; and sum, then we get

Z (f (A) Bey, Be;) — f (M) Z (Be;, Be;)

i€l tr (|B|2) icl
tr (|B\2A)

< Z (' (A) ABe;, Be;) o (187

il

> (f'(A) Be;, Bey)

icl

which is equivalent to

Z (B"f (A) Bey,ei) — f (M) Z (B"Be;, e;)

iel tr (1B[*) iel
2
<> (B*f'(A) ABeye;) — M ST(Bf (A) Bey, ;)
icl tr (|B| ) icl

and the inequality (14.18) is obtained.
If we take in (14.2R) = B*e; and sum, then we get

SOUf(A) Bres Be) — | (M) S (Bres, Be)

iel tr (|B|2) il
tr (]B\zA)

< Z <f/ (A) AB*&,B*Q‘) — . (‘BF)

i€l

> (f1(A) Bei Bre,)

icl

that is equivalent to

(14.23) >_(Bf(A)Breiei) — f (%) >_ (BBeiei)
tr (|B|2 A)

< (Bf'(A)AB%e;,e;) — ——5+
> = ()
and the inequality (14.19) is obtained.

Now, sincef is continuously convex ofm, M], then f’ is monotonic nondecreasing on

[m, M]andf’' (m) < f'(t) < f' (M) for anyt € [m, M]. We also observe that

> (Bf'(A)Be;,e)

iel

Y ey BN A GO R l) _u(|BPA)
(14.24) tr(|B|2)t <\B[ [f (A) 5 14 [A & (5P) 1y )
1 5 . tr(|B|2A)
=——+tr||B A)|A— ————F1y
gy (2 o [~ )
Fmeron 1 (e, w(IBRA) )
2 tr(|B\2)t (’ | w(|B%) "
=K(f,B,A).
Since
gy - T LD 2 ) g ]
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then by taking the modulus if (14]24) and utilizing the properties of trace we have

(14.25) 0<K(f,B,A)

tr (|B|2 A)
tr(|B|2)

H

and the first inequality in the first branch pf (14.20) is proved.
We havemly < A < M1y and by applying Lemmia 14.3 we can state that

1 9 tr (|B|2 A)
(14.26) —Bh (157) tr <|B| A— (B (1B7) H >
5 1/2
tr (|B|2A2) tr (]B|2A) 1
= [ tr(|B[2) - ( tr(|B\2) ) Sé(M_m)

Making use of[(14.25) and (14.26) we deduce the second and the third inequalities in the first
branch of [(14.20).

We observe thalC (f’, B, A) can be also represented as

K(f, B,A)

tr(|B|)

tr (|B|2)

f(A) -

Ly

(-2

Applying a similar argument as above for this representation, we get the second branch of

the inequality[(14.20).
The proof is completeg

COROLLARY 14.5. Let A be a selfadjoint operator on the Hilbert spaékeand assume that
Sp(A) C [m, M] for some scalarsn, M withm < M. If f is a continuously differentiable
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convex function ofm, M]andP € B, (H) \ {0}, P > 0, then we have

(14.27) 0 < tr (Pf(A) <tr (PA))

- tr(P) tr (P)
tr (Pf'(A)A) tr(PA) tr(Pf'(A))
- tr (P) Ctr(P) tr(P)
o _tr(PA)y
LI () — f )] S )
= tr(Pf(A)) D
tr( P|f'(A)——m—1r
L 3 (M —m) ( tr(P)(>
( tr 2 tr 2 1/2
170 - 7 ] |5 - (5]
<
tr 4 2 tr ’ 2 1/2
301 =) [0 (strgny]
1
< U (M) — ()] (M — ).

REMARK 14.2. LetM,, (C) be the space of all square matrices of ordewith complex
elements and! € M,, (C) be a Hermitian matrix such th&p (A) C [m, M] for some scalars
m, M with m < M. If fis a continuously differentiable convex function pn, M], then by
taking P = I,,, the identity matrix, in[(14.37) we get

(14.28) 0< w y (#)
tr(f(A)4) tr(4) tr(f(A)

(L1 () = (my) S

IA

fwﬁﬁﬂQ)

n

) o

) - g [ ()|

N =

\
(

IA

1/2

D=

n

(M —m) {tr([f’iA)]Q) B <tr(f,(A)))z]

~

< (M) = fH(m)] (M —m).

=~ =

14.2. Some ExamplesWe consider the power functiofi: (0,00) — (0,00), f(t) =t
with ¢ € R\ {0}. Forr € (—o0,0) U [1,00), f is convex while forr € (0,1), f is concave.
DenoteB; (H) := {P with P € B, (H) andP > 0}.
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Letr > 1 and A be a selfadjoint operator on the Hilbert spda¢@nd assume thaitp (A) C
[m, M| for some scalars:, M with0 < m < M. If P € B (H)\ {0}, then

tr (PA") tr (PA)\"
(14.29) "= ) ‘(tr<P>>

tr (PA")  tr (PA) tr(PA™1)
{tr(P) - w(P) tr(P) ]

tr(P]A—“<PA>1H|)

%’f’ (Mrfl _ mrfl) tr(t;?()P)
<
tr(PaT—1
tr (P Ar_l—itr(P) 1u )
1
[ 2" (M —m) t(P)
( 1/2
_ e tr( PA2? tr(PA 2
s (M7 —m™) { t(r(P)) - ( mE(P))) }
= 1/2
2
tr(PA2<T’1>> tr(PAT’l)
%T (M —m) [ W) < tr(P)
< lr (Mt —m™") (M —m)
J— 4 .
Consider the convex functiofi: (0,00) — (0,00), f (t) = —Int and letA be a selfadjoint

operator on the Hilbert spadé and assume thatp (A) C [m, M| for some scalars:, M with
0<m< M. If PeBf(H)\{0},then

(14.30) 0<In (tr (PA)) _r(Plnd)

tr (P) tr (P)
tr (PA) tr(PA™Y)
= w(P)  w(P)

Mo (PIA= S5 1))
2mM tr(P)

1

IA

VAN

Consider the convex functiof(t) = ¢ Int and letA be a selfadjoint operator on the Hilbert
spaceH and assume thaip (A) C [m, M| for some scalarsn, M with 0 < m < M. If
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P e B (H)\{0},then

tr (PAIn A) tr(PA tr (PA)
(14.31) 0< aP) w(D) ( )
tr (PAIn(eA)) tr(PA) tr Pln (eA))
tr (P) tr (P) tr (P)
( ) tr(PlA- 57 1u )

% In (E tr(P)

IN

tr(P|in(ed)— =2 nleAl 1)

( tr
L 3 (M —m) w(P) =

( 1/2
1 My | (P4?) tr(PA) )
3n (E) [ t(P) ( tr(P) )

(M —m) [tr(P[ln(eA)]Q) B (tr(Pln(eA))>2:|

tr(P) tr(P)

1/2

INA
=,
=
|

&

=
/|\\
N————

15. OTHER REVERSE INEQUALITIES FOR CONVEX FUNCTIONS

15.1. General Results.We recall thegradient inequalityfor the convex functiorf : [m, M| —
R, namely

(15.1) f(<)—f(7)25f(7)(<—7)

for anyc, 7 € [m, M] whered; (1) € [f" (1)] , (for 7 = m we taked; (1) = f (m)
and forr = M we taked; (1) = " (M)). Heref+( m) and f’ (M) are the lateral derivatives
of the convex functiory.

The following result holds:

THEOREM 15.1 (Dragomir, 2014,53]). Let A be a selfadjoint operator on the Hilbert
spaceH and assume theip (A) C [m, M] for some scalarsn, M withm < M. If fis a

continuos convex function dm, M] and P € B, (H) \ {0}, P > 0 is such that- = PP‘;

(m, M) then we have

r(Pf(A r(PA
(15.2) 0< % _f <ttr(fp)))

_ t(PA w(PA) _ i

LB, ()
_u@eA)) (wey

( tr( 1;\)4 (T;L (P) ) t;i% \ij (t; m, M)

< (M tr PA (tir(éjpf;) —m) f- (]\]/.\f/; : Tfi (m)
< 1M - m> [f’_( ) 71 m)]
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whereV (-;m, M) : (m, M) — Ris defined by

U, (t;m, M) Wt - F—m
We also have
tr(Pf(A) , (tr(PA)
(15.3) 'S Tamy ( tr (P) )
(- 559) (388
tr(P) tr(P) tr (PA) .
= M—m \ij(tr(P) ’m’M)
1 tr (PA).
< (M —-m)¥y (W’WJ\O
< 1(]\/[—m) sup Yy (t;m, M)
4 te(m,M)
< 3 (M —m) [£. (M)~ 7L (m)]

forany P € B, (H)\ {0}, P > 0 such that™24 (P) € (m, M).

PROOF Sincef is convex, then we have

for anyt € [m, M].
This scalar inequality implies, by utilizing the spectral representation of continuous func-
tions of selfadjoint operators, the following inequality

f(m) (M1y —A) + f (M) (A—mly)
M —m

(15.4) f(A) <

in the operator order df (H).
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Utilising the properties of the trace and the inequality (]L5.4), we have

tr (Pf (A)) tr (PA)
e tr(P) ( tr (P) )
Ca(priay [ (PrenesgEese)
- W -/ tr (P)
F(m)(M1p—A)+f(M)(A—mlg)
_ tr (P th 1 )
- tr (P)
tr (Pm(mH—?}t%(A_le))
-/ tr (P)
(3 )+ (SR ) £ ()
- AR
(O e (5 )
M —m

= B(f,P,A,m,M)

foranyP € B, (H) \ {0}, P > 0.
By denoting

(t—m)f(M)+M—2t)f(m)
M —m

Ag(t;m, M) =

we have

t—m)f(M)+(M—t)f(m)—(M—m)f({)

(15.6) A (i, M) =

M—-—m
(=) F M)+ (M =) f(m) = (M —t+t—m) f ()
M—-—m
_E=m)[f (M) = f)] = (M =t)[f(t) = [ (m)]
M—m
- (M ;;)—(tm_ m)\IJf (t;m, M)
foranyt € (m, M) .
Therefore
(M _ tr(PA)) (tr(PA) _ m)
B tr(P) tr(P) tr (PA)
(15.7) B(f,P,A,;m, M) = Vi qu<tr(P) ,m,M),

provided that™i3) € (m, M).
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If 4 ¢ (m, M), then

tr(P)
(15.8) v, (tzr(%);m, M)
< sup Yy (t;m, M)
te(m,M)
oy L) =) _f(t)—f(m)}
te(m,I?\J) | M-t t—m
S (M) — [ (@) f@) = f(m)
< am (SR [
oy L) —f(ﬂ] _ g {f(t)—f(m)}
_tE(m,I?W) L M —1 te(m,M) t—m
= fL(M) = fi (m),

which by [15.5) and (15]7) produces the second, third and fourth inequalitfes in (15.2).
Since, obviously

1 tr (PA)\ (tr(PA) 1
M—m (M tr (P) ) ( ey M) s WM mm),
then the last part of (15.2) also holds.

The second part of the theorem is clear and the details are omjtted.

The following result also holds:

THEOREM 15.2 (Dragomir, 2014,53]). Let A be a selfadjoint operator on the Hilbert
spaceH and assume theip (A) C [m, M] for some scalarsn, M withm < M. If fis a
continuos convex function dm, M| then for all P € B, (H) \ {0}, P > 0 we have that

r(PA
855 € [m, M) and

tr (Pf(A)) tr (PA)
ase) 0=t - ()

SQmaX{M_tEEZ;;) filo) ‘m} [f(m)+f(M) _f<m+M)}

M—-m =~ M-m
cofHmlsn _y (mean)]

PROOF Sincemly < A < M1y, it follows thatm tr (P) < tr (PA) < M tr (P) for any
P € By (H)\ {0}, P > 0, which shows thak' ) € [m, M].

Further on, we recall the following result (see for instarigd)[that provides a refinement
and a reverse for the weighted Jensen’s discrete inequality:

(15.10) n Egnn ) [% > )= f (% ch)]

.....

AJMAA Vol. 19(2022), No. 1, Art. 1, 202 pp. AIMAA


https://ajmaa.org

TRACE INEQUALITIES FOROPERATORS INHILBERT SPACESSURVEY 161

wheref C' — R is a convex function defined on the convex sulisedf the linear spacé(

..........

Forn = 2 we deduce from (15.10) that

(15.11) 2 min {t,1 — ¢} [f(x);f(y) B x—;y)}

<tfe)+ (A —=1)f(y) -

<2max{t,1—t} {L

foranyz,y € C'andt € [0, 1].
If we use the second inequality in (15/11) for the convex funciion/ — R wherem,
tr(PA)

M e R, m < M with [m, M] = I, we have forr = m, y = M andt = —"- that

<M _ tr(PA)) f (m) + <tr(PA) _ m) f (M)
tr(P) tr(P)
B P A M) =
(f’ ) ) m? ) M m
r(PA)
y m(M_tr(P M<r(P)_m>
M—-—m
_ tr(PA)  tr(PA)
< 9 max M ()  wE)
- M—-—m >~ M—-—m
[f(m)+f(M) (m+M)}
X 5 —f — |

Making use of[(15.5) we deduce the first inequality{in (15.9).
Since

tr(PA) tr(PA)
A M — w(P) wE) <1
M—-—m > M—-—m -

the last part of[ (I5]9) is also proveg.

15.2. Some ExamplesForp > 1 and0 < m < M < oo consider the convex function
f (t) = t? defined orm, M]. ThenW¥,, (-;m, M) : (m, M) — R is defined by

MP — P P — P
_t(MP—mP) —t? (M —m) —mM (MP~! —mP)
B (M —t) (t —m) '

Let A be a nonnegative selfadjoint operator on the Hilbert sga@nd assume th&tp (A) C
[m, M| for some scalarsn, M with0 < m < M. If P € B, (H) \ {0}, P > 0 such that
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wPY) ¢ (m, M), then we have from) (15[2) that

r(P)
tr (PAP) tr (PA)\”
(15.12) Ogtmm"(mm)

tr(PA) tr(PA)
- <M ~ Tu(P) ) <tr(P) _m> v tr (PA) M
.m
- M—m tr(P)
tr(PA) tr(PA)
M — trP)(tr(P) _m> \If(t M)
sup ,m,
M —m te(m,M) P

(v -
1(M tr(PA)) (tr (PA) _m) MP —mP
4

N

<

)
tr (P) tr (P) M—m
p(M —m) (]\/[p*1 — mpfl)

IA

and from [(15.B) that
p
(15.13) 0< tr PA <tr )

¢
) <tr(PA) ) v <tr(PA);m, M>

tr (P)

IA
/\

IN

IA
e i

(M —m) sup Y, (t;m, M)

te(m,M)

p(M —m) (MP~" —mP) .

IN

Forp = 2, we have

M2_t2 t2_ 2
Uy (t;m, M) = T t—Z =M-m

and by (15.1R) we get
tr (PA?)  [tr(PA)\” tr (PA)\ [tr(PA)
: < — < — —
(15.14) D) < v ) S\ M we ) e "
< (1 = m)?
foranyP € B, (H) \ {0}, P > 0.
Making use of the inequality (15.9) we have
tr (PAP) tr (PA)\”
. < —
(15.15) 0= tr (P) ( tr (P)
r(PA r(PA
< 2 max M- ttEfP)) ttEZD)) o [mP+MP (m M
- M-m =~ M-m 2 2
p
<9 {mp—i—]\/ﬂ’ B (m+M) } |
- 2 2

for any positive operatad with Sp (A) C [m, M| and for anyP € B, (H) \ {0}, P > 0.
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In particular, forp = 2 we get

tr (PA%?)  [tr(PA)\?
(1516 o<y~ (e

1 tr (PA) tr(PA)
< = _ _ _
S5 M -m maX{M tr(P)  tr(P)
< %(M —m)”.
Since
tr (PA) tr(PA)
maX{M T w(P) w(P)
1 tr (PA) 1
then the second inequality in (15]16) is not as good as the second inequdlity irj (15.14).
Forp = —1 and0 < m < M < oo consider the convex functiofi(t) = ¢! defined on

[m, M. ThenVU_; (-;m, M) : (m, M) — R is defined by

M7t —+1 +1-mt M-m
Uy (t;m, M) = — = :
1{tm, M) M —t t—m mMt
The definition of¥_, (;m, M) can be extended to the closed interjsal A/]. We also have
that

M —m
sup V4 (tm,M)=———.
te(m,M) ' ( ) m2M
From the inequality{ (I5]2) we get
tr (PA™Y)  tr(P)
15.17 0< -
( ) - tr(P) tr (PA)
tr(PA) tr(PA)
- <M ~ w(P) ) (tr(P) - m) tr (P)
- mM tr (PA)

ok o 50) (8
1(M —m)* (M +m)
m2M> !

<

= |

while from (15.3) we get
tr(PA™Y)  tr(P)

15.18 0< —
( ) —  tr(P) tr (PA)
< tr(P) tr(P) tr (P)

mM tr (PA)
1(M —m)* tr(P)
4 mM tr(PA) — 4 m2M

for any positive definite operatot with Sp (A) C [m, M]andP € B; (H) \ {0}, P > 0.

<
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From the inequality{ (I5]9) we have

tr (PA™Y)  tr(P)
(15.19) VS =Py w(PA)

tr(PA) tr(PA)
(M —m)* {M— (D) W—m}
) max

“mM(m+M M—-m > M-—m

(M —m)’
—mM (m+ M)’

for any positive definite operatot with Sp (A) C [m, M| and anyP € B, (H) \ {0}, P > 0.
In order to compare the upper bounds provided by (15.18)[and (15.19) consider the differ-
ence

1(M —m)* (M —m)?

A(m’M)::1 m2M — mM (m + M)
_M<L_ ! )_<M—m>2(M—3m>
mM 4dm  m+ M 4m?*M (m+ M)

where0 < m < M.

We observe that if\/ < 3m, then the upper bound provided By (15.18) is better than the
bound provided by (15.19). The conclusion is the other way arouhfl ¥ 3m.

If we consider the convex functiofi(t) = —Int defined on[m, M] C (0,00), then
U_p, (;m, M) : (m, M) — Ris defined by

—InM+1Int —Int+Inm
M-t —  t—-m
(M —m)lnt— (M —t)lnm — (t —m)InM
1) (t—m)

tM—m m
= In|—— )
metMtfm

Utilising the inequality[(I5.2) we have

U, (t;m, M) =

tr (PA) tr (PlnA)
15.20 <1 —
I R
r(pa)\M—m
1 ( tr(P) )
S M —m ln M_tr(PA) tr(PA)

m w®) N wE "

( M— tr(PA)) (tr(PA) _ m)

tr(P) tr(P)
< sup V_, (t;m, M
N M —m elmr) ( )
2
< 1 M_tr(PA) tr(PA)_m S(M—m) ’
Mm tr (P) tr (P) dmM

for any positive definite operatot with Sp (A) C [m, M]andP € B; (H) \ {0}, P > 0.
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From (15.8) we have

(15.21) 0<1n <tr (PA) ) tr PlnA

—m

tr(PA
tr P)
S " w(PA) __w(PA)
w®) N w@ "
r(pa)\ ™
< 1 (M —m) 1 tr(P)
< - N N n _tr(PA) tr(PA)
! (M ttEfP?) (ttfPf;) - m> m™M e E M e
1
< —(M—m) sup V_y, (t;m, M)
4 te(m,M)
< (M —m)?

for any positive definite operatot with Sp (A) C [m, M]andP € B, (H) \ {0}, P > 0.
From the inequality] (15]9) we get

tr (PA) tr (Pln A)
15.22 0<1 —
(1522 < (%m) - we
_ tr(PA) tr(PA) m 2
= wm wey ™ ()
- M—-m >~ M-m mM

()"
< A 2 7
sk mM ]’
for any positive definite operatot with Sp (A) C [m, M]andP € B, (H) \ {0}, P > 0.
We observe that, sinde x < x — 1 for anyz > 0, then

m((%);% 0wy

mM mM  4mM

which shows that the absolute upper bound for
tr (PA) tr (Pln A)
In —
tr (P) tr (P)
provided by the inequality (15.22) is better than the one provide by ([15.21).

15.3. Reverses of Hoélder’s Inequality.We have the following result:

THEOREM 15.3 (Dragomir, 2014/93]). Assume thap, ¢ > 1 with ]13 + % =1.LetSbea
positive operator that commutes with a positive definite operator and such that there exists
the constant#, K > 0 with

(15.23) kly < SQY 1< Kly.
If SP, Q7 € B, (H), then we have
(15.24) 0 < [tr (7)Y [tr (@)Y — tr (SQ) < By (k, K) tr(Q7)

AJMAA Vol. 19(2022), No. 1, Art. 1, 202 pp. AIMAA


https://ajmaa.org

166 SILVESTRU SEVER DRAGOMIR

where

b (K — k)Y (R )
(15.25) B, (k,K) =

Ve KK (kgE)TY,
PROOF If we write the inequality
tr (PAP) (tr (PA)
tr (P) tr (P)
for the operator®” = Q7 andA = SQ'~ then we get
tr (Q1(SQ")") (tr (Qqsczl-q>)p
tr (Q7) tr (Q7)

1
p—1 p—1
<—4p(K—k;)(K —k )

(15.26) 0<

) < qpr—m )

(15.27) 0<

Observe that, by the properties of trace we have

tr (Q15Q'9) = tr (SQ'Q7) = tr (SQ).
It is known, see for instanc&2l, p. 356-358], that ifA and B are twocommuting bounded
selfadjoint operator®n the complex Hilbert spack, then there exists a bounded selfadjoint

operator!’ on H and two bounded functiong and> such thatd = ¢ (7)) andB = ¢ (T) .
Moreover, if{ £, } is the spectral family over the closed interj@ll] for the selfadjoint operator

T, thenT = fol_ AdE\, where the integral is taken in the Riemann-Stieltjes sense, the functions
¢ andi are summable with respect wiftf, } on [0, 1] and

Now, if A and B are as above witBp (A), Sp (B) C J an mterval of real numbers, then for
any continuous functiong, g : J — C we have the representations
1

f(A) = / (fo ) (V) dB, andg (B) = / (g0 ) (V) dEs.

If we apply the above property to the commuting selfadjoint operafoasd (), then we
have two positive functiong andy such thatS = ¢ (7') and@ = v (T') . Moreover, using the
integral representation for functions of selfadjoint operators, we have

Q" (SQU)" = [ (1)) (p (D) [w (1))
— [ O (e e I

— [ WO e 0 [ 107 By

— [eorpmrr i = [ oy =s.

0—

Therefore, the inequality (15.P7) is equivalent to
tr(s”)  (tr(sQ)
(15.28) 0< o - (n(@«z)) < (K — k) (57— ).

which is of interest in itself.
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From this inequality we have
tr (S7) [tr (Q)]" < (tr (SQ)) + ip (K — k) (B~ = k771) [er (@)

Taking the powet /p € (0, 1) and using the property that
(a+03)" <a" + 3", wherea, 3 > 0andr € (0,1),

we get

[or (7)) 77 [ (@)~

< |(tr (SQ))" + ip (K — k) (BP0 = k270 [or (Q7)) v

< tr (5Q) + 41—1/13 VP (K — k)P (P — k) P e Q)]
i.e.

[or (S7))7 6 (QN)] 7 — r (SQ)
1 _ _
< g (K = )M (B = k) [ Q)]
The second part follows from the inequality

0< tr (PAP) (tr (PA))? <2 [mp+Mp - (m—l—M)p} |

~ tr(P) tr (P) 2 2
and the details are omitted.
REMARK 15.1. We observe that under the previous assumptions, from any upper bound for

the difference

b (PAP)  (tr(PA) b

- tr(P) tr (P)
we can deduce in a similar way an upper bound for the Holder’s difference

0 < [tr (S7)]V7 [tr (Q)]V* — 12 (SQ) .

Also, if the commutativity property of the operata&¥saand( is dropped, then we can prove that
(15.29) 0 < [tr (Q(SQ)")] " [tr (QM]* — tr (SQ) < B, (k, K) tr (Q)

with the sameB,, (k, K') . However, the noncommutative case of the second inequality in (15.24)
is an open question for the author.

The following reverse of Schwarz inequality holds:

COROLLARY 15.4. Let S be a positive operator that commutes wigh a positive definite
operator and such that there exists the constants” > 0 with

(15.30) kly < SQ™ < Kly.
If S2, Q* € B, (H) , then we have

|G

(15.31)  0< [tr(S)] [tr (Q)]Y? - tr (SQ) < X2 (K — k) tr (Q%).
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REMARK 15.2. If we takep = ¢ = 2 in (15.29) and drop the commutativity assumption,
then we get

0 < [tr (QSQ9)]"* [tr (@*)]"* - tr (5Q) < g (K — k) tr (Q?),

provided that[(15.30) holds true.
Also, if we use the inequality (15.]14), then we have

(15.32) 0 <tr (QSQ'S) tr (@) — [tr (SQ))°
< (Kt (Q%) —tr (SQ)) (tr (SQ) — ktr (Q%)) <
provided that[(15.30) holds true.

(K — k) [tr (@Q%)]”

N

16. S ATER’STYPE INEQUALITIES

16.1. Some Preliminary Facts.Suppose that is an interval of real numbers with interior
Tandf : I — Ris a convex function od. Thenf is continuous orf and has finite left and
right derivatives at each point ¢t Moreover, ifz, y € I andz < y, thenf’ (z) < f) (z) <
f~ (y) < fi (y) which shows that botlf’ and f’ are nondecreasing function dn It is also
known that a convex function must be differentiable except for at most countably many points.

For a convex functiorf : I — R, the subdifferential off denoted by f is the set of all

functionsy : I — [—o0, 0o such thatp (I) Cc Rand

f(x)> f(a)+ (x—a)p(a) foranyz,a € I.

It is also well known that iff is convex on/, thendf is nonempty,f’, f\ € df and if
p € df, then

fl(x) < ¢(x) < f (z) foranyz € 1.

In particular,y is a nondecreasing function.
If fis differentiable and convex oh thenof = {f'}.
The following result is well known in the literature &ater inequality:

THEOREM 16.1 (Slater, 1981/127). If f : I — R is a nonincreasing (nondecreasing)
convex functiony; € I,p; > 0with P, :==>""  p; > 0and)_" pip (z;) # 0, wherep € 0f,
then

(16.1) B ot (o) < 1 (P n)),

As pointed out ini85, p. 208], the monotonicity assumption for the derivativean be
replaced with the condition

Z?zl pititp ()
(16.2) S g () el

which is more general and can hold for suitable point$ and for not necessarily monotonic
functions.

The following result that provides a reverse of the Jensen inequality has been obtained in
[39]:
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THEOREM 16.2 (Dragomir, 2008/39]). Let I be an interval andf : I — R be a convex
and differentiable function on (the interior of /) whose derivative’ is continuous or . If A
is a selfadjoint operators on the Hilbert spaéewith Sp (A) C [m, M] C I, then

(16.3) (0 <) (f (A)z,2) = f ((Az, 2)) < (f' (A) Az, ) — (Az, 2) (' (A) 2, 7) ,
foranyz € H with ||z|| = 1.

Perhaps more convenient reverses| of (16.3) are the following inequalities that have been
obtained in the same pap&9:

THEOREM 16.3 (Dragomir, 2008/39]). Let [ be an interval andf : I — R be a convex
and differentiable function on (the interior of /) whose derivativg’ is continuous o . If A
is a selfadjoint operators on the Hilbert spaéewith Sp (A) C [m, M] C I, then

(16.4) (0 <) (f (A)z,2) — f ((Az, )
LM =m) [ (A)al* = (' (A) 2, 2)*]"?

IN

L(fH (M) = ' (m) [ Az]* = (A, 2)*]"?
1
<

< 4 (M =m) (' (M) = £ (m)

foranyz € H with ||z|| = 1.
We also have the inequality

(16.5) 0 {f(A)z,x) — f((Ax, )
< 3 (M —m) (7 (M) ~ f' (m)
(Mz — Az, Az — mz) (f' (M) xz — f"(A)z, f' (A)x — ' (m) >]%

A:v z) M+m’ ‘ (' (A) z, ) — f/(M);f/(m)

1
< < (M —m) (f' (M) = f (m)).
foranyx € H with ||z]| = 1.

Moreover, ifm > 0 and f' (m) > 0, then we also have

(16.6)  (0<)(f(A)w,a) - f ({Av,a))
PSR L) (A ) (' (A) )
<

(VAT = vim) (VF Q1) = VI (m)) [(Az, ) (' (A) 2.2
foranyz € H with ||z|| = 1.

In [41] we obtained the following operator version for Slater’s inequality as well as a reverse
of it:

THEOREM 16.4 (Dragomlr 2008/M41]). LetI be an interval andf : I — R be a convex
and differentiable function of (the interior of /) whose derivative’ is continuous or. If A
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is a selfadjoint operator on the Hilbert spadé with Sp (4) C [m, M] c I and f'(A) is a
positive invertible operator o/ then

(167)  0<f (W} — (f(A)z,)
/ <Af/ (A) .T,SL’> <Af/ (A) l‘,SC> - <Ax,a:> <f/ (A) l’,$>
Sf(ﬁ%@%@){ () z,2) ‘

foranyz € H with ||z]| = 1.
For other similar results, seé]].
16.2. Slater Type Trace Inequalities.We denote by
Bf (H):={P: PeB,(H) andP > 0} .
The following result holds:

THEOREM16.5. Let] be aninterval and’ : I — R be a convex and differentiable function
on [ (the interior of /) whose derivativg’ is continuous or. If A is a selfadjoint operator on
the Hilbert spaced with Sp (A) C [m, M] C I and f’ (A) is a positive invertible operator on
H, then

w2 (A) r (P)
, (tr[PASf (A)] tr [PAf (A)] B tr (PA)
§f<Hmen)(MWﬂmn tmm)’

foranyP € By (H) \ {0}.
PROOF Sincef is convex and differentiable oh then we have

(16.9) fs)t=s)< f(t)=f(s) < f(B)(t—s)
foranyt,s € [m, M].
Now, if we fix t € [m, M|, then we have

(16.10) tf' (A) —Af (A < f@) - 1u = fA) <) t-1g = f(1) A

for anyt € [m, M].
Using the inequality{ (16.10), then we have

(16.11) ttr [Pf (A)] —tr [PAf (A)] < f(t)tr (P) —tr [Pf (A)]
< fr()ttr (P) — f(t) tr (PA)
forany P € B (H) \ {0}.
Now, sinceA is selfadjoint withmly < A < M1y andf’ (A) is positive, then
mf'(A) < Af'(A) < Mf'(A).
By taking the trace, then we get
mtr[Pf' (A)] < tr[PAf'(A)] < Mt [Pf'(A)],

which shows that
_ r[PAf(A)]
U w[Pf(A)]
Observe that sinc¢’ (A) is a positive invertible operator oH, thentr [P f' (A)] > 0 for any
P e B (H)\ {0}

€ [m, M].
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Finally, if we putt = ¢, in the equation(16.11), then we get

(16.12) % tr[Pf (A)] - tr [PAS (A)]
wPAF (A
< (SRS ) - ulps (a)

p (w[PAF (A tr[PAf(A)]
<7 (o) e =0
o (IPAF (AN
7 () oo
which is equivalent to the desired resiilt (16.8).

REMARK 16.1. Itis important to observe that, the condition tfigtA) is a positive invert-
ible operator orf{ can be replaced with the more general assumption that

tr [PAf" (A)]
tr [Pf" (A)]
forany P € B (H) \ {0}, which may be easily verified for particular convex functighi

various examples as follows.

Also, as pointed out by the referee, (if' (A) x,z) > 0 foranyx € H, x # 0, then
tr[Pf'(A)] > 0foranyP € Bf (H) \ {0} and the inequalit 8) is valid as well.

REMARK 16.2. Now, if the function is concave ahand the conditi03) holds, then
we have the inequalities

(16.13) e Tandtr [Pf' (A)] #0

w[Pf(A) . (tr[PAf(A)]
(1644 o< - (epar)
(e [PAS (AN [(tr(PA)  tr[PAf(A)]
=7 < w[PS(A)] ) ( w(P)  wlPf(A) ) ’

foranyP € B (H) \ {0} .

Utilising the inequality|(16.14) for the concave functign (0, c0) — R, f (¢) = Int, then
we can state that

(16.15) o< Z(Pnd) (trtf(P) )Str(PA—l)tr(PA)

tr (P) (PA-) tr (P) tr(P)
for any positive invertible operatot and P with P € B (H) \ {0} .
Utilising the inequality [(16J8) for the convex functigh: (0,00) — R, f () = ¢!, then
we can state that
tr(PA™?)  tr(PA™Y) _ tr(PA)tr (PA™%) tr(PA™Y)
: < — < _
(16.16) 0= tr (PA-1) tr(P) — tr(P) tr (PA™') tr(PA-2)’
for any positive invertible operatotand P with P € By (H) \ {0} .
If we take B = A~! in (16.16), then we get the equivalent inequality
tr (PB?) _ tr(PB) < tr (PB?) tr (PB™) _ & (PB)
tr (PB) tr(P) — tr(PB) tr(P) tr (PB?)’
for any positive invertible operatds and P with P € B, (H) \ {0} .

(16.17) 0<
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If we write the inequality|(16.8) for the convex functigh{t) = exp (at) with a € R\ {0},
then we get

(16.18) 0 < exp (&tr [PAexp (ozA})]) _ tr[Pexp (ad)]

tr [Pexp (aA) tr (P)
tr [PAexp (aA)]) (tr [PAexp (ad)]  tr (PA)>
tr [P exp (aA)] tr [P exp (aA)] tr(P) )’

< aexp (a

for any selfadjoint operatad andP € B, (H) \ {0} .

16.3. Further Reverses.We use the following Gruss’ type inequalitiésl]:

LEMMA 16.6. Let S be a selfadjoint operator witlh 1y < S < M1gandf : [m, M| — C
a continuous function of bounded variation pn, M|. ForanyC € B(H) andP € B (H) \
{0} we have the inequality

t (PF(S)C)  tr(Pf(S))tr (PC)
(16.19) n(r) T (P (P '
1 _ e (PO)
= 2\m/ m (e m ) 7))
1 T p|0|) Py ]
=3V =) " w(®) ||

Where\/ (f) is the total variation off on the interval.

If the functionf : [m, M] — C is Lipschitzian with the constatit > 0 on [m, M], i.e

[f () = f(s)| < L[t — 5]

foranyt, s € [m, M|, then

tr(PF(S)C)  tr(Pf(S))tr(PC)
(16.20) tr(P)  tr(P) tr(P) ‘
tr (PS) 1 tr (PC)
SL‘S‘ w(e) M tr<P>“( (C‘ i (P) 1H)PD
tr (PS) tr (P|C1*)  |tr (PC)J?
SLHS‘ w@ || wE) “ w(P)

foranyC € B(H)andP € B (H) \ {0}.

PROOF For the sake of completeness we give here a simple proof.
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We observe that, for any € C we have

as2 Lufrtoam (C_ <PPC>1 )

nép)tf[ (=)

e )
tr

A C) tr(PA)tr(PCO)
w(P)  w(P) uP)
Taking the modulus irf (16.21) and utilising the properties of the trace, we have

tr (PAC) tr(PA)tr(PC)
(1622 w(P)  u(P) u(P)

_ 1 tr (PC),

=gy [ [P - (0= i )|

1 tr (PC) PC’

b2

< A=Ayl —— (‘( o PC )P)
forany\ € C.

From the inequality[ (16.22) we have
tr (Pf(S)C) tr(Pf(9))tr(PC)
(16.23) w(P)  w(P) (P
< |If(S) = ALyl ﬁtr (‘ <C — %h{) PD
forany\ € C.
From [16.2B) we get
tr (Pf(S)C) tr(Pf(9))tr(PC)
(16.24) tr(P)  tr(P) tr(P) '
f(m)+ f(M) 1 tr (PC)
<|lres - H SR e ([0 - o) 7)
Sincef is of bounded variation opin, M|, then we have
(16.25) ‘f@_f();f “f );f@—f@@'
< G170 = £l +17 () — £ @)l < 5V ()

for anyt € [m, M].
From (16.25) we get in the ord& (H) that

5y~ Lm i,

1M
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which implies that

m) + f (M)

1
5 H

(16.26) H A

LM

Making use of[(16.25) andl (16.26) we get the first inequality in (16.19).

The second part is obvious by the Schwarz inequality for traces

w(|(e sy rl) _ ({051 o)
tr (P) < =P |

1/2

and by noticing that

(e P e jeeor
(16.27) tr (P) Tt (P) | tr(P)

foranyC € B(H) andP € B (H) \ {0} .
From (16.28) we also have

tr (Pf(S)C)  tr(Pf(9))tr (PC) ‘
tr (P) tr (P tr (P)
)

w (| wr) 1)

[f (&) = f(s)| < LJt— s
for anyt, s € [m, M|, then we have in the ordét# (H) that

1f(S) = f(s)1u| < L|S — slgl

for anys € [m, M]. In particular, we have

(16.28)

)
oo ()

anyC € B(H)andP € B (H) \ {0}.
Since

05 (55 1l 0
which implies that
o5 () ] = o - S

and by (16.2B) we get the first inequality jn (16.20).

The second part is obvious.

We also have the following reverse of Schwarz inequabtj:[

AJMAA Vol. 19(2022), No. 1, Art. 1, 202 pp. AIMAA


https://ajmaa.org

TRACE INEQUALITIES FOROPERATORS INHILBERT SPACESSURVEY 175

LEMMA 16.7. If C'is a selfadjoint operator witlk1; < C' < K1y for some real numbers
k < K, then

(16.29) 0

IN

tr (PC?) (tr (PC)>2

tr (P) tr (P)
<30 =ma ([(0- ) )
< L [BEC_ (ure))’ s v

foranyP € By (H) \ {0}.
PROOF. If we take in (16.19)f (¢t) =t andS = C we get

asay | (nr0y
—(\(—)D
- (569)]
Since by [(16.27) we have
- (HEY s
then by [16.3D) we get
<“< <)
(i( )
< Jocon [HEC) - (nrOY]”

Utilising the inequality between the first and last ternin (15.31) we also have

w(PC?)  (w(Pe)\?]"
tr(P) ( tr (P) >

< (K k),

which proves the last part df (16]29).

THEOREM16.8. Let/ be aninterval andf : I — R be a convex and differentiable function
on I whose derivativg”’ is continuous or. If A is a selfadjoint operator on the Hilbert space
H with Sp (A) C [m, M] C I and f' (A) is a positive invertible operator oA, or

tr [PAf" (A)]

tr [P (A)] el, tr[Pf (A)]#0

AJMAA Vol. 19(2022), No. 1, Art. 1, 202 pp. AIMAA


https://ajmaa.org

176 SILVESTRU SEVER DRAGOMIR

forany P € Bf (H) \ {0}, then

(16.32) 0< f <tr [f Pfiff /(<
tr (P)
= wpray
foranyP € B (H) \ {0}, where

_ w[PAf(A)]  tr(PA) [P (A)
LA T D) == ~ %) wP)

(40 = ) ey e (| (4 - 555301 P)
| 5O —m) iy (|(# () "1, ) P)
3 (F/ (M) = [ (m)) [tﬁfj% - (tiiﬁiﬂ T/

A)J) tr[Pf(A)]
A)] tr (P)
(tr [PAf (A
tr[Pf" (A

) ,
; ) (PAf (4),

IA

<
tr ! 2 tr(PFf! 271/
300 =y [SEER0 (g
< 3O = £ (m) (M —m).

ProOF. Utilising Lemmd 16.6 and Lemnja 16.7 we have

tr (Pf' (A) A) tr (Pf'(A))tr (PA)
tr (P) tr (P) tr (P)

<5 (1O~ £ (m)) ﬁtr (\ (A B %h{) PD

(16.33) 0<

<30 - gy | SR (A N
<37 (M)~ (m)) (M~ m)
and
as3y o</ '(](j)‘) 4) & (5 J(‘;)(;U) tzr(fpf?
N (e
<jonm [0 (5T
1

< LU0 = f () (M = m)

forany P € B (H) \ {0}.

The positivity of
tr (Pf(A)A)  tr(Pf(A4)) tr (PA)
tr (P) tr(P)  tr(P)
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follows by CebySev's trace inequality for synchronous functions of selfadjoint operators, see
[49). n

The case of convex and monotonic functions is as follows:

COROLLARY 16.9. Let I be an interval andf : I — R be a convex and differentiable
function on/ whose derivativef’ is continuous on/. If A is a selfadjoint operator on the
Hilbert spaceH with Sp (A) C [m, M] C I andf’ (m) > 0, then

tr[PAf (A)]\  te[Pf(A)] _ f (M) :
(16.35) 0<f <W) ~ T () < 7 (m)L(RA,f (A4)),
foranyP € By (H) \ {0} .
The proof follows by[(16.32) observing that
tr(P) ., (t[PAS (AN _ [ (M)
o< e Cemrren ) < T

foranyP € Bf (H) \ {0} .
If we consider the monotonic nondecreasing convex funcfigf) = t* with p > 1 and
t > 0, then by [16.3b) we have the sequence of inequalities

tr (PAP) \" tr(PAP)
(16.36) 0< (m)  w(P)

() ()

m

()
m

1
2
_ _ r(PA
{ (MP~1 —mpP 1)ﬁtr <‘<A—tt£(P))1H) PD
1
2

o tr(PAP—1
(M — m) tr(lP) tr (‘ (Ap T %1[{) P‘)

1/2

1 [HE) (s

tr(P) tr(P)

1/2
w(Pa2e-0)  (u(par-1)\?
(M —m) o)\ @)
\

siﬁ(ﬁflmw*—WHﬂM—m>

m

forany P € Bf (H) \ {0} andA with Sp (A) C [m, M] C (0,00) .

THEOREM16.10. Let ] be an interval andf : I — R be a convex and twice differentiable
function on/ whose second derivativ€' is bounded orT, i.e. there is a positive constaiif
such thatd < f” (t) < K foranyt € I. If Ais a selfadjoint operator on the Hilbert spa¢é
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with Sp (A) C [m, M] c I and f’ (A) is a positive invertible operator off, or

tr[PAf(A)]

wpr i €0 tr[Pf (A)] £ 0

foranyP € By (H) \ {0}, then

(16.37) 0<f (tf [PAS (A>]) tr[Pf(A)]

[Pf (A)] tr (P)

<= e (- ) 7)

s’ (sran)

<ol [ (5 |

<’ (e )

<5 0t -mx |- S| s (hrca)
forany P € Bf (H)\ {0} .
PROOF. From [I6:3R) we have
v
e Clt o

foranyP € B (H) \ {0} .
From [16.20) we also have

(16.39) (0 <)L (P, A, f'(A))
o e (o 250)
oo [0 - (5)

foranyP € B (H)\ {0} .
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Therefore, by[(16.38) anfl (16]39) we get

o< (SHEAaY) - et
tiff)pf;) ik (‘ (A ) %h{) PD

tr (P) ,, [tr[PAf (A)]
“w[Pf(A) (tr[Pf’(A)]>

r(PA) || [tr(PA2)  [tr(PA)\?
tr (P) tr(P) ( tr (P) )

L tr(P) ,(tr[PAf’(A)])
tr[Pf(A))° \ tr[Pf(A)]

SKHA— H

1/2

SKHA— H

that proves the second and third inequalitie$ in (116.37).
The last part follows by Lemnja 16.¥.

The inequality|(16.37) can be also written for the convex funcfiéf) = t* withp > 1 and
t > 0, however the details are not presented here.

17. LIPSCHITZ TYPE INEQUALITIES

17.1. Some Basic FactsOne of the central problems in perturbation theory is to find
bounds for

17 (A) = F (B

in terms of||A — B|| for different classes of measurable functigh®r which the function of
operator can be defined.

By the help of power serieg(z) = >, a,2" we can naturally construct another power
series which will have as coefficients the absolute values of the coefficient of the original series,
namely, f, (z) == >~ |a,| 2™ It is obvious that this new power series will have the same
radius of convergence as the original series. We also notice that if all coeffigjents), then
fa - f

We notice that if

oo
n=

(17.1) f(z):i(_;)nz”:lnl 12, z2€ D(0,1);
g(z)= Z ((;:3' 2" = cos z, z € C;
n=0 ’
- (_1)” 2n+1 : .
h(z):;mz t =ginz, 2 € C;
[(2) =) (-1)"z" = 1iz, 2eD(0,1);
n=0
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whereD (0, 1) is the open disk centered (nand of radiusl, then the corresponding functions
constructed by the use of the absolute values of the coefficients are

(17.2) fa(z)zziz”:m ! ,2€D(0,1);

n! 1—=2

1
Ga (2) = Z 2" = coshz, z € C;

1, ,
ha (Z) = Z mzz R SlnhZ, A C,

n=0

- 1
la(z):Zz”: T 2€ D(0,1).
n=0

Other important examples of functions as power series representations with nonnegative
coefficients are:

(17.3) exp (z) = Z —2" 2z € C;

1 (1+=z = 1
~1 = an—l D(0,1);
2“(1—2) 2 g7 b 2E DO

o~ L(n+3)
sin™! (2) = E 22t 2 e D(0,1);

1
tanh™' (2) = Z =l 2eD(0,1);

Zan—1"
L+ a)T(n+B)T(y) ,
QFI(a76777Z)_nZ:O n'F(a)F(ﬁ)F(n—l—v) z 7a’677>0»
z2€ D(0,1);

wherel is Gamma function
We recall the following result that provides a quasi-Lipschitzian condition for functions
defined by power series and operator ndrfh[45]:

THEOREM17.1. Let f (2) := >, a,2™ be a power series with complex coefficients and
convergent on the open digk(0, R), R > 0. If T,V € B(H) are such that|T||, |V|| < R,
then

(17.4) 1F (1) = f (VI < fo (max {7 VI IIT = VI
If |7]],|V|| < M < R, then from [(17.4) we have the simpler inequality
(17.5) LF () = f I < fo (M) |7 = V||

In the recent pape#f] we improved the inequality (17.4) as follows:

THEOREM17.2. Let f (2) := >, a,2™ be a power series with complex coefficients and
convergent on the open digk(0, R), R > 0. If T,V € B(H) are such that|T||, ||V|| < R,
then

(17.6) LA () =W <IIT = VII/O fo (A=) T +tV) dt.
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In order to obtain similar results for the trace of bounded linear operators on complex infinite
dimensional Hilbert spaces we need some preparations as follows.

17.2. Trace Inequalities. We have the following representation result:

THEOREM 17.3 (Dragomir, 2014/d3]). Let f (z) := >, a,2™ be a power series with
complex coefficients and convergent on the open Bisk R), R > 0. If T,V € B, (H) are
such thattr (|7) ,tr (|V]) < R, thenf (V), f(T), f (1 —t)T +tV) € By, (H) for any
t €[0,1] and

(17.7) tr[f (V)] —tr[f(T)] = /0 tr(V-=T)f((1=t)T+tV))dt.

PROOF We use the identity
n—1
(17.8) A"—B"=> A" (A-B)B
j=0

that holds for anyd, B € B (H) andn > 1.
For TV € B(H) we consider the functiop : [0,1] — B(H) defined byy (t) =
(1—=t)T +tV]".Fort € (0,1) ande # O with t + £ € (0, 1) we have from|(178) that

Dividing with £ # 0 and taking the limit ovetr — 0 we have in the norm topology & that

179 W =lm[pt+e) — o)
= nz (1—t)T+tV]" "7 (V-T)[1-t) T +tV).

Integrating on0, 1] we get from|[(17.9) that
/ S (1) dt = Z/ (1= )T+ V" (V = T) [(1— ) T + V] dt
0 =0 /0

and since
1
/ S () dt = (1) — o (0) =V — "
0

then we get the following equality of interest in itself
n—1 1 ) ‘
i) v =Y / (1= )T+ V" (V = T)[(1— ) T + V] dt,
j=0 "0

foranyT,V € B(H) andn > 1.
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If T,V € By (H) and we take the trace ip (17]10) we get
(17.11) tr (V™) — tr (1)

_ nz_: /1 r ([(1 STV (V=T [(1— 6T + tV]j> dt

nZ/ltr ((A=OT+ V™ (V -T))dt

n/ o ([(L= 8T +tV]" (V= T)) dt

= n/ltr (V-D)[Q-t)T+tV]" ") dt

foranyn > 1.
Letm > 1. Then by [17.1]1) we have have

(17.12) tr (i anV"> —tr (i anT")
n=0 n=0

ay, [tr (V™) —tr (T7)]

(=5

i
o

NE

a, [tr (V™) —tr (T")]

S
Il
—

nay, /1 tr (V=T)[(1—t)T+tV]""")dt

= /1tr ((V -T) Zm:nan (1-t)T + tV]"1> dt

n=1

NE

i
I

foranyT,V e B, (H).
Sincetr (|7),tr (|V|) < Rwith T,V € B, (H) then the serie3"~ ja,V", >  ja,T"
and>>>°  na, [(1 —t) T +tV]"~" are convergent it8, (H) and

Y a Vi =f(V), Y a, "= f(T)
n=0 n=0

and .
D na, [(1=t)T+tV]" = f (1= t) T+ V)

n=1

wheret € [0, 1]. Moreover, we have
fOV), F(T), f((A=0)T +1tV) € By (H)

foranyt € [0, 1].
By taking the limit overm — oo in (17.12) we get the desired resuilt (17.¥).

In addition to the power identity (I7.]L1) we have other equalities as follows

(17.13) tr [exp (V)] — tr [exp (T')] = /0 tr (V—T)exp((1 —1t)T +tV))dt,
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(17.14) tr [sin (V)] — tr [sin (T7)] = /1 tr (V—T)cos((1—t)T +tV))dt,
and
(17.15) tr [sinh (V)] — tr [sinh ()] = /l tr (V. —T)cosh ((1 —¢)T +tV))dt.

foranyT,V € B, (H).
If 7,V € By (H) with tr (|T]) , tr (]V]) < 1 then

(17.16) tr [(1g = V)] —tr [(1g = T)7']
_ /Oltr (V=T)(1g - (1- )T —tv)?) dt,
and
(17.17) tr[In (1 — V)] —tr [In (L — 7))
_ /ltr ((V=T) (g — (1 —0T —tv)") dt.
We have the followingoresult:

COROLLARY 17.4. With the assumptions in Theorém 17.3 we have the inequalities
(17.18) [tr [f (V)] =t (£ (T)]]

smn{uv—Tu/O IF (1= 0T + V)], dr.
-, [ Hf’((l—t>T+tV)Hdt}
Smin{uv—Tu/O 20— 0T +1v],)

W=, [ g t>T+tvu>dt} ,

where||-|| is the operator norm angl-||, is thel-norm introduced for trace class operators.

ProoFr. From [17.7), we have by taking the modulus

(17.19) tr[f (V)] —te [f (T)]] < /0 tr (V =T) f (1= 8) T +tV))]|dt.
Utilising the properties of trace, we get

e (V=7)f (A=) +tV)[ <[V =TI/ (QA=-)T+tV)]|,
and

e (V=) (A=)T+tV) <[V =TI |/ (L=t) T+ V)|

foranyt € [0, 1].
By integrating these inequalities, we get the first parf of (17.18).
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We have, by the use df||, properties that

If (1=t T +tV)||, = Znan (1—8)T +tV]"~

n=1

1

<Y nla (1= T+ v

n=1
<Zn\an\|y 1—t)T + V|~
(Wl—ﬂT+¢VH)

foranyT,V e By (H) with ||T||,, V||, < R.

This proves the first part of the second inequality.

Since|| X || < || X||, foranyX € B, (H)then| (1 —t)T +tV| < RforanyT,V € B, (H)
with [|T']], , [|[V||; < R which shows thaf; (||(1 —¢)T + tV]|) is well defined.

The second part of the second inequality follows in a similar way and the details are omit-
ted. n

REMARK 17.1. We observe thg{ is monotonic nondecreasing and convex on the interval
[0, R) and since the functiof (¢) := ||(1 — ¢) T + tV|| is convex on0, 1] we have thaf, o ¢
is also convex off0, 1] . Utilising the Hermite-Hadamard inequality for convex functions (see
for instancelfQ, p. 2]) we have the sequence of inequalities

(17.20) /0 =T +tV]) dt

Ll (|| T4V fo AITID + f2 AVID
<3l ([

< U AT + £ (VI < max { £ (1T, fa (IVID} -

We also have

(17.21) /0 =0T+ V) dt

< / £ =) [T+ ¢ [V]]) dt
LT AT+ VI 2T + 2 AV
1 () + |

2 2

_%MUWW+ﬁNWM§HmdﬂWﬂD fa (VD3 -

We observe that iff V|| # ||T|| , then by the change of variable= (1 —¢) [|T|| + ¢ ||V we
have

v - 1 WH/SS
AJHH—UMW+WVWﬁ——WWjWﬂTQ&Ud
Ja (V1) = fa (IT'1)
vi=nrr
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It |V = [T, then

1
/0 fa (U= |||+t [V dt = fo (I1T1]) -
Utilising these observations we then get the following divided difference inequality f6r//

LAVID=LUTD v || £ T,

v VI=IT]
a2 | fa(l(lt)T+tV)dt<{
0 fa 1T it |V =1{T].

Similar comments apply for thenorm||-||, whenT,V € B; (H).
If we use the first part in the inequalitigs (17.18) and the above remarks, then we get the
following string of inequalities

(17.23) [tr [f (V)] = tr [f (T)]]

1
< v - Tn/o 1 (L= )T + V)], dt

1
< uv—Tn/O £ = OT +ev]),) dt

(

! [fé(HTéle) N fg(nTnl);f;(uvnl) |

<[V =T x L (VI ~f(IT1,)
MI=L0T0) it vy, 2171

(T it VIl =171,
% IV =TI S AT + fo VL]
<V =Tmax{fo (IT1,), fo (IVI.)}

IN

A\

providedT,V € B; (H) with ||T]|, ., ||V, < R.
If |7, |V]l, £ M < R, then we have from (17.23) the simple inequality

[tr [f (V)] =t [f (DI < [V =TI fo (M)

A similar sequence of inequalities can also be stated by swapping the|rpwmith ||-||, in
(17.23). We omit the details.
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If we use the inequality] (17.23) for the exponential function, then we have the inequalities
(17.24) |tr [exp (V)] — tr[exp (T")]|

1
< V-1 / lexp (1 — )T + V), dt
0

1
<V -1 [ et =0T + V], d
0

;

exp([|Tly ) +exp([IVIly
b exp (255 + =2Tb)oeli) |

< ||V =T x exp(IVIl ) —exp(ITI,)
oML —eelT) it ), |17,
exp (IT1,) if [V, =TI,
1
<5 IV =Tl exp (IT1,) +exp (V)]

< IV = T[fmax {exp ([|T']l,) , exp (V'[l,)}

foranyT,V € B, (H).
If |7, , ]|V, <1, then we have the inequalities

(17.25) ltr [In (1 — V)] —tr [In(1g — 7) ]|

< HV—TH/O |1y — (1=t)T — V)|, dt

1
< HV—TH/O (L= (1= 8T + V], de

( - 7)) (=)
[ gz o],

<[V -T] x m(1=v],) " =in(1—j7),) "
(W) eCATh) it vy, ),
\ (1 - ||T||1)_1 if ||V||1 - ||T||17

1 _ _
<SIV =TI [Ty~ + @ = 1VI)™]
<NV = Tlmax {(1 = |T1,) " (= IV}
The following result for the Hilbert-Schmidt norff||, also holds:

THEOREM 17.5 (Dragomir, 2014/d3]). Let f (z) := ) ., a,2™ be a power series with
complex coefficients and convergent on the open Bisk R), R > 0. If T,V € By (H) are
such thattr (|7%) ,tr (|V|?) < R2, thenf (V), f(T), f' (1 — )T +tV) € By (H) for any
t e [0,1] and

(17.26)  trlf (V)] - tr[f (T)] = /0 e (V =T) f (1 =) T + V) dt.
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Moreover, we have the inequalities
(17.27) [tr [f (V)] = tr [f (T)]]

1
suv—TmArw«l—wT+wmuﬁ

SHV—ﬂbAJUWL%ﬂW%Wmﬁ

(

! {fé(H%Hg) N fé(IITHz);fA(HVHz) |

<[V =T, % (VL) = (I71,)
(M) 0Te) i ), 2 ),

L U7 it (VI =171,
1
< IV =Tl [fa (T1,) + fa (VL]

<NV = Tllymax {f; (ITly), fa (V15)} -

PROOF The proof of the first part of the theorem follows in a similar manner to the one
from Theoreni 17]3.
Taking the modulus ir] (17.26) and using the Schwarz inequality for trace we have

(17.28) [tr [f (V)] = tr [f ()] < /01 te (V =T) f (1 =) T +tV))] dt

1
< [V =Tl (@ =0T+ 7).
0
The rest follows in a similar manner as in the casé-abrm and the details are omittegl.

We notice that similar examples {o (17.24) and (1[7.25) may be stated where both|jpprms
and||-||, are replaced by-||,, .
We also observe that, if,V € B, (H) with ||T||,,|V], < K < R, then we have from

(17.23) the simple inequality
tr [f V)] =t [f (D < IV =TI, fo (K).
17.3. Norm Inequalities. We have the following norm inequalities:

THEOREM 17.6 (Dragomir, 2014/63)). Let f (z) := > °,a,2" be a power series with
complex coefficients and convergent on the openidi§k R) , R > 0.
() If T,V € By (H) are such thatr (|7]) , tr (|V]) < R, then we have the norm inequalities

V=1, f; 21—t T +tV])dt,
(17.29) 1F (V) = f(D)], < 1
V=1 fi £ (|1 =) T +tV]],) dt

(i) If T,V € B, (H) are such thatr (|T]°) ,tr (|V|°) < R?, then we also have the norm
inequalities
IV =Tl fy Lo (1 =T + V) dt,
(17.30) (V)= F(D), < X
IV =T fy fa(l(1 =) T +tV]l,) dt.
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PROOF We use the equality
n—1 1
a3y vi-rm=Y / (1= )T+ V" (V = T)[(1— ) T + V] dt,
=070

foranyT,V € B(H) andn > 1.
(i) If T,V € By (H) are such thatr (|7]) , tr (|V|) < R, then by taking thé|-||, norm and
using its properties we have successively

(17.32) v -1,
n—1 1

<> /

j=0 70

n—1 1

<> /

j=0"0

< 2/01 v -1, H[(1 T +tV]”+J‘H H[(1 )T+ tV]jH dt

(1= )T +tV]" (V= T)[(1 - )T + tV]jHl dt

(1=)T+tV]* " (Vv =D)| ||[Q1=t)T +tV}| dt

1

n—1
<V =TI > N0 =T+ V" (1 =) T + V[ dt

J=0

1
v - TH1/ (1= 6) T + V|V dt
0

foranyn > 1.
Letm > 1. By (17.32) we have
(17.33) > a V=Y a,T"
n=0 n=0 1

i a, (V" =1T")
n=1

1

m

< anl [V =T,
n=1

m 1
< ||V—T||12|an|n/o (1= T + V] de

n=1

1 m
= ||V —T||1/O (Zn|an| I(1 — t)T+tV||n1> dt.

n=1

Also, we observe that
(A=) T+tV[| <[[A-)T+tV|, <A =T, +t|V], <R

for anyt € [0, 1], which implies that the seri€s.> | n |a,| ||(1 — ) T + tV||" " is convergent
and

Yonlanl [(L=T +¢V|" ™ = fo(l(1 =) T + V)

n=1

foranyt € [0,1].
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Since the seriey " ja,V" and> >~ a,T" are convergent i3, (H),|||,), then by
letting m — oo in the inequality[(17.33) we get the first inequality[in (17.29).
We also have
v =1,

< nz‘i/ol H[(1 —HT V] (V- T) [ —t)T+tV]jHldt

< (1= 6)T +tV]" 9 (Vv — T)H H[(1 )T+ tV)
1
n—1 1 ' ‘
SZ/ |V - H[u_t)THV]H*J H[(l—t)T+tV]jH1dt
j=0 "0
n—1
<V =TI Q=T +tV|" (L= t) T + V| dt
7=0
n—1 ' '
S|V =TI Q=T + V|77 (1= t) T + V][] dt
j=0

1
v - T||/ (1= )T+ V| dt
0

for anyn > 1, which by a similar argument produces the second inequalify in (JL7.29).
(ii) Follows in a similar way by utilizing the inequalityZ"Al|, < ||T'|| || 4], that holds for
T € B(H)andA € B, (H). The details are omitteg

REMARK 17.2. From the first inequality if (17.29) we have the sequence of inequalities

(17.34) 1 (V)= F D,
< Hv—Tnl/O I =T + V) dt

)

(1 [f; (| ZEL ) + LdrDEavi)

VAI=I7l

< ||V =T, x { LallVID=fa(ITI) i V|| # |7l
Ja (IT])) it VI =171,

%HV T, [ AT + fo AV ID]
<V =Ty max{f; (ITI), f (IVID}

for T,V € B, (H) such thatr (|T]) , tr (]V|) < R and a similar result by swapping in the right

hand side of|(17.34) the norfpn|| with |||, .
In particular, iftr (|7]) ,tr (|V]) < M < R, then we have the simpler inequality

(17.35) ILf (V)= f @)y < fa M)V =T,
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If T,V € B, (H) are such thatr (|T]%) , tr (|V'|*) < R?, then we have the norm inequalities

(17.36) I1F (V)= £ (D),

1
< "V‘T"2/0 S =) T + V) dt

% [f; (H%”) + fé(\lTll)-gfé(IIVII) ’

V=T

<||V =T, x { FalVID=fa(ITI) i VI # 171,
AR it VI =171,

%HV Tl (o AT + fo AVID]
<V =Tllymax{f; (ITN), fo (IVID}

and a similar result by swapping in the right hand sid¢ of (17.34) the figfwith |||/, .
In particular, iftr (|T]%) , tr (]V|*) < K2 < R?, then we have the simpler inequality

(17.37) Lf (V) = f(D)lly < fo (K) [V =T,
17.4. Applications for Jensen’s Difference.We have the following representation:

LEMMA 17.7 (Dragomir, 2014,d3)). Let f (z) := > >°,a,2" be a power series with
complex coefficients and convergent on the open@igk R) , R > 0. If eitherT,V € B, (H)
with |7, , [[V]], < R,or T,V € By (H) with [T, [V, < Rthenf (V), f(T), f (*3F) €
By (H)or f(V), f(T), f(*3L) € B.(H), respectively and

(17.38) tr[f(V)]—Zl—tr . [f (V+T>]
(- T>{ (s R e\

PrROOF. The first part of the theorem follows by Theorem 17.3.
From the identity[(17]7) we have

2

(-5 (a0 ) e
:%/()ltr ((V—T)f’ ((1—”V;T+tv)>dt
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and

(17.40) el () - £ (50 )]
:/Oltr«T—V;T>f’((1—t)v;rT+tT))dt
:%/Oltr((T—V)f’((1—t)V;T+tT)>dt
:_%/Oltr((V—T)f’((1—t)V;T+tT)>dt

for T,V € By (H) with |||, , |V, < R.
If we add the above inequaliti€s (17139) and (17.40) and dividevag get the desired result
(T7.38).n

THEOREM 17.8 (Dragomir, 2014/d3]). Let f (z) := >, a,2" be a power series with

complex coefficients and convergent on the openfigk R), R > 0. If T,V € B, (H) with
170y - [Vl < R, then

te[f (VI +e[f D] {f (V+T)H

(17.41)

2 2
1 2 ! 1 "
<V [ -3 a0 T+ a
Uy [ (VAT Y 22 VI + 22 1)
< — - T R
<=z (|55 ) + :

< 1—12 IV =TI [f2 AV 1) + £ AT0))

1
< IV =T max {£7 (V1) £2 (1711}

PROOF. Taking the modulus irf (I7.38), we have

arap) [T, [f(v;Tm
V+T

g}l/ol tr((V—T){f’((l—t) : +tv)—f’((1—t)V;T+tT>D'dt

for T,V € By (H) with |[T']|, , |V, < R.
Using the properties of trace we have

tr ((V—T) {f’ ((l—t)V;TnLtV) _ ((1—t)V;T+tT>D‘

< HV—TH‘H]“’ ((1—t)VJ2rT+tV> _f ((1—t)V;T+tT)}

for 7,V € By (H) with |7, |V]l, < R andt € [0,1].

(17.43)

1
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From [17.29) we have
(17.44) 1 (A) = F (Bl

< HA—B!I/lf;(ll(l—t)B+tAH1)dt
<dia- o [ (| A2 ) - AU 02

2
—||A Bl [fa (1Al + fa (1Bl
< A= Bllmax {f, (IAll,), fa (I1Bl,)}

for A, B € B, (H) with | A], , | B, < R.
Applying the second and third inequalities jn (17.44) forand A = (1 —t) XiL + ¢V

B = (1-1t) YL +¢T we get
(17.45) ‘H (1—t T+tv)—f’<(1—t)V;T+tT)}

f V+T
<yl (57 )
1

+fclll H 1_t %’Ftvm +f¢;/("<1_t)%+tTH1)
2

1

—_

StV =T
xpywﬂ—ﬂng+W)fﬂQ%—wng+ﬁ

for T,V e By (H) with |T'||,, |V, < Randt € [0, 1].
Sincef! is convex and monotonic nondecreasing énd is convex, then

fa (@ =0 5% +ev]],) + £ (10 - ) 5+ + ¢7]],)

2
SG—UMQF§I

> oL VI + £ AT
1 2

for T,V € B, (H) with | T, , [[V]]; < Randt € [0,1].

From [17.45) and (17.46) we get

(17.47) ’H (1—15 V;FT+tV>—f’<(1—t)V;T+tT)}

<—t V-T
<tV -7

x[ﬂ(Wl—ﬂV;T+¢V

V+T
2

[\

)

(17.46)

1

)+f;’(H(1—t)V;T+tT
1

)+ 20710
1

)

+f$’(HTHl)]

gMV—ﬂﬂO—ﬂﬂ( 2

for T,V € By (H) with |7, |V ]|, < R andt € [0,1].
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Integrating ) overon [0, 1] we get

/

1
<-|V-T
<SIV-T

L. V4T
x[/ﬂ tfa<H(1—t) 5 +tV

{f’ ((l—t)V;TthV) _f ((1—t)V;T+tT)]

Yo [ (oo

V+T
<|v- ﬂﬂ"(H‘*

— v -z (|55

FVL) +
)

which together with[(17.42) anfd (17143) produce the inequality

HUWN;HVGN_UP(V;TH‘

1
—|\V-=T
< Iv-Tp°

1
X U tfé’(”(l—t V+T+tv
0

)dt+ tf;’(H(l—t)

]

o : 1 : : t2dt
)/0 (1—t)dt+ (VI )-gf”(HTH )/01 }
1 fé'(HTHl)] |

0l

193

L - TH[“@V+T

)

Now, observe that

1

(17.49) / tf;’(H(l—t)V;TthV
0

and

(17.50) /1 Lf" (Hu —4) V;T T
0

Using the change of variable= %, then we get

1 1—t 1+t
(17.51) /tf;’(H T+ v
0 2 2

)ﬁ
1

_ 2[ Qu—1) " (|(1 = u) T + uV]]) du

2

Also, by changing the variable= 1>, we get
1 —
(17.52) / tfy (H ! tV+ ! +tT dt)
0 2 2 1

1

_ 2/02 (1= 20) £ (| (1 = ) T + oV|]) do
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Jo= ([

L (st
o)=L

)&
1

fa (V1) +f;’(|IT||1)] .

ﬁ)
1
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Utilising the equalities[(17.49)-(17.52) we obtain

L. L VaT . VAT
/0th (H(1 t) 5 +tV 1)dt+/0tfa (Hu t) 57— +iT

:2[ @ — 1) F (|(1 = )T + tV]]) dt

2

dt)
1

Jun

+2/2 (1= 26) £ (|(1 = ) T + V) dt

1
:2/ 12t = 1| f7 ((1 = ¢t) T 4+ tV||) dt
0

1
/
0

for T,V € By (H) with |[T']|,, |V, < R.
Making use of[(17.48) we deduce the first two inequalitie§ in (17.41).
The rest is obviouss

1
t— =

5| fa (1L =) T + V) at

COROLLARY 17.9.Letf (z) := > a,2" be a power series with complex coefficients and
convergent on the open digk(0, R) , R > 0. If T,V € By (H) with |T'||,, ||V, < M < R,
then

(17.53) tr[f (D] +te[f (M) {f <V+T

1 2 rn
! )| < g - ez .

The constant is best possible i) (17.53).

PrRoOF From the first inequality iff (17.41) we have

2

2
1 1
SV [
0

1 2 rn !
I =Tz on |

lf (V) +e[f (D] {f <V+T>H

IN

]' "
t— s 0= T+ vy de

1 1 ,
t—=|dt==||V =T\ f! (M
5|t =V =TI 12

IN

for T,V € By (H) with ||T'||, , |V ||, < M < R, and the inequality is proved.
If we consider the scalar case and tgke) = 2%,V = a, T = b with a, b € R then we get

in both sides of| (17.53) the same quantitth — a)”. &

REMARK 17.3. A similar result holds by swapping the nofta} with |||, in the right hand
side of [17.4]1). The case of Hilbert-Schmidt norm may also be stated, however the details are
not presented here.
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If we write the inequality[(17.41) for the exponential function, then we get

tr [exp (V)] ~2F trlexp(T)] {exp (#)]

1 1
v - [

0
1 ) V4T
ﬂuv—fﬂ[mpqyjf—

1
< S IV =TI lexp (IVIl,) + exp (IT],)]

(17.54)

IN

1
t—5|ep (|0 =0T +tV],)dt

) sy (IV]l;) +exp (HTIM)}

IN

2

1
<glvV- T max {exp (|[V,) . exp (IT1,)} -

forany for7,V € B, (H).
If T,V € B, (H) with ||V, , [|T]], < M, then

trlexp (V)] +trlexp(T)] {eXp (#)] ‘ < LW - T Pexp ().

(17.55) >

If we write the inequality[(17.41) for the functioh(z) = (1 — 2)~", then we get
tr [l = V)] +tr [ = T) 7] [( V+T>_1
— tr 1H —

2 2
1
nv—TW/
0

1
= IV =T
12

(-]

é WV =TI [ = VI ™+ @ = 7))

(17.56)

IN

1 _
t— 5’ (1= (1 =t)T +tV|,) > dt

IN

X

>*+u—MWJ%;u—mmr1

IN

< IV =TI max {1~ [VII,)™", (1 = |ITI1) "}

forany for7,V e B, (H) with ||[V||,, |7, < 1.
Moreover, if[|V|,, ||T||, < M < 1, then

[y =)+ [0n-T)7"] o [(1H v +T)‘1

—_— =

(17.57)

2 2

1
< IV =TI (- 2y

The interested reader may choose other examples of power series to get similar results.
However, the details are not presented here.
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