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ABSTRACT. In this paper, we study the existence and uniqueness of fixed point in complex val-
uedb-metric spaces and introduce a new relaxed Complex-valued-metric type by relaxing

the triangle inequality and determine whether the fixed point theorems are applicable in these
spaces.
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1. INTRODUCTION

The concept of &-metric was initiated from the contributions of Bourbaki [2] and Bakhtin
[1]. Czerwik [3] gave an axiom which was weaker than the triangular inequality and formally
defined a&-metric space with a view of generalizing the Banach contraction mapping theorem.
Later on, Fagin et al.[[4] discussed some kind of relaxation in the triangular inequality and
called this new distance measure a non-linear elastic pattern matching. In 2011, A. Azzam,
B. Fisher and M. Khan introduced the notion of a complex valued metric space and called the
complex-valued metric space as an extension of the classical metric space and proved some
common fixed point theorems,![5]. In a similar way various authors have studied and proved
the fixed point results for mappings satisfying different types of contractive conditions in the
framework of complex-valued metric spaces,[6]. In 2013, Rao, et al. introduced the concept
of a complex-valued-metric space which is a generalization of the concept of a complex-
valued metric space,|[8] and subsequent to that A.A Mukheimer obtained common fixed point
results,[[7]. In this paper, we generalize the concept of a complex-valoedric and prove the
common fixed results satisfying certain expressions in this new space.

2. PRELIMINARIES

Let C be the set of complex numbers andf zo € C then define a partial ordering onC
as follows:
21 R 2y Re(21> < Re(ZZ) and "T(Zl) < |m(2’2)

Futhermore, ifz3 € C, we obtain that following:

(l) If 0 < 21 é Z9 then’Zﬂ < ‘22’

(ll)lf 21X 29 andZQ < z3 thenZl < Z3

(i) If a,b € Randa < bthenaz < bzforall z € C

Definition 2.1. Let X be a non-empty set. A functioh: X x X — C is a complex-valued
b-metric onX, [8], if there exists a real number > 1 such that the following conditions hold
forall x,y,z € X :

() 0 xd(z,y)andd(z,y) =0 <= ==y
(ii) d(z,y) = d(y, z)
(i) d(z,y) < ald(z, z) +d(z,y)]

The pair(X, d) is a called a complex-valuédmetric space.

Definition 2.2. Let X be a non-empty set. A function: X x X — C is a generalized,
complex-valued-metric on X if there exists real numbers, 3 > 1 such that the following
conditions hold for all, y, z € X :

() 0 < p(z,y)andp(z,y) =0 <= z =y
(i) p(x,y) = ply, x)
(i) p(z,y) < ap(z,2) + Bp(z,y)

The pair(X, p) is a called av, 5 complex-valued-metric space.
The following example justifies the generalization found in the definition.

Example 2.1.Let X = (1,3) and letp : X x X — C be a function defined by

(2,9) eyl fjele=vl - if x £y
x,y) = _
Y 0, iff v =y.
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To show that the example is a generalizedd complex-valued-metric, we only need to verify
theq, 3 triangle inequality:
Forz #y, 2 € X andf € (0,1)
p(z,y) < (14 i)el—H=
= (1 4 §)efla=#1+(1=0)z=ul (1=0) o—z|+0l=—y]
< sup el ETEOETVE (1 — ) (1 +4)el™ ™ + 0(1 +i)el )
z,y,2€X
< (1 —0)*(1+i)el™* 1 0(1 4 i)e2el>Y
= (1= 0)e’p(x, z) +0e’p(2,y).
For 6 = § we have constants = 2¢” and § = ze?,
One introduces a topology on a generalized b-metric spacé X, p) in the usual way. The
open ballB(z, €) with centrex € X and radiug) < € € C is given by
B(w,e) ={y € X : p(z,y) < €}
A subsetA of X is open if for everyr € A there is a number < € € C such thatB(z,¢) C A.

Definition 2.3. Let (X, p) be a generalized, 3 complex-valued-metric space, and Idtz,, }
be a sequence iIN andx € X. Then:
(i) The sequencéx, } converges ta: € X, if for every0 < ¢ € C then there isV € N
such that(x,,z) < €. The sequencézx, } converges ta € X <= |p(z,,z)] — 0
asn — oo, [8].
(i) The sequencéz,} is a Cauchy inX, p) if for every e € C there isN € N such that
(T, Tnem) < €, Wherem € N. The sequencéz,} is a Cauchy inNX,p) <=
|p(Zp, Tpim)| — 0 @SR — 00, Wherem € N, [8].
(iii) The spaceg X, p) is complete if every Cauchy sequenieg, } in X converges to a point
r e X.

3. FIXED POINT THEOREM FOR GENERALIZED «, (3 COMPLEX -VALUED b-METRIC
SPACES

As a consequence of (iii) of definitign 2.2 , theg triangle inequality, we get for, m € N
withm > n
P(Tp, Trm)
< ap(Tn, Tni1) + Bp(Tni1, T)
(3.1) < ap(Tn; Tpt1) + Blap(Tnst, Tnya) + Bp(Tnto, Tm)]
Successively applying the, 3 triangle inequality, we obtain

m—n—2

(32) p(xna xm) # « Z ﬁip(anria xn+i+1) + ﬁm—n—1p<xm717 xm)
=0
This theorem is a generalization of the fixed point theorem studied by Mishra, et al., in [9].

Theorem 3.1. Let (X, p) be a complete generalized 5 complex-valued-metric space and
T : X — X amapping such that

p(Tz, Ty) < ap(z, Tx) + bp(y, Ty) + cp(z, y)
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for all x,y € X, wherea, b, andc are non-negative real numbers satisfying- 5(b + ¢) < 1,
thenT has a unique fixed point.

Proof. We begin by proving that fox, € X, the sequencéz,} generated by the recussive
formulax, = Tz, 1 = T"xy is a Cauchy sequence . Forn € N we obtain

(3.3) p<xn+2a x’n-i—l) = p(Tmn-H» Txn)
< ap(@Tns1, TTngr) + bp(zy, Txy) + cp(Tngr, Tn)
< ap(Tps2, Tng1) + 0p(Tntr, Tn) + cp(@ni1, Tn)
(3.4) < ap(Tnt2, Tnt1) + (b4 )p(Tnt1, Tn)
(1 —a)p(rpi2, Tny1) < (04 €)p(Tpgr, Tn)
b+c
(35) p(‘rn+27 xn—&-l) < (1 _ a) p(*rn—i-la In)

If we lety = (££2) then repeated use ¢ (3.5) we get

l—a

(3.6) P(Tnya, Tns1) < 7 p(, @),
Using (3.2) and[(3]6) fok € N, we get
k—1
P(Tny Tnghp1) S Z ﬁiﬂ(l’nﬂ'» Tnyir1) + ﬁkﬂ(xmka Tptkt1)
i=0

k—1
<Y By p(xo, 21) + B p(x0, 1)
=0

k—1
=" [a D B + 8| plwo, 1)
=0
_ gk
=" {Oz—ll _ﬂﬁz + ﬁ’“v’“] p(zo, 1)
= (11—&” [a — B (o + By — 1)} p(zo, 1)
(3.7) = “Yn(lj%wp(xo, 1),
Now,
(38) pn, Enssn)| < 9" ol 71

Sincea + B(b+¢) < 1for g > 1thensy < 1 andy < 1. Taking the limitn — oo we get
y™ — 0, which implies thatp(x,,, ,,+x+1)] — 0asn — oo thus the sequende:,, } is a Cauchy
sequence. Sinc¥ is a completey, 5 complex-valued-metric space the sequence converges
to x* € X. We show that* is a fixed point of T. Using the, § triangle inequality, we have
p(a", Tx") < ap(x”, Tps1) + Bp(wni1, Ta")

< ap(x”, tn1) + Bp(Tay, Tx)

<

(3.9 ap(x®, 2p1) + Blap(zn, Tx,) + bp(a™, Ta") + cp(zy, 7))
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(1 =0b08)p(z", Tz") < ap(x™, xni1) + aBp(xn, Txy) + cBp(xn, 7)

B10)  pla" Ta") 5 g (000" ) + 0Bp(r i) + Bl )]
Taking the absolute value of both sides, we get
e T5)| € s [0p(a” ) + 0Bp(w. 1) + )
(3.11) < g 10" )| + 085" (o, m)| + B ol )|

Sincez,, converges tac* , taking limitn — oo implies that|p(z*, T'z*)| — 0 which yields
x* = Tz*. To show unigueness of the fixed point. Assume that there exists X such that
Tz* = x**. Then

(3.12) p(x™ 2") = p(Tx™, Tx") < ap(z™, Tx™) + bp(x*, Tx") + cp(z™, ™)

WhICh |mpI|es thatp(x™, x*) < cp(a*, z**). Taking the absolute value of both sides, we get
|p(z**, 2*)| < c|p(x*, 2**)|. This implies thap(z*, z**) = 0. Thusz* = z**. g

Theorem 3.2. Let (X, p) be a complete generalized complex-valued b-metric space and
letT : X — X be a mapping such that

(3.13) p(Tz, Ty) < ap(z, Ty) + bp(y, T'x)

for everyz,y € X, wherea, b are non-negative constants with < ——. ThenT has a fixed
point in X and has a unique fixed pointdf+ b < 1.

Proof. Let xq € X be fixed then consider the sequence generated by the formula
x, =Tx, 1 =T"xq. Letn € N then we get

P(Tni2, Tng1) = p(T 211, Try)

ap(Tnr1, Txp) + bp(xn, TTni1)
= ap(Tni1, Tny1) + 0p(Tn, Tnio)
bp(Tn, Tpy2)

< bap(xn, Tri1) + 0Bp(Tny1, Tny2)
(1 =08)p(Tni2, Tni1) < b&p(mn, Tpi1)

(3.14) P(Tnto; Tny1) <X 7 b

N

(T, Tpyr)

Lettingy = 1245 and repeated use ¢f (3]14) yields

p($n+1a xn+2) < VP(fn, xn—l—l)

< Vp(Tn 1, T)

(3.15) < 7" (0, 1)

AJMAA Vol. 18(2021), No. 2, Art. 8, 8 pp. AIMAA


https://ajmaa.org

6 DR. P. SNGH AND DR. V. SINGH AND THOKOZANI CYPRIAN MARTIN JELE

Letm € N then

P(Tns Tpgm)

< ap(@n; Tpg1) + Bo(Tns1s Togpm)

< ap(@n; Tpg1) + Blap(Tni1, Tni2) + Bp(Tnt2, Toim)]

< p(Ts Tng1) + ABP(Tny1, Tng2) + -+ + B2 p(Tngm—2, Trgm—1) + B p(Tnsm—1, Tnsm)
< an"p(o, 21) + By plao, 1) + - 4+ o™ EE R p(wg, 1) + BT p(o, 1)

< ay"p(wo, x1) [1+ By + -+ 28" 2] + 71 p(xo, 21)

< ay"plao, 1) [1 - 1] + By (g, 1)

N

a%pm z1)a = (59)" (@ = 1+ B7)]
=< al'ymp(xo,xl)

Sincefb < —— then0 <~y < ; andﬁy < 1. Taking the limitn — oo, we gety™ — 0. This
implies that|p(xn,$n+m)| — 0 asn — oo. The sequencéz,} is a Cauchy sequence iX.
Since(X, p) is a complete complex-valuéemetric space thefir,, } converges ta* € X.
We show that:* is a fixed point off".
p(a*, Tx") < ap(z”, zn) + Bp(zn, Ta")
a,o(:v*, xn) + ﬂp(Txn—la T{L‘*)
< ap(x*,z,) + Blap(zp_1, Tx™) + bp(Tx, 1, Tx*)]
= ap(z*, x,) + Bap(x,—1, Tx") + Bop(z,, ")
< (@ + Bb)p(n, 2%) + Bacp(a_r,z*) + afp(z", Ta")
(3.16) [1—aB%p(x*, Tx*) < (o + Bb)p(wn, ) + afap(r,_1, %)
Since{z,} converges ta* we get|p(z*,z,)| — 0 asn — oo, and taking the absolute value
of both sides of[(3.16) we obtaijp(xz*, Tz*)| < 0 thusp(z*,Tz*) = 0, which implies that
Tax* =¥

To prove the uniqueness of the fixed point we assume thatthier&" € X such thatl’'z* = z*
and7x** = z**. Now

8

(3.17) plx*, x*) = p(Tx*, Tx™)

(3.18) < ap(z*, Ta™) + bp(z™, Tx")
(3.19) = ap(z”, ™) + bp(x™, ")
(3.20) = (a+b)p(z*,z™)

Thus we getp(z*, 2**)| < |[(a + b)||p(z*,2™)|. Sincea + b < 1 we get|p(z*, z**)| = 0 thus
T ="
|

Author Kir et. al,, studied the following fixed point theorem dametric spaces and we gen-
eralized the result into a, 5 complex-valued-metric spaces| [10].

Theorem 3.3.Let (X, p) be a«, 5 complex-valued-metric space and Ief’ : X — X be a
mapping such that

p(T'z,Ty) < Ap(x, Tx) + p(y, Ty)],
where) € [0, ) forall x,y € X. ThenT has a unique fixed point.
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Proof. We begin by showing that for, € X fixed,the sequencgr, } wherex,, = Tz, 1 =
Tz, is a Cauchy sequence (X, p).
Forn € N, we have

P(Tni2, Tnir) = p(Txpi1, Try)

< Ap(@ns1, Tpga) + plen, Tay)]
= Ap(Tni1, Tnyo) + p(n, Try))
(1= N)p(Tni2, Tpi1) S Ap(Tng1, Tn)

(1iA) p(anrl? xﬂ)

N

(321) p(anrQa xn+1)

Repeated use df (3.21), fere N, we get

n+1
p(xn+27xn+l) < (ﬁ) p(xth)-
Form,n e X

P(Ina In+m)

< ap(Tn, Tpi1) + BP(Tni1, Tnim)

< ap(n, Tng1) + Bap(Tnir, Tnia) + 82 p(Tns2, Toym)

< ap(Tn, Tot1) + BP(Tpi1s Tga) + -+ B p(Tpimo2, Tnimo1)

+ 6™ p(Tnm—1, Totm)

< a(25)" p(zo, 1) + o (1L)HJrl p(zo, 1) + -+ af™ 2 (ﬁ)wm_2 p(xg, 1)

+ 0" (25)" plwo @)

= (52" lane) [14 8 (25) -+ 07 (25" 4877 (20" . )

SinceX € [0, 3) implies that0 < 2; < 1. Taking the absolute value of both sides we get
lp(x, xm)| — 0 a@sn — oo. It follows that that the sequende:,, } is a Cauchy sequence in
(X, p). Since(X, p) is complete there existszd € X such that

lim p(x,,z*) =0.

n—oo

We now show that* is a fixed point of the mapping.

p(x*, Tx") < ap(x”, x,) + Bp(xn, T2")
p(x*, mn) + ﬁp(Tmn—la TZL“*)
( )

e 0o

< ap(x”,x,) + BAp(Tp_1, Txn_1) + BAp(z™, Tz")
(3.22) 1= BN p(a*, Ta*) < ap(a™, 24) + BAp(T01, )
Taking the absolute value of both sides|of (3.22) and takirg oo, we obtainp(z*, Tz*) = 0.

This implies that:* is a fixed point ofT".
To prove the unigueness of the fixed point we assume that thfere* € X such that

Tx* = x* andTz** = ™. Now
p(a”,2™) = p(Ta", Tx™)
< Alp(a®, Ta*) + pla™, Ta™)]
=0
Thus we getp(z*, 2**)| < 0, which implies that:* = »**. Hencex* is a unique fixed point.
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4, CONCLUSION

In this paper we have presented a relaxed complex-valued-metric and proved some
fixed point results for this new class of a generalized metric.The generalization may bring a
wider applications of fixed point results. We have shown that for complex-vairedtric
spaces the mappings that have fixed points have fixed points in the generalized space.
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