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GLOBAL REGULARITY OF THE THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 3

1. I NTRODUCTION

The Navier-Stokes equations correspond to the system

∂tu+ (u · ∇)u− ν∆u+∇p = 0 in IR3 × (0, T ),(1.1)

div u = 0 in IR3 × (0, T )(1.2)

complemented with the initial condition

(1.3) u(·, 0) = u0(·) in IR3,

whereu0 is a divergence-free vector field, that is; divu0 = 0 in IR3. Aboveu = u(x, t)
denotes the velocity field at the pointx ∈ IR3 and at timet ∈ (0, T ) with T > 0 andp = p(x, t)
denotes the pressure whileν denotes the kinematic viscosity.

The only global solution known to exist for general initial data is the weak solution of Leray
[7, 8]; Consult for instance [9, 10]. The existence and uniqueness of a smooth solution to
the Navier-Stokes system on a short time interval is known. Such a result is obtained using
estimates derived from techniques employed in the proof of existence of global weak solutions;
Consult for instance [9, 10] where more information about existing results and references is
given.

The existence, regularity, and uniqueness of global solutions of the Navier-Stokes equations
in IR3 are given for when the initial velocityu0 ∈ W q,1(IR3)3 for all integersq ≥ 0 and
div u0 = 0.

In Sections 3-7, basic properties of the measures introduced in [12] are covered. In Section
8, this measure theory to the vorticity-stream formulation of the Navier-Stokes equations is
applied. A brief description of how this measure theory is applied to Navier-Stokes equations
is given below. For the definition of the functional spaces and other notations used throughout
this paper consult the subsection below and Sections 3-4.

Let u0 ∈ W q,1(IR3)3 for all integersq ≥ 0 with div u0 = 0. Let u andTr be the corre-
sponding solution and time given by the short time existence and regularity theorem for Navier-
Stokes equations (8.1)-(8.3); See Theorem 8.1. Letω0 = curl u0 andω = curl u. Then
the primitive formulation of Navier-Stokes equations (8.1)-(8.3) is equivalent to the following
vorticity-stream formulation

∂tω + (u · ∇)ω − (ω · ∇)u− ν∆ω = 0 in IR3 × (0, T )(1.4)

ω|t=0 = ω0 in IR3,(1.5)

with u = curl Ψ and divΨ = 0, with Ψ a potential vector satisfying−∆Ψ = ω and0 < T <
Tr.

The application of the measure theory developed in Sections 3-7 to the vorticity formulation
of the Navier-Stokes equations relies in a fundamental way on the structure of the nonlinearities
in these equations. Lett1, t2 ∈ [0, Tr) with t1 < t2. For any scalar functionw ∈ C∞(IR3 ×
(t1, t2); IR) and any vector functionU ∈ C∞(IR3 × (t1, t2); IR

3), let µ{w,U} be the measure
introduced in [12]; See also Theorem 3.1 below. Letl = (l1, l2, l3) be any multi-index of
nonnegative integersl1, l2, andl3. Let i ∈ {1, 2, 3}. Let vi = Dlωi, whereω is the solution to
the vorticity-stream formulation of the Navier-Stokes equations; See Eqs. (1.4)-(1.5). Letνvi

denote the measure associated withvi = Dlωi and given by

(1.6) νvi
= µ{vi,Dl(ωiu)} − µ{vi,Dl(uiω)} − νµ{vi,∇vi}.
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4 MOULAY D. TIDRIRI

Then using the vorticity-stream formulation of Navier-Stokes equations (1.4)-(1.5), one ob-
tains

(1.7) νvi
= ∂t|vi|+ div [sg(vi)(D

l(ωiu)−Dl(uiω)− ν∇vi)] in M(IR3 × (t1, t2)).

Letψ ∈ C∞
c (IR3) be such thatψ(x) = 1 for |x| ≤ 1,ψ(x) = 0 for |x| ≥ 2, and0 ≤ ψ(x) ≤ 1

for all x ∈ IR3. Defineψm, m ≥ 1, byψm(x) = ψ( x
m

). Then using (1.7) and the regularity of
ω, one obtains for anyφ ∈ C1

c (t1, t2), up to a subsequence,

(1.8) lim
m→∞

∫
φψmdνvi

=

∫ t2

t1

φ
d

dt
[

∫
IR3

|vi|(x, t)dx]dt.

If one proves that for any nonnegativeφ ∈ C1
c (t1, t2),

(1.9) lim
m→∞

∫
φψmdνvi

≤ 0,

then using (1.8), one deduces

(1.10)
d

dt
[

∫
IR3

|vi|(x, t)dx] ≤ 0 in M(t1, t2).

The regularity ofω and (1.10) then yield

(1.11)
d

dt
[

∫
IR3

|vi|(x, t)dx] ≤ 0 a.e. on(t1, t2).

Using (1.11) and the absolute continuity of
∫

IR3 |vi|(x, t)dx in [t1, t2], one then deduces for
all t1 ≤ s < t ≤ t2,

(1.12)
∫

IR3

|Dlωi|(x, t)dx ≤
∫

IR3

|Dlωi|(x, s)dx.

By a continuity argument, one then obtains for all0 ≤ s < t,

(1.13)
∫

IR3

|Dlωi|(x, t)dx ≤
∫

IR3

|Dlωi|(x, s)dx.

These estimates yield the global regularity for the Navier-Stokes equations.
It remains to show that for any nonnegativeφ ∈ C1

c (t1, t2),

(1.14) lim
m→∞

∫
φψmdνvi

≤ 0.

The measures associated with the convective terms and the stretching terms in the vorticity-
stream formulation of the Navier-Stokes equations; Eqs. (1.4)-(1.5), satisfy, up to a subse-
quence,

(1.15) lim
m→∞

∫
φψmdµ{Dlωi,Dl(ωiu)} = 0

and
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(1.16) lim
m→∞

∫
φψmdµ{Dlωi,Dl(uiω)} = 0.

Then using (1.15), (1.16), and (1.6) yields (1.14).
The proof of the convergence in (1.15) for the measures associated with the convective terms

in the vorticity-stream formulation depends on the properties of the measuresµ{w,U} established
in Sections 3 - 7 and the following crucial facts:

(1) div u = 0;
(2) the "regular part" of the space-time set{(x, t) ∈ IR3 × (t1, t2)| vi(x, t) = 0} enjoys some

fine geometric properties;
(3) the pairs of functionsw andU defining the measures are related in a precise manner,

namely,w = Dlωi andU = Dl(ωiu).
The proof of the convergence in (1.16) for the measures associated with the stretching terms

in the vorticity-stream formulation depends on the properties of the measuresµ{w,U} established
in Sections 3-7 and the following crucial facts:

(4) div u = 0;
(5) the "regular part" of the space-time set{(x, t) ∈ IR3 × (t1, t2)| vi(x, t) = 0} enjoys some

fine geometric properties;
(6) the pairs of functionsw andU defining the measures are related in a precise manner,

namely,w = Dlωi andU = Dl(uiω);
The above shows that the proofs of the results that yield the solution to the Navier-Stokes

global regularity rely in a fundamental way on the exact structures of the convective terms
and the stretching terms in the vorticity-stream formulation of Navier-Stokes equations; See, in
particular, Points (3) and (6) above.

In Section 2, the main results stating the existence, global regularity, and uniqueness of solu-
tions of Navier-Stokes equations (1.1)-(1.3) are given.

In Sections 3 and 4, a family of measuresµ+
{v,U}, µ

−
{v,U}, andµ{v,U} generated by pairs of

regular functionsv andU and a family of measuresµ+
{v,U,O}, µ

−
{v,U,O}, andµ{v,U,O} generated

by triplets formed of pairs of regular functionsv andU , and open setsO are constructed.
These families of measures were introduced by the author in [12]. Basic properties and char-
acterizations of these measures, their concentration sets, and the regularity properties of these
concentration sets along with their actions on some particular manifolds are given.

In Section 5, the actions of the measuresµ+
{v,U}, µ

−
{v,U}, andµ{v,U} on some particular func-

tions when the vector function generatorU satisfies: divU = 0 are studied.
In Sections 6-7, further properties of the measures of Sections 3-5 for several classes of

generators are obtained. As particular cases of these applications, the convergence in (1.15) and
(1.16) above is obtained.

In Section 8, the measure theory of Sections 3-7 to prove the existence, the regularity, and the
uniqueness of global solutions of the Navier-Stokes equations in space dimension 3 is applied.

In [13], the existence, global regularity, and uniqueness of solutions of the Navier-Stokes
equations in space dimension 3 with external forces are given for when the initial velocityu0 ∈
W q,1(IR3)3 for all integersq ≥ 0, div u0 = 0, and the external force is inC∞([0,∞);W q,1(IR3))3

for all integersq ≥ 0. In [14], the existence, global regularity, and uniqueness of solutions of
the Euler equations in space dimension 3 are given for when the initial velocityu0 ∈ W q,1(IR3)3

for all integersq ≥ 0 and divu0 = 0. In [15], the existence, global regularity, and uniqueness
of solutions of the Euler equations in space dimension 3 with external forces are given for when
the initial velocityu0 ∈ W q,1(IR3)3 for all integersq ≥ 0, div u0 = 0, and the external force is
in C∞([0,∞);W q,1(IR3))3 for all integersq ≥ 0.
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6 MOULAY D. TIDRIRI

Basic notations.Here, the main notations that will be used throughout this paper are given.
LetN be any nonnegative integer.ei, i = 1, · · · , N denotes the canonical basis ofIRN . ∂r

kv

or
∂rv

∂xr
k

denotes the partial derivative of orderr with respect to the variablexk of the functionv.

For a vector fieldu in IRN , the expression divu =
∑N

i=1 ∂iui denotes the divergence ofu and
(u · ∇) denotes the operator

∑N
j=1 uj∂j. For a scalar functionv, ∆v =

∑N
i=1 ∂

2
i v denotes the

Laplacean of the functionv.
Let k andl denote the multi-indicesk = (k1, · · · , kn) andl = (l1, · · · , lN) of nonnegative

integerski, li, i = 1, · · · , N . Then define

|l| =
N∑

i=1

li and Dlv =
∂l1+···+lN

∂xl1
1 ∂x

l2
2 · · · ∂x

lN
N

v,

k ≤ l if and only if ki ≤ li, i = 1, · · · , N.(1.17)

When there is no need to specify the components of the multi-indexk = (k1, · · · , kN) of
nonnegative integersk1, · · · , kN , the multi-indexk is simply referred to as anN -multi-indexk
of nonnegative integers or byk ∈ INN . Letm be any nonnegative integer andq ≥ 1. Let Ω be
an open subset ofIRN . The setsHm(Ω) andW q,m(Ω) denote the usual Sobolev spaces:

Hm(Ω) = {v ∈ L2(Ω)| Dlv ∈ L2(Ω), l = (l1, · · · , lN) and0 ≤ |l| ≤ m}
W q,m(Ω) = {v ∈ Lm(Ω)| Dlv ∈ Lm(Ω), l = (l1, · · · , lN) and0 ≤ |l| ≤ q}

whereLm(Ω) denotes the space of functionsf such that|f |m is integrable over the domainΩ.
Let s be a nonnegative integer. The setCs(E) denotes the space of functionsv defined inE
with Dkv, 0 ≤ |k| ≤ s, continuous functions inE. The notationLN refers to the Lebesgue
measure onIRN andHm denotes them-dimensional Hausdorff measure onIRN . M(Ω) denotes
the space of Radon measures onΩ. Cm

c (Ω), m nonnegative integer, denotes the space of real-
valued functions inCm(Ω) having compact supports contained inΩ. D(Ω) is another notation
for the spaceC∞

c (Ω). D′(Ω) denotes the space of distributions overΩ.
The sets{w > α}, {w ≥ α}, {w < α}, {w ≤ α}, and{w = α}, for a real valued function

w defined inΩ, andα a real number, correspond to the following subsets ofIRN

{w > α} = {y ∈ Ω| w(y) > α}, {w ≥ α} = {y ∈ Ω| w(y) ≥ α}
{w < α} = {y ∈ Ω| w(y) < α}, {w ≤ α} = {y ∈ Ω| w(y) ≤ α}
{w = α} = {y ∈ Ω| w(y) = α}.

For any subsetE of IRN unless specified otherwise,̄E resp. Eo denotes the closure resp.
the interior ofE with respect to the canonical topology ofIRN , ∂E denotes its topological
boundary andχE denotes its characteristic function; that isχE(y) = 1 for y ∈ E andχE(y) = 0
otherwise.

The interior of the set{w = 0}, denoted by{w = 0}o is also denoted byOw.
For a given pair of subsetsA andB of IRN , A \ B denotes the set of points that are inA but

not inB. A∩B denotes the intersection ofA andB, whileA∪B denotes the union ofA andB.
For anyx ∈ IRN , d(x,A) = inf{|x− y|| y ∈ A} andd(A,B) = inf{|x− y|| x ∈ A, y ∈ B}.

The function sg denotes the sign function; that is, sg(y) = −1 for y < 0, sg(y) = 0 for
y = 0, and sg(y) = 1 for y > 0.

For a given functionf , spt(f) denotes the support off .
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GLOBAL REGULARITY OF THE THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 7

Here and below,ψm, m ≥ 1, denote the sequence of functions defined inIRN (N integer
≥ 1) by ψm(x) = ψ( x

m
), whereψ ∈ C∞

c (IRN) and is such thatψ(x) = 1 for |x| ≤ 1, ψ(x) = 0
for |x| ≥ 2, and0 ≤ ψ(x) ≤ 1 for all x ∈ IRN .

Regarding the sequences and subsequences studied in the sequel. If necessary, one passes
to a further subsequence so that all limits are taken on the same subsequence. Also, unless
specified otherwise, one uses the same notation for a subsequence and the sequence it is derived
from. Finally, throughout this paper, constantsC in different occurrences are not necessarily
the same.

2. EXISTENCE , GLOBAL REGULARITY , AND UNIQUENESS OF SOLUTIONS OF THE

NAVIER -STOKES EQUATIONS

The Navier-Stokes equations correspond to the system

∂tu+ (u · ∇)u− ν∆u+∇p = 0 in IR3 × (0, T ),(2.1)

div u = 0 in IR3 × (0, T ),(2.2)

u|t=0 = u0 in IR3.(2.3)

Here,u denotes the velocity field,p denotes the pressure,ν denotes the kinematic viscosity,u0

denotes the initial velocity field, andT > 0 is a time parameter.

Theorem 2.1. (N = 3) Let u0 be such that divu0 = 0 andu0 ∈ W q,1(IR3)3 for all integers
q ≥ 0. Then

(1) There exists a global regular and unique solutionu ∈ C∞([0, T ];W q,1(IR3))3 and a
unique, up to an additive constant, functionp such that∇p ∈ C∞([0, T ];W q,1(IR3))3 for all
integersq ≥ 0, to the Navier-Stokes equations (2.1)-(2.3) for allT > 0. Moreover,u ∈
C∞(IR3 × [0,∞))3 andp ∈ C∞(IR3 × [0,∞)).

(2) The solutionu satisfies the strong energy equality

∫
IR3

1

2
|u|2(x, t)dx+ ν

∫ t

s

∫
IR3

|∇u|2dxdτ =

∫
IR3

1

2
|u|2(x, s)dx,

for all t > s ≥ 0.

(3) The solutionu satisfies the local energy equality

d

dt

∫
IR3

1

2
|u|2(x, t)dx+ ν

∫
IR3

|∇u|2dx = 0 for all t ∈ (0,∞).

(4) u andp satisfy the local energy equality

∂t(
1

2
|u|2) + div(u(

1

2
|u|2 + p))− ν∆(

1

2
|u|2) + ν|∇u|2 = 0

for all (x, t) ∈ IR3 × (0,∞).

Letω = curl u. Let i ∈ {1, 2, 3}. Then for allt > s ≥ 0,
(5) ∫

{Dlωi(·,t)>0}
Dlωi(x, t)dx ≤

∫
{Dlωi(·,s)>0}

Dlωi(x, s)dx.

(6)
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8 MOULAY D. TIDRIRI

∫
{Dlωi(·,t)<0}

(−Dlωi)(x, t)dx ≤
∫
{Dlωi(·,s)<0}

(−Dlωi)(x, s)dx.

(7) ∫
IR3

|Dlωi|(x, t)dx ≤
∫

IR3

|Dlωi|(x, s)dx.

The proof of Theorem 2.1 is given in Section 8.

3. THE FIRST CLASS OF MEASURES OF [12]

In this section, based on the results of [12], basic properties and characterizations of the fam-
ily of measuresµ+

{v,U}, µ
−
{v,U}, andµ{v,U} generated by the pairs(v, U) of scalar and vector

functionsv andU and introduced by the author in [12] are given. In particular, in Subsection
3.1, the precise definition of these measures and the fact that they are Radon measures are given.
In Subsection 3.2, a characterization of these measures in terms of integrals overΩ is given. In
Subsection 3.3, several basic properties of these measures are given. First, a characterization of
these measures in terms of boundary integrals is given. Second, a characterization of concen-
tration sets of these measures in terms of the singular sets of the boundary sets ofv is given.
Third, the actions of these measures on manifolds of lower dimensions are studied. Fourth, it
is shown that the regular sets of the boundary sets ofv are the union of two sets: one that is
a countable unions ofC∞−hypersurfaces and the other that is a countable unions of collec-
tions ofC∞-submanifolds of dimension less or equal toN − 2 whose(N − 1)−dimensional
Hausdorff measures are0. In Subsection 3.4, formula characterizing the measures in terms
of distributional derivatives of characteristic functions is obtained. In Subsection 3.5, formula
characterizing the measures as functionals onBV (IRN × (t1, t2)) is obtained.

The content of this section is either contained in the author’s paper [12] or can be deduced
from the results in [12]. The reader is referred to this paper for more on these topics and the
proofs of the theorems listed in this section.

3.1. The measures.Throughout this section and the rest of this paper the following notations
and definitions will be used. LetN be any integer≥ 1. Let t1 < t2. Let U ∈ C∞(IRN ×
(t1, t2); IR

N), letW ∈ C∞(IRN × (t1, t2); IR
N+1), and letv ∈ C∞(IRN × (t1, t2); IR). Then for

(x, t) ∈ IRN × (t1, t2),

div U(x, t) = ∂x1U1 + · · ·+ ∂xN
UN , ∇v(x, t) = (∂x1v, · · · , ∂xN

v)t

divx,t W (x, t) = ∂x1W1 + · · ·+ ∂xN
WN + ∂tWN+1,

∇x,tv(x, t) = (∂x1v, · · · , ∂xN
v, ∂tv)

t.

Let 0 ≤ t1 < t2. Let Ω = IRN × (t1, t2). Let v ∈ C∞(Ω, IR). Let V+ = {v > 0}
(= {(x, t) ∈ Ω| v(x, t) > 0}) andV− = {v < 0} (= {(x, t) ∈ Ω| v(x, t) < 0}). Let S+ and
B+ resp.S− andB− be the subsets of∂V+ resp.∂V− such that

S+ = ∂{v > 0} ∩ Ω, S− = ∂{v < 0} ∩ Ω,

B+ = ∂{v > 0} ∩ ∂Ω, B− = ∂{v < 0} ∩ ∂Ω.

Then∂V+ = S+ ∪ B+ and∂V− = S− ∪ B−. SinceB+ andB− are subsets of∂Ω and∂Ω is
Lipschitz, it is clear that the Hausdorff measures of dimensionN of these subsets ofIRN+1 are
locally finite.
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GLOBAL REGULARITY OF THE THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 9

Let Sr
+, Ss

+, Sr
−, andSs

− denote resp. the "regular" and "singular" subsets ofS+ andS−
defined by

Sr
+ = {y ∈ S+| Dαv(y) 6= 0 for some(N + 1)-multi-indexα}
Sr
− = {y ∈ S−| Dαv(y) 6= 0 for some(N + 1)-multi-indexα}
Ss

+ = {y ∈ S+| Dαv(y) = 0 for every(N + 1)-multi-indexα}
Ss
− = {y ∈ S−| Dαv(y) = 0 for every(N + 1)-multi-indexα}.

ThenS+ = Sr
+ ∪ Ss

+ andS− = Sr
− ∪ Ss

−. DefineΓs
v = Ss

+ ∪ Ss
−, Γs

v,+ = Ss
+, Γs

v,− = Ss
−,

Γr
v = Sr

+ ∪ Sr
−, Γr

v,+ = Sr
+, andΓr

v,− = Sr
−.

The following theorem is a corollary of a theorem obtained by the author in [12]; Consult
Theorem 3.1 of [12]. It yields a family of measures generated by pairs of regular functions.

Theorem 3.1. LetN be any integer≥ 1. Let0 ≤ t1 < t2. Letv ∈ C∞(IRN × (t1, t2); IR). Let
U ∈ C∞(IRN × (t1, t2); IR

N).
(1) Letγ be any real number. Then for any compact setK of IRN × (t1, t2),∫

{|v−γ|<α}∩K

|U · ∇v| 1
α
dxdτ < C,

whereC is a positive constant independent ofα ∈ (0, 1).
(2) The estimates in (1) withγ = 0 show that, up to a subsequence, asα goes to0, the following
weak convergence in the sense of measures, holds

U · ∇v 1

α
χ{|v|<α} → µ{v,U}, U · ∇v 1

α
χ{0<v<α} → µ+

{v,U},

U · ∇v 1

α
χ{−α<v<0} → µ−{v,U},

whereµ{v,U}, µ
+
{v,U}, andµ−{v,U} are measures onIRN × (t1, t2) concentrated resp. on∂{v >

0} ∪ ∂{v < 0}, ∂{v > 0}, and∂{v < 0}, which are also Radon measures. Moreover,

µ{v,U} = µ+
{v,U} + µ−{v,U}.

Remark3.2. The notationµ+
{v,U} andµ−{v,U} should not be confused with the nonnegative and

nonpositive parts of a measure. The upper index+ resp.− is merely used to refer to the fact
that the measureµ+

{v,U} with the upper index+ is concentrated on∂{v > 0} resp. the measure
µ−{v,U} with the upper index− is concentrated on∂{v < 0}.

The following terminology is adopted. For the measuresµ+
{v,U}, µ

−
{v,U}, andµ{v,U}, the scalar

functionv resp. the vector functionU is called the scalar function generator resp. the vector
function generator of the measuresµ+

{v,U}, µ
−
{v,U}, andµ{v,U}.

For a discussion of Hausdorff measures and other notions of measures and related issues used
here, the reader is referred to [2, 3, 4, 6] and the references therein.

Proof of Theorem 3.1. The proof of Theorem 3.1 is deduced from that of Theorem 3.1 of
[12].

Let V = (U1, · · · , UN , 0)t. By the regularity ofU , V ∈ C∞(IRN × (t1, t2); IR
N+1). Then

applying Parts(1)-(2)of Theorem 3.1 of [12] with(v, U) of Theorem 3.1 of [12] corresponding
to (v, V ) of this proof, one obtains the proof of Parts(1)-(2) of the theorem. Thus, the proof of
Theorem 3.1 is completed.

AJMAA, Vol. 18 (2021), No. 2, Art. 21, 126 pp. AJMAA

https://ajmaa.org


10 MOULAY D. TIDRIRI

3.2. Relations with integrals overΩ.

Theorem 3.3. LetN be any integer≥ 1. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N).

Let v ∈ C∞(IRN × (t1, t2); IR). Letµ+
{v,U}, µ

−
{v,U}, andµ{v,U} be the measures corresponding

to the pair(v, U) obtained in Theorem 3.1. Then for every Lipschitz functionϕ ∈ Cc(IR
N ×

(t1, t2); IR),
(1) ∫

ϕdµ+
{v,U} = lim

α→0

∫
{0<v<α}

U · ∇v
α

ϕdxdτ = −
∫
{v>0}

div (ϕU)dxdτ ,

(2) ∫
ϕdµ−{v,U} = lim

α→0

∫
{−α<v<0}

U · ∇v
α

ϕdxdτ =

∫
{v<0}

div (ϕU)dxdτ ,

(3) ∫
ϕdµ{v,U} = lim

α→0

∫
{|v|<α}

U · ∇v
α

ϕdxdτ = −
∫ t2

t1

∫
IRN

div (ϕU)sg(v)dxdτ

=

∫
ϕdµ+

{v,U} +

∫
ϕdµ−{v,U}.

The basic properties of the measures stated in Parts(1)-(3) of Theorem 3.3 can be deduced
directly from Parts(1)-(3) of Theorem 3.3 of [12]. Because the ideas and constructions in the
proof will be used in the proof of other theorems in this paper, the complete proof of Part(1) of
the theorem is given.

Proof of Theorem 3.3.Let α ∈ (0, 1) be fixed. Define the following sequences of Lipschitz
continuous functions onIR by

G(1)
α (y) =


−1 if y < −α,
y/α if |y| ≤ α,

1 if y > α,

G(2)
α (y) =


0 if y < 0,

y/α if 0 ≤ y ≤ α,

1 if y > α,

G(3)
α (y) =


−1 if y < −α,
y/α if −α ≤ y ≤ 0,

0 if y > 0,

Proof of (1)
Sinceϕ is Lipschitz, using the regularity ofU andv yields,∫ t2

t1

∫
IRN

div(ϕUG(2)
α (v))dxdτ

=

∫ t2

t1

∫
IRN

div(ϕU)G(2)
α (v)dxdτ +

∫
{0<v<α}

U · ∇v
α

ϕdxdτ.
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By the regularity ofU and v, and the fact thatϕ is Lipschitz and of compact support in
IRN × (t1, t2), ϕUG

(2)
α (v) is in W 1,1(IRN × (t1, t2)) and

∫ t2
t1

∫
IRN div(ϕUG

(2)
α (v))dxdτ = 0.

Therefore, ∫
{0<v<α}

U · ∇v
α

ϕdxdτ = −
∫ t2

t1

∫
IRN

div(ϕU)G(2)
α (v)dxdτ .(3.1)

As α → 0, G(2)
α (v) converges everywhere toχ{v>0}. Now |div(ϕU)G

(2)
α (v)| ≤ |div(ϕU)|.

Sinceϕ is Lipschitz and of compact support, one can use the regularity ofU to conclude that
div(ϕU) is in L1(IRN × (t1, t2)). Therefore using convergence dominated theorem, up to a
subsequence,

(3.2) lim
α→0

∫ t2

t1

∫
IRN

div(ϕU)G(2)
α (v)dxdτ =

∫ t2

t1

∫
IRN

div(ϕU)χ{v>0}dxdτ .

Hence using (3.1)-(3.2) and Part(2) of Theorem 3.1 yields, up to a subsequence, asα→ 0,∫
ϕdµ+

{v,U} = lim
α→0

∫
{0<v<α}

U · ∇v
α

ϕdxdτ = −
∫ t2

t1

∫
IRN

div(ϕU)χ{v>0}dxdτ .

Proof of (2)-(3)
TakingG(3)

α resp.G(1)
α in place ofG(2)

α and proceeding as in the proof of Part(1) yields the
proof of Part(2) resp. Part(3) of the theorem.

3.3. Relations with boundary integrals, concentration sets, and actions on manifolds of
lower dimensions.

Theorem 3.4.LetN be any integer≥ 1. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN×(t1, t2); IR
N). Let

v ∈ C∞(IRN × (t1, t2); IR). Letµ+
{v,U}, µ

−
{v,U}, andµ{v,U} be the measures corresponding to the

pair (v, U) obtained in Theorem 3.1. LetΓs
v,+, Γs

v,−, andΓs
v be the singular sets corresponding

to v introduced in Subsection 3.1. Then
(1) For anyϕ ∈ Cc(IR

N × (t1, t2); IR),

(3.3)
∫

IRN×(t1,t2)

ϕdµ+
v,U = −

∫
∂{v>0}\Γs

v,+

ϕV · n+dHN ,

and

(3.4)
∫

IRN×(t1,t2)

ϕdµ−v,U =

∫
∂{v<0}\Γs

v,−

ϕV · n−dHN ,

whereV = (U1, · · · , UN , 0)t, andn+ resp.n− correspond to the unit exterior normal vector to
∂{v > 0} \ Γs

v,+ resp.∂{v < 0} \ Γs
v,−.

(2) The measuresµ+
v,U , µ−v,U , andµ{v,U} are concentrated resp. onΓ+

v = ∂{v > 0} \ Γs
v,+,

Γ−v = ∂{v < 0} \ Γs
v,−, andΓv = (∂{v > 0} ∪ ∂{v < 0}) \ Γs

v.
(3) For any subsetΓ of any submanifold ofIRN × (t1, t2) of dimension≤ N − 1, one has: The
restrictions of the measuresµ+

v,U , µ−v,U , andµv,U to Γ are all identically0.
(4) Let Γr

v,+, Γr
v,−, and Γr

v be the regular sets corresponding tov introduced in Subsection
3.1. ThenΓr

v,+, Γr
v,−, andΓr

v are countable unions of collections ofC∞-hypersurfaces (C∞-
manifolds of dimensionN ) of IRN × (t1, t2) and collections ofC∞-submanifolds of dimension
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less or equal toN − 1 whoseN−dimensional Hausdorff measures are0. That is; Γr
v,+ =

(∪i∈I1Hi)∪ (∪j∈I2Γj) andΓr
v,− = (∪i∈I3H

′
i)∪ (∪j∈I4Γ

′
j), whereHi, i ∈ I1 with I1 a countable

set andH ′
i, i ∈ I3 with I3 a countable set, areC∞-hypersurfaces, andΓj, j ∈ I2 with I2 a

countable set andΓ′j, j ∈ I4 with I4 a countable set, areC∞-submanifolds of dimension less or
equal toN − 1 whoseN−dimensional Hausdorff measures are0. Moreover,Γr

v = Γr
v,+ ∪ Γr

v,−
and soΓr

v is the union of the collections above that formΓr
v,+ andΓr

v,−. Here, ifΓr
v,+ resp.Γr

v,−
is a manifold of dimension less or equal toN − 1, thenI1 resp.I3 is empty.

Part(1) of Theorem 3.4 can be deduced directly from the proof of Theorem 3.1 of [12]. Part
(2) can be deduced directly from Part(4) of Theorem 3.3 of [12]. Part(4) can be deduced
from the proof of Theorem 2.1 of [12]. Part(3) is a consequence of Part(1) of Theorem 3.4.
However, some of the ideas and constructions in the proof will be used in the proof of other
theorems in this paper, and so, a rather complete proof of the theorem is given below.

Proof of Theorem 3.4.Let V = (U1, · · · , UN , 0)t. By the regularity ofU , V ∈ C∞(IRN ×
(t1, t2); IR

N+1). Then proceeding as in the proof of Theorem 3.1 of [12] with(UHζϕ,U ·
∇v, (a, b),div) of the proof of Theorem 3.1 of [12] replaced by(V ϕ, v, (t1, t2),divx,t) of the
current theorem, one obtains

(3.5)
∫ t2

t1

∫
IRN

divx,t (V ϕ)χ{v>0}dxdτ =

∫
∂{v>0}\Γs

v,+

ϕV · n+dHN ,

and

(3.6)
∫ t2

t1

∫
IRN

divx,t (V ϕ)χ{v<0}dxdτ =

∫
∂{v<0}\Γs

v,−

ϕV · n−dHN ,

for any Lipschitz functionϕ ∈ Cc(IR
N × (t1, t2); IR). Above,n+ resp.n− correspond to the

unit exterior normal vector toΓ+
v = ∂{v > 0}\Γs

v,+ resp.Γ−v = ∂{v < 0}\Γs
v,−. By definition

of V , one has

(3.7)
∫ t2

t1

∫
IRN

div (Uϕ)χ{v>0}dxdτ =

∫ t2

t1

∫
IRN

divx,t (V ϕ)χ{v>0}dxdτ ,

and

(3.8)
∫ t2

t1

∫
IRN

div (Uϕ)χ{v<0}dxdτ =

∫ t2

t1

∫
IRN

divx,t (V ϕ)χ{v<0}dxdτ .

Using Parts(1)-(2) of Theorem 3.3 and (3.5)-(3.8), one obtains for any Lipschitz function
ϕ ∈ Cc(IR

N × (t1, t2); IR)

(3.9)
∫
ϕdµ+

v,U = −
∫

∂{v>0}\Γs
v,+

ϕV · n+dHN ,

and

(3.10)
∫
ϕdµ−v,U =

∫
∂{v<0}\Γs

v,−

ϕV · n−dHN .

Then using (3.9)-(3.10), one deduces that for anyϕ ∈ Cc(IR
N × (t1, t2); IR)

AJMAA, Vol. 18 (2021), No. 2, Art. 21, 126 pp. AJMAA

https://ajmaa.org


GLOBAL REGULARITY OF THE THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 13

(3.11)
∫
ϕdµ+

v,U = −
∫

∂{v>0}\Γs
v,+

ϕV · n+dHN ,

and

(3.12)
∫
ϕdµ−v,U =

∫
∂{v<0}\Γs

v,−

ϕV · n−dHN .

Now using (3.11)-(3.12) and Part(3) of Theorem 3.3, one concludes that the measuresµ+
v,U ,

µ−v,U , andµ{v,U} are concentrated resp. onΓ+
v , Γ−v , andΓv = (∂{v > 0} ∪ ∂{v < 0}) \ Γs

v.
The proof of (3.9)-(3.10) is obtained in Steps 1-4 of the proof of Part(1) given below. The

proof of (3.9)-(3.10) is obtained in Step 5 of the proof of Part(1) given below. Finally, the proof
of (3.11)-(3.12) is obtained in Step 6 of the proof of Part(1) given below.

The following construction will be used in the proof of this theorem and several others in
this paper. Lethm be a sequence of functions inC∞

c (IR; IR) such thathm(τ) = 0 if τ is not
in [t1 + 1/m, t2 − 1/m] andhm(τ) = 1 if τ ∈ [t1 + 2/m, t2 − 2/m] and0 ≤ hm ≤ 1, and
m > 4

t2−t1
.

Let ρ1,η1
= 1

ηN
1
ρ1(

·
η1

), η1 ∈ (0, 1], be a mollifier withρ1 ∈ C∞
c (IRN), ρ1 ≥ 0, spt(ρ1) ⊂

B(0, 1) with B(0, 1) the unit ball ofIRN , and
∫

IRN ρ1dy = 1. Let ρ2,η2
= 1

η2
ρ2(

·
η2

), η2 ∈ (0, 1],

be a mollifier withρ2 ∈ C∞
c (IR), ρ2 ≥ 0, spt(ρ2) ⊂ [−1, 0], and

∫
IR
ρ2dτ = 1. Setη = (η1, η2)

andρη = ρ1,η1
ρ2,η2

. For everyϕ ∈ Cc(IR
N × (t1, t2); IR) and for every nonnegative integer

m > 4
t2−t1

, define

(3.13) ϕη = ρη ? ϕ, ϕη,m = hmψmϕη.

Then,ϕη,m ∈ C∞
c (IRN × (t1 + 1/m, t2 − 1/m)). Above,ψm, m ≥ 1, denote the sequence

of functions defined inIRN byψm(x) = ψ( x
m

), whereψ ∈ C∞
c (IRN) and is such thatψ(x) = 1

for |x| ≤ 1, ψ(x) = 0 for |x| ≥ 2, and0 ≤ ψ(x) ≤ 1 for all x ∈ IRN . Also above,? denotes
the standard convolution product and spt(f) denotes the support of the functionf .

Proof of (1)
Let ϕ ∈ C1

c (IRN × (t1, t2); IR). Let V = (U1, · · · , UN , 0)t. By the regularity ofU , V ∈
C∞(IRN×(t1, t2); IR

N+1). One proceeds as in the proof of Theorem 3.1 of [12] with(UHζϕ,U ·
∇v, (a, b),div) of the proof of Theorem 3.1 of [12] replaced by(V ϕ, v, (t1, t2),divx,t) of the
current theorem.

1. Let Γ = ∂{v > 0} ∪ ∂{v < 0}. Using the regularity ofv andU , one can take
(v, 0, IRN+1, IRN × (t1, t2)) in place of(w, γ, IRN ,Ω) in Theorem 2.1 of [12]. Then one con-
cludes thatHN((Γ \ Γs

v) ∩K) <∞ for any compact setK of IRN+1.
Using the regularity ofv, the setΓs

v is a Borel subset ofIRN+1. Hence there exists a sequence
of compact subsets,Aj, j = 1, 2, 3, · · · of Γs

v such thatA1 ⊂ A2 ⊂ A3 ⊂ · · · ⊂ An · · ·
andHN(Aj) < ∞ andHN(Γs

v) = limj→∞HN(Aj), andHN(Γs
v \ ∪∞j=1Aj) = 0; Consult for

example Theorem 2.10.48 of [4].
LetBj, j = 1, 2, · · · be a sequence of sets such that:
(1) Forj = 1, 2, · · · , Bj is an open neighborhood ofAj in the sense thatAj ⊂ Bj andBj is

an open subset ofIRN+1; and
(2) Forj = 1, 2, · · · ,Bj ∩ Aj+1 is a strict subset ofAj+1 if Aj is a strict subset ofAj+1.
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Let

B̃j = {y ∈ Bj| d(y,Bj+1 \Bj) < γ}

with γ a sufficiently small positive number.
LetΩ1 denote the interior ofB1 andΩj+1 denote the interior of̃Bj∪(Bj+1\Bj), j = 1, 2, · · · .
Let Ω0 denote an open set ofIRN+1 such that:
(1) Ω0 ∩ V (Γs

v) = ∅ with V (Γs
v) an open neighborhood ofΓs

v in the sense thatΓs
v ⊂ V (Γs

v)
andV (Γs

v) is an open subset ofIRN+1; and
(2)∪∞j=0Ωj is an open cover ofIRN+1.
Then one can construct a sequenceβj, j = 0, 1, 2, · · · of infinitely differentiable functions

with compact supports such that forj = 0, 1, 2, · · · :
(1) 0 ≤ βj ≤ 1;
(2) The support ofβj is included inΩj;
(3) For eachy ∈ IRN+1, there is an open neighborhoodVy of y such that only a finite number

of functionsβi is not identically0 onVy; and
(4)

∑∞
j=0 βj is identically1 in IRN+1.

2. Let y ∈ Γ∩ IRN × (t1, t2). Step 1 above shows that there is an open neighborhoodVy such
that only a finite number of functionsβi is not identically0 onVy. Letϕ be a Lipschitz function
in Cc(Vy ∩ IRN × (t1, t2); IR). Let Φ ∈ C1

c (Vy; IR) be such thatΦ ≡ 1 on spt(ϕ), where spt(ϕ)
denotes the support of the functionϕ. Let I denote the finite set of indices corresponding to
those functionsβi which are not identically0 onVy. Now theseβi have their supports included
in a finite number ofΩi. By construction; See Step 1 above, the intersection of∪i∈IΩi with
Γ is included inAk ∪ (Γ \ Γs

v) for somek. Therefore, for eachi ∈ I, the intersection of the
support ofβi with Γ is included inAk ∪ (Γ \ Γs

v). Here a use of the fact that ifi = 0 ∈ I, then
by construction the support ofβ0 does not intersectΓs

v, has been made. Then one obtains that
HN(∂{v > 0} ∩ Vy) is finite. Hence, sinceΦχ{v>0} andΦχ{v<0} are inL1(IRN × (t1, t2)), one
deduces thatΦχ{v>0} andΦχ{v<0} are inBV (IRN × (t1, t2)). Therefore, one can use the chain
rule and integrate by parts

∫ t2

t1

∫
IRN

divx,t (V ϕ)Φχ{v>0}dxdτ =
∑
j∈I

∫ t2

t1

∫
IRN

divx,t (V βjϕ)Φχ{v>0}dxdτ

= −
∑
j∈I

∫ t2

t1

∫
IRN

ϕβjV · ∇x,tvδ{∂{v>0}}dxdτ

= −
∑
j∈I

∫ t2

t1

∫
IRN

ϕβjU · ∇vδ{∂{v>0}}dxdτ .(3.14)

Above,δ is the Dirac measure. On the other hand, one can use the divergence theorem

(3.15)
∑
j∈I

∫ t2

t1

∫
IRN

divx,t (V βjϕ)Φχ{v>0}dxdτ =
∑
j∈I

∫
∂{v>0}

ϕβjV · n+dHN .

Here,n+ denotes the unit exterior normal vector to∂{v > 0} ∩ Vy. SinceΦ ≡ 1 on spt(ϕ), the
relations (3.14) and (3.15) show that
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∫ t2

t1

∫
IRN

divx,t (V ϕ)χ{v>0}dxdτ =
∑
j∈I

∫
∂{v>0}

ϕβjV · n+dHN

= −
∑
j∈I

∫ t2

t1

∫
IRN

ϕβjU · ∇vδ{∂{v>0}}dxdτ .(3.16)

Now using (3.16) and the properties ofβj andϕ, one obtains

∑
j∈I

∫
∂{v>0}

ϕβjV · n+dHN

= −
∑
j∈I

∫ t2

t1

∫
IRN

ϕ|{Ak∪(Γ\Γs
v)}βjU · ∇vδ{∂{v>0}}dxdτ

= −
∑
j∈I

∫ t2

t1

∫
IRN

ϕ|{Γ\Γs
v}βjU · ∇vδ{∂{v>0}}dxdτ .(3.17)

The last equality above is obtained by using the definition ofΓs
v; Consult Subsection 3.1 above,

which shows that onΓs
v one has:∇v ≡ 0. SinceAk ⊂ Γs

v, one has onAk: ∇v ≡ 0.
By (3.16) and (3.17), one obtains∫ t2

t1

∫
IRN

divx,t(V ϕ)χ{v>0}dxdτ =

∫
∂{v>0}∩{Γ\Γs

v}
ϕV · n+dHN .

3. Sincey was arbitrary onΓ ∩ IRN × (t1, t2), one concludes that

(3.18)
∫ t2

t1

∫
IRN

divx,t(V ϕ)χ{v>0}dxdτ =

∫
∂{v>0}∩{Γ\Γs

v}
ϕV · n+dHN ,

for any Lipschitz functionϕ ∈ Cc(IR
N × (t1, t2); IR).

4. Proceeding as in Steps 1-3 above, one obtains

(3.19)
∫ t2

t1

∫
IRN

divx,t(V ϕ)χ{v<0}dxdτ =

∫
∂{v<0}∩{Γ\Γs

v}
ϕV · n+dHN ,

for any Lipschitz functionϕ ∈ Cc(IR
N × (t1, t2); IR).

5. By construction ofV , one has

(3.20)
∫ t2

t1

∫
IRN

div(Uϕ)χ{v>0}dxdτ =

∫ t2

t1

∫
IRN

divx,t(V ϕ)χ{v>0}dxdτ ,

and

(3.21)
∫ t2

t1

∫
IRN

div(Uϕ)χ{v<0}dxdτ =

∫ t2

t1

∫
IRN

divx,t(V ϕ)χ{v<0}dxdτ .

Then using Parts(1)-(2) of Theorem 3.3 and (3.18)-(3.21), one obtains
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(3.22)
∫
ϕdµ+

v,U = −
∫

∂{v>0}\Γs
v,+

ϕV · n+dHN ,

and

(3.23)
∫
ϕdµ−v,U =

∫
∂{v<0}\Γs

v,−

ϕV · n−dHN ,

for any Lipschitz functionϕ ∈ Cc(IR
N × (t1, t2); IR).

6. Let ϕ be any function inCc(IR
N × (t1, t2); IR). Let ϕη andϕη,m be the sequences of

functions associated toϕ by (3.13); Consult the beginning of the proof of the theorem. Then for
everyη and every nonnegative integerm > 4

t2−t1
, ϕη,m = hmψmϕη ∈ C∞

c (IRN × (t1, t2); IR).
Using this function in (3.22)-(3.23), one obtains

(3.24)
∫ t2

t1

∫
IRN

hmψmϕηdµ
+
v,U = −

∫
∂{v>0}\Γs

v,+

hmψmϕηV · n+dHN ,

and

(3.25)
∫ t2

t1

∫
IRN

hmψmϕηdµ
−
v,U =

∫
∂{v<0}\Γs

v,−

hmψmϕηV · n−dHN .

By the properties of the mollifiers and the continuity ofϕ, asη goes to0, hmψmϕη converges
everywhere tohmψmϕ. Moreover, by the regularity ofU and the properties of the mollifiers,
one has

|hmψmϕη| ≤ Chmψm,

|hmψmϕηV · n+χ{∂{v>0}\Γs
v,+}| ≤ Chmψmχ{∂{v>0}\Γs

v,+},

|hmψmϕηV · n−χ{∂{v<0}\Γs
v,−}| ≤ Chmψmχ{∂{v<0}\Γs

v,−},

whereC is a positive constant independent ofη. Also, sincehmψm ∈ Cc(IR
N × (t1, t2); IR),

hmψm is integrable with respect to the measuresµ+
{v,U} andµ−{v,U}. Moreover, using Theorem

2.1 of [12] with(w, γ, IRN ,Ω) in Theorem 2.1 of [12] replaced by(v, 0, IRN+1, IRN×(t1, t2)) of
this proof, shows thatHN((∂{v > 0}\Γs

v,+)∩K) <∞ andHN((∂{v < 0}\Γs
v,−)∩K) <∞

for any compact setK of IRN+1. Hence,hmψmχ{∂{v>0}\Γs
v,+} andhmψmχ{∂{v<0}\Γs

v,−} are

integrable with respect to the Hausdorff measureHN . Therefore, one can apply dominated
convergence theorem for the measuresµ+

{v,U}, µ
−
{v,U}, andHN and obtain, up to a subsequence,

asη goes to0,

∫
hmψmϕdµ

+
{v,U} = lim

η→0

∫
hmψmϕηdµ

+
{v,U},(3.26)

−
∫

∂{v>0}\Γs
v,+

hmψmϕV · n+dHN = − lim
η→0

∫
∂{v>0}\Γs

v,+

hmψmϕηV · n+dHN ,(3.27)

and
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∫
hmψmϕdµ

−
{v,U} = lim

η→0

∫
hmψmϕηdµ

−
{v,U},(3.28) ∫

∂{v<0}\Γs
v,−

hmψmϕV · n−dHN = lim
η→0

∫
∂{v<0}\Γs

v,−

hmψmϕηV · n−dHN .(3.29)

Using (3.24) and (3.25), the right sides of (3.26) and (3.27) are equal and the right sides of
(3.28) and (3.29) are equal. Hence,

(3.30)
∫
hmψmϕdµ

+
{v,U} = −

∫
∂{v>0}\Γs

v,+

hmψmϕV · n+dHN ,

and

(3.31)
∫
hmψmϕdµ

−
{v,U} =

∫
∂{v<0}\Γs

v,−

hmψmϕV · n−dHN .

By construction of the functionshm andψm, asm goes to∞, hmψmϕ converges everywhere
to ϕ. Moreover,|hmψmϕ| ≤ |ϕ| and|hmψmϕV · n+χ{∂{v>0}\Γs

v,+}| ≤ C|ϕ|χ{∂{v>0}\Γs
v,+}, and

|hmψmϕV ·n−χ{∂{v<0}\Γs
v,−}| ≤ C|ϕ|χ{∂{v<0}\Γs

v,−}, whereC is a positive constant independent

of m. Also, sinceϕ ∈ Cc(IR
N × (t1, t2); IR), ϕ is integrable with respect to the measuresµ+

{v,U}
andµ−{v,U}. Moreover, using Theorem 2.1 of [12] with(w, γ, IRN ,Ω) in Theorem 2.1 of [12]
replaced by(v, 0, IRN+1, IRN × (t1, t2)) of this proof, shows thatHN((∂{v > 0} \ Γs

v,+) ∩
K) < ∞ andHN((∂{v < 0} \ Γs

v,−) ∩ K) < ∞ for any compact setK of IRN+1. Hence,
ϕχ{∂{v>0}\Γs

v,+} andϕχ{∂{v<0}\Γs
v,−} are integrable with respect to the Hausdorff measureHN .

Therefore, one can apply dominated convergence theorem for the measuresµ+
{v,U}, µ

−
{v,U}, and

HN and obtain, up to a subsequence, asm goes to∞,

∫
ϕdµ+

{v,U} = lim
m→∞

∫
hmψmϕdµ

+
{v,U}(3.32)

−
∫

∂{v>0}\Γs
v,+

ϕV · n+dHN = − lim
m→∞

∫
∂{v>0}\Γs

v,+

hmψmϕV · n+dHN ,(3.33)

and

∫
ϕdµ−{v,U} = lim

m→∞

∫
hmψmϕdµ

−
{v,U}(3.34) ∫

∂{v<0}\Γs
v,−

ϕV · n−dHN = lim
m→∞

∫
∂{v<0}\Γs

v,−

hmψmϕV · n−dHN .(3.35)

Using (3.30) and (3.31), the right sides of (3.32) and (3.33) are equal and the right sides of
(3.34) and (3.35) are equal. Hence,

(3.36)
∫
ϕdµ+

{v,U} = −
∫

∂{v>0}\Γs
v,+

ϕV · n+dHN ,

and
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(3.37)
∫
ϕdµ−{v,U} =

∫
∂{v<0}\Γs

v,−

ϕV · n−dHN .

(3.36) and (3.37) yield (3.3) and (3.4), and conclude the proof of Part(1) of the theorem.

Proof of (2)
Using (3.3)-(3.4) of Part(1) of the theorem and Part(3) of Theorem 3.3, one concludes

that the measuresµ+
v,U , µ−v,U , andµ{v,U} are concentrated resp. onΓ+

v = ∂{v > 0} \ Γs
v,+,

Γ−v = ∂{v < 0} \ Γs
v,−, andΓv = (∂{v > 0} ∪ ∂{v < 0}) \ Γs

v.

Proof of (3)
Using (3.3)-(3.4) of Part(1) of the theorem, one deduces that for anyΓ that is a subset of a

submanifold ofIRN × (t1, t2) of dimension≤ N − 1, one has: the restrictions of the measures
µ+

v,U andµ−v,U to Γ are identically0. Then using Part(3) of Theorem 3.3, one has: the restriction
of the measureµv,U to Γ is identically0.

Proof of (4)
One deduces from Theorem 2.1 of [12] with(w, γ, IRN ,Ω) in Theorem 2.1 of [12] replaced

by (v, 0, IRN+1, IRN × (t1, t2)) of this proof thatΓr
v,+, Γr

v,−, andΓr
v are countable unions of col-

lections ofC∞-hypersurfaces (C∞-manifolds of dimensionN ) of IRN × (t1, t2) and collections
of C∞-submanifolds of dimension less or equal toN − 1 whoseN−dimensional Hausdorff
measures are0, as stated in Part(4) of the theorem. Moreover, by construction; Consult Sub-
section 3.1,Γr

v = Γr
v,+ ∪Γr

v,− and soΓr
v is the union of the collections above that formΓr

v,+ and
Γr

v,−. The proof of Theorem 3.4 is now completed.

3.4. Characterization of the measures in terms of distributional derivatives of character-
istic functions. Let E,Ω ⊂ IRN × (t1, t2) with E LN+1-measurable. Denote byP (E,Ω) the
perimeter ofE in Ω. For any functionf defined inIRN×(t1, t2), denote byDf its distributional
derivative with respect to(x, t).

Theorem 3.5. LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N).

Letw ∈ C∞
c (IRN × (t1, t2); IR). Then,

(1) Leta be any real number in the range ofw. ThenP ({w − a > 0}, IRN × (t1, t2)) resp.
P ({w − a < 0}, IRN × (t1, t2)) is finite andDχ{w−a>0} resp. Dχ{w−a<0} is a finite Radon
measure inIRN × (t1, t2) and

P ({w − a > 0}, IRN × (t1, t2)) = |Dχ{w−a>0}|(IRN × (t1, t2)) ≤ HN(Γr
w−a,+) < C,

P ({w − a < 0}, IRN × (t1, t2)) = |Dχ{w−a<0}|(IRN × (t1, t2)) ≤ HN(Γr
w−a,−) < C,

whereC is a positive constant.
(2) Leta be any real number in the range ofw. Letµ+

{w−a,U} andµ−{w−a,U} be the measures
corresponding to the pair(w − a, U) obtained in Theorem 3.1. Then

µ+
w−a,U =

N∑
i=1

UiDiχ{w−a>0}, µ−w−a,U = −
N∑

i=1

UiDiχ{w−a<0}.

Proof of Theorem 3.5.

1. Let V ∈ C1
c (IRN × (t1, t2); IR

N+1). Using (3.18) of Step 3 of the proof of Part (1) of
Theorem 3.4 withV ϕ resp.v and∂{v > 0} ∩ {Γ \ Γs

v} of (3.18) replaced byV resp.w − a
and∂{w − a > 0} \ Γs

w−a of this step, one obtains
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(3.38)
∫ t2

t1

∫
IRN

divx,tV χ{w−a>0}dxdτ =

∫
∂{w−a>0}\Γs

w−a

V · n+dHN .

Here, the setΓs
w−a corresponding tow was introduced in Subsection 3.1. Taking the supremum

overV with ‖V ‖∞ ≤ 1, one concludes thatP ({w − a > 0}, IRN × (t1, t2)) (or simply the
perimeter of{w − a > 0}) satisfies

(3.39) P ({w − a > 0}, IRN × (t1, t2)) ≤ HN(Γr
w−a,+),

whereΓr
w−a,+ = ∂{w − a > 0} \ Γs

w−a. Using the fact thatw is of compact support and Part
(4) of Theorem 3.4, one concludes thatΓr

w−a,+ is a union of a finite number of connectedC∞-
hypersurfaces ofIRN × (t1, t2). Hence,HN(Γr

w−a,+) < C, whereC is a positive constant. Then
using (3.39), one obtains

P ({w − a > 0}, IRN × (t1, t2)) ≤ HN(Γr
w−a,+) < C.

Hence,P ({w− a > 0}, IRN × (t1, t2)) is finite. Then one deduces that the distributional deriv-
ative with respect to(x, t),Dχ{w−a>0} is a finite Radon measure onIRN × (t1, t2). Moreover,

(3.40) |Dχ{w−a>0}|(IRN × (t1, t2)) = P ({w − a > 0}, IRN × (t1, t2)) ≤ HN(Γr
w−a,+).

By the fact thatχ{w−a>0} ∈ L1
loc(IR

N × (t1, t2)), one has:χ{w−a>0} ∈ BVloc(IR
N × (t1, t2)).

Proceeding as above with appropriate adaptations, one obtains the proof of the statements in
Part(1) corresponding to{w − a < 0}.

2. Using (3.18) of Step 3 of the proof of Part (1) of Theorem 3.4 withV resp.v and∂{v >
0}∩{Γ\Γs

v} of (3.18) replaced byV = (U1, · · · , UN , 0)t resp.w−a and∂{w−a > 0}\Γs
w−a

of this proof, one obtains for any Lipschitz functionϕ ∈ Cc(IR
N × (t1, t2); IR),

(3.41)
∫ t2

t1

∫
IRN

divx,t(ϕV )χ{w−a>0}dxdτ =

∫
∂{w−a>0}\Γs

w−a

ϕV · n+dHN .

Using the fact that by Part(1) of the theorem,Dχ{w−a>0} is a finite Radon measure, one can
integrate by part in (3.41) and obtain

(3.42)
∫ t2

t1

∫
IRN

divx,t(ϕV )χ{w−a>0}dxdτ = −
N∑

i=1

∫ t2

t1

∫
IRN

ϕUid[Diχ{w−a>0}].

Using Part(1) of Theorem 3.4 with(v, U, ∂{v > 0}\Γs
v,+) replaced by(w−a, U, ∂{w−a >

0} \ Γs
w−a,+) of this step withΓs

w−a,+ the set corresponding tow − a introduced in Subsection
3.1, one obtains for anyϕ ∈ Cc(IR

N × (t1, t2); IR),

(3.43)
∫

IRN×(t1,t2)

ϕdµ+
w−a,U = −

∫
∂{w−a>0}\Γs

w−a,+

ϕV · n+dHN .

Combining (3.41)-(3.43) one obtains for any Lipschitz functionϕ ∈ Cc(IR
N × (t1, t2); IR),

(3.44)
∫

IRN×(t1,t2)

ϕdµ+
w−a,U =

N∑
i=1

∫ t2

t1

∫
IRN

ϕUid[Diχ{w−a>0}].
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3. Let ϕ be any function inCc(Ω; IR). Let K be the compact support ofϕ. Let ϕ̃ be any
function inC∞

c (Ω; IR) such that̃ϕ ≡ 1 onK. Let ϕη andϕη,m be the sequences of functions
associated toϕ by (3.13); Consult the beginning of the proof of Theorem 3.4. Then for every
η and every nonnegative integerm > 4

t2−t1
, ϕ̃ϕη,m = ϕ̃hmψmϕη ∈ C∞

c (Ω; IR). Plugging this
function in (3.44) and proceeding as in Step 6 of the proof of Part(1) of Theorem 3.4, one
concludes that (3.44) holds forϕ ∈ Cc(Ω; IR); that is,

(3.45)
∫

IRN×(t1,t2)

ϕdµ+
w−a,U =

N∑
i=1

∫ t2

t1

∫
IRN

ϕUid[Diχ{w−a>0}].

This proves the first statement in Part(2). Proceeding as above with appropriate adaptations,
one obtains the second statement in Part(2). The proof of Theorem 3.5 is completed.

3.5. Characterization of the measures as functionals on the spaceBV .

Theorem 3.6. LetN be any integer≥ 1. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N).

Let v ∈ C∞
c (IRN × (t1, t2); IR). Letµ+

{v,U}, µ
−
{v,U}, andµ{v,U} be the measures corresponding

to the pair(v, U) obtained in Theorem 3.1.
(1) SetK = spt(v). Then spt(µ+

{v,U}) ⊂ K.

(2) For anyϕ ∈ BVloc(IR
N × (t1, t2)) such that the distributional derivatives with respect to

x,Diϕ, i = 1, · · · , N are finite Radon measures inIRN × (t1, t2), one has

(3.46)∫
ϕdµ+

{v,U} = −
∫ t2

t1

∫
IRN

ϕdiv(U)χ{v>0}dxdτ −
N∑

i=1

∫ t2

t1

∫
IRN

Uiχ{v>0}∪∂{v>0}d[Diϕ],

and

(3.47)
∫
ϕdµ−{v,U} =

∫ t2

t1

∫
IRN

ϕdiv(U)χ{v<0}dxdτ +
N∑

i=1

∫ t2

t1

∫
IRN

Uiχ{v<0}∪∂{v<0}d[Diϕ],

Moreover,µ+
{v,U} and µ−{v,U} are in the dual space ofBV (IRN × (t1, t2)) denoted here by

(BV (IRN × (t1, t2))
? and

(3.48) ‖µ+
{v,U}‖(BV (IRN×(t1,t2)))? ≤ ‖div(U)χ{v>0}‖∞,K + ‖Uχ{v>0}∪∂{v>0}‖∞,K ,

and

(3.49) ‖µ−{v,U}‖(BV (IRN×(t1,t2)))? ≤ ‖div(U)χ{v<0}‖∞,K + ‖Uχ{v<0}∪∂{v<0}‖∞,K ,

(3)µ+
{v,U} andµ−{v,U} are in the dual space ofW 1,1(IRN×(t1, t2)) denoted here by(W 1,1(IRN×

(t1, t2)))
?.

Proof of Theorem 3.6.

Proof of (1)
Let K = spt(v). By assumption,K is compact. By Part(2) of Theorem 3.4, the measure

µ+
{v,U} is concentrated onΓ+

v = ∂{v > 0} \ Γs
v,+, whereΓs

v,+ is the set corresponding tov
introduced in Subsection 3.1. Hence, spt(µ+

{v,U}) ⊂ K.
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Proof of (2)

1. Let ϕ ∈ BV (IRN × (t1, t2)). Let hm be a sequence of functions inC∞
c (IR; IR) such that

hm(τ) = 0 if τ is not in [t1 + 1/m, t2 − 1/m] andhm(τ) = 1 if τ ∈ [t1 + 2/m, t2 − 2/m]
and0 ≤ hm ≤ 1, andm > 4

t2−t1
. Let ρ1,η1

= 1
ηN
1
ρ1(

·
η1

), η1 ∈ (0, 1], be a mollifier with

ρ1 ∈ C∞
c (IRN), ρ1 ≥ 0, spt(ρ1) ⊂ B(0, 1) with B(0, 1) the unit ball ofIRN , and

∫
IRN ρ1dy = 1.

Let ρ2,η2
= 1

η2
ρ2(

·
η2

), η2 ∈ (0, 1], be a mollifier withρ2 ∈ C∞
c (IR), ρ2 ≥ 0, spt(ρ2) ⊂ [−1, 1],

and
∫

IR
ρ2dτ = 1. Then setη = (η1, η2) andρη = ρ1,η1

ρ2,η2
.

Setϕη = ϕ ? ρη. Using Part(1) of Theorem 3.3 yields

(3.50)
∫
hmϕηdµ

+
{v,U} = −

∫
{v>0}

div(hmϕηU)dxdτ .

Now one has

∫
{v>0}

div(hmϕηU)dxdτ =

∫ t2

t1

∫
IRN

ϕηhmdiv(U)χ{v>0}dxdτ +(3.51) ∫ t2

t1

∫
IRN

∇ϕηhm · Uχ{v>0}dxdτ .

Using the properties of the convolution, the symmetry ofρη, Fubini Theorem, the fact that
hmUχ{v>0} ∈ L1(IRN × (t1, t2)), and the definition ofhm, one obtains

(3.52)
∫ t2

t1

∫
IRN

∇ϕηhm · Uχ{v>0}dxdτ =
N∑

i=1

∫ t2

t1

∫
IRN

(hmUiχ{v>0}) ? ρηd[Diϕ].

Using the fact thatv, hm, andU are all continuous, asη goes to0, (hmUχ{v>0}) ? ρη →
hmUχ{v>0}∪∂{v>0} everywhere. Moreover, by the properties of the regularization,
|(hmUχ{v>0}) ? ρη| ≤ C‖hmU‖∞,K for some positive constant independent ofη. Now since
ϕ ∈ BV (IRN × (t1, t2)), one can use dominated convergence theorem and conclude that

(3.53) lim
η→0

N∑
i=1

∫ t2

t1

∫
IRN

(hmUiχ{v>0})?ρηd[Diϕ] =
N∑

i=1

∫ t2

t1

∫
IRN

hmUiχ{v>0}∪∂{v>0}d[Diϕ].

Now assume thatϕ ∈ BV (IRN × (t1, t2))∩C1(IRN × (t1, t2)). Then by the properties of the
regularization, the continuity ofϕ and the fact thatϕ ∈ L1

loc(IR
N × (t1, t2)), spt(v) is compact,

andhmdiv(U)χ{v>0} is bounded,

(3.54) lim
η→0

∫ t2

t1

∫
IRN

ϕηhmdiv(U)χ{v>0}dxdτ =

∫ t2

t1

∫
IRN

ϕhmdiv(U)χ{v>0}dxdτ .

Using again the properties of the regularization and the continuity ofϕ, one obtains:
limη→0 ϕη = ϕ. Moreover, by the continuity ofϕ, ϕ is bounded inK. Also,hm is continuous
and by Part(1) of the theorem spt(µ+

v,U) ⊂ K. Hence, by dominated convergence theorem for
the measureµ+

v,U , one obtains

(3.55) lim
η→0

∫
hmϕηdµ

+
{v,U} =

∫
hmϕdµ

+
{v,U}.
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Combining (3.50)-(3.55) yields

(3.56)∫
hmϕdµ

+
{v,U} = −

∫ t2

t1

∫
IRN

ϕhmdiv(U)χ{v>0}dxdτ−
N∑

i=1

∫ t2

t1

∫
IRN

hmUiχ{v>0}∪∂{v>0}d[Diϕ].

Now asm goes to∞, hm → χ(t1,t2). Moreover,|hm| ≤ χ(t1,t2). Then proceeding as above,
one can letm go to∞ in (3.56) and obtain

(3.57)∫
ϕdµ+

{v,U} = −
∫ t2

t1

∫
IRN

ϕdiv(U)χ{v>0}dxdτ −
N∑

i=1

∫ t2

t1

∫
IRN

Uiχ{v>0}∪∂{v>0}d[Diϕ].

2. Using the density ofBV (IRN×(t1, t2))∩C1(IRN×(t1, t2)) inBV (IRN×(t1, t2)), the fact
thatµ+

{v,U} is a finite Radon measure, and (3.57), one obtains for anyϕ ∈ BV (IRN × (t1, t2)),

(3.58)∫
ϕdµ+

{v,U} = −
∫ t2

t1

∫
IRN

ϕdiv(U)χ{v>0}dxdτ −
N∑

i=1

∫ t2

t1

∫
IRN

Uiχ{v>0}∪∂{v>0}d[Diϕ].

One then deduces thatµ+
{v,U} is in the dual space ofBV (IRN × (t1, t2)) denoted here by

(BV (IRN × (t1, t2)))
? and

(3.59) ‖µ+
{v,U}‖(BV (IRN×(t1,t2)))? ≤ ‖div(U)χ{v>0}‖∞,K + ‖Uχ{v>0}∪∂{v>0}‖∞,K .

This yields (3.48).

3. Proceeding as in Steps 1-2 above with appropriate adaptations, one obtains (3.58) withϕ
any function inBVloc(IR

N × (t1, t2)) such that the distributional derivatives with respect tox,
Diϕ, i = 1, · · · , N are finite Radon measures inIRN × (t1, t2). This yields (3.46).

4. Proceeding as in Steps 1-3 above forµ−v,U with appropriate adaptations, one obtains (3.47)
and (3.49) and this completes the proof of Part(2) of the theorem.

5. SinceW 1,1(IRN × (t1, t2)) ⊂ BV (IRN × (t1, t2)), using Part(2) of the theorem one
deduces by transposition thatµ+

{v,U} andµ−{v,U} are in the dual space ofW 1,1(IRN × (t1, t2))

denoted here by(W 1,1(IRN × (t1, t2)))
?. This completes the proof of Theorem 3.6.

4. THE SECOND CLASS OF MEASURES OF [12]

In this section, based on the results of [12], basic properties and characterizations of the
family of measuresµ+

{v,U,O}, µ
−
{v,U,O}, andµ{v,U,O} generated by the triplets(v, U,O) of scalar

and vector functionsv andU , and open setsO and introduced by the author in [12] are given.
In particular, in Section 4.1, the precise definition of these measures and the fact that they
are Radon measures are given. In Section 4.2, relationships between these measures and the
measuresµ+

{v,U} andµ−{v,U} for general open setsO are established. In Section 4.3, relationships
between these measures for particular open set generators are established.

The results of this section are partly contained in the author’s paper [12].
Let a < b. LetE,F be subsets ofIRN × (a, b). The setEc denotes the complementary ofE

in IRN × (a, b). That is;Ec = {y ∈ IRN × (a, b)| y is not inE}. The setE \ F denotes the set
of points that are inE but not inF . That is;E \ F = E ∩ F c.
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4.1. The measures.Let N be any integer≥ 1. Let 0 ≤ t1 < t2. The following theorem is a
corollary of a theorem obtained by the author in [12]; Consult Theorem 3.1 of [12]. It yields
a family of measures,µ+

{v,U,O}, µ
−
{v,U,O}, andµ{v,U,O} generated byv ∈ C∞(IRN × (t1, t2), IR),

U ∈ C∞(IRN×(t1, t2); IR
N), and open setsO of IRN×(t1, t2), which are also Radon measures.

Theorem 4.1. LetN be any integer≥ 1. Let0 ≤ t1 < t2. Letv ∈ C∞(IRN × (t1, t2); IR). Let
U ∈ C∞(IRN × (t1, t2); IR

N). LetO be any open set ofIRN × (t1, t2). Then the estimates in
Part (1) of Theorem 3.1 withγ = 0 show that, up to a subsequence, asα goes to0, the following
weak convergence in the sense of measures, holds

U · ∇v 1

α
χ{0<v<α}χO → µ+

{v,U,O}, U · ∇v 1

α
χ{−α<v<0}χO → µ−{v,U,O},

U · ∇v 1

α
χ{|v|<α}χO → µ{v,U,O},

whereµ+
{v,U,O}, µ

−
{v,U,O}, andµ{v,U,O} are measures onIRN × (t1, t2) concentrated resp. on

∂{v > 0} ∩ ∂{{v > 0} ∩ O}, ∂{v < 0} ∩ ∂{{v < 0} ∩ O}, and (∂{v > 0} ∪ ∂{v <
0}) ∩ ∂{({v > 0} ∪ {v < 0}) ∩ O}, which are also Radon measures.

Remark4.2. The notationµ+
{v,U,O} andµ−{v,U,O} should not be confused with the nonnegative

and nonpositive parts of a measure. The upper index+ resp.− is merely used to refer to the
fact that the measureµ+

{v,U,O} with the upper index+ is concentrated on∂{v > 0} resp. the
measureµ−{v,U,O} with the upper index− is concentrated on∂{v < 0}.

The following terminology is adopted. For the measuresµ+
{v,U,O}, µ

−
{v,U,O}, andµ{v,U,O}, the

scalar functionv resp. the vector functionU and the open setO is called the scalar function
generator resp. the vector function generator and the open generator of the measuresµ+

{v,U,O},
µ−{v,U,O}, andµ{v,U,O}.

Proof of Theorem 4.1. The proof of Theorem 4.1 is deduced from that of Theorem 3.1
above; See also the proof of Theorem 3.1 of [12]. LetV = (U1, · · · , UN , 0)t. By the regularity
of U , V ∈ C∞(IRN × (t1, t2); IR

N+1). Let O be any open set ofIRN × (t1, t2). Then the
estimates in Part(1) of Theorem 3.1 withγ = 0, show that∫

{|v|<α}∩K

|U · ∇vχO|
1

α
dxdτ ≤

∫
{|v|<α}∩K

|U · ∇v| 1
α
dxdτ < C,(4.1)

and then ∫
{0<v<α}∩K

|U · ∇vχO|
1

α
dxdτ < C,

∫
{−α<v<0}∩K

|U · ∇vχO|
1

α
dxdτ < C,(4.2)

whereC is a positive constant independent ofα ∈ (0, 1) andK is an arbitrary compact subset
of IRN × (t1, t2). Then (4.1)-(4.2) show thatU · ∇v 1

α
χ{|v|<α}χO, U · ∇v 1

α
χ{0<v<α}χO, and

U · ∇v 1
α
χ{−α<v<0}χO are uniformly inα bounded inL1

loc. Therefore, up to a subsequence, as
α goes to0, the following weak convergence in the sense of measures holds,

U · ∇v 1

α
χ{0<v<α}χO → µ+

{v,U,O}, U · ∇v 1

α
χ{−α<v<0}χO → µ−{v,U,O},

U · ∇v 1

α
χ{|v|<α}χO → µ{v,U,O},
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whereµ+
{v,U,O}, µ

−
{v,U,O}, andµ{v,U,O} are Radon measures onIRN × (t1, t2) concentrated resp.

on ∂{v > 0} ∩ ∂{{v > 0} ∩ O}, ∂{v < 0} ∩ ∂{{v < 0} ∩ O}, and(∂{v > 0} ∪ ∂{v <
0}) ∩ ∂{({v > 0} ∪ {v < 0}) ∩ O}. This completes the proof of Theorem 4.1.

4.2. Relations with the first class of measures of[12].

Theorem 4.3. LetN be any integer≥ 1. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N).

Let v ∈ C∞(IRN × (t1, t2); IR). Let µ+
{v,U} andµ−{v,U} be the measures corresponding to the

pair (v, U) obtained in Theorem 3.1. LetO be any open set ofIRN × (t1, t2). Letµ+
{v,U,O} and

µ−{v,U,O} be the measures corresponding to the triplets(v, U,O) obtained in Theorem 4.1.

Setγ+
v = ∂{v > 0} andγ−v = ∂{v < 0}. Then for everyϕ ∈ Cc(IR

N × (t1, t2); IR),
(1) ∫

χOϕdµ
+
{v,U,O} =

∫
χOϕdµ

+
{v,U}.

(2) ∫
ϕdµ+

{v,U,O}

=

∫
ϕχ{γ+

v ∩∂{{v>0}∩O}∩O}dµ
+
{v,U,O} +

∫
ϕχ{γ+

v ∩∂{{v>0}∩O}∩∂O}dµ
+
{v,U,O}

=

∫
ϕχOdµ

+
{v,U} +

∫
ϕχ{γ+

v ∩∂{{v>0}∩O}∩∂O}dµ
+
{v,U,O}.

(3) ∫
χOϕdµ

−
{v,U,O} =

∫
χOϕdµ

−
{v,U}.

(4) ∫
ϕdµ−{v,U,O}

=

∫
ϕχ{γ−v ∩∂{{v<0}∩O}∩O}dµ

−
{v,U,O} +

∫
ϕχ{γ−v ∩∂{{v<0}∩O}∩∂O}dµ

−
{v,U,O}

=

∫
ϕχOdµ

−
{v,U} +

∫
ϕχ{γ−v ∩∂{{v<0}∩O}∩∂O}dµ

−
{v,U,O}.

Proof of Theorem 4.3.If O ∩ {0 < v < α} is empty forα sufficiently small, then all terms
in Parts(1)-(2) of the theorem are0. Therefore, it is assumed that, for allα sufficiently small,
O ∩ {0 < v < α} is not empty.

1. Theorem 4.1 yields, up to a subsequence, asα goes to0,∫
ϕdµ+

{v,U,O} = lim
α→0

∫
{0<v<α}

U · ∇v
α

χOϕdxdτ,(4.3)

for anyϕ ∈ Cc(IR
N × (t1, t2); IR), whereµ+

{v,U,O} is a Radon measure onIRN × (t1, t2) concen-
trated onγ+

v ∩ ∂{{v > 0} ∩ O}.
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2. Let y ∈ γ+
v ∩ ∂{{v > 0} ∩ O} ∩ O. LetB(y, ε) be a ball of radiusε centered aty with ε

sufficiently small thatB(y, ε) is a subset ofO. Letϕ ∈ Cc(B(y, ε); IR). Then using (4.3) shows
that, up to a subsequence,

(4.4)
∫
ϕdµ+

{v,U,O} = lim
α→0

∫
{0<v<α}

U · ∇v
α

χOϕdxdτ = lim
α→0

∫
{0<v<α}

U · ∇v
α

ϕdxdτ.

On the other hand, using Part(2) of Theorem 3.1 yields, up to a subsequence,

(4.5)
∫
ϕdµ+

{v,U} = lim
α→0

∫
{0<v<α}

U · ∇v
α

ϕdxdτ.

(4.4)-(4.5) then yield ∫
ϕdµ+

{v,U} =

∫
ϕdµ+

{v,U,O}.

Sincey was arbitrary onγ+
v ∩ ∂{{v > 0} ∩O}∩O, one deduces that for anyϕ ∈ Cc(IR

N ×
(t1, t2); IR),

(4.6)
∫
ϕχOdµ

+
{v,U,O} =

∫
ϕχ{γ+

v ∩∂{{v>0}∩O}∩O}dµ
+
{v,U}.

This yields Part(1) of the theorem.

3. Using Theorem 4.1 yields for every functionϕ ∈ Cc(IR
N × (t1, t2); IR),

∫
ϕdµ+

{v,U,O} =

∫
ϕχ{γ+

v ∩∂{{v>0}∩O}∩O}dµ
+
{v,U,O} +

∫
ϕχ{γ+

v ∩∂{{v>0}∩O}∩∂O}dµ
+
{v,U,O}.

Then using (4.6) of Step 2, one obtains for every functionϕ ∈ Cc(IR
N × (t1, t2); IR),

∫
ϕdµ+

{v,U,O} =

∫
ϕχOdµ

+
{v,U} +

∫
ϕχ{γ+

v ∩∂{{v>0}∩O}∩∂O}dµ
+
{v,U,O}.

This yields Part(2) of the theorem.

5. LetO be an open set ofIRN × (t1, t2). If O ∩ {−α < v < 0} is empty forα sufficiently
small, then all terms in Parts(3)-(4) of the theorem are0. Therefore, it is assumed that, for all
α sufficiently small,O ∩ {−α < v < 0} is not empty. By the regularity ofv, {v < 0} is an
open set. Proceeding as in Steps 1-3, one obtains Parts(3)-(4) of the theorem. This completes
the proof of Theorem 4.3.

4.3. The measures for particular open set generators.

Theorem 4.4.LetN be any integer≥ 1. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN×(t1, t2); IR
N). Let

w, v ∈ C∞(IRN × (t1, t2); IR). Letµ+
{v,U} andµ−{v,U} be the measures corresponding to the pair

(v, U) obtained in Theorem 3.1. Letµ+
{w,U,{v>0}}, µ

+
{w,U,{v<0}}, µ

−
{w,U,{v>0}}, andµ−{w,U,{v<0}}

be the measures corresponding tow, v, U , and the open sets{v > 0} and{v < 0} obtained
in Theorem 4.1. Then for every Lipschitz functionϕ ∈ Cc(IR

N × (t1, t2); IR), the following
identities hold.

(1)
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∫
χ{w>0}ϕdµ

+
{v,U} +

∫
ϕdµ+

{w,U,{v>0}} = −
∫ t2

t1

∫
IRN

div(ϕU)χ{v>0}χ{w>0}dxdτ .

(2) ∫
χ{w<0}ϕdµ

+
{v,U} −

∫
ϕdµ−{w,U,{v>0}} = −

∫ t2

t1

∫
IRN

div(ϕU)χ{v>0}χ{w<0}dxdτ .

(3) ∫
χ{w>0}ϕdµ

−
{v,U} −

∫
ϕdµ+

{w,U,{v<0}} =

∫ t2

t1

∫
IRN

div(ϕU)χ{v<0}χ{w>0}dxdτ .

(4) ∫
χ{w<0}ϕdµ

−
{v,U} +

∫
ϕdµ−{w,U,{v<0}} =

∫ t2

t1

∫
IRN

div(ϕU)χ{v<0}χ{w<0}dxdτ .

Proof of Theorem 4.4. Let α, ε ∈ (0, 1). Then forj = 1, 2, 3, let G(j)
ε andG(j)

α be the
sequence of functions introduced at the beginning of the proof of Theorem 3.3.

Proof of (1). Let ϕ be any Lipschitz function inCc(IR
N × (t1, t2); IR). Using the regularity

of U , v, andw, yields∫ t2

t1

∫
IRN

div(ϕUG(2)
α (v)G(2)

ε (w))dy =

∫ t2

t1

∫
IRN

div(ϕU)G(2)
α (v)G(2)

ε (w)dy +∫
{0<v<α}

U · ∇v
α

ϕG(2)
ε (w)dy +

∫
{0<w<ε}

U · ∇w
ε

ϕG(2)
α (v)dy.

By the regularity ofU , v, andw, and the fact thatϕ is of compact support,ϕUG(2)
α (v)G

(2)
ε (w)

is inW 1,1(IRN × (t1, t2)) and∫ t2

t1

∫
IRN

div(ϕUG(2)
α (v)G(2)

ε (w))dy = 0.

Therefore ∫
{0<v<α}

U · ∇v
α

G(2)
ε (w)ϕdy +

∫
{0<w<ε}

U · ∇w
ε

G(2)
α (v)ϕdy

= −
∫ t2

t1

∫
IRN

div(ϕU)G(2)
α (v)G(2)

ε (w)dy.(4.7)

Hereα is let go to0 first, thenε is let go to0 second. Asα goes to0, G(2)
α (v) converges

everywhere toχ{v>0}. Now |div(ϕU)G
(2)
α (v)G

(2)
ε (w)| ≤ |div(ϕU)|. Sinceϕ is Lipschitz and

of compact support one can use the regularity ofU to conclude that div(ϕU) is in L1(IRN ×
(t1, t2)). Therefore, using dominated convergence theorem, up to a subsequence,

(4.8) lim
α→0

∫ t2

t1

∫
IRN

div(ϕU)G(2)
α (v)G(2)

ε (w)dy =

∫ t2

t1

∫
IRN

div(ϕU)χ{v>0}G
(2)
ε (w)dy.
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The fact thatG(2)
ε (w)ϕ is continuous with compact support inIRN × (t1, t2) and Part(2) of

Theorem 3.1 yield, up to a subsequence,

(4.9) lim
α→0

∫
{0<v<α}

U · ∇v
α

G(2)
ε (w)ϕdy =

∫
G(2)

ε (w)ϕdµ+
{v,U}.

Now |U ·∇w
ε
G

(2)
α (v)ϕ| ≤ |U ·∇w

ε
ϕ| and thanks to the regularity ofU andw, U ·∇w

ε
ϕ ∈ L1(IRN×

(t1, t2)). Therefore, one can use dominated convergence theorem and obtain, up to a subse-
quence,

(4.10) lim
α→0

∫
{0<w<ε}

U · ∇w
ε

G(2)
α (v)ϕdy =

∫
{0<w<ε}

U · ∇w
ε

χ{v>0}ϕdy.

Combining (4.7)-(4.10) yields

(4.11)∫
G(2)

ε (w)ϕdµ+
{v,U} +

∫
{0<w<ε}

U · ∇w
ε

χ{v>0}ϕdy = −
∫ t2

t1

∫
IRN

div(ϕU)χ{v>0}G
(2)
ε (w)dy.

As ε goes to0,G(2)
ε (w) converges everywhere toχ{w>0}. Moreover

|div(ϕU)G
(2)
ε (w)χ{v>0}| ≤ |div(ϕU)|. The regularity ofU and the fact thatϕ is Lipschitz

and of compact support show that div(ϕU) ∈ L1(IRN × (t1, t2)). Therefore, using dominated
convergence theorem, up to a subsequence,

(4.12) lim
ε→0

∫ t2

t1

∫
IRN

div(ϕU)G(2)
ε (w)χ{v>0}dy =

∫ t2

t1

∫
IRN

div(ϕU)χ{v>0}χ{w>0}dy.

One also has|G(2)
ε (w)ϕ| ≤ |ϕ| andϕ is integrable with respect toµ+

{v,U}; Consult Part(2) of
Theorem 3.1. Therefore, using dominated convergence theorem for the measureµ+

{v,U}, yields,
up to a subsequence,

(4.13) lim
ε→0

∫
G(2)

ε (w)ϕdµ+
{v,U} =

∫
χ{w>0}ϕdµ

+
{v,U}.

The fact thatϕ is continuous with compact support inIRN × (t1, t2) and Theorem 4.1 with
O = {v > 0} show that, up to a subsequence,

lim
ε→0

∫
{0<w<ε}

U · ∇w
ε

χ{v>0}ϕdy =

∫
ϕdµ+

{w,U,O}.(4.14)

(4.11)-(4.14) yield

(4.15)
∫
χ{w>0}ϕdµ

+
{v,U} +

∫
ϕdµ+

{w,U,{v>0}} = −
∫ t2

t1

∫
IRN

div(ϕU)χ{v>0}χ{w>0}dy.

This concludes the proof of(1).

Proof of (2). TakingG(2)
α (v)G

(3)
ε (w) in place ofG(2)

α (v)G
(2)
ε (w) and proceeding as in the

proof of Part(1) of the theorem, yields the proof of Part (2) of the theorem.
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Proof of (3). TakingG(3)
α (v)G

(2)
ε (w) in place ofG(2)

α (v)G
(2)
ε (w) and proceeding as in the

proof of Part(1) of the theorem, yields the proof of Part (3) of the theorem.

Proof of (4). TakingG(3)
α (v)G

(3)
ε (w) in place ofG(2)

α (v)G
(2)
ε (w) and proceeding as in the

proof of Part(1) of the theorem, yields the proof of Part (4) of the theorem. The proof of
Theorem 4.4 is now completed.

5. ACTIONS OF THE MEASURES OF SECTIONS 3-4 ON SOME PARTICULAR FUNCTIONS

WHEN THE VECTOR FUNCTION GENERATOR U SATISFIES: DIV U = 0

The main theorems of this section are Theorem 5.19. LetN be any integer≥ 2. Let 0 ≤
t1 < t2. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support intoIRN is
compact. Letk andl be anyN−multi-indices of nonnegative integers such that0 ≤ k ≤ l. Set
ṽ = Dl$ andw̃ = Dk$. LetU ∈ C∞(IRN × (t1, t2); IR

N) be such that divU = 0. Assume
that sptx(w̃) \ sptx(U) is either empty or a subset of the projection of{ṽ = 0}o into IRN . Let
µ+
{ṽ,U}, µ

−
{ṽ,U}, andµ{ṽ,U} be the measures corresponding to the pair(ṽ, U) obtained in Theorem

3.1. Letφ ∈ Cc(t1, t2). Then Theorem 5.19 says that

∫
φw̃dµ+

{ṽ,U} = 0,

∫
φw̃dµ−{ṽ,U} = 0,

∫
φw̃dµ{ṽ,U} = 0.(5.1)

Let φ̃ ∈ C∞
c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and0 ≤ φ̃ ≤ 1. In Subsections 5.1-5.8,

(5.1) is proved wheñφw̃ satisfies:0 ≤ φ̃w̃ ≤ 1. In Subsection 5.8, (5.1) is proved in the general
case. In Subsection 5.1, a brief description of the key elements of the proof of Theorem 5.19
whenφ̃w̃ satisfies:0 ≤ φ̃w̃ ≤ 1 is given. In Subsection 5.2, basic properties of the measures
involved in the proof of Theorem 5.19 are given. In Subsections 5.3-5.7, several results that
will play a key role in the proof of Theorem 5.19 are proved. In Subsection 5.8, the main results
corresponding to Theorem 5.19 are stated and their proofs are given. Finally, in Subsection 5.9,
an example showing that the conclusions of Theorem 5.19 are not true if sptx(w̃) \ sptx(U) is
neither empty nor a subset of the projection of{ṽ = 0}o into IRN .

Throughout this section,µ+
{v,U}, µ

−
{v,U}, andµ{v,U} denote the measures corresponding to

the pair (v, U) obtained in Theorem 3.1. Whileµ+
{v,U,O} andµ−{v,U,O} denote the measures

corresponding to the triplet(v, U,O) obtained in Theorem 4.1. Here,O is an open set of
IRN × (t1, t2). For any functionf defined inIRN × (t1, t2), sptx(f) denotes the projection of its
support, spt(f), into IRN . Also,µbE denotes the restriction of the measureµ to the setE.

5.1. Description of the key elements of the proof of Theorem 5.19.Let N be any integer
≥ 2. Let 0 ≤ t1 < t2. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN such that0 ≤ k ≤ l. Setṽ = Dl$ andw̃ = Dk$. Let
U ∈ C∞(IRN × (t1, t2); IR

N) be such that divU = 0. Let µ+
{ṽ,U}, µ

−
{ṽ,U}, andµ{ṽ,U} be the

measures corresponding to the pair(ṽ, U) obtained in Theorem 3.1. Letφ ∈ Cc(t1, t2). Set
K = sptx(w̃)× spt(φ).

If w̃ ≡ 0 there is nothing to prove. Therefore, it is assumed thatw̃ is not identically0. If
k = l, then ṽ = w̃. By Theorem 3.1,µ{ṽ,U}, µ

+
{ṽ,U}, andµ−{ṽ,U} are concentrated resp. on

∂{ṽ > 0} ∪ ∂{ṽ < 0}, ∂{ṽ > 0}, and∂{ṽ < 0}. Hence, (5.1) is clearly satisfied. Therefore, it
is assumed that

(5.2) k 6= l.
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Since sptx(w̃) is compact, sptx(ṽ) is compact. Let̃φ ∈ C∞
c (t1, t2) be such that̃φ ≡ 1 on

spt(φ) and0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Thenw, v ∈ C∞
c (IRN × (t1, t2)). Moreover,

w ≡ w̃ onK andv ≡ ṽ onK. Also,v = Dl−kw. Assume thatw satisfies:0 ≤ w ≤ 1.

5.1.1. Construction of the setsAn,q, A+
n,q, A

−
n,q, An,q,i, A

+
n,q,i, andA−n,q,i and their properties.

Since the support ofw, spt(w), is compact the set of numbersc such that{w = c}o 6= ∅, is
either empty or finite. It is assumed throughout this section that it is finite. The proofs for when
this set is empty can be obtained by an adaptation of the proofs for when this set is finite. Let
W1 = ∪m0

i=1{w = ci}o with 0 < c1 < · · · < cm0 ≤ 1 for some nonnegative integerm0. Let
W2 be the open set such thatW2 ∩ W1 = ∅ and spt(w) = W2 ∪ W1. Also, since spt(w) is
compact, the setEm

w resp.EM
w of points in the range ofw corresponding to local minima resp.

local maxima is finite:

(5.3) Em
w = {w̄0, · · · , w̄m+1}, EM

w = {w̃1, · · · , w̃M}

for some nonnegative integersm andM . Two elements inEm
w resp.EM

w are not necessarily
distinct. Letmw = min{|w̃i′′ − w̄i′|; 0 ≤ i′ ≤ m + 1, 1 ≤ i′′ ≤ M, w̃i′′ 6= w̄i′}. Let
i ∈ J with J a subset of{0, · · · ,m + 1}, which may be empty such thatwi = mpi

/2pi with
pi a nonnegative integer andmpi

∈ Ipi
, wherewi ∈ Em

w . Here, for any nonnegative integer
p, Ip = {0, 1, 2, · · · , 2p − 1}. Let n be any nonnegative integer such that2n > 1/mw and
n > max{pi| i ∈ J}. Let q ∈ In. LetAn,q, A−n,q, andA+

n,q be the sets defined by

A−n,q = {y ∈ IRN × (t1, t2)| q/2n − (1/2n)2 ≤ w(y) ≤ q/2n}(5.4)

An,q = {y ∈ IRN × (t1, t2)| q/2n < w(y) ≤ (q + 1)/2n}(5.5)

A+
n,q = {y ∈ IRN × (t1, t2)| (q + 1)/2n < w(y) ≤ (q + 1)/2n + (1/2n)2}.(5.6)

Assume thatAn,q is not empty. ThenAn,q = ∪i∈In,qAn,q,i, whereAn,q,i are the nonempty
connected components ofAn,q. Since spt(w) is compact the setIn,q is finite. Since2n > 1/mw,
one deduces that for all0 ≤ i′ ≤ m + 1 and 1 ≤ i′′ ≤ M such thatw̃i′′ 6= w̄i′, the set
{w̄i′ ≤ w ≤ w̃i′′} if w̄i′ < w̃i′′ or {w̃i′′ ≤ w ≤ w̄i′} if w̃i′′ < w̄i′ cannot be a subset ofAn,q,i for
anyi ∈ In,q.

For anyi ∈ In,q, denote byA−n,q,i resp.A+
n,q,i the connected components ofA−n,q resp.A+

n,q

that are adjacent toAn,q,i. If A−n,q,i = ∅, thenAn,q,i = {w = (q + 1)/2n} ∩ An,q,i or An,q,i =
{wji

≤ w ≤ (q+1)/2n}∩An,q,i with {w = wji
}∩An,q,i 6= ∅ and{w = (q+1)/2n}∩An,q,i 6= ∅

andwji
∈ Em

w for someji ∈ {0, · · · ,m+1}. If A+
n,q,i = ∅, then using the fact that2n > 1/mw;

See the observation above,An,q,i = {q/2n < w ≤ w̃ji
} ∩ An,q,i with {w = q/2n} ∩ An,q,i 6= ∅

and{w = w̃ji
} ∩ An,q,i 6= ∅ andw̃ji

∈ EM
w for someji ∈ {1, · · · ,M}.

Let I1
n,q denote the subset ofIn,q such that for anyi ∈ I1

n,q, A
−
n,q,i = ∅ andAn,q,i = {wji

≤
w ≤ (q + 1)/2n} ∩An,q,i with {w = wji

} ∩An,q,i 6= ∅ and{w = (q + 1)/2n} ∩An,q,i 6= ∅ and
wji

∈ Em
w for someji ∈ {0, · · · ,m+ 1} andwji

is not of the formmp/2
p for any nonnegative

integerp and anymp ∈ Ip. Let I2
n,q denote the subset ofIn,q such that for anyi ∈ I2

n,q, A
−
n,q,i

is a nonempty connected component of{w = q/2n} with q/2n = mpj
/2pj for somej ∈ J

andmpj
∈ Ipj

. Let I3
n,q denote the subset ofIn,q such that for anyi ∈ I3

n,q, A
−
n,q,i ∩ {w =

q/2n− (1/2n)2} 6= ∅ andA+
n,q,i 6= ∅. Let I4

n,q denote the subset ofIn,q such that for anyi ∈ I4
n,q,

A−n,q,i ∩ {w = q/2n − (1/2n)2} 6= ∅ andA+
n,q,i = ∅.

By definition ofw, the setsI2
n,q, I

3
n,q, andI4

n,q are not empty. It is assumed throughout this
section thatI1

n,q is not empty. The case ofI1
n,q = ∅ can be obtained by an adaptation of the

proofs for the caseI1
n,q 6= ∅.
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5.1.2. Construction of the setsΩ1
n,q,i, Ω2,+

n,q,i, Ω2,−
n,q,i, Ãn,q, Ã+

n,q, and Ã−n,q and their properties.
SetD+

n,q,i = A+
n,q,i \ {w = (q + 1)/2n + (1/2n)2} andD−

n,q,i = A−n,q,i \ {w = q/2n − (1/2n)2}.

(a) Let i ∈ I2
n,q. ThenA−n,q,i is a nonempty connected component of{w = q/2n}. In this

case,w reaches a local minimum on{w = q/2n} with q/2n = mpj
/2pj for somej ∈ J and

mpj
∈ Ipj

. Since2n > 1/mw, one deduces thatA+
n,q,i cannot be empty; See the observation

following the introduction ofAn,q,i above.

(a.1) If q = 0 andA−n,q,i is unbounded, set

Ãn,q,i = An,q,i and D = Ãn,q,i

if D+
n,q,i ∩W1 = ∅ and

Ãn,q,i = An,q,i and D = Ãn,q,i ∪ (A+
n,q,i ∩ {(q + 1)/2n < w ≤ ci′})

if {w = ci′}o ⊂ D+
n,q,i for somei′ ∈ {1, · · · ,m0}. If q = 0 andA−n,q,i is bounded or ifq 6= 0 set

Ãn,q,i = An,q,i ∪ A−n,q,i and D = Ãn,q,i

if D+
n,q,i ∩W1 = ∅ and

Ãn,q,i = An,q,i ∪ A−n,q,i and D = Ãn,q,i ∪ (A+
n,q,i ∩ {(q + 1)/2n < w ≤ ci′})

if {w = ci′}o ⊂ D+
n,q,i for somei′ ∈ {1, · · · ,m0}.

Since2n > 1/mw, there exists at most onej ∈ {0, · · · ,m0} such that{w = cj}o ⊂ D+
n,q,i.

This fact has been used above. Set

d = d(D,A+
n,q,i ∩ {w = (q + 1)/2n + (1/2n)2}).

Then setεn,q,i = εid, whereεi is a sufficiently small positive number; See below.
LetBn,q denote the interior of the set

{y| d(y,D) ≤ εn,q,i}.
Let

Cn,q = Bn,q \D.
ThenBn,q andCn,q are nonempty open sets ofIRN+1. Since the support ofw is compact, the

open setsDo,Bn,q, andCn,q are all bounded.
Let Γn,q = {y ∈ Cn,q| d(y, ∂Cn,q) = εn,q,i/2}. Let Qj, j = 1, · · · , Jn,q be a sequence of

closed cubes such that: (1) the interiors ofQj are mutually disjoint; (2) if two closed cubes
touch at a pointy, they touch at a whole side containing y; (3) for eachj ∈ {1, · · · , Jn,q},
diam(Qj) < εn,q,i/8; and (4)Γn,q ⊂ (∪jQj)

o. Here, a use of the fact thatCn,q is a bounded set,
and hence,Jn,q is finite has been made.

By construction∪jQj ⊂ Cn,q andd(∪jQj, ∂Cn,q) > εn,q,i/4. Let Γ̃n,q denote the union of
the sides ofQj, j ∈ {1, · · · , Jn,q} that are contained in{y ∈ Cn,q| d(y,D) < εn,q,i/2}. Then
by constructioñΓn,q is the graph of a locally Lipschitz continuous function. LetΩ1

n,q,i be the

open set containingD and bounded bỹΓn,q. Then by the above,Ω1
n,q,i satisfies the strong local

Lipschitz condition. Moreover,Ω1
n,q,i and its boundary satisfy:

D ⊂ Ω1
n,q,i,

εn,q,i

4
< d(∂Ω1

n,q,i, ∂D) < εn,q,i.
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(a.2)LetBn,q denote the interior of the set

{y| d(y,D) ≤ εn,q,i},
where

D = A+
n,q,i ∩ {w = (q + 1)/2n + (1/2n)2}.

Let
Cn,q = Bn,q \D.

Then proceeding as above, one can build an open bounded setΩ2,+
n,q,i such thatΩ2,+

n,q,i satisfies the
strong local Lipschitz condition and together with its boundary satisfy:

D ⊂ Ω2,+
n,q,i,

εn,q,i

4
< d(∂Ω2,+

n,q,i, D) < εn,q,i.

(b) Let i ∈ I1
n,q. ThenA−n,q,i = ∅ andAn,q,i = {wji

≤ w ≤ (q + 1)/2n} ∩ An,q,i with
{w = wji

} ∩ An,q,i 6= ∅ and {w = (q + 1)/2n} ∩ An,q,i 6= ∅ andwji
∈ Em

w for some
ji ∈ {0, · · · ,m + 1} andwji

is not of the formmp/2
p for any nonnegative integerp and

anymp ∈ Ip. In this case,w reaches a local minimum on{w = wji
}. Moreover, since

2n > 1/mw, one deduces thatq 6= 0 andA+
n,q,i cannot be empty; See the observation following

the introduction ofAn,q,i above.

(b.1) If D+
n,q,i ∩W1 = ∅, set

D = An,q,i.

If {w = ci′}o ⊂ D+
n,q,i for somei′ ∈ {1, · · · ,m0}, set

D = An,q,i ∪ (A+
n,q,i ∩ {(q + 1)/2n < w ≤ ci′}).

Then set
d = d(D,A+

n,q,i ∩ {w = (q + 1)/2n + (1/2n)2}).
Since2n > 1/mw, there exists at most onej ∈ {0, · · · ,m0} such that{w = cj}o ⊂ D+

n,q,i.
This fact has been used above. Then setεn,q,i = εid, whereεi is a sufficiently small positive
number; See below.

LetBn,q denote the interior of the set

{y| d(y,D) ≤ εn,q,i}.
Let

Cn,q = Bn,q \D.
Then proceeding as in(a) above, one can build an open bounded setΩ1

n,q,i that satisfies the
strong local Lipschitz condition and the following:

D ⊂ Ω1
n,q,i,

εn,q,i

4
< d(∂Ω1

n,q,i, ∂D) < εn,q,i.

(b.2)LetBn,q denote the interior of the set{y| d(y,D) ≤ εn,q,i}, where

D = A+
n,q,i ∩ {w = (q + 1)/2n + (1/2n)2}.

LetCn,q = Bn,q\D. Then proceeding as above, one can build an open bounded setΩ2,+
n,q,i such

thatΩ2,+
n,q,i satisfies the strong local Lipschitz condition and together with its boundary satisfy:
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D ⊂ Ω2,+
n,q,i,

εn,q,i

4
< d(∂Ω2,+

n,q,i, D) < εn,q,i.

(c) Let i ∈ I3
n,q. ThenA−n,q,i ∩ {w = q/2n − (1/2n)2} 6= ∅ andA+

n,q,i 6= ∅. Hence,An,q,i =

{q/2n < w ≤ (q+1)/2n}∩An,q,i with {w = q/2n}∩An,q,i 6= ∅ and{w = (q+1)/2n}∩An,q,i 6=
∅. In this caseq 6= 0.

(c.1) If D−
n,q,i ∩W1 = ∅ andD+

n,q,i ∩W1 = ∅, set

D = An,q,i ∪ (A−n,q,i ∩ {w = q/2n}).
Then set

d1 = d(D,A−n,q,i ∩ {w = q/2n − (1/2n)2}),
d2 = d(D,A+

n,q,i ∩ {w = (q + 1)/2n + (1/2n)2}).

If D−
n,q,i ∩W1 = ∅ and{w = ci′}o ⊂ D+

n,q,i for somei′ ∈ {1, · · · ,m0}, set

D = An,q,i ∪ (A−n,q,i ∩ {w = q/2n}) ∪ (A+
n,q,i ∩ {(q + 1)/2n < w ≤ ci′}).

Then set

d1 = d(D,A−n,q,i ∩ {w = q/2n − (1/2n)2}),
d2 = d(D,A+

n,q,i ∩ {w = (q + 1)/2n + (1/2n)2}).

If {w = ci′}o ⊂ D−
n,q,i for somei′ ∈ {1, · · · ,m0} andD+

n,q,i ∩W1 = ∅, set

D = An,q,i ∪ (A−n,q,i ∩ {w = q/2n}) ∪ (A−n,q,i ∩ {ci′ ≤ w < q/2n}).
Then set

d1 = d(D,A−n,q,i ∩ {w = q/2n − (1/2n)2}),
d2 = d(D,A+

n,q,i ∩ {w = (q + 1)/2n + (1/2n)2})

If {w = ci′}o ⊂ D−
n,q,i and{w = ci′′}o ⊂ D+

n,q,i for somei′, i′′ ∈ {1, · · · ,m0}, set

D = An,q,i ∪ (A−n,q,i ∩ {w = q/2n}) ∪ (A−n,q,i ∩ {ci′ ≤ w < q/2n}) ∪
∪(A+

n,q,i ∩ {(q + 1)/2n < w ≤ ci′′}).
Then set

d1 = d(D,A−n,q,i ∩ {w = q/2n − (1/2n)2}),
d2 = d(D,A+

n,q,i ∩ {w = (q + 1)/2n + (1/2n)2}).

Since2n > 1/mw, there exists at most onej ∈ {0, · · · ,m0} such that{w = cj}o ⊂ D+
n,q,i

and there exists at most onej ∈ {0, · · · ,m0} such that{w = cj}o ⊂ D−
n,q,i. This fact has been

used above.
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Now setd = min(d1, d2). Then setεn,q,i = εid, whereεi is a sufficiently small positive
number; See Below.

LetBn,q denote the interior of the set

{y| d(y,D) ≤ εn,q,i}
Then proceeding as in(a) above, one can build an open bounded setΩ1

n,q,i that satisfies the
strong local Lipschitz condition and the following:

D ⊂ Ω1
n,q,i,

εn,q,i

4
< d(∂Ω1

n,q,i, ∂D) < εn,q,i.

(c.2)LetBn,q denote the interior of the set

{y| d(y,D) ≤ εn,q,i},
where

D = A+
n,q,i ∩ {w = (q + 1)/2n + (1/2n)2}.

Let
Cn,q = Bn,q \D.

Then proceeding as above, one can build an open bounded setΩ2,+
n,q,i such thatΩ2,+

n,q,i satisfies the
strong local Lipschitz condition and together with its boundary satisfy:

D ⊂ Ω2,+
n,q,i,

εn,q,i

4
< d(∂Ω2,+

n,q,i, D) < εn,q,i.

(c.3)LetBn,q denote the interior of the set

{y| d(y,D) ≤ εn,q,i},
where

D = A−n,q,i ∩ {w = q/2n − (1/2n)2}.
Let

Cn,q = Bn,q \D.
Then proceeding as above, one can build an open bounded setΩ2,−

n,q,i such thatΩ2,−
n,q,i satisfies the

strong local Lipschitz condition and together with its boundary satisfy:

D ⊂ Ω2,−
n,q,i,

εn,q,i

4
< d(∂Ω2,−

n,q,i, D) < εn,q,i.

(d) Let i ∈ I4
n,q. ThenA−n,q,i ∩ {w = q/2n − (1/2n)2} 6= ∅ andA+

n,q,i = ∅. Hence,An,q,i =

{q/2n < w ≤ w̃ji
} ∩ An,q,i with {w = q/2n} ∩ An,q,i 6= ∅ and{w = w̃ji

} ∩ An,q,i 6= ∅ and
w̃ji

∈ EM
w for someji ∈ {1, · · · ,M}. In this casew reaches a local maximum on{w = w̃ji

}
and since2n > 1/mw, q 6= 0.

(d.1) If D−
n,q,i ∩W1 = ∅, set

D = An,q,i ∪ (A−n,q,i ∩ {w = q/2n}).
If {w = ci′}o ⊂ D−

n,q,i for somei′ ∈ {1, · · · ,m0}, set

D = An,q,i ∪ (A−n,q,i ∩ {w = q/2n}) ∪ (A−n,q,i ∩ {ci′ ≤ w < q/2n}).
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Then set

d = d(D,A−n,q,i ∩ {w = q/2n − (1/2n)2}).

Since2n > 1/mw, there exists at most onej ∈ {0, · · · ,m0} such that{w = cj}o ⊂ D−
n,q,i.

This fact has been used above. Then setεn,q,i = εid, whereεi is a sufficiently small positive
number; See below.

LetBn,q denote the interior of the set

{y| d(y,D) ≤ εn,q,i}.

Then proceeding as in(a) above, one can build an open bounded setΩ1
n,q,i that satisfies the

strong local Lipschitz condition and the following:

D ⊂ Ω1
n,q,i,

εn,q,i

4
< d(Ω1

n,q,i, D) < εn,q,i.

(d.2)LetBn,q denote the interior of the set

{y| d(y, A−n,q,i ∩ {w = q/2n − (1/2n)2}) ≤ εn,q,i}.

Let

Cn,q = Bn,q \ A−n,q,i ∩ {w = q/2n − (1/2n)2}.

Then proceeding as above, one can build an open bounded setΩ2,−
n,q,i such thatΩ2,−

n,q,i satisfies the
strong local Lipschitz condition and together with its boundary satisfy:

A−n,q,i ∩ {w = q/2n − (1/2n)2} ⊂ Ω2,−
n,q,i,

εn,q,i

4
< d(∂Ω2,−

n,q,i, A
−
n,q,i ∩ {w = q/2n − (1/2n)2}) < εn,q,i.

Now setĨn,q = I1
n,q ∪ I2

n,q ∪ I3
n,q ∪ I4

n,q and

(5.7)
Ãn,q = (∪i∈I2

n,q
Ãn,q,i)∪(∪i∈Ĩn,q\I2

n,q
An,q,i), Ã−n,q = ∪i∈I3

n,q∪I4
n,q
A−n,q,i, Ã+

n,q = ∪i∈Ĩn,q\I4
n,q
A+

n,q,i.

By construction, since one includes the connected componentsA−n,q,i that are connected com-
ponents of{w = q/2n} in Ãn,q, the setsAn,q andÃn,q are not equal. Likewise, since one ex-
cludes the connected componentsA−n,q,i that are connected components of{w = q/2n} in Ã−n,q,
the setsA−n,q andÃ−n,q are not equal. However,

(5.8) An,q ∪ A−n,q ∪ A+
n,q = Ãn,q ∪ Ã−n,q ∪ Ã+

n,q.

Moreover,

(5.9)
∑
q∈In

wχÃn,q
= w.

By the construction above there exist open neighborhoods
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V 2
n,q,i(∂{w > q/2n − (1/2n)2} ∩ A−n,q,i) ⊂ Ω2,−

n,q,i,(5.10)

V 4
n,q,i(∂{w > (q + 1)/2n + (1/2n)2} ∩ A+

n,q,i) ⊂ Ω2,+
n,q,i,(5.11)

V 1
n,q,i(∂{w > q/2n} ∩ An,q,i) ⊂ Ω1

n,q,i,(5.12)

V 3
n,q,i(∂{w > (q + 1)/2n} ∩ An,q,i) ⊂ Ω1

n,q,i,(5.13)

where in (5.10),i ∈ I3
n,q ∪ I4

n,q and in (5.12),i ∈ I2
n,q ∪ I3

n,q ∪ I4
n,q, and in (5.11) and (5.13),

i ∈ I1
n,q ∪ I2

n,q ∪ I3
n,q. Here, open neighborhoodVn,q,i(Γ) is meant in the sense thatΓ is strictly

included inVn,q,i andVn,q,i is an open set ofIRN × (t1, t2).

5.1.3. Construction of extension functionswn,q,i andvn,q,i and their properties.For i ∈ I1
n,q set

En,q,i = Ω2,+
n,q,i ∪ (An,q,i ∪ A+

n,q,i)
c.

For i ∈ I2
n,q set

En,q,i = Ω2,+
n,q,i ∪ ((Ãn,q,i ∪ A+

n,q,i)
c \ (Ω1

n,q,i ∩ {w = q/2n}))
if q = 0 andA−n,q,i is unbounded and set

En,q,i = Ω2,+
n,q,i ∪ (Ãn,q,i ∪ A+

n,q,i)
c

if q = 0 andA−n,q,i is bounded or ifq 6= 0. For i ∈ I3
n,q set

En,q,i = Ω2,+
n,q,i ∪ Ω2,−

n,q,i ∪ (An,q,i ∪ A+
n,q,i ∪ A−n,q,i)

c.

And for i ∈ I4
n,q set

En,q,i = Ω2,−
n,q,i ∪ (An,q,i ∪ A−n,q,i)

c.

Let i ∈ Ĩn,q. Takingεi > 0 sufficiently small in the definition ofεn,q,i in (a)-(d) above, one
hasEn,q,i ∩ Ω1

n,q,i = ∅. Moreover, by construction; See above,Ωn,q,i = En,q,i ∪ Ω1
n,q,i satisfies

the strong local Lipschitz condition. Hence, by classical extension theorems; See [1, 11], there
is a total extension operator,L, for Ωn,q,i. By definition,L is anp-extension operator forΩn,q,i

for every integerp. In particular,L extends functions inCp(Ωn,q,i) to functions inCp(IRN+1)
for everyp.

Let fn,q,i be the function defined by

fn,q,i(y) = w(y) if y ∈ En,q,i,(5.14)

fn,q,i(y) = q/2n if y ∈ Ω1
n,q,i.(5.15)

Setwn,q,i = L(fn,q,i). Then by the extension results recalled above,wn,q,i ∈ C∞(IRN ×
(t1, t2); IR). Moreover, using the fact thatw ∈ C∞

c (IRN × (t1, t2); IR) and (5.14)-(5.15), one
concludes thatwn,q,i ∈ C∞

c (IRN × (t1, t2); IR). By construction,wn,q,i satisfies

wn,q,i(y) = w(y) if y ∈ En,q,i and eitherw(y) ≤ q/2n − (1/2n)2(5.16)

or w(y) ≥ (q + 1)/2n + (1/2n)2,

wn,q,i(y) = q/2n if y ∈ Ω1
n,q,i andq/2n ≤ w(y) ≤ (q + 1)/2n.(5.17)

Now definevn,q,i by
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(5.18) vn,q,i = Dl−kwn,q,i.

Then using (5.10)-(5.13) one obtains

V 1
n,q,i(∂{w > q/2n} ∩ An,q,i) ⊂ Ω1

n,q,i ⊂ {wn,q,i = q/2n}o ⊂ {vn,q,i = 0}o,(5.19)

V 3
n,q,i(∂{w > (q + 1)/2n} ∩ An,q,i) ⊂ Ω1

n,q,i ⊂ {wn,q,i = q/2n}o

⊂ {vn,q,i = 0}o,(5.20)

V 2
n,q,i(∂{w > q/2n − (1/2n)2} ∩ A−n,q,i) ⊂ Ω2,−

n,q,i ⊂ {wn,q,i = w}o

⊂ {vn,q,i = v}o,(5.21)

V 4
n,q,i(∂{w > (q + 1)/2n + (1/2n)2} ∩ A+

n,q,i) ⊂ Ω2,+
n,q,i ⊂ {wn,q,i = w}o

⊂ {vn,q,i = v}o.(5.22)

where in (5.19),i ∈ I2
n,q ∪ I3

n,q ∪ I4
n,q, and in (5.21),i ∈ I3

n,q ∪ I4
n,q, and in (5.20) and (5.22),

i ∈ I1
n,q ∪ I2

n,q ∪ I3
n,q. The third inclusions in (5.19)-(5.20) are obtained thanks to Assumption

(5.2).

5.1.4. Construction of the setsAn,j andJn,j, j = 0, · · · ,m+ 1. Assume that the local minima
are ordered in a descending order:w̄m+1 ≥ · · · ≥ w̄0. The setsAn,j andJn,j, j = 0, · · · ,m+ 1
are built in a descending order. The local minimum̄wm+1 is either a number that is not of
the formmp/2

p for any integerp and anymp ∈ Ip or w̄m+1 = mp/2
p for some integerp

andmp ∈ Ip. Let q ∈ In be such thatq/2n < w̄m+1 ≤ (q + 1)/2n in the first case or
w̄m+1 = q/2n = mp/2

p in the second case. Denote thisq by qm+1. LetAn,qm+1,i0m+1
denote the

connected component ofAn,qm+1 such that{w = w̄m+1} ⊂ An,qm+1,i0m+1
with i0m+1 ∈ I1

n,qm+1
in

the first case and{w = w̄m+1} ∩ An,qm+1,i0m+1
is not empty withi0m+1 ∈ I2

n,qm+1
in the second

case. Here, a use of the fact thatw̄i, i = 0, · · · ,m+1 are not necessarily distinct has been made.
SetÃn,qm+1,i0m+1

= An,qm+1,i0m+1
in the first case and̃An,qm+1,i0m+1

= An,qm+1,i0m+1
∪ A−

n,qm+1,i0m+1

in the second case. Repeating this process withw̄m, · · · , w̄0, one obtains the definition ofqm
and the set̃An,qm,i0m

resp.qm−1 and the set̃An,qm−1,i0m−1
, · · · , q0 = 0 and the set̃An,q0,i00

.
In the following construction ofAn,j, j = m + 1, · · · , 0, it is assumed that for each fixedj

ands, {(qj + s)/2n < w ≤ (qj + s+ 1)/2n}∩An,j consists only of one connected component.
LetAn,m+1 denote the set formed of the following sets:Ãn,qm+1,i0m+1

, An,qm+1+1,i1m+1
, · · · ,

An,qm+1+rm+1,i
rm+1
m+1

, whereAn,qm+1+1,i1m+1
is a connected component ofAn,qm+1+1 with i1m+1 ∈

I3
n,qm+1+1 such thatÃn,qm+1,i0m+1

andAn,qm+1+1,i1m+1
are adjacent,· · · , A

n,qm+1+rm+1−1,i
rm+1−1

m+1

is

a connected component ofAn,qm+1+rm+1−1 with irm+1−1
m+1 ∈ I3

n,qm+1+rm+1−1 such that
A

n,qm+1+rm+1−2,i
rm+1−2

m+1

andA
n,qm+1+rm+1−1,i

rm+1−1

m+1

are adjacent, andAn,qm+1+rm+1,i
rm+1
m+1

is a

connected component ofAn,qm+1+rm+1 with irm+1

m+1 ∈ I4
n,qm+1+rm+1

such that
A

n,qm+1+rm+1−1,i
rm+1−1

m+1

andAn,qm+1+rm+1,i
rm+1
m+1

are adjacent.

Let Jn,m+1 denote the set consisting of(qm+1, i
0
m+1) and all pairs(q, i) such that there exists

s ∈ {1, · · · , rm+1} satisfyingq = qm+1 + s, i = ism+1, andAn,qm+1+s,ism+1
∈ An,m+1.

LetBn,m denote the set formed of the following sets:Ãn,qm,i0m
, An,qm+1,i1m

, · · · , An,qm+rm,irm
m

,
whereAn,qm+1,i1m

is a connected component ofAn,qm+1 with i1m ∈ I3
n,qm+1 such thatÃn,qm,i0m

andAn,qm+1,i1m
are adjacent,· · · , An,qm+rm−1,irm−1

m
is a connected component ofAn,qm+rm−1

with irm−1
m ∈ I3

n,qm+rm−1 such thatAn,qm+rm−2,irm−2
m

andAn,qm+rm−1,irm−1
m

are adjacent, and

AJMAA, Vol. 18 (2021), No. 2, Art. 21, 126 pp. AJMAA

https://ajmaa.org


GLOBAL REGULARITY OF THE THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 37

An,qm+rm,irm
m

is a connected component ofAn,qm+rm with irm
m ∈ I4

n,qm+rm
such that

An,qm+rm−1,irm−1
m

andAn,qm+rm,irm
m

are adjacent.
Let J ′n,m denote the set consisting of(qm, i

0
m) and all pairs(q, i) such that there existss ∈

{1, · · · , rm} satisfyingq = qm + s, i = ism, andAn,qm+s,ism ∈ Bn,m. LetAn,m denote the set
formed of the sets̃An,qm,i0m

andAn,q,i such that(q, i) ∈ J ′n,m\Jn,m+1. SetJn,m = J ′n,m\Jn,m+1.
By construction ifs ∈ {2, · · · , rm} andAn,qm+s,ism ∈ An,m, thenAn,qm+s−1,is−1

m
∈ An,m and

An,qm+s,ism andAn,qm+s−1,is−1
m

are adjacent.

LetBn,m−1 denote the set formed of the following sets:Ãn,qm−1,i0m−1
, An,qm−1+1,i1m−1

, · · · ,
An,qm−1+rm−1,i

rm−1
m−1

, whereAn,qm−1+1,i1m−1
is a connected component ofAn,qm−1+1 with i1m−1 ∈

I3
n,qm−1+1 such thatÃn,qm−1,i0m−1

andAn,qm−1+1,i1m−1
are adjacent,· · · , A

n,qm−1+rm−1−1,i
rm−1−1

m−1

is

a connected component ofAn,qm−1+rm−1−1 with irm−1−1
m−1 ∈ I3

n,qm−1+rm−1−1 such that
A

n,qm−1+rm−1−2,i
rm−1−2

m−1

andA
n,qm−1+rm−1−1,i

rm−1−1

m−1

are adjacent, andAn,qm−1+rm−1,i
rm−1
m−1

is a

connected component ofAn,qm−1+rm−1 with irm−1

m−1 ∈ I4
n,qm−1+rm−1

such that
A

n,qm−1+rm−1−1,i
rm−1−1

m−1

andAn,qm−1+rm−1,i
rm−1
m−1

are adjacent.

Let J ′n,m−1 denote the set consisting of(qm−1, i
0
m−1) and all pairs(q, i) such that there exists

s ∈ {1, · · · , rm−1} satisfyingq = qm−1 + s, i = ism−1, andAn,qm−1+s,ism−1
∈ Bn,m−1. Let

An,m−1 denote the set formed of the sets̃An,qm−1,i0m−1
andAn,q,i such that(q, i) ∈ J ′n,m−1 \

(Jn,m+1 ∪ Jn,m). SetJn,m−1 = J ′n,m−1 \ (Jn,m+1 ∪ Jn,m). By construction ifs ∈ {2, · · · , rm−1}
andAn,qm−1+s,ism−1

∈ An,m−1, thenAn,qm−1+s−1,is−1
m−1

∈ An,m−1 andAn,qm−1+s,ism−1
and

An,qm−1+s−1,is−1
m−1

are adjacent.
By repeating the process above, one buildsBn,m−2, J ′n,m−2, An,m−2, andJn,m−2, · · · , Bn,0,

J ′n,0,An,0, andJn,0.
To build the setsAn,j andJn,j in the case where there arej ands such that{(qj + s)/2n <

w ≤ (qj + s + 1)/2n} cut An,j into several (finite number of) connected components, one
proceeds as above with appropriate adaptations.

By the construction above, one has

(5.23)
m+1∑
j=0

(wχÃ
n,qj ,i0

j

+ w

rj∑
s=1,(qj+s,isj)∈Jn,j

χAn,qj+s,is
j

) = w.

5.1.5. Brief description of the proof of Theorem 5.19.By the properties ofw, v, w̃, andṽ, one
has

∫
φw̃dµ+

{ṽ,U} =

∫
φwdµ+

{v,U},

∫
φw̃dµ−{ṽ,U} =

∫
φwdµ−{v,U},(5.24) ∫

φw̃dµ{ṽ,U} =

∫
φwdµ{v,U}.(5.25)

Let µ+
{vn,q,i,U}, µ

−
{vn,q,i,U}, andµ{vn,q,i,U} be the measures corresponding to the pair(vn,q,i, U)

obtained in Theorem 3.1. Define the measuresµ+
n,q,i = µ+

{v,U} − µ+
{vn,q,i,U}, µ

−
n,q,i = µ−{v,U} −

µ−{vn,q,i,U}, andµn,q,i = µ{v,U} − µ{vn,q,i,U}. Using the results obtained in Subsections 5.2-5.7, it
is proved that, up to a subsequence, asn goes to∞,
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∑
q∈In,i∈Ĩn,q

∫
wφdµ+

n,q,i → 0,
∑

q∈In,i∈Ĩn,q

∫
wφχÃ−n,q∪Ã+

n,q
dµ+

n,q,i → 0,(5.26)

whereÃ−n,q andÃ+
n,q were introduced in (5.7) above. Then using the basic properties of these

measures, it is deduced that

(5.27)
∫
φwdµ+

{v,U} = 0.

Proceeding similarly for the measureµ−{v,U} with appropriate adaptations, one obtains

(5.28)
∫
φwdµ−{v,U} = 0.

Now using the last statement in Part(2) of Theorem 3.1 and the above, one obtains

(5.29)
∫
φwdµ{v,U} = 0.

Then using (5.27)-(5.29) and (5.24)-(5.25), one obtains∫
φw̃dµ+

{ṽ,U} = 0,

∫
φw̃dµ−{ṽ,U} = 0,

∫
φw̃dµ{ṽ,U} = 0.

This corresponds to Theorem 5.19 whenφ̃w̃ satisfies:0 ≤ φ̃w̃ ≤ 1. The proof of Theorem
5.19 in the general case is obtained by an appropriate adaptation of the proof for this particular
case.

The fact that one can selectwn,q,i andvn,q,i such thatvn,q,i = Dl−kwn,q,i andwn,q,i andvn,q,i

satisfy the basic properties shown below and that enabled the proof, is possible thanks to the
assumption thatv = Dl−kw, sptx(w̃) is compact, and sptx(w̃) ⊂ sptx(U).

5.2. Basic properties of the measures introduced in 5.1.5.By the regularity ofw, the sets
An,q, A−n,q, A

+
n,q, Ãn,q, Ã−n,q, Ã

+
n,q, An,q,i, A

−
n,q,i, A

+
n,q,i, and Ãn,q,i are all Boreleans and so,

they are all measurable with respect to the Radon measuresµ+
{vn,q,i,U}, µ

+
{v,U}, µ

+
n,q,i, µ

−
{vn,q,i,U},

µ−{v,U}, andµ−n,q,i.

Theorem 5.1.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k ≤ l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃) × spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ)

and0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Thenw, v ∈ C∞
c (IRN × (t1, t2)) andv = Dl−kw.

Moreover,w ≡ w̃ onK andv ≡ ṽ onK. Assume thatw satisfies:0 ≤ w ≤ 1.
Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. LetIn =

{0, 1, 2, · · · , 2n − 1}. Let q ∈ In. Let Ĩn,q be the set introduced in §5.1.2. Leti ∈ Ĩn,q.
Let An,q,i, A

−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets corresponding tow, n, and q
introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total extension operator forΩn,q,i. Let
wn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Letvn,q,i = Dl−kwn,q,i. Define the
measuresµ+

n,q,i = µ+
{v,U} − µ+

{vn,q,i,U} andµ−n,q,i = µ−{v,U} − µ−{vn,q,i,U}.

Then the measuresµ+
n,q,i andµ−n,q,i are concentrated on the set̃An,q,i ∪ A+

n,q,i if i ∈ I2
n,q and

onA−n,q,i ∪ An,q,i ∪ A+
n,q,i if i ∈ Ĩn,q \ I2

n,q, whereI2
n,q was introduced in §5.1.1.
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Proof of Theorem 5.1Since the projection of the support ofw̃ into IRN is compact and spt(φ̃)

is compact, the support ofw = φ̃w̃ is compact and the support ofṽ = Dl−kw̃ is compact. By
definitionv = φ̃ṽ = φ̃Dl−kw̃. Then by the above, spt(v) is compact. Since$ ∈ C∞(IRN ×
(t1, t2)), w̃, ṽ ∈ C∞(IRN × (t1, t2)). Moreover,φ̃ ∈ C∞

c (t1, t2). One then deduces thatw.v ∈
C∞

c (IRN × (t1, t2)) andv = Dl−kw. Sinceφ̃ ≡ 1 on spt(φ), w = w̃ onK andv = ṽ onK.
This proves the first statements in the theorem.

Let q ∈ In andi ∈ Ĩn,q. SetB̃n,q,i = Ãn,q,i∪A+
n,q,i if i ∈ I2

n,q andB̃n,q,i = A−n,q,i∪An,q,i∪A+
n,q,i

if i ∈ Ĩn,q \ I2
n,q. By the regularity ofw, B̃n,q,i is a closed subset ofIRN+1. LetB be any ball

such thatB ⊂ B̃c
n,q,i. Lety ∈ B. Then forq = 0 eitherw(y) = 0 orw(y) > 1/2n+(1/2n)2 and

for all otherq, w(y) < q/2n − (1/2n)2 or w(y) > (q + 1)/2n + (1/2n)2. Hence, by definition
of wn,q,i, wn,q,i is identically equal tow on B. Then by the assumption of the theorem that:
v = Dl−kw, and by the definition ofvn,q,i: vn,q,i = Dl−kwn,q,i, one hasvn,q,i is identically equal
to v onB. Letϕ be any Lipschitz function inCc(B; IR). By Theorem 3.3, one has

∫
ϕdµ+

{v,U} = −
∫
{v>0}

div(ϕU)dy,

∫
ϕdµ+

{vn,q,i,U} = −
∫
{vn,q,i>0}

div(ϕU)dy.(5.30)

(5.30) and the fact shown above thatvn,q,i is identically equal tov onB yield

∫
ϕdµ+

n,q,i =

∫
B

(χ{vn,q,i>0} − χ{v>0})div(ϕU)dy = 0.(5.31)

Letϕ be any function inCc(B; IR). LetK̃ be the compact support ofϕ. Let ϕ̃ be any function
in C∞

c (B; IR) such that̃ϕ ≡ 1 on K̃. Letϕη andϕη,m be the sequences of functions associated
to ϕ by (3.13); Consult the beginning of the proof of Theorem 3.4. Then for everyη and every
nonnegative integerm > 4

t2−t1
, ϕ̃ϕη,m = ϕ̃hmψmϕη ∈ C∞

c (B; IR). Plugging this function in
(5.31) and proceeding as in Step 6 of the proof of Part(1) of Theorem 3.4, one concludes that
for everyϕ ∈ Cc(B; IR),

∫
ϕdµ+

n,q,i = 0.

This completes the proof that the support of the measureµ+
n,q,i is concentrated on the set

B̃n,q,i. Proceeding as above for the measureµ−n,q,i one obtains the conclusions of the theorem
for this measure. This completes the proof of Theorem 5.1.

Theorem 5.2.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k ≤ l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and
0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. LetIn =
{0, 1, 2, · · · , 2n − 1}. Letq ∈ In. Let Ĩn,q resp.I2

n,q be the set introduced in §5.1.2 resp. 5.1.1.

Let i ∈ Ĩn,q. LetAn,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets corresponding to
w, n, andq introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total extension operator for
Ωn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Letvn,q,i = Dl−kwn,q,i.
Then

(1) For anyϕ ∈ Cc(IR
N × (t1, t2); IR),
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∫
χÃo

n,q,i
ϕdµ+

{vn,q,i,U} = 0,

∫
χÃo

n,q,i
ϕdµ−{vn,q,i,U} = 0 if i ∈ I2

n,q,∫
χAo

n,q,i
ϕdµ+

{vn,q,i,U} = 0,

∫
χAo

n,q,i
ϕdµ−{vn,q,i,U} = 0 if i ∈ Ĩn,q \ I2

n,q.

(2) ∫
χ∂Ãn,q,i∩{w=(q+1)/2n}φdµ

+
{vn,q,i,U} = 0,

∫
χ∂Ãn,q,i∩{w=(q+1)/2n}φdµ

−
{vn,q,i,U} = 0,∫

χ∂Ãn,q,i∩{w=q/2n}φdµ
+
{vn,q,i,U} = 0,

∫
χ∂Ãn,q,i∩{w=q/2n}φdµ

−
{vn,q,i,U} = 0

if i ∈ I2
n,q,∫

χ∂An,q,i∩{w=(q+1)/2n}φdµ
+
{vn,q,i,U} = 0,

∫
χ∂An,q,i∩{w=(q+1)/2n}φdµ

−
{vn,q,i,U} = 0

if i ∈ Ĩ \ I2
n,q.

(3) For i ∈ I2
n,q, ∫

wχÃn,q,i
φdµ+

{vn,q,i,U} = 0,

∫
χÃn,q,i

φdµ+
{vn,q,i,U} = 0,∫

wχÃn,q,i
φdµ−{vn,q,i,U} = 0,

∫
χÃn,q,i

φdµ−{vn,q,i,U} = 0,

and fori ∈ Ĩn,q \ I2
n,q,∫

wχAn,q,i
φdµ+

{vn,q,i,U} = 0,

∫
χAn,q,i

φdµ+
{vn,q,i,U} = 0,∫

wχAn,q,i
φdµ−{vn,q,i,U} = 0,

∫
χAn,q,i

φdµ−{vn,q,i,U} = 0.

Proof of Theorem 5.2
If k = l, the conclusions of the theorem are obvious. Therefore, it is assumed thatk 6= l.

Proof of Part (1)

1. Let q ∈ In. Let i ∈ I2
n,q. By construction,Ão

n,q,i ⊂ {wn,q,i = q/2n}o. On{wn,q,i = q/2n}o,
∇vn,q,i = ∇Dl−kwn,q.i is identically0. Hence,Ão

n,q,i ⊂ {wn,q,i = q/2n}o ⊂ {∇vn,q,i = 0}o.

2. Letϕ ∈ Cc(IR
N × (t1, t2); IR). Using Step 1 and Theorem 4.1 withO = {wn,q,i = q/2n}o

yields, up to a subsequence,

(5.32)
∫
ϕdµ+

{vn,q,i,U,{wn,q,i=q/2n}o} = lim
α→0

∫
{0<vn,q,i<α}

U · ∇vn,q,i

α
χ{wn,q,i=q/2n}oϕdy = 0.

3. By Part(1) of Theorem 4.3, one has for anyϕ ∈ Cc(IR
N × (t1, t2); IR),

(5.33)
∫
χ{wn,q,i=q/2n}oϕdµ+

{vn,q,i,U,{wn,q,i=q/2n}o} =

∫
χ{wn,q,i=q/2n}oϕdµ+

{vn,q,i,U}.
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Then using (5.33), (5.32), and the fact that by Step 1 above,Ão
n,q,i is a subset of{wn,q,i =

q/2n}o, one obtains∫
χ{wn,q,i=q/2n}oϕdµ+

{vn,q,i,U} = 0,

∫
χÃo

n,q,i
ϕdµ+

{vn,q,i,U} = 0.

This yields the first statement in the theorem.

4. Proceeding as in Steps 1-3 for the measuresµ−{vn,q,i,U} with appropriate adaptation yields
the second statement in(1).

5. For i ∈ Ĩn,q \ I2
n,q proceeding as in Steps 1-4 forµ+

{vn,q,i,U} andµ−{vn,q,i,U} with appropriate
adaptation yields the third and fourth statement in(1).

Proof of Part (2)
Let i ∈ I2

n,q. Sincek 6= l, one can use (5.19) and (5.20) to conclude that∂Ãn,q,i ∩ {w =

(q + 1)/2n} and∂Ãn,q,i ∩ {w = q/2n} are subsets of{vn,q,i = 0}o. By Theorem 3.1, the mea-
sureµ+

{vn,q,i,U} is concentrated on∂{vn,q,i > 0}. Hence,
∫
χ∂Ãn,q,i∩{w=(q+1)/2n}φdµ

+
{vn,q,i,U} =

0 and
∫
χ∂Ãn,q,i∩{w=q/2n}φdµ

+
{vn,q,i,U} = 0. Proceeding similarly forµ−{vn,q,i,U}, one obtains∫

χ∂Ãn,q,i∩{w=(q+1)/2n}φdµ
−
{vn,q,i,U} = 0 and

∫
χ∂Ãn,q,i∩{w=q/2n}φdµ

−
{vn,q,i,U} = 0. This yields

the first part of(2). Proceeding as above with appropriate adaptations fori ∈ Ĩn,q \ I2
n,q, one

obtains the second part of(2).

Proof of Part (3)

1. Using Part(1) of the theorem withϕ = φw, one obtains∫
wχÃn,q,i

φdµ+
{vn,q,i,U} =

∫
wχ∂Ãn,q,i∩{w=(q+1)/2n}φdµ

+
{vn,q,i,U} +∫

wχ∂Ãn,q,i∩{w=q/2n}φdµ
+
{vn,q,i,U} +

∫
wχÃo

n,q,i
φdµ+

{vn,q,i,U}

=

∫
wχ∂Ãn,q,i∩{w=(q+1)/2n}φdµ

+
{vn,q,i,U} +

∫
wχ∂Ãn,q,i∩{w=q/2n}φdµ

+
{vn,q,i,U}.

Then using Part(2) of the theorem yields the first statement in Part(3).

2. Using Part(1) of the theorem withϕ = φψm with m so large thatψm ≡ 1 on sptx(w̃), one
obtains ∫

χÃn,q,i
φdµ+

{vn,q,i,U} =

∫
χ∂Ãn,q,i∩{w=(q+1)/2n}φdµ

+
{vn,q,i,U} +∫

χ∂Ãn,q,i∩{w=q/2n}φdµ
+
{vn,q,i,U} +

∫
χÃo

n,q,i
φdµ+

{vn,q,i,U}

=

∫
χ∂Ãn,q,i∩{w=(q+1)/2n}φdµ

+
{vn,q,i,U} +

∫
χ∂Ãn,q,i∩{w=q/2n}φdµ

+
{vn,q,i,U}.

Then using Part(2) of the theorem yields the second statement in Part(3).

3. Proceeding as in Steps 1-2 above with appropriate adaptations for the measureµ−{vn,q,i,U}
yields the third and fourth statement in Part(3). This completes the proof of Theorem 5.2.

Theorem 5.3.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let

AJMAA, Vol. 18 (2021), No. 2, Art. 21, 126 pp. AJMAA

https://ajmaa.org


42 MOULAY D. TIDRIRI

φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞
c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and

0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.
Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. LetIn =

{0, 1, 2, · · · , 2n−1}. Letq ∈ In. Let Ĩn,q be the set introduced in §5.1.2. Leti ∈ Ĩn,q. LetAn,q,i,
A−n,q,i, andA+

n,q,i resp. Ãn,q,i andΩn,q,i be the sets corresponding tow, n, andq introduced in
§5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total extension operator forΩn,q,i. Letwn,q,i = L(fn,q,i),
wherefn,q,i is defined by (5.14)-(5.15). Letvn,q,i = Dl−kwn,q,i. Letµ+

n,q,i = µ+
{v,U} − µ+

{vn,q,i,U}
andµ−n,q,i = µ−{v,U} − µ−{vn,q,i,U}. Then

(1) The measuresφµ+
{v,U}, φµ

−
{v,U}, φµ

+
{vn,q,i,U}, andφµ−{vn,q,i,U} are concentrated on the com-

pact setK = sptx(w̃)× spt(φ).
(2)∫

φdµ+
{v,U} = 0,

∫
φdµ−{v,U} = 0,

∫
φdµ+

{vn,q,i,U} = 0,

∫
φdµ−{vn,q,i,U} = 0.

(3) ∫
φdµ+

n,q,i = 0,

∫
φdµ−n,q,i = 0.

(4) Asn goes to∞,

m+1∑
j=0

(

∫
(w − qj/2

n)χÃ
n,qj ,i0

j

φdµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
(w − (qj + s)/2n)χAn,qj+s,is

j

φdµ+
n,qj+s,isj

) → 0,

m+1∑
j=0

(

∫
(w − qj/2

n)χÃ
n,qj ,i0

j

φdµ−
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
(w − (qj + s)/2n)χAn,qj+s,is

j

φdµ−n,qj+s,isj
) → 0.

Here,m was introduced in §5.1.1,qj, rj, andJn,j were introduced in §5.1.4.

Proof of Theorem 5.3

Proof of (1). By construction, spt(vn,q,i) ⊂ spt(wn,q,i) ⊂ spt(w). Hence, the projection of
spt(vn,q,i) into IRN is a subset of sptx(w̃). Moreover, spt(φ) is compact. Then by construction,
the measuresφµ+

{v,U}, φµ
−
{v,U}, φµ

+
{vn,q,i,U}, andφµ−{vn,q,i,U} are concentrated on the compact set

K = sptx(w̃)× spt(φ).

Proof of (2).Letm be so large thatψm ≡ 1 on sptx(w̃). Using Part(1) of Theorem 3.3 with
ϕ = φψm, one obtains ∫

φψmdµ
+
{v,U} = −

∫
{v>0}

div(φψmU)dy,(5.34) ∫
φψmdµ

+
{vn,q,i,U} = −

∫
{vn,q,i>0}

div(φψmU)dy.(5.35)

By hypothesis, divU = 0. Moreover,ψm ≡ 1 on sptx(w̃). Then one has
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∫
{v>0}

div(φψmU)dy =

∫
{v>0}∩K

div(φψmU)dy =

∫
{v>0}∩K

div(φU)dy

=

∫
{v>0}∩K

φdiv(U)dy = 0,(5.36) ∫
{vn,q,i>0}

div(φψmU)dy =

∫
{vn,q,i>0}∩K

φdiv(ψmU)dy

=

∫
{vn,q,i>0}∩K

φdiv(U)dy = 0.(5.37)

Combining (5.34)-(5.37), one obtains∫
φdµ+

{v,U} =

∫
φψmdµ

+
{v,U} = 0,∫

φdµ+
{vn,q,i,U} =

∫
φψmdµ

+
{vn,q,i,U} = 0.

Proceeding as above forµ−{v,U} andµ−{vn,q,i,U}, one obtains the remaining results in Part(2) of
the theorem.

Proof of (3).Using the definition of the measuresµ+
n,q,i and Part(2) of the theorem yields∫

φdµ+
n,q,i =

∫
φdµ+

v,U −
∫
φdµ+

vn,q,i,U
= 0.

Similarly, one obtains ∫
φdµ−n,q,i = 0.

Proof of (4).By definition ofµ+
n,q,i,

m+1∑
j=0

(

∫
(w − qj/2

n)χÃ
n,qj ,i0

j

φdµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
(w − (qj + s)/2n)χAn,qj+s,is

j

φdµ+
n,qj+s,isj

)

=
m+1∑
j=0

(

∫
(w − qj/2

n)χÃ
n,qj ,i0

j

φdµ+
v,U +

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
(w − (qj + s)/2n)χAn,qj+s,is

j

φdµ+
v,U)

−
m+1∑
j=0

(

∫
(w − qj/2

n)χÃ
n,qj ,i0

j

φdµ+
v

n,qj ,i0
j
,U

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
(w − (qj + s)/2n)χAn,qj+s,is

j

φdµ+
vn,qj+s,is

j
,U).(5.38)
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1. Setwn =
∑m+1

j=0 (qj/2
nχÃ

n,qj ,i0
j

+
∑rj

s=1,(qj+s,isj)∈Jn,j
(qj + s)/2nχAn,qj+s,is

j

). It will be

proved that

(5.39) 0 ≤ |w − wn| ≤ 1/2n.

Let y ∈ IRN × (t1, t2) be such thaty does not belong to any of the sets involved in the
definition ofwn above. Then using (5.23) one has necessarilyw(y) = 0. One also haswn(y) =
0. Then0 ≤ w(y) − wn(y) ≤ 1/2n. Now let j ∈ {0, · · · ,m + 1}. Let y ∈ Ãn,qj ,i0j

. Then

by definition ofwn: wn(y) = qj/2
n, and by definition ofÃn,qj ,i0j

: |w(y) − qj/2
n| ≤ 1/2n.

Hence,0 ≤ |w(y) − wn(y)| ≤ 1/2n. Repeating this process with the other sets, one obtains
0 ≤ |w(y)− wn(y)| ≤ 1/2n for anyy ∈ IRN × (t1, t2). This concludes the proof of (5.39).

Using (5.23) and the definition ofwn, the first term in the right side of (5.38) is equal to∫
(wn − w)φdµ+

{v,U}. Hence, by (5.39), one has

(5.40) |
∫

(w − wn)φdµ+
{v,U}| ≤ (1/2n)|(φµ+

{v,U})(K)|.

By Part(1) of the theorem,φµ+
{v,U} is concentrated on the compact setK = sptx(w̃)×spt(φ),

and by the fact thatφµ+
{v,U} is a Radon measure, one has:|(φµ+

{v,U})(K)| is finite. Hence, the
left side of (5.40) goes to0 asn goes to∞. Therefore, the first term in the right side of (5.38)
goes to0 asn goes to∞.

2. By Part(3) of Theorem 5.2,

(5.41)
∫
χÃ

n,qj ,i0
j

φdµ+
v

n,qj ,i0
j
,U = 0,

∫
wχÃ

n,qj ,i0
j

φdµ+
v

n,qj ,i0
j
,U = 0,

and for anys ∈ {1, · · · , rj},

(5.42)
∫
χAn,qj+s,is

j

φdµ+
vn,qj+s,is

j
,U = 0,

∫
wχAn,qj+s,is

j

φdµ+
vn,qj+s,is

j
,U = 0,

Then using (5.41)-(5.42) shows that the second term in the right side of (5.38) is0.

3. Combining Steps 1 and 2 above, one concludes that the left side of (5.38) converges to0
asn goes to∞. This proves the first convergence in Part(4) of the theorem.

4. Proceeding as in Steps 1-3 above forµ−n,q,i, one obtains the second convergence in Part(4)
of the theorem. This completes the proof of Theorem 5.3.

5.3. Actions of the measures introduced in 5.1.5 on some particular functions: Part 1.
Here, basic properties of

∫
φwχA−n,q,i

dµ+
vn,q,i,U

,
∫
φ(w − q/2n)χA−n,q,i

dµ+
vn,q,i,U

,∫
φwχA−n,q,i

dµ+
v,U ,

∫
φ(w − q/2n)χA−n,q,i

dµ+
v,U ,

∫
φwχA−n,q,i

dµ−vn,q,i,U
,∫

φ(w − q/2n)χA−n,q,i
dµ−vn,q,i,U

,
∫
φwχA−n,q,i

dµ−v,U , and
∫
φ(w − q/2n)χA−n,q,i

dµ−v,U

are obtained.

5.3.1. Basic properties of
∫
φwχA−n,q,i

dµ+
vn,q,i,U

and
∫
φwχA−n,q,i

dµ−vn,q,i,U
, i ∈ I3

n,q ∪ I4
n,q.

Theorem 5.4.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let
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φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞
c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and

0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.
Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. LetIn =

{0, 1, 2, · · · , 2n − 1}. Letq ∈ In. Let Ĩn,q, I3
n,q, andI4

n,q be the sets introduced in §§5.1.2,5.1.1.

Let i ∈ Ĩn,q. LetAn,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets corresponding to
w, n, andq introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total extension operator for
Ωn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Letvn,q,i = Dl−kwn,q,i. Let
i ∈ I3

n,q ∪ I4
n,q. Then

(1)

∫
φwχA−n,q,i

dµ+
vn,q,i,U

=

∫
φwχ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
φwd[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i]−

∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i>0}χB−
n,q,i

dxdτ .

(2)

∫
φwχA−n,q,i

dµ−vn,q,i,U
=

∫
φwχ{w−q/2n+(1/2n)2=0}d[µ

−
v,UbA

−
n,q,i]

+

∫
φwd[µ+

{w−q/2n+(1/2n)2,U,{v<0}}bA
−
n,q,i] +

∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i<0}χB−
n,q,i

dxdτ .

Here,B−
n,q,i = A−n,q,i ∩ {q/2n − (1/2n)2 < w ≤ q/2n}.

Proof of Theorem 5.4.
The method of proof of this theorem given below will be used with appropriate adaptations

for the proof of each of the theorems 5.5-5.11.

1. Letn be any integer such that2n > 1/mw. Let q ∈ In. Let i ∈ I3
n,q∪I4

n,q. ThenA−n,q,i 6= ∅.
Let V (A−n,q,i) denote an open neighborhood ofA−n,q,i such that

V (A−n,q,i) ∩ ∪j∈(I3
n,q∪I4

n,q)\{i}A
−
n,q,j = ∅.

Let ϕ be any Lipschitz function inCc(V (A−n,q,i)). By definition ofA−n,q,i andϕ, one has

(5.43)
∫
ϕχA−n,q,i

dµ+
vn,q,i,U

=

∫
ϕχ{w−q/2n+(1/2n)2≥0}dµ

+
vn,q,i,U

−
∫
ϕχ{w−q/2n>0}dµ

+
vn,q,i,U

.

Taking(ϕ, vn,q,i, w−q/2n+(1/2n)2, U) of this step in place of(ϕ, v, w, U) in the first equality
in Part(1) of Theorem 4.4 yields

∫
χ{w−q/2n+(1/2n)2>0}ϕdµ

+
{vn,q,i,U} = −

∫
ϕdµ+

{w−q/2n+(1/2n)2,U,{vn,q,i>0}}

−
∫ t2

t1

∫
IRn

div(ϕU)χ{vn,q,i>0}χ{w−q/2n+(1/2n)2>0}dxdτ .(5.44)

Taking(ϕ, vn,q,i, w − q/2n, U) of this step in place of(ϕ, v, w, U) in the first equality in Part
(1) of Theorem 4.4 yields
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∫
χ{w−q/2n>0}ϕdµ

+
{vn,q,i,U} = −

∫
ϕdµ+

{w−q/2n,U,{vn,q,i>0}}

−
∫ t2

t1

∫
IRn

div(ϕU)χ{vn,q,i>0}χ{w−q/2n>0}dxdτ .(5.45)

Combining (5.44) and (5.45) and using (5.43) one obtains∫
ϕχA−n,q,i

dµ+
vn,q,i,U

=

∫
ϕχ{w−q/2n+(1/2n)2=0}dµ

+
vn,q,i,U

−
∫
ϕdµ+

{w−q/2n+(1/2n)2,U,{vn,q,i>0}} +

∫
ϕdµ+

{w−q/2n,U,{vn,q,i>0}}

−
∫ t2

t1

∫
IRn

div(ϕU)χ{vn,q,i>0}χB−
n,q,i

dxdτ ,(5.46)

whereB−
n,q,i = {q/2n − (1/2n)2 < w ≤ q/2n} ∩ A−n,q,i. By definition ofA−n,q,i andϕ and

classical properties of measures, one obtains∫
ϕχA−n,q,i

dµ+
vn,q,i,U

=

∫
ϕχ{w−q/2n+(1/2n)2=0}d[µ

+
vn,q,i,U

bA−n,q,i]

−
∫
ϕd[µ+

{w−q/2n+(1/2n)2,U,{vn,q,i>0}}bA
−
n,q,i] +

∫
ϕd[µ+

{w−q/2n,U,{vn,q,i>0}}bA
−
n,q,i]

−
∫ t2

t1

∫
IRn

div(ϕU)χ{vn,q,i>0}χB−
n,q,i

dxdτ ,(5.47)

whereµbE denote the restriction of the measureµ to the setE; See the beginning of this section.

2. By Theorem 4.1,µ+
{w−q/2n,U,{vn,q,i>0}} is concentrated onγ, where

γ = γ1 ∩ (∂{vn,q,i > 0} ∪ {vn,q,i > 0}),
γ1 = ∂{w − q/2n > 0} ∩ ∂{{w − q/2n > 0} ∩ {vn,q,i > 0}}.

By assumption,k 6= l. Hence, one can use (5.19) and conclude that

∂{w − q/2n > 0} ∩ A−n,q,i = ∂{w − q/2n > 0} ∩ An,q,i

is a subset of{vn,q,i = 0}o. Thus,γ = ∅. And so,∫
ϕdµ+

{w−q/2n,U,{vn,q,i>0}} = 0.

3. By Theorem 3.1,µ+
vn,q,i,U

is concentrated on∂{vn,q,i > 0}. By construction ofΩ2,−
n,q,i; See

§5.1.2,{w− q/2n + (1/2n)2 = 0} ∩ ∂{vn,q,i > 0} ∩A−n,q,i ⊂ Ω2,−
n,q,i. Then by (5.16) and (5.18),

{w− q/2n + (1/2n)2 = 0}∩ ∂{vn,q,i > 0}∩A−n,q,i ⊂ {wn,q,i = w}o ⊂ {vn,q,i = v}o. Then one
obtains∫

ϕχ{w−q/2n+(1/2n)2=0}d[µ
+
vn,q,i,U

bA−n,q,i] =

∫
ϕχ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i].

4. By Theorem 4.1,µ+
{w−q/2n+(1/2n)2,U,{vn,q,i>0}} is concentrated onγ, where
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γ = γ1 ∩ (∂{vn,q,i > 0} ∪ {vn,q,i > 0}),
γ1 = ∂{w − q/2n + (1/2n)2 > 0} ∩ ∂{{w − q/2n + (1/2n)2 > 0} ∩ {vn,q,i > 0}}.

By (5.16) and (5.18),γ ⊂ {wn,q,i = w}o ⊂ {vn,q,i = v}o. Then one obtains

∫
ϕd[µ+

{w−q/2n+(1/2n)2,U,{vn,q,i>0}}bA
−
n,q,i] =

∫
ϕd[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i].

5. Using (5.47) of Step 1 and Steps 2-4, one obtains

∫
ϕχA−n,q,i

dµ+
vn,q,i,U

=

∫
ϕχ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
ϕd[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i]−

∫ t2

t1

∫
IRn

div(ϕU)χ{vn,q,i>0}χB−
n,q,i

dxdτ .

6. Since spt(w) is compact andq 6= 0, A−n,q,i is compact. Then it is clear that one can select
ϕ a Lipschitz function inCc(V (A−n,q,i)) such thatϕ ≡ φw onA−n,q,i. Then using Step 5, one
obtains

∫
φwχA−n,q,i

dµ+
vn,q,i,U

=

∫
φwχ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
φwd[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i]−

∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i>0}χB−
n,q,i

dxdτ .

This completes the proof of Part(1) of Theorem 5.4.

7. Proceeding as in Steps 1-6 forµ−vn,q,i,U
with appropriate adaptations, one obtains Part(2)

of Theorem 5.4.

5.3.2. Basic properties of
∫
φ(w − q/2n)χA−n,q,i

dµ+
vn,q,i,U

and
∫
φ(w − q/2n)χA−n,q,i

dµ−vn,q,i,U
.

Theorem 5.5.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and
0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. LetIn =
{0, 1, 2, · · · , 2n − 1}. Letq ∈ In. Let Ĩn,q, I3

n,q, andI4
n,q be the sets introduced in §§5.1.2,5.1.1.

Let i ∈ Ĩn,q. LetAn,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets corresponding to
w, n, andq introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total extension operator for
Ωn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Letvn,q,i = Dl−kwn,q,i.
Then fori ∈ I3

n,q ∪ I4
n,q,

(1)
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∫
φ(w − q/2n)χA−n,q,i

dµ+
vn,q,i,U

=

∫
φ(w − q/2n)χ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
φ(w − q/2n)d[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i]

−
∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i>0}χB−
n,q,i

dxdτ .

(2) ∫
φ(w − q/2n)χA−n,q,i

dµ−vn,q,i,U
=

∫
φwχ{w−q/2n+(1/2n)2=0}d[µ

−
v,UbA

−
n,q,i]

+

∫
φ(w − q/2n)d[µ+

{w−q/2n+(1/2n)2,U,{v<0}}bA
−
n,q,i]

+

∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i<0}χB−
n,q,i

dxdτ .

Here,B−
n,q,i = A−n,q,i ∩ {q/2n − (1/2n)2 < w ≤ q/2n}.

Proof of Theorem 5.5.
Let n be any integer such that2n > 1/mw. Let q ∈ In. Let i ∈ I3

n,q ∪ I4
n,q. Let V (A−n,q,i)

denote an open neighborhood ofA−n,q,i such thatV (A−n,q,i) ∩ ∪j∈(I3
n,q∪I4

n,q)\{i}A
−
n,q,j = ∅. Since

spt(w) is compact andq 6= 0,A−n,q,i is compact. Then it is clear that one can selectϕ a Lipschitz
function inCc(V (A−n,q,i)) such thatϕ ≡ φ(w − q/2n) onA−n,q,i. Then using Step 5 of the proof
of Theorem 5.4, one obtains∫

φ(w − q/2n)χA−n,q,i
dµ+

vn,q,i,U
=

∫
φ(w − q/2n)χ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
φ(w − q/2n)d[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i]

−
∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i>0}χB−
n,q,i

dxdτ .

Here a use of the fact that divU = 0, has been made. This completes the proof of Part(1) of
Theorem 5.5. Proceeding as above forµ−vn,q,i,U

with appropriate adaptations, one obtains Part
(2) of Theorem 5.5.

5.3.3. Basic properties of
∫
φwχA−n,q,i

dµ+
v,U and

∫
φwχA−n,q,i

dµ−v,U .

Theorem 5.6.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and
0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. LetIn =
{0, 1, 2, · · · , 2n − 1}. Letq ∈ In. Let Ĩn,q, I3

n,q, andI4
n,q be the sets introduced in §§5.1.2,5.1.1.

Let i ∈ Ĩn,q. LetAn,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets corresponding to
w, n, andq introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total extension operator for
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Ωn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Letvn,q,i = Dl−kwn,q,i.
Then fori ∈ I3

n,q ∪ I4
n,q,

(1)

∫
φwχA−n,q,i

dµ+
v,U =

∫
φwχ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
φwd[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i] +

∫
φwd[µ+

{w−q/2n,U,{v>0}}bA
−
n,q,i]

−
∫ t2

t1

∫
IRn

div(φwU)χ{v>0}χB−
n,q,i

dxdτ .

(2)

∫
φwχA−n,q,i

dµ−v,U =

∫
φwχ{w−q/2n+(1/2n)2=0}d[µ

−
v,UbA

−
n,q,i]

+

∫
φwd[µ+

{w−q/2n+(1/2n)2,U,{v<0}}bA
−
n,q,i]−

∫
φwd[µ+

{w−q/2n,U,{v<0}}bA
−
n,q,i]

+

∫ t2

t1

∫
IRn

div(φwU)χ{v<0}χB−
n,q,i

dxdτ .

Here,B−
n,q,i = A−n,q,i ∩ {q/2n − (1/2n)2 < w ≤ q/2n}.

Proof of Theorem 5.6.
The proof is obtained by an appropriate adaptation of the proof of Theorem 5.4.

Proof of (1)

1. Let n be any integer such that2n > 1/mw. Let q ∈ In. Let i ∈ I3
n,q ∪ I4

n,q. Let V (A−n,q,i)

denote an open neighborhood ofA−n,q,i such thatV (A−n,q,i) ∩ ∪j∈(I3
n,q∪I4

n,q)\{i}A
−
n,q,j = ∅. Let ϕ

be any Lipschitz function inCc(V (A−n,q,i)). By definition ofA−n,q,i andϕ, one obtains

(5.48)
∫
ϕχA−n,q,i

dµ+
v,U =

∫
ϕχ{w−q/2n+(1/2n)2≥0}dµ

+
v,U −

∫
ϕχ{w−q/2n>0}dµ

+
v,U .

Then proceeding as in Step 1 of the proof of Theorem 5.4, one obtains

∫
ϕχA−n,q,i

dµ+
v,U =

∫
ϕχ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
ϕd[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i] +

∫
ϕd[µ+

{w−q/2n,U,{v>0}}bA
−
n,q,i]

−
∫ t2

t1

∫
IRn

div(ϕU)χ{v>0}χB−
n,q,i

dxdτ .(5.49)

2. Since spt(w) is compact andq 6= 0,A−n,q,i is compact. Then it is clear that one can selectϕ

a Lipschitz function inCc(V (A−n,q,i)) such thatϕ ≡ φw in A−n,q,i. Then plugging this function
in (5.49) above, one obtains
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∫
φwχA−n,q,i

dµ+
v,U =

∫
φwχ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
φwd[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i] +

∫
φwd[µ+

{w−q/2n,U,{v>0}}bA
−
n,q,i]

−
∫ t2

t1

∫
IRn

div(φwU)χ{v>0}χB−
n,q,i

dxdτ .

This completes the proof of Part(1) of theorem 5.6.

3. Proceeding as in Steps 1-2 forµ−v,U with appropriate adaptations, one obtains Part(2) of
Theorem 5.6.

5.3.4. Basic properties of
∫
φ(w − q/2n)χA−n,q,i

dµ+
v,U and

∫
φ(w − q/2n)χA−n,q,i

dµ−v,U .

Theorem 5.7.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and
0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. LetIn =
{0, 1, 2, · · · , 2n − 1}. Letq ∈ In. Let Ĩn,q, I3

n,q, andI4
n,q be the sets introduced in §§5.1.2,5.1.1.

Let i ∈ Ĩn,q. LetAn,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets corresponding to
w, n, andq introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total extension operator for
Ωn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Letvn,q,i = Dl−kwn,q,i.
Then fori ∈ I3

n,q ∪ I4
n,q,

(1)

∫
φ(w − q/2n)χA−n,q,i

dµ+
v,U =

∫
φ(w − q/2n)χ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
φ(w − q/2n)d[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i]

−
∫ t2

t1

∫
IRn

div(φwU)χ{v>0}χB−
n,q,i

dxdτ .

(2)

∫
φ(w − q/2n)χA−n,q,i

dµ−v,U =

∫
φ(w − q/2n)χ{w−q/2n+(1/2n)2=0}d[µ

−
v,UbA

−
n,q,i]

+

∫
φ(w − q/2n)d[µ+

{w−q/2n+(1/2n)2,U,{v<0}}bA
−
n,q,i]

+

∫ t2

t1

∫
IRn

div(φwU)χ{v<0}χB−
n,q,i

dxdτ .

Here,B−
n,q,i = A−n,q,i ∩ {q/2n − (1/2n)2 < w ≤ q/2n}.

Proof of Theorem 5.7.
The proof is obtained by an appropriate adaptation of the proof of Theorem 5.4.
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1. Let n be any integer such that2n > 1/mw. Let q ∈ In. Let i ∈ I3
n,q ∪ I4

n,q. Let V (A−n,q,i)

denote an open neighborhood ofA−n,q,i such thatV (A−n,q,i) ∩ ∪j∈(I3
n,q∪I4

n,q)\{i}A
−
n,q,j = ∅. Let ϕ

be any Lipschitz function inCc(V (A−n,q,i)). Step 1 of the proof of Theorem 5.6 yields∫
ϕχA−n,q,i

dµ+
v,U =

∫
ϕχ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
ϕd[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i] +

∫
ϕd[µ+

{w−q/2n,U,{v>0}}bA
−
n,q,i]

−
∫ t2

t1

∫
IRn

div(ϕU)χ{v>0}χB−
n,q,i

dxdτ .

2. By Part (2) of Theorem 5.3, the measureφµ+
{v,U} is concentrated on the compact set

K = sptx(w̃) × spt(φ). Let ϕ̃ be a function inC1
c (IRn × (t1, t2) such that̃ϕ ≡ 1 onK. Then

ϕ̃(w − q/2n) ∈ C1
c (IRn × (t1, t2)) andϕ̃(w − q/2n) ≡ (w − q/2n) onK. By Theorem 4.1,

µ+
{w−q/2n,U,{v>0}} is concentrated on∂{w − q/2n > 0}. Hence,∫

ϕ̃φ(w − q/2n)dµ+
{w−q/2n,U,{v>0}} =

∫
φ(w − q/2n)dµ+

{w−q/2n,U,{v>0}} = 0.

3. Since spt(w) is compact andq 6= 0, A−n,q,i is compact. Then it is clear that one can select
ϕ a Lipschitz function inCc(V (A−n,q,i)) such thatϕ ≡ φ(w − q/2n) onA−n,q,i. Plugging thisϕ
in Step 1 above and using Step 2 above, one obtains∫

φ(w − q/2n)χA−n,q,i
dµ+

v,U =

∫
φ(w − q/2n)χ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
φ(w − q/2n)d[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i]−

∫ t2

t1

∫
IRn

div(φwU)χ{v>0}χB−
n,q,i

dxdτ .

Here a use of the fact that divU = 0, has been made. This completes the proof of Part(1) of
Theorem 5.7.

4. Proceeding as in Steps 1-3 forµ−v,U with appropriate adaptations, one obtains Part(2) of
Theorem 5.7.

5.4. Actions of the measures introduced in 5.1.5 on some particular functions: Part 2.
Here, basic properties of

∫
φwχA+

n,q,i
dµ+

vn,q,i,U
,
∫
φ(w−q/2n)χA+

n,q,i
dµ+

vn,q,i,U
,
∫
φwχA+

n,q,i
dµ+

v,U ,∫
φ(w − q/2n)χA+

n,q,i
dµ+

v,U ,
∫
φwχA+

n,q,i
dµ−vn,q,i,U

,
∫
φ(w − q/2n)χA+

n,q,i
dµ−vn,q,i,U

,∫
φwχA+

n,q,i
dµ−v,U , and

∫
φ(w − q/2n)χA+

n,q,i
dµ−v,U are obtained.

5.4.1. Basic properties of
∫
φwχA+

n,q,i
dµ+

vn,q,i,U
and

∫
φwχA+

n,q,i
dµ−vn,q,i,U

.

Theorem 5.8.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and
0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. Let
In = {0, 1, 2, · · · , 2n − 1}. Let q ∈ In. Let Ĩn,q, I1

n,q, I
2
n,q, and I3

n,q be the sets introduced

in §§5.1.2,5.1.1. Leti ∈ Ĩn,q. LetAn,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets

AJMAA, Vol. 18 (2021), No. 2, Art. 21, 126 pp. AJMAA

https://ajmaa.org


52 MOULAY D. TIDRIRI

corresponding tow, n, andq introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total ex-
tension operator forΩn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Let
vn,q,i = Dl−kwn,q,i. Then fori ∈ I1

n,q ∪ I2
n,q ∪ I3

n,q,
(1)

∫
φwχA+

n,q,i
dµ+

vn,q,i,U
=

∫
φwd[µ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}bA
+
n,q,i]

−
∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i>0}χA+
n,q,i

dxdτ .

(2)

∫
φwχA+

n,q,i
dµ−vn,q,i,U

= −
∫
φwd[µ+

{w−(q+1)/2n−(1/2n)2,U,{v<0}}bA
+
n,q,i]

+

∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i<0}χA+
n,q,i

dxdτ .

Proof of Theorem 5.8.
The proof is obtained by an appropriate adaptation of the proof of Theorem 5.4.

1. Let n be any integer such that2n > 1/mw. Let q ∈ In. Let i ∈ I1
n,q ∪ I2

n,q ∪ I3
n,q. Let

V (A+
n,q,i) denote an open neighborhood ofA+

n,q,i such thatV (A+
n,q,i)∩∪j∈(I1

n,q∪I2
n,q∪I3

n,q)\{i}A
+
n,q,j =

∅. Letϕ be any Lipschitz function inCc(V (A+
n,q,i)). By definition ofA+

n,q,i andϕ, one obtains

(5.50)∫
ϕχA+

n,q,i
dµ+

vn,q,i,U
=

∫
ϕχ{w−(q+1)/2n>0}dµ

+
vn,q,i,U

−
∫
ϕχ{w−(q+1)/2n−(1/2n)2>0}dµ

+
vn,q,i,U

.

Taking(ϕ, vn,q,i, w − (q + 1)/2n, U) of this step in place of(ϕ, v, w, U) in the first equality
in Part(1) of Theorem 4.4 yields

∫
χ{w−(q+1)/2n>0}ϕdµ

+
{vn,q,i,U} = −

∫
ϕdµ+

{w−(q+1)/2n,U,{vn,q,i>0}}

−
∫ t2

t1

∫
IRn

div(ϕU)χ{vn,q,i>0}χ{w−(q+1)/2n>0}dxdτ .(5.51)

Taking(ϕ, vn,q,i, w− (q+ 1)/2n− (1/2n)2, U) of this step in place of(ϕ, v, w, U) in the first
equality in Part(1) of Theorem 4.4 yields

∫
χ{w−(q+1)/2n−(1/2n)2>0}ϕdµ

+
{vn,q,i,U} = −

∫
ϕdµ+

{w−(q+1)/2n−(1/2n)2,U,{vn,q,i>0}}

−
∫ t2

t1

∫
IRn

div(ϕU)χ{vn,q,i>0}χ{w−(q+1)/2n−(1/2n)2>0}dxdτ .(5.52)

Combining (5.50)-(5.52), one obtains
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∫
ϕχA+

n,q,i
dµ+

vn,q,i,U
= −

∫
ϕdµ+

{w−(q+1)/2n,U,{vn,q,i>0}}

+

∫
ϕdµ+

{w−(q+1)/2n−(1/2n)2,U,{vn,q,i>0}}

−
∫ t2

t1

∫
IRn

div(ϕU)χ{vn,q,i>0}χ{0<w−(q+1)/2n≤(1/2n)2}dxdτ .(5.53)

2. By Theorem 4.1,µ+
{w−(q+1)/2n,U,{vn,q,i>0}} is concentrated onγ, where

γ = γ1 ∩ (∂{vn,q,i > 0} ∪ {vn,q,i > 0}),
γ1 = ∂{w − (q + 1)/2n > 0} ∩ ∂{{w − (q + 1)/2n > 0} ∩ {vn,q,i > 0}}.

Since by assumptionk 6= l, one can use (5.20) and conclude that∂{w−(q+1)/2n > 0}∩An,q,i

is a subset of{vn,q,i = 0}o. Hence,γ = ∅. And so, one has

(5.54)
∫
ϕdµ+

{w−(q+1)/2n,U,{vn,q,i>0}} = 0.

3. By Theorem 4.1,µ+
{w−(q+1)/2n−(1/2n)2,U,{vn,q,i>0}} is concentrated onγ, where

γ = γ1 ∩ (∂{vn,q,i > 0} ∪ {vn,q,i > 0}),
γ1 = ∂{w − (q + 1)/2n − (1/2n)2 > 0} ∩

∂{{w − (q + 1)/2n − (1/2n)2 > 0} ∩ {vn,q,i > 0}}.

Then by (5.22),γ ⊂ {wn,q,i = w}o ⊂ {vn,q,i = v}o. Then one obtains∫
ϕdµ+

{w−(q+1)/2n−(1/2n)2,U,{vn,q,i>0}} =

∫
ϕdµ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}.

4. Using (5.53) of Step 1 and Steps 2-3, one obtains∫
ϕχA+

n,q,i
dµ+

vn,q,i,U
=

∫
ϕdµ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}

−
∫ t2

t1

∫
IRn

div(ϕU)χ{vn,q,i>0}χA+
n,q,i

dxdτ .

5. Since spt(w) is compact,A+
n,q,i is compact. Then it is clear that one can selectϕ a Lipschitz

function inCc(V (A+
n,q,i)) such thatϕ ≡ φw onA+

n,q,i. Then using Step 4, one obtains∫
φwχA+

n,q,i
dµ+

vn,q,i,U
=

∫
φwd[µ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}bA
+
n,q,i]

−
∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i>0}χA+
n,q,i

dxdτ .

This completes the proof of Part(1) of Theorem 5.8.

6. Proceeding as in Steps 1-5 forµ−vn,q,i,U
with appropriate adaptations, one obtains Part(2)

of Theorem 5.8.
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5.4.2. Basic properties of
∫
φ(w−(q+1)/2n)χA+

n,q,i
dµ+

vn,q ,U and
∫
φ(w−(q+1)/2n)χA+

n,q,i
dµ−vn,q ,U .

Theorem 5.9.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN × (t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and
0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. Let
In = {0, 1, 2, · · · , 2n − 1}. Let q ∈ In. Let Ĩn,q, I1

n,q, I
2
n,q, and I3

n,q be the sets introduced

in §§5.1.2,5.1.1. Leti ∈ Ĩn,q. LetAn,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets
corresponding tow, n, andq introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total ex-
tension operator forΩn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Let
vn,q,i = Dl−kwn,q,i. Then fori ∈ I1

n,q ∪ I2
n,q ∪ I3

n,q,
(1)

∫
φ(w − (q + 1)/2n)χA+

n,q,i
dµ+

vn,q,i,U
= −

∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i>0}χA+
n,q,i

dxdτ

+

∫
φ(w − (q + 1)/2n)d[µ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}bA
+
n,q,i].

(2)

∫
φ(w − (q + 1)/2n)χA+

n,q,i
dµ−vn,q,i,U

=

∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i<0}χA+
n,q,i

dxdτ

−
∫
φ(w − (q + 1)/2n)d[µ+

{w−(q+1)/2n−(1/2n)2,U,{v<0}}bA
+
n,q,i].

Proof of Theorem 5.9.
Let n be any integer such that2n > 1/mw. Let q ∈ In. let i ∈ I1

n,q ∪ I2
n,q ∪ I3

n,q. LetV (A+
n,q,i)

denote an open neighborhood ofA+
n,q,i such thatV (A+

n,q,i) ∩ ∪j∈(I1
n,q∪I2

n,q∪I3
n,q)\{i}A

+
n,q,j = ∅.

Since spt(w) is compact,A+
n,q,i is compact. Then it is clear that one can selectϕ a Lipschitz

function inCc(V (A+
n,q,i)) such thatϕ ≡ φ(w− (q+1)/2n) onA+

n,q,i. Then proceeding as in the
proof of Theorem 5.8, one obtains

∫
φ(w − (q + 1)/2n)χA+

n,q,i
dµ+

vn,q,i,U
= −

∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i>0}χA+
n,q,i

dxdτ

+

∫
φ(w − (q + 1)/2n)d[µ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}bA
+
n,q,i].

Here, a use of the fact that divU = 0, has been made. This completes the proof of Part(1)
of Theorem 5.9.

Proceeding as above forµ−vn,q ,U with appropriate adaptations, one obtains Part(2) of Theorem
5.9.

5.4.3. Basic properties of
∫
φwχA+

n,q,i
dµ+

v,U and
∫
φwχA+

n,q,i
dµ−v,U .

Theorem 5.10.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN×(t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
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into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and
0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. Let
In = {0, 1, 2, · · · , 2n − 1}. Let q ∈ In. Let Ĩn,q, I1

n,q, I
2
n,q, and I3

n,q be the sets introduced

in §§5.1.2,5.1.1. Leti ∈ Ĩn,q. LetAn,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets
corresponding tow, n, andq introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total ex-
tension operator forΩn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Let
vn,q,i = Dl−kwn,q,i. Then fori ∈ I1

n,q ∪ I2
n,q ∪ I3

n,q,
(1) ∫

φwχA+
n,q,i

dµ+
v,U = −

∫
φwd[µ+

{w−(q+1)/2n,U,{v>0}}bA
+
n,q,i]

+

∫
φwd[µ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}bA
+
n,q,i]−

∫ t2

t1

∫
IRn

div(φwU)χ{v>0}χA+
n,q,i

dxdτ .

(2) ∫
φwχA+

n,q,i
dµ−v,U =

∫
φwd[µ+

{w−(q+1)/2n,U,{v<0}}bA
+
n,q,i]

−
∫
φwd[µ+

{w−(q+1)/2n−(1/2n)2,U,{v<0}}bA
+
n,q,i] +

∫ t2

t1

∫
IRn

div(φwU)χ{v<0}χA+
n,q,i

dxdτ .

Proof of Theorem 5.10.
The proof is obtained by an appropriate adaptation of the proof of Theorem 5.4.

1. Let n be any integer such that2n > 1/mw. Let q ∈ In. Let i ∈ I1
n,q ∪ I2

n,q ∪ I3
n,q. Let

V (A+
n,q,i) denote an open neighborhood ofA+

n,q,i such thatV (A+
n,q,i)∩∪j∈(I1

n,q∪I2
n,q∪I3

n,q)\{i}A
+
n,q,j =

∅. Letϕ be any Lipschitz function inCc(V (A+
n,q,i)). By definition ofA+

n,q,i andϕ, one obtains∫
ϕχA+

n,q,i
dµ+

v,U =

∫
ϕχ{w−(q+1)/2n>0}dµ

+
v,U −

∫
ϕχ{w−(q+1)/2n−(1/2n)2>0}dµ

+
v,U .

Then proceeding as in Step 1 of the proof of Theorem 5.8, one obtains∫
ϕχA+

n,q,i
dµ+

v,U = −
∫
ϕdµ+

{w−(q+1)/2n,U,{v>0}} +

∫
ϕdµ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}

−
∫ t2

t1

∫
IRn

div(ϕU)χ{v>0}χA+
n,q,i

dxdτ .(5.55)

2. Since spt(w) is compact,A+
n,q,i is compact. Then it is clear that one can selectϕ a Lipschitz

function inCc(V (A+
n,q,i)) such thatϕ ≡ φw onA+

n,q,i. Then plugging this function in (5.55)
above, one obtains∫

φwχA+
n,q,i

dµ+
v,U = −

∫
φwd[µ+

{w−(q+1)/2n,U,{v>0}}bA
+
n,q,i]

+

∫
φwd[µ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}bA
+
n,q,i]−

∫ t2

t1

∫
IRn

div(φwU)χ{v>0}χA+
n,q,i

dxdτ .
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This completes the proof of Part(1) of Theorem 5.10.

3. Proceeding as in Steps 1-2 forµ−v,U with appropriate adaptations, one obtains Part(2) of
Theorem 5.10.

5.4.4. Basic properties of
∫
φ(w−(q+1)/2n)χA+

n,q,i
dµ+

v,U and
∫
φ(w−(q+1)/2n)χA+

n,q,i
dµ−v,U .

Theorem 5.11.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN×(t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and
0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. Let
In = {0, 1, 2, · · · , 2n − 1}. Let q ∈ In. Let Ĩn,q, I1

n,q, I
2
n,q, and I3

n,q be the sets introduced

in §§5.1.2,5.1.1. Leti ∈ Ĩn,q. LetAn,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets
corresponding tow, n, andq introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total ex-
tension operator forΩn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Let
vn,q,i = Dl−kwn,q,i. Then fori ∈ I1

n,q ∪ I2
n,q ∪ I3

n,q,
(1) ∫

φ(w − (q + 1)/2n)χA+
n,q,i

dµ+
v,U = −

∫ t2

t1

∫
IRn

div(φwU)χ{v>0}χA+
n,q,i

dxdτ

+

∫
φ(w − (q + 1)/2n)d[µ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}bA
+
n,q,i].

(2) ∫
φ(w − (q + 1)/2n)χA+

n,q,i
dµ−v,U =

∫ t2

t1

∫
IRn

div(φwU)χ{v<0}χA+
n,q,i

dxdτ

−
∫
φ(w − (q + 1)/2n)d[µ+

{w−(q+1)/2n−(1/2n)2,U,{v<0}}bA
+
n,q,i].

Proof of Theorem 5.11.
Let n be any integer such that2n > 1/mw. Let q ∈ In. let i ∈ I1

n,q ∪ I2
n,q ∪ I3

n,q. LetV (A+
n,q,i)

denote an open neighborhood ofA+
n,q,i such thatV (A+

n,q,i) ∩ ∪j∈(I1
n,q∪I2

n,q∪I3
n,q)\{i}A

+
n,q,j = ∅.

Since spt(w) is compact,A+
n,q,i is compact. Then it is clear that one can selectϕ a Lipschitz

function inCc(V (A+
n,q,i)) such thatϕ ≡ φ(w− (q+1)/2n) onA+

n,q,i. Then proceeding as in the
proof of Theorem 5.10 with thisϕ, one obtains∫

φ(w − (q + 1)/2n)χA+
n,q,i

dµ+
v,U = −

∫ t2

t1

∫
IRn

φdiv(wU)χ{v>0}χA+
n,q,i

dxdτ +

−
∫
φ(w − (q + 1)/2n)d[µ+

{w−(q+1)/2n,U,{v>0}}bA
+
n,q,i]

+

∫
φ(w − (q + 1)/2n)d[µ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}bA
+
n,q,i].

Here a use of the fact that divU = 0, has been made. By Theorem 4.1,µ+
{w−(q+1)/2n,U,{v>0}}

is concentrated on∂{w − (q + 1)/2n > 0}. Hence, the second term in the right side of the
above equality is0. This completes the proof of Part(1) of Theorem 5.11.
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3. Proceeding as in Steps 1-2 forµ−v,U with appropriate adaptations, one obtains Part(2) of
Theorem 5.11.

5.5. Basic properties ofR(1)
n andR(2)

n . Here,

R(1)
n =

∑
(q,i)∈In×In,q

∫
φwχA−n,q,i∪A+

n,q,i
dµ+

n,q,i andR(2)
n =

∑
(q,i)∈In×In,q

∫
φwχA−n,q,i∪A+

n,q,i
dµ−n,q,i.

The main objective of this subsection is to express the above sums in terms of sums whose
limits up to a subsequence asn goes to∞ are0. For such an objective, the assumption that
sptx(w̃) \ sptx(U) is either empty or a subset of the projection of{ṽ = 0}o into IRN plays a key
role. In its turn, this convergence plays a key role in the proof of Theorem 5.19. In Subsection
5.9, it is proven that if sptx(w̃) \ sptx(U) is neither empty nor a subset of the projection of
{ṽ = 0}o into IRN , then the cancellations in Steps 3.1-3.2 of the proof of Theorem 5.12 do not
hold. Then as a first consequence, the convergence in Theorem 5.17 does not hold and, as a
second consequence, the conclusions in Theorem 5.19 do not hold.

Theorem 5.12.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN×(t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ and w̃ = Dk$.
Assume that sptx(w̃) \ sptx(U) is either empty or a subset of the projection of{ṽ = 0}o into
IRN . Letφ ∈ Cc(t1, t2). SetK = sptx(w̃) × spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on
spt(φ) and0 ≤ φ̃ ≤ 1. SetU = sptx(U) × spt(φ̃). Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw
satisfies:0 ≤ w ≤ 1. Letn be any integer such that2n > 1/mw, wheremw was introduced in
§5.1.1. LetIn = {0, 1, 2, · · · , 2n − 1}. Letq ∈ In. Let Ĩn,q, I1

n,q, I
2
n,q, I

3
n,q, andI4

n,q be the sets

introduced in §§5.1.2,5.1.1. Leti ∈ Ĩn,q. LetAn,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i andΩn,q,i be
the sets corresponding tow, n, andq introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total
extension operator forΩn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Let
vn,q,i = Dl−kwn,q,i. Then

(1)
m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

) =

−
m+1∑
j=0

(

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{v
n,qj ,i0

j
>0})χA+

n,qj ,i0
j

dxdτ +

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{vn,qj+s,is
j
>0})(χB−

n,qj+s,is
j

+ χA+
n,qj+s,is

j

)dxdτ).

(2)
m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ−
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ−n,qj+s,isj
) =

m+1∑
j=0

(

∫ t2

t1

∫
IRn

div(φwU)(χ{v<0} − χ{v
n,qj ,i0

j
<0})χA+

n,qj ,i0
j

dxdτ +

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{v<0} − χ{vn,qj+s,is
j
<0})(χB−

n,qj+s,is
j

+ χA+
n,qj+s,is

j

)dxdτ).
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Here,m was introduced in §5.1.1,qj, rj, andJn,j were introduced in §5.1.4.

Proof of Theorem 5.12. It is assumed that spt(w̃) \ spt(U) is empty. The proof for the
case corresponding to spt(w̃) \ spt(U) being a subset of the projection of{ṽ = 0}o into IRN is
obtained by an appropriate adaptation of the proof given below.

1. Part(1) of Theorem 5.4 yields for anyi ∈ I3
n,q ∪ I4

n,q,∫
φwχA−n,q,i

dµ+
vn,q,i,U

=

∫
φwχ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i](5.56)

−
∫
φwd[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i]−

∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i>0}χB−
n,q,i

dxdτ .

Part(1) of Theorem 5.6 yields for anyi ∈ I3
n,q ∪ I4

n,q,∫
φwχA−n,q,i

dµ+
v,U =

∫
φwχ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
φwd[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i] +

∫
φwd[µ+

{w−q/2n,U,{v>0}}bA
−
n,q,i]

−
∫ t2

t1

∫
IRn

div(φwU)χ{v>0}χB−
n,q,i

dxdτ .(5.57)

By definition ofµ+
n,q,i and (5.56)-(5.57), one has∫

φwχA−n,q,i
dµ+

n,q,i =

∫
φwχA−n,q,i

dµ+
v,U −

∫
φwχA−n,q,i

dµ+
vn,q,i,U

=(5.58)∫
φwd[µ+

{w−q/2n,U,{v>0}}bA
−
n,q,i]−

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{vn,q,i>0})χB−
n,q,i

dxdτ .

2. Part(1) of Theorem 5.8 yields for anyi ∈ I1
n,q ∪ I2

n,q ∪ I3
n,q,∫

φwχA+
n,q,i

dµ+
vn,q,i,U

=

∫
φwd[µ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}bA
+
n,q,i]

−
∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i>0}χA+
n,q,i

dxdτ .(5.59)

Part(1) of Theorem 5.10 yields for anyi ∈ I1
n,q ∪ I2

n,q ∪ I3
n,q,∫

φwχA+
n,q,i

dµ+
v,U = −

∫
φwd[µ+

{w−(q+1)/2n,U,{v>0}}bA
+
n,q,i](5.60)

+

∫
φwd[µ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}bA
+
n,q,i]−

∫ t2

t1

∫
IRn

div(φwU)χ{v>0}χA+
n,q,i

dxdτ .

By definition ofµ+
n,q,i and (5.59)-(5.60), one has∫
φwχA+

n,q,i
dµ+

n,q,i = −
∫
φwd[µ+

{w−(q+1)/2n,U,{v>0}}bA
+
n,q,i]

−
∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{vn,q,i>0})χA+
n,q,i

dxdτ .(5.61)
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3. Let Jn,j andAn,j, j ∈ {0, · · · ,m+1} be the sets introduced in §5.1.4. The following sum
will be evaluated

(5.62)
m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

).

3.1Let j ∈ {0, · · · ,m+ 1}. By constructionAn,qj+1,i1j
∈ An,j. Using (5.61) and (5.58), one

obtains

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

∫
φwχA−

n,qj+1,i1
j

dµ+
n,qj+1,i1j

=

−
∫
φwd[µ+

{w−(qj+1)/2n,U,{v>0}}bA
+
n,qj ,i0j

]

−
∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{v
n,qj ,i0

j
>0})χA+

n,qj ,i0
j

dxdτ

+

∫
φwd[µ+

{w−(qj+1)/2n,U,{v>0}}bA
−
n,qj+1,i1j

]

−
∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{v
n,qj+1,i1

j
>0})χB−

n,qj+1,i1
j

dxdτ .(5.63)

The measuresµ+
{w−(qj+1)/2n,U,{v>0}}bA

+
n,qj ,i0j

andµ+
{w−(qj+1)/2n,U,{v>0}}bA

−
n,qj+1,i1j

are identi-

cally equal onA+
n,qj ,i0j

∩ A−
n,qj+1,i1j

. Since this intersection is a subset of∂{w > (qj + 1)/2n}
and since by Theorem 4.1,µ+

{w−(qj+1)/2n,U,{v>0}} is concentrated on∂{w > (qj + 1)/2n}, one
concludes that the sum of the first and third term in the right side of (5.63) is0. Here, a use of
the fact that spt(w) ⊂ U and hence,A+

n,qj ,i0j
∪ A−

n,qj+1,i1j
⊂ U has been made; See §5.9.

3.2Let j ∈ {0, · · · ,m+ 1}. Let s ∈ {2, · · · , rj} be such that(qj + s, isj) ∈ Jn,j. Then there
exist j′ ∈ {0, · · · ,m + 1} ands′ ∈ {1, · · · , rj′} such that(qj′ + s′, is

′

j′) ∈ Jn,j′ andAn,qj+s,isj

andAn,qj′+s′,is
′

j′
are adjacent. Fors ∈ {2, · · · , rj − 1}, this happens forqj′ + s′ = qj + s − 1

and forqj′ + s′ = qj + s + 1. Fors = rj, this happens only forqj′ + s′ = qj + rj − 1. In the
first and third case,A+

n,qj′+s′,is
′

j′
⊂ An,qj+s,isj

. In the second case,A+
n,qj+s,isj

⊂ An,qj′+s′,is
′

j′
.

By the assumption on the construction of the setsAn,r; See §5.1.4, for fixedj ands as above,
the corresponding pair(j′, s′) is unique. In the first and third case, using (5.61) and (5.58) one
calculates

∫
φwχA−

n,qj+s,is
j

dµ+
n,qj+s,isj

+

∫
φwχA+

n,qj′+s′,is′
j′

dµ+

n,qj′+s′,is
′

j′
=∫

φwd[µ+
{w−(qj+s)/2n,U,{v>0}}bA

−
n,qj+s,isj

]

−
∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{vn,qj+s,is
j
>0})χB−

n,qj+s,is
j

dxdτ

−
∫
φwd[µ+

{w−(qj+s)/2n,U,{v>0}}bA
+

n,qj′+s′,is
′

j′
]+
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−
∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{v
n,qj′+s′,is′

j′
>0})χA+

n,qj′+s′,is′
j′

dxdτ .(5.64)

The measuresµ+
{w−(qj+s)/2n,U,{v>0}}bA

−
n,qj+s,isj

andµ+
{w−(qj+s)/2n,U,{v>0}}bA

+

n,qj′+s′,is
′

j′
are iden-

tically equal onA−n,qj+s,isj
∩ A+

n,qj′+s′,is
′

j′
. Since by the above, this intersection is included in

A−n,qj+s,isj
∩ An,qj+s,isj

, this intersection is a subset of∂{w > (qj + s)/2n}. Since by Theorem

4.1,µ+
{w−(qj+s)/2n,U,{v>0}} is concentrated on∂{w > (qj + s)/2n}, one concludes that the sum

of the first and third term in the right side of (5.64) is0. Here, a use of the fact that spt(w) ⊂ U
and hence,A−n,qj+s,isj

∪ A+

n,qj′+s′,is
′

j′
⊂ U has been made; See §5.9.

In the second case, using (5.61) and (5.58) one calculates

∫
φwχA+

n,qj+s,is
j

dµ+
n,qj+s,isj

+

∫
φwχA−

n,qj′+s′,is′
j′

dµ+

n,qj′+s′,is
′

j′

= −
∫
φwd[µ+

{w−(qj+s+1)/2n,U,{v>0}}bA
+
n,qj+s,isj

]

−
∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{vn,qj+s,is
j
>0})χA+

n,qj+s,is
j

dxdτ .

+

∫
φwd[µ+

{w−(qj+s+1)/2n,U,{v>0}}bA
−
n,qj′+s′,is

′
j′
]

−
∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{v
n,qj′+s′,is′

j′
>0})χB−

n,qj′+s′,is′
j′

dxdτ .(5.65)

The measuresµ+
{w−(qj+s+1)/2n,U,{v>0}}bA

+
n,qj+s,isj

andµ+
{w−(qj+s+1)/2n,U,{v>0}}bA

−
n,qj′+s′,is

′
j′

are

identically equal onA+
n,qj+s,isj

∩ A−
n,qj′+s′,is

′
j′

. Since by the above, this intersection is included

in An,qj′+s′,is
′

j′
∩ A−

n,qj′+s′,is
′

j′
, this intersection is a subset of∂{w > (qj + s + 1)/2n}. Since by

Theorem 4.1,µ+
{w−(qj+s+1)/2n,U,{v>0}} is concentrated on∂{w > (qj+s+1)/2n}, one concludes

that the sum of the first and third term in the right side of (5.65) is0. Here, a use of the fact that
spt(w) ⊂ U and hence,A+

n,qj+s,isj
∪ A−

n,qj′+s′,is
′

j′
⊂ U has been made; See §5.9.

3.3Steps 3.1-3.2 show that the sum of the terms in (5.62) involving the measures with three
parameters is0. Thus, one has:

m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

)

= −
m+1∑
j=0

(

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{v
n,qj ,i0

j
>0})χA+

n,qj ,i0
j

dxdτ

+

rj∑
s=1,(qj+s,isj)∈Jn,j

(

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{vn,qj+s,is
j
>0})χB−

n,qj+s,is
j

dxdτ
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+

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{vn,qj+s,is
j
>0})χA+

n,qj+s,is
j

dxdτ))

= −
m+1∑
j=0

(

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{v
n,qj ,i0

j
>0})χA+

n,qj ,i0
j

dxdτ +

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{vn,qj+s,is
j
>0})(χB−

n,qj+s,is
j

+ χA+
n,qj+s,is

j

)

dxdτ).

4. Proceeding as in Steps 1-3 for the terms involvingµ−n,qj+s,isj
with appropriate adaptations,

one obtains Part(2) of Theorem 5.12. This completes the proof of Theorem 5.12.

5.6. Basic properties ofR(3)
n andR(4)

n . Here,

R(3)
n =

∑
(q,i)∈In×In,q

∫
φ(w−q/2n)χA−n,q,i

dµ+
n,q,i, R(4)

n =
∑

(q,i)∈In×In,q

∫
φ(w−q/2n)χA−n,q,i

dµ−n,q,i.

Theorem 5.13.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN×(t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and
0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. LetIn =
{0, 1, 2, · · · , 2n − 1}. Let q ∈ In. Let Ĩn,q, I1

n,q, I
2
n,q, I

3
n,q, andI4

n,q be the sets introduced in

§§5.1.2,5.1.1. Leti ∈ Ĩn,q. Let An,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets
corresponding tow, n, and q introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total
extension operator forΩn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Let
vn,q,i = Dl−kwn,q,i. Then

(1)

m+1∑
j=0

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)χA−

n,qj+s,is
j

dµ+
n,qj+s,isj

=
m+1∑
j=0

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{vn,qj+s,is
j
>0} − χ{v>0})χB−

n,qj+s,is
j

dxdτ .

(2)

m+1∑
j=0

(

∫
φ(w − (qj + 1)/2n)χA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s+ 1)/2n)χA+

n,qj+s,is
j

dµ+
n,qj+s,isj

)
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=
m+1∑
j=0

(

∫ t2

t1

∫
IRn

div(φwU)(χ{v
n,qj ,i0

j
>0} − χ{v>0})χA+

n,qj ,i0
j

dxdτ

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{vn,qj+s,is
j
>0} − χ{v>0})χA+

n,qj+s,is
j

dxdτ).

(3)
m+1∑
j=0

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)χA−

n,qj+s,is
j

dµ−n,qj+s,isj

=
m+1∑
j=0

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{v<0} − χ{vn,qj+s,is
j
<0})χB−

n,qj+s,is
j

dxdτ .

(4)
m+1∑
j=0

(

∫
φ(w − (qj + 1)/2n)χA+

n,qj ,i0
j

dµ−
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s+ 1)/2n)χA+

n,qj+s,is
j

dµ−n,qj+s,isj
)

=
m+1∑
j=0

(

∫ t2

t1

∫
IRn

div(φwU)(χ{v<0} − χ{v
n,qj ,i0

j
<0})χA+

n,qj ,i0
j

dxdτ

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{v<0} − χ{vn,qj+s,is
j
<0})χA+

n,qj+s,is
j

dxdτ).

Here,m was introduced in §5.1.1,qj, rj, andJn,j were introduced in §5.1.4.

Proof of Theorem 5.13. The proof of the theorem is obtained by following the proof of
Theorem 5.12.

1. Theorem 5.5 yields for anyi ∈ I3
n,q ∪ I4

n,q,∫
φ(w − q/2n)χA−n,q,i

dµ+
vn,q,i,U

=

∫
φ(w − q/2n)χ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
φ(w − q/2n)d[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i]

−
∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i>0}χB−
n,q,i

dxdτ .(5.66)

Theorem 5.7 yields for anyi ∈ I3
n,q ∪ I4

n,q,∫
φ(w − q/2n)χA−n,q,i

dµ+
v,U =

∫
φ(w − q/2n)χ{w−q/2n+(1/2n)2=0}d[µ

+
v,UbA

−
n,q,i]

−
∫
φ(w − q/2n)d[µ+

{w−q/2n+(1/2n)2,U,{v>0}}bA
−
n,q,i]+
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−
∫ t2

t1

∫
IRn

div(φwU)χ{v>0}χB−
n,q,i

dxdτ .(5.67)

By definition ofµ+
n,q,i and (5.66)-(5.67), one has∫
φ(w − q/2n)χA−n,q,i

dµ+
n,q,i

=

∫
φ(w − q/2n)χA−n,q,i

dµ+
v,U −

∫
φ(w − q/2n)χA−n,q,i

dµ+
vn,q,i,U

=

∫ t2

t1

∫
IRn

div(φwU)(χ{vn,q,i>0} − χ{v>0})χB−
n,q,i

dxdτ .(5.68)

2. Using (5.68), one obtains

m+1∑
j=0

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)χA−

n,qj+s,is
j

dµ+
n,qj+s,isj

=
m+1∑
j=0

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{vn,qj+s,is
j
>0} − χ{v>0})χB−

n,qj+s,is
j

dxdτ .

This yields Part(1) of the theorem.

3. Part(1) of Theorem 5.9 for anyi ∈ I1
n,q ∪ I2

n,q ∪ I3
n,q,∫

φ(w − (q + 1)/2n)χA+
n,q,i

dµ+
vn,q,i,U

= −
∫ t2

t1

∫
IRn

div(φwU)χ{vn,q,i>0}χA+
n,q,i

dxdτ(5.69)

+

∫
φ(w − (q + 1)/2n)d[µ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}bA
+
n,q,i].

Part(1) of Theorem 5.11 yields for anyi ∈ I1
n,q ∪ I2

n,q ∪ I3
n,q,∫

φ(w − (q + 1)/2n)χA+
n,q,i

dµ+
v,U = −

∫ t2

t1

∫
IRn

div(φwU)χ{v>0}χA+
n,q,i

dxdτ(5.70) ∫
φ(w − (q + 1)/2n)d[µ+

{w−(q+1)/2n−(1/2n)2,U,{v>0}}bA
+
n,q,i].

By definition ofµ+
n,q,i and (5.69)-(5.70), one obtains∫

φ(w − (q + 1)/2n)χA+
n,q,i

dµ+
n,q,i

=

∫
φ(w − (q + 1)/2n)χA+

n,q,i
dµ+

v,U −
∫
φ(w − (q + 1)/2n)χA+

n,q,i
dµ+

vn,q,i,U

=

∫ t2

t1

∫
IRn

div(φwU)(χ{vn,q,i>0} − χ{v>0})χA+
n,q,i

dxdτ .(5.71)

4. Using (5.71), one obtains
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m+1∑
j=0

(

∫
φ(w − (qj + 1)/2n)χA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s+ 1)/2n)χA+

n,qj+s,is
j

dµ+
n,qj+s,isj

).

=
m+1∑
j=0

(

∫ t2

t1

∫
IRn

div(φwU)(χ{v
n,qj ,i0

j
>0} − χ{v>0})χA+

n,qj ,i0
j

dxdτ

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{vn,qj+s,is
j
>0} − χ{v>0})χA+

n,qj+s,is
j

dxdτ).

This yields Part(2) of the theorem.

5. Proceeding as in Steps 1-2 resp. Steps 3-4 for the terms involvingµ−n,qj+s,isj
with appropri-

ate adaptations, one obtains Part(3) resp. Part(4) of Theorem 5.12. This completes the proof
of Theorem 5.13.

5.7. Convergence properties ofR(1)
n ,R(2)

n ,R(5)
n , andR(6)

n . Here,

R(1)
n =

∑
(q,i)∈In×In,q

∫
φwχA−n,q,i∪A+

n,q,i
dµ+

n,q,i, R
(2)
n =

∑
(q,i)∈In×In,q

∫
φwχA−n,q,i∪A+

n,q,i
dµ−n,q,i,

R(5)
n =

∑
(q,i)∈In×In,q

∫
φ(w − q/2n)χA−n,q,i∪A+

n,q,i
dµ+

n,q,i,

R(6)
n =

∑
(q,i)∈In×In,q

∫
φ(w − q/2n)χA−n,q,i∪A+

n,q,i
dµ−n,q,i.

The main theorem of this section is Theorem 5.17.

5.7.1. Convergence in measure of some sequences of functions involving the setsA−n,q,i and
A+

n,q,i. The results of Theorem 5.14 will be used to prove the convergence in Theorem 5.17
below.

Theorem 5.14.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN×(t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and
0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. LetIn =
{0, 1, 2, · · · , 2n − 1}. Let q ∈ In. Let Ĩn,q, I1

n,q, I
2
n,q, I

3
n,q, andI4

n,q be the sets introduced in

§§5.1.2,5.1.1. Leti ∈ Ĩn,q. Let An,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets
corresponding tow, n, and q introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total
extension operator forΩn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Let
vn,q,i = Dl−kwn,q,i. Set

B−
n = ∪m+1

j=0 ∪
rj

s=1 B
−
n,qj+s,isj

and A+
n = ∪m+1

j=0 ∪
rj−1
s=0 A+

n,qj+s,isj
.
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Here,m was introduced in §5.1.1,qj, rj, andJn,j were introduced in §5.1.4. LetW1 andW2

be the open sets associated withw introduced in §5.1.1.
(1) Letϕ be any Lipschitz continuous function such that∇ϕ is a.e.0 onWc

2. Then, up to a
subsequence, asn goes to∞, φdiv(ϕU)χB−

n
converges to0 in measure inW2.

(2) Letϕ be any Lipschitz continuous function such that∇ϕ is a.e.0 onWc
2. Then, up to a

subsequence, asn goes to∞, φdiv(ϕU)χA+
n

converges to0 in measure inW2.

Remark5.15. Let Q = {q/2p : q ∈ Ip, p ∈ IN}. Let ci′ be any number in{cj : j =
1, · · · ,m0} ∩ Q, wherem0 was introduced in 5.1.1. Assume that{w = ci′}o is not empty and
thatφU is not identically0 on{w = ci′}o. Let y0 ∈ {w = ci′}o. LetB(y0, η) be a ball centered
at y0 and of radiusη > 0 so small thatB(y0, η) ⊂ {w = ci′}o. Let ϕ be any Lipschitz function
in Cc(B(y0, η)). Sinceci′ ∈ Q, ci′ = r′p/2

p for some integerp ≥ 1 andr′p ∈ Ip. Let n be any
integer> p. Setr′n = 2nr′p/2

p. Then using the fact thatci′ > 0, r′n ∈ In. Now∫ t2

t1

∫
IRN

|φdiv(ϕU)|χB−
n
dy =

∫ t2

t1

∫
IRN

|φdiv(ϕU)|χA−
n,r′n,is

j

dy

=

∫ t2

t1

∫
IRN

|φdiv(ϕU)|dy,

for somej ∈ {0, · · · ,mw} andisj ∈ {1, · · · , rj}. Then one can selectϕ such that|φdiv(ϕU)| >
δ > 0 on some open subset ofB(y0, η) for someδ > 0. This shows thatφdiv(ϕU)χB−

n
does

not converge to0 in measure.

Proof of Theorem 5.14.
Let ϕ be any Lipschitz continuous function such that∇ϕ is a.e. 0 on Wc

2. If ϕ = 0 the
conclusions of the theorem are clearly true. Therefore, it is assumed thatϕ is not identically0
onW2. It will be proved that, up to a subsequence, asn goes to∞, φdiv(ϕU)χB−

n
converges to

0 in measure inW2. Seth = φdiv(ϕU).

1. Here, it is assumed thatW1 = ∅. Recall thatrj depends onn. By definitionB−
n,q,i =

A−n,q,i∩{q/2n− (1/2n)2 < w ≤ q/2n}; See Theorem 5.4. Hence,B−
n = ∪m+1

j=0 ∪
rj

s=1A
−
n,qj+s,isj

∩
{(qj + s)/2n − (1/2n)2 < w ≤ (qj + s)/2n}. By the properties of the reciprocal functionw−1,
one has:

B−
n ⊂ ∪m+1

j=0 ∪
rj

s=1 {(qj + s)/2n − (1/2n)2 < w ≤ (qj + s)/2n}
= w−1(∪m+1

j=0 ∪
rj

s=1 ((qj + s)/2n − (1/2n)2, (qj + s)/2n]).(5.72)

Now, one has:

L1(∪m+1
j=0 ∪

rj

s=1 ((qj + s)/2n − (1/2n)2, (qj + s)/2n])

≤
m+1∑
j=0

rj∑
s=1

(1/2n)2 ≤ (m+ 2)2n(1/2n)2 = (m+ 1)(1/2n).(5.73)

Thus, this term converges to0 asn goes to∞. Then using the regularity ofw, the fact that
W1 = ∅, and the properties ofLN+1, one deduces that

LN+1(∪m+1
j=0 ∪

rj

s=1 {(qj + s)/2n − (1/2n)2 < w ≤ (qj + s)/2n}) → 0

asn goes to∞. Therefore, using the fact that divU = 0 and∇ϕ is a.e.0 onWc
2, one obtains

for anyδ > 0,
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lim
n→∞

LN+1({y ∈ W2 : (|h|χB−
n
)(y) ≥ δ}) = 0.

That is; asn goes to∞, φdiv(ϕU)χB−
n

converges to0 in measure inW2.

2. Here, it is assumed thatW1 6= ∅. Let N1
w denote the subset of{1, · · · ,m0} such for

i′ ∈ N1
w, ci′ = mpi′

/2pi′ for some fixed nonnegative integerpi′ andmpi′
∈ Ipi′

. Let N2
w =

{1, · · · ,m0} \N1
w. Forn large, letL1

n,j denote the subset of{1, · · · , rj} such that fors ∈ L1
n,j,

{(qj + s)/2n − (1/2n)2 < w ≤ (qj + s)/2n} ∩ W1 = ∅. Let L2
n,j denote the subset of

{1, · · · , rj} such that fors ∈ L2
n,j, there correspondsi′ ∈ N1

w such that(qj + s)/2n = ci′. Let
L3

n,j denote the subset of{1, · · · , rj} such that fors ∈ L3
n,j, there correspondsi′ ∈ N2

w such
that{(qj + s)/2n − (1/2n)2 < w < (qj + s)/2n} ∩W1 = {w = ci′}. In this case,(qj + s)/2n

converges toci′.

2.1Proceeding as in Step 1 with appropriate adaptations, one obtains asn goes to∞,

LN+1(∪m+1
j=0 ∪s∈L1

n,j
{(qj + s)/2n − (1/2n)2 < w ≤ (qj + s)/2n}) → 0

2.2One has

LN+1(∪m+1
j=0 ∪s∈L2

n,j
{(qj + s)/2n − (1/2n)2 < w ≤ (qj + s)/2n})

= LN+1(∪m+1
j=0 ∪i′∈N1

w
{ci′ − (1/2n)2 < w ≤ ci′}).

Then by dominated convergence theorem, one obtains asn goes to∞,

LN+1(∪m+1
j=0 ∪s∈L2

n,j
{(qj + s)/2n − (1/2n)2 < w ≤ (qj + s)/2n}) →

LN+1(∪m+1
j=0 ∪i′∈N1

w
{w = ci′}).

2.3 Using the fact that the number ofci′ is finite and dominated convergence theorem, one
obtains asn goes to∞,

LN+1(∪m+1
j=0 ∪s∈L3

n,j
{(qj + s)/2n − (1/2n)2 < w ≤ (qj + s)/2n})

→ LN+1(∪m+1
j=0 ∪i′∈N2

w
{w = ci′}).

2.4Combining Steps 2.1-2.3, one obtains asn goes to∞,

LN+1(∪m+1
j=0 ∪s∈{1,··· ,rj} {(qj + s)/2n − (1/2n)2 < w ≤ (qj + s)/2n}) →

LN+1(∪m+1
j=0 ∪i′∈{1,··· ,m0} {w = ci′}).

Therefore, using the fact that divU = 0 and∇ϕ is a.e.0 onWc
2, one obtains for anyδ > 0,

lim
n→∞

LN+1({y ∈ W2 : (|h|χB−
n
)(y) ≥ δ}) = 0.

That is; asn goes to∞, φdiv(ϕU)χB−
n

converges to0 in measure inW2.

3. Proceeding as in Steps 1-2 above with appropriate adaptations, one obtains the proof of
Part(2) of the theorem. This completes the proof of Theorem 5.14.

AJMAA, Vol. 18 (2021), No. 2, Art. 21, 126 pp. AJMAA

https://ajmaa.org


GLOBAL REGULARITY OF THE THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 67

5.7.2. Convergence of terms involvingχA+
n,q,i

.

Theorem 5.16.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN×(t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and
0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. Let
In = {0, 1, 2, · · · , 2n − 1}. Let q ∈ In. Let Ĩn,q, I1

n,q, I
2
n,q, and I3

n,q be the sets introduced

in §§5.1.2,5.1.1. Leti ∈ Ĩn,q. LetAn,q,i, A
−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets
corresponding tow, n, andq introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total ex-
tension operator forΩn,q,i. Letwn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Let
vn,q,i = Dl−kwn,q,i. Then asn goes to∞,

1

2n

m+1∑
j=0

(

∫
φχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φχA+

n,qj+s,is
j

dµ+
n,qj+s,isj

) → 0,

1

2n

m+1∑
j=0

(

∫
φχA+

n,qj ,i0
j

dµ−
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φχA+

n,qj+s,is
j

dµ−n,qj+s,isj
) → 0.

Here,m was introduced in §5.1.1,qj, rj, andJn,j were introduced in §5.1.4.

Proof of Theorem 5.16.Let W1 andW2 be the open sets associated withw introduced in
§5.1.1. In Steps 1-4, it is assumed thatW1 = ∅. The proof for the caseW1 6= ∅ is obtained in
Step 5.

1. LetLn,j denote the set ofs ∈ {1, · · · , rj} such that(qj + s, isj) ∈ Jn,j. The following will
be evaluated

(5.74)
m+1∑
j=0

(

∫
φχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+
∑

s∈Ln,j

∫
φχA+

n,qj+s,is
j

dµ+
n,qj+s,isj

).

Let j ∈ {0, · · · ,m + 1}. Let s ∈ Ln,j ∪ {0}. If A+
n,qj+s,isj

is empty its contribution to the

integrals above will be0. Assume now thatA+
n,qj+s,isj

is not empty. By definition ofA+
n,qj+s,isj

and the fact that by Theorem 5.1, the measureµ+
n,qj+s,isj

is concentrated on the set̃An,qj+s,isj
∪

A+
n,qj+s,isj

if isj ∈ I2
n,qj+s andA−n,qj+s,isj

∪ An,qj+s,isj
∪ A+

n,qj+s,isj
if isj ∈ Ĩn,qj+s \ I2

n,qj+s, one has

(5.75)∫
φχA+

n,qj+s,is
j

dµ+
n,qj+s,isj

=

∫
φ(χ{w>(qj+s+1)/2n} − χ{w>(qj+s+1)/2n+(1/2n)2})dµ

+
n,qj+s,isj

.

By the regularity ofw and the fact that spt(w) is compact,χ{w>(qj+s+1)/2n} and
χ{w>(qj+s+1)/2n+(1/2n)2} are inL1(IRN×(t1, t2)). By Part(1)of Theorem 3.5,Dχ{w>(qj+s+1)/2n}
andDχ{w>(qj+s+1)/2n+(1/2n)2} are finite Radon measures inIRN × (t1, t2). Hence, one deduces
thatχ{w>(qj+s+1)/2n} andχ{w>(qj+s+1)/2n+(1/2n)2} are inBV (IRN × (t1, t2)). Therefore, one
can apply Part(2) of Theorem 3.6 with(v, U, ϕ) replaced with(v, U, φχ{w>(qj+s+1)/2n}) resp.
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(vn,qj+s,isj
, U, φχ{w>(qj+s+1)/2n}), (v, U, φχ{w>(qj+s+1)/2n+(1/2n)2}), and

(vn,qj+s,isj
, U, φχ{w>(qj+s+1)/2n+(1/2n)2}) and obtain resp.∫
φχ{w>(qj+s+1)/2n}d(µ

+
{v,U} − µ+

vn,qj+s,is
j
,U)(5.76)

= −
N∑

i=1

∫
φUi(χ{v>0}∪∂{v>0} − χ{vn,qj+s,is

j
>0}∪∂{vn,qj+s,is

j
>0})d[Diχ{w>(qj+s+1)/2n}],

and ∫
φχ{w>(qj+s+1)/2n+(1/2n)2}d(µ

+
{v,U} − µ+

vn,qj+s,is
j
,U)(5.77)

= −
N∑

i=1

∫
φUi(χ{v>0}∪∂{v>0} − χ{vn,qj+s,is

j
>0}∪∂{vn,qj+s,is

j
>0})d[Diχ{w>(qj+s+1)/2n+(1/2n)2}].

Here, a use of the fact that divU = 0 has been made. (5.75)-(5.77) yield∫
φχA+

n,qj+s,is
j

dµ+
n,qj+s,isj

(5.78)

= −
N∑

i=1

∫
φUi(χ{v>0}∪∂{v>0} − χ{vn,qj+s,is

j
>0}∪∂{vn,qj+s,is

j
>0})d[DiχA+

n,qj+s,is
j

].

Using (5.78), one obtains

m+1∑
j=0

(

∫
φχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+
∑

s∈Ln,j

∫
φχA+

n,qj+s,is
j

dµ+
n,qj+s,isj

)

= −
m+1∑
j=0

N∑
i=1

(

∫
φUi(χ{v>0}∪∂{v>0} − χ{v

n,qj ,i0
j
>0}∪∂{v

n,qj ,i0
j
>0})d[DiχA+

n,qj ,i0
j

] +

∑
s∈Ln,j

∫
φUi(χ{v>0}∪∂{v>0} − χ{vn,qj+s,is

j
>0}∪∂{vn,qj+s,is

j
>0})d[DiχA+

n,qj+s,is
j

]).

Then one has

|
m+1∑
j=0

(

∫
φχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+
∑

s∈Ln,j

∫
φχA+

n,qj+s,is
j

dµ+
n,qj+s,isj

)|

≤
N∑

i=1

m+1∑
j=0

2‖φUi‖∞,K(|DiχA+

n,qj ,i0
j

|+
∑

s∈Ln,j

|DiχA+
n,qj+s,is

j

|)

≤ (4
N∑

i=1

‖φUi‖∞,K)(m+ 2)2n|Di′χA+

n,qj′+s′,is′
j′

|,(5.79)

where|Di′χA+

n,qj′+s′,is′
j′

| = max(i,j,s)∈{1,··· ,N+1}×{0,··· ,m+1}×(Ln,j∪{0})|DiχA+
n,qj+s,is

j

|.

2. By definition ofA+
n,qj+s,isj

,
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(5.80) DiχA+
n,qj+s,is

j

= (Diχ{w>(qj+s+1)/2n} −Diχ{w>(qj+s+1)/2n+(1/2n)2})bA+
n,qj+s,isj

.

By Part(2) of Theorem 3.5,

Diχ{w>(qj+s+1)/2n} = µ+
{w−((qj+s+1)/2n),ei}bA

+
n,qj+s,isj

,(5.81)

Diχ{w>(qj+s+1)/2n+(1/2n)2} = µ+
{w−((qj+s+1)/2n+(1/2n)2),ei}bA

+
n,qj+s,isj

.(5.82)

Then by Part(2) and(4) of Theorem 3.4 and (5.80)-(5.82),DiA
+
n,qj+s,isj

is concentrated on
Γn,qj+s,isj

with

Γn,qj+s,isj
= (Γ+

{w−((qj+s+1)/2n)} ∪ Γ+
{w−((qj+s+1)/2n+(1/2n)2)}) ∩ A

+
n,qj+s,isj

,

whereΓ+
{w−((qj+s+1)/2n)} andΓ+

{w−((qj+s+1)/2n+(1/2n)2)} areC∞-hypersurfaces ofIRN × (t1, t2).
Since spt(w) is compact, these hypersurfaces are compact. One then deduces that
HN(Γ+

{w−((qj+s+1)/2n)}) andHN(Γ+
{w−((qj+s+1)/2n+(1/2n)2)}) are finite. Moreover,χA+

n,qj+s,is
j

∈

L1(IRN × (t1, t2)). Therefore,DχA+
n,qj+s,is

j

is a finite Radon measure andA+
n,qj+s,isj

is of finite

perimeter inIRN × (t1, t2) with P (A+
n,qj+s,isj

, IRN × (t1, t2)) = |DχA+
n,qj+s,is

j

|. Moreover, the

following divergence theorem holds

(5.83)
∫

A+
n,qj+s,is

j

div(ϕ)dy =

∫
∂?A+

n,qj+s,is
j

ϕ · n+dHN =

∫
Γn,qj+s,is

j

ϕ · n+dHN ,

for all ϕ ∈ C1
c (IRN × (t1, t2); IR

N+1). Here,∂?A
+
n,qj+s,isj

is the essential boundary ofA+
n,qj+s,isj

.

Then using the fact thatΓn,qj+s,isj
is aC∞-hypersurface ofIRN × (t1, t2), one deduces that

(5.84) P (A+
n,qj+s,isj

, IRN × (t1, t2)) = |DχA+
n,qj+s,is

j

| = HN(Γn,qj+s,isj
).

3. Let i ∈ {1, · · · , N + 1}. Let j ∈ {0, · · · ,m + 1}. It will be proved that|DiχA+
n,qj+s,is

j

|
goes to0 asn goes to∞.

By an adaptation of Step 1 of the proof of Part(1) of Theorem 5.14, one obtains using the
fact thatW1 = ∅: χA+

n,qj+s,is
j

converges to0 in measure. By classical measure theory, for any

sequence converging in measure to some function, one can extract a subsequence converging
a.e. to the same function. Thus, a subsequence ofχA+

n,qj+s,is
j

still denotedχA+
n,qj+s,is

j

converges to

0 a.e. Then by dominated convergence theorem, one concludes thatLN+1(A+
n,qj+s,isj

) converges
to 0. Using the regularity ofΓn,qj+s,isj

, one deduces that the classicalN−dimensional area of
Γn,qj+s,isj

converges to0. Since by regularity, the classicalN−dimensional area ofΓn,qj+s,isj
is

identical toHN(Γn,qj+s,isj
), one deduces thatHN(Γn,qj+s,isj

) converges to0. Then using (5.84),
one deduces thatP (A+

n,qj+s,isj
, IRN × (t1, t2)) = |DχA+

n,qj+s,is
j

| converges to0.

4. Using (5.79) and Steps 2-3, one obtains asn goes to∞,

1

2n

m+1∑
j=0

(

∫
φχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+
∑

s∈Ln,j

∫
φχA+

n,qj+s,is
j

dµ+
n,qj+s,isj

) → 0.
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This completes the proof of Part(1) of the theorem whenW1 = ∅.
5. Here, it is assumed thatW1 6= ∅. Let L1

n,j denote the subset ofLn,j ∪ {0} such that for
s ∈ L1

n,j, A
+
n,qj+s,isj

∩W1 = ∅. LetL2
n,j denote the subset ofLn,j ∪ {0} such that fors ∈ L2

n,j,

there corresponds aci′ for somei′ ∈ {1, · · · ,m0} such thatA+
n,qj+s,isj

∩W1 = {ci′}.
5.1Proceeding as in Steps 1-4 with appropriate adaptations, one obtains asn goes to∞,

1

2n

m+1∑
j=0

∑
s∈L1

n,j

∫
φχA+

n,qj+s,is
j

dµ+
n,qj+s,isj

→ 0.

5.2Let s ∈ L2
n,j. Then∫
φχA+

n,qj+s,is
j

dµ+
n,qj+s,isj

=

∫
φχA+

n,qj+s,is
j
∩{(qj+s+1)/2n<w<ci′}

dµ+
n,qj+s,isj

+

∫
φχA+

n,qj+s,is
j
∩{ci′<w<(qj+s+1)/2n+(1/2n)2}dµ

+
n,qj+s,isj

.

Here, a use of the fact that on{w = ci′}o, µ+
v,U ≡ 0 and on{w = ci′}o ⊂ Ω1

n,qj+s,isj
,

vn,qj+s,isj
≡ 0 and hence,µ+

vn,qj+s,is
j
,U ≡ 0; See §5.1. Then proceeding as in Steps 1-4 with

appropriate adaptations, one obtains asn goes to∞,

1

2n

m+1∑
j=0

∑
s∈L2

n,j

∫
φχA+

n,qj+s,is
j
∩{(qj+s+1)/2n<w<ci′}

dµ+
n,qj+s,isj

→ 0

and

1

2n

m+1∑
j=0

∑
s∈L2

n,j

∫
φχA+

n,qj+s,is
j
∩{ci′<w<(qj+s+1)/2n+(1/2n)2}dµ

+
n,qj+s,isj

→ 0.

5.3Combining Steps 5.1-5.2, one obtains asn goes to∞

1

2n

m+1∑
j=0

∑
s∈Ln,j∪{0}

∫
φχA+

n,qj+s,is
j

dµ+
n,qj+s,isj

→ 0.

This completes the proof of Part(1) of the theorem whenW1 6= ∅.
6. Proceeding as in Steps 1-5 with appropriate adaptations, one obtains the proof of Part(2)

of Theorem 5.16.

5.7.3. The first convergence theorem.

Theorem 5.17.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN×(t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ and w̃ = Dk$.
Assume that sptx(w̃) \ sptx(U) is either empty or a subset of the projection of{ṽ = 0}o into
IRN . Letφ ∈ Cc(t1, t2). SetK = sptx(w̃) × spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on
spt(φ) and0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. Let
In = {0, 1, 2, · · · , 2n − 1}. Let q ∈ In. Let Ĩn,q be the set introduced in §5.1.2. Leti ∈ Ĩn,q.
Let An,q,i, A

−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets corresponding tow, n, and q
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introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total extension operator forΩn,q,i. Let
wn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Letvn,q,i = Dl−kwn,q,i. Then, up to a
subsequence, asn goes to∞,

m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

) → 0.

m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ−
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ−n,qj+s,isj
) → 0.

Here,m was introduced in §5.1.1,qj, rj, andJn,j were introduced in §5.1.4.

Proof of Theorem 5.17.Let W1 andW2 be the open sets associated withw introduced in
§5.1.1.

1. Theorem 5.12 shows that

m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

) =

−
m+1∑
j=0

(

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{v
n,qj ,i0

j
>0})χA+

n,qj ,i0
j

dxdτ +

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{vn,qj+s,is
j
>0})(χB−

n,qj+s,is
j

+ χA+
n,qj+s,is

j

)dxdτ).

Hence one has,

|
m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

)|

≤ 2

∫ t2

t1

∫
IRN

|div(φwU)|(χB−
n

+ χA+
n
)dxdτ

≤ 2

∫ t2

t1

∫
IRN

|φ∇w · U |(χB−
n

+ χA+
n
)dxdτ ,(5.85)

whereB−
n = ∪m+1

j=0 ∪
rj

s=1 B
−
n,qj+s,isj

andA+
n = ∪m+1

j=0 ∪
rj−1
s=0 A+

n,qj+s,isj
. Here, a use of the fact that

div U = 0, and so: div(φwU) = φ∇w · U has been made.

2. Since∇w ≡ 0 onW1, the functionφ∇w · U is identically0 onWc
2. Recall that spt(w) =

W1 ∪W2. Therefore, one can take(φ,w, U) of this proof in place of(φ, ϕ, U) in Parts(1)-(2)
of Theorem 5.14, and obtain, up to a subsequence, asn goes to∞, div(φwU)(χB−

n
+ χA+

n
) =

φU · ∇w(χB−
n

+ χA+
n
) converges to0 in measure.

By classical measure theory, for any sequence converging in measure to some function, one
can extract a subsequence converging a.e. to the same function. Therefore, using the above
convergence in measure, one can extract a subsequence of div(φwU)(χB−

n
+χA+

n
) still denoted

div(φwU)(χB−
n

+ χA+
n
) that converges to0 LN+1 a.e.
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Now, one has,|φ∇w · U |(χB−
n

+ χA+
n
)| ≤ 2|φdiv(wU)|. By the regularity ofw, U andφ,

φdiv(wU) ∈ L1(IRN × (t1, t2)). Hence, by dominated convergence theorem, up to a subse-
quence, asn goes to∞, ∫ t2

t1

∫
IRN

|φ∇w · U |(χB−
n

+ χA+
n
)dxdτ → 0.

Then using (5.85), one deduces that, up to a subsequence, asn goes to∞,

m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

) → 0.

This yields the first convergence of the theorem.

3. Proceeding as in Steps 1-2 for the terms involvingµ−n,q,i with appropriate adaptations, one
obtains the second convergence of Theorem 5.17.

5.7.4. The second convergence theorem.

Theorem 5.18.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN×(t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k < l. Setṽ = Dl$ andw̃ = Dk$. Let
φ ∈ Cc(t1, t2). SetK = sptx(w̃)× spt(φ). Let φ̃ ∈ C∞

c (t1, t2) be such that̃φ ≡ 1 on spt(φ) and
0 ≤ φ̃ ≤ 1. Setw = φ̃w̃ andv = φ̃ṽ. Assume thatw satisfies:0 ≤ w ≤ 1.

Let n be any integer such that2n > 1/mw, wheremw was introduced in §5.1.1. Let
In = {0, 1, 2, · · · , 2n − 1}. Let q ∈ In. Let Ĩn,q be the set introduced in §5.1.2. Leti ∈ Ĩn,q.
Let An,q,i, A

−
n,q,i, andA+

n,q,i resp. Ãn,q,i and Ωn,q,i be the sets corresponding tow, n, and q
introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total extension operator forΩn,q,i. Let
wn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Letvn,q,i = Dl−kwn,q,i. Then, up to a
subsequence, asn goes to∞,

m+1∑
j=0

(

∫
φ(w − qj/2

n)χA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)χA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

) → 0,

m+1∑
j=0

(

∫
φ(w − qj/2

n)χA+

n,qj ,i0
j

dµ−
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)χA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ−n,qj+s,isj
) → 0.

Here,m was introduced in §5.1.1,qj, rj, andJn,j were introduced in §5.1.4.

Proof of Theorem 5.18.

1. Part(1) of Theorem 5.13 yields
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m+1∑
j=0

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)χA−

n,qj+s,is
j

dµ+
n,qj+s,isj

(5.86)

=
m+1∑
j=0

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{vn,qj+s,is
j
>0} − χ{v>0})χB−

n,qj+s,is
j

dxdτ .

Proceeding as in the proof of Part(1) of Theorem 5.17 shows that, up to a subsequence, asn
goes to∞, the right side of (5.86) converge to0 and so does the left side.

2. Part(2) of Theorem 5.13 yields

m+1∑
j=0

(

∫
φ(w − (qj + 1)/2n)χA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s+ 1)/2n)χA+

n,qj+s,is
j

dµ+
n,qj+s,isj

)(5.87)

=
m+1∑
j=0

(

∫ t2

t1

∫
IRn

div(φwU)(χ{v
n,qj ,i0

j
>0} − χ{v>0})χA+

n,qj ,i0
j

dxdτ

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{vn,qj+s,is
j
>0} − χ{v>0})χA+

n,qj+s,is
j

dxdτ).

Proceeding as in the proof of Part(1) of Theorem 5.17 shows that, up to a subsequence, asn
goes to∞, the right side of (5.87) converge to0 and so does the left side.

3. Combining the convergence in Step 2 above and the first convergence in Theorem 5.16,
one concludes that, up to a subsequence, asn goes to∞,

m+1∑
j=0

(

∫
φ(w − qj/2

n)χA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)χA+

n,qj+s,is
j

dµ+
n,qj+s,isj

) → 0.

4. Combining the convergence in Step 1 and the convergence in Step 3 yields the first con-
vergence in the theorem.

5. Proceeding as in Steps 1-4 for the terms involvingµ−n,q,i with appropriate adaptations, one
obtains the second convergence in Theorem 5.18.

5.8. The main theorem. For any functionf ∈ C∞(IRN × (t1, t2); IR
N) denote the projection

of its support intoIRN by sptx(f).

Theorem 5.19.LetN be any integer≥ 2. Let0 ≤ t1 < t2. LetU ∈ C∞(IRN×(t1, t2); IR
N) be

such that divU = 0. Let$ ∈ C∞(IRN × (t1, t2); IR) be such that the projection of its support
into IRN is compact. Letk, l ∈ INN be such that0 ≤ k ≤ l. Setṽ = Dl$ and w̃ = Dk$.
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Assume that sptx(w̃) \ sptx(U) is either empty or a subset of the projection of{ṽ = 0}o into
IRN . Letφ ∈ Cc(t1, t2). Then∫

φw̃dµ+
{ṽ,U} = 0,

∫
φw̃dµ−{ṽ,U} = 0,

∫
φw̃dµ{ṽ,U} = 0.

Proof of Theorem 5.19

1. Assume thatk = l, thenṽ = w̃. By Theorem 3.1,µ{ṽ,U}, µ
+
{ṽ,U}, andµ−{ṽ,U} are concen-

trated resp. on∂{ṽ > 0} ∪ ∂{ṽ < 0}, ∂{ṽ > 0}, and∂{ṽ < 0}. Hence,∫
φw̃dµ+

{ṽ,U} = 0,

∫
φw̃dµ−{ṽ,U} = 0,

∫
φw̃dµ{ṽ,U} = 0.

Thus, Theorem 5.19 is proved for the casek = l. Throughout the rest of the proof, it is
assumed that0 ≤ k < l.

2. Let 0 ≤ k < l. SetK = sptx(w̃) × spt(φ). Let φ̃ ∈ C∞
c (t1, t2) be such that̃φ ≡ 1

on spt(φ) and0 ≤ φ̃ ≤ 1. SetU = sptx(U) × spt(φ̃). Setw = φ̃w̃ andv = φ̃ṽ. Then
w, v ∈ C∞

c (IRN × (t1, t2)) andv = Dl−kw. Moreover, spt(w) ⊂ U andw ≡ w̃ onK andv ≡ ṽ
onK.

Let ϕ be any Lipschitz function inCc(IR
N × (t1, t2)). By definition ofµ+

{ṽ,U}, one has

∫
φϕdµ+

{ṽ,U} = lim
α→0

∫ t2

t1

∫
IRN

χ{0<ṽ<α}
1

α
U · ∇ṽφϕdy

= lim
α→0

∫
{0<v<α}

1

α
U · ∇vφϕdy =

∫
φϕdµ+

{v,U}.

Here, a use of the fact that onK, v ≡ ṽ andφ̃ ≡ 1 on spt(φ) has been made. Takingϕ such
thatϕ = w̃ onK and plugging it above and then using the fact thatw ≡ w̃ onK, one has

(5.88)
∫
φw̃dµ+

{ṽ,U} =

∫
φwdµ+

{v,U}.

Similarly, one has

(5.89)
∫
φw̃dµ−{ṽ,U} =

∫
φwdµ−{v,U},

∫
φw̃dµ{ṽ,U} =

∫
φwdµ{v,U}.

3. In this step and Steps 4-7, it is assumed thatw satisfies:0 ≤ w ≤ 1. Let n be any integer
such that2n > 1/mw, wheremw was introduced in §5.1.1. LetIn = {0, 1, 2, · · · , 2n − 1}.
Let q ∈ In. Let Ĩn,q, I1

n,q, I
2
n,q, andI3

n,q be the sets introduced in §§5.1.2,5.1.1. Leti ∈ Ĩn,q.
Let An,q,i, A

−
n,q,i, andA+

n,q,i resp. Ãn,q,i andΩn,q,i be the sets corresponding tow, n, andq
introduced in §5.1.1 resp. 5.1.4 and 5.1.3. LetL be a total extension operator forΩn,q,i. Let
wn,q,i = L(fn,q,i), wherefn,q,i is defined by (5.14)-(5.15). Letvn,q,i = Dl−kwn,q,i.

4. Here, it will be proved that, up to a subsequence, asn goes to∞,

(5.90)
m+1∑
j=0

(

∫
φwdµ+

n,qj ,i0j
+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwdµ+

n,qj+s,isj
) → 0,
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wherem was introduced in §5.1.1,qj, rj, andJn,j were introduced in §5.1.4. First, one has

m+1∑
j=0

(

∫
φwdµ+

n,qj ,i0j
+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwdµ+

n,qj+s,isj
)

=
m+1∑
j=0

(

∫
φ(w − qj/2

n)dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)dµ+

n,qj+s,isj
) +

m+1∑
j=0

(

∫
φ(qj/2

n)dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ((qj + s)/2n)dµ+

n,qj+s,isj
).(5.91)

4.1By Part(3) of Theorem 5.3,

(5.92)
m+1∑
j=0

(

∫
φ(qj/2

n)dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ((qj + s)/2n)dµ+

n,qj+s,isj
) = 0.

4.2Using the fact that by Theorem 5.1, the measureµ+
n,q,i is concentrated oñAn,q,i ∪A+

n,q,i if
i ∈ I2

n,q andA−n,q,i ∪ An,q,i ∪ A+
n,q,i if i ∈ Ĩn,q \ I2

n,q, one obtains

m+1∑
j=0

(

∫
φ(w − qj/2

n)dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)dµ+

n,qj+s,isj
) =

m+1∑
j=0

(

∫
φ(w − qj/2

n)χÃ
n,qj ,i0

j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)χAn,qj+s,is

j

dµ+
n,qj+s,isj

) +

m+1∑
j=0

(

∫
φ(w − qj/2

n)χA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)χA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

).(5.93)

By Part(4) of Theorem 5.3, asn goes to∞,

m+1∑
j=0

(

∫
φ(w − qj/2

n)χÃ
n,qj ,i0

j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)χAn,qj+s,is

j

dµ+
n,qj+s,isj

) → 0.(5.94)

By Part(1) of Theorem 5.18, up to a subsequence, asn goes to∞,

AJMAA, Vol. 18 (2021), No. 2, Art. 21, 126 pp. AJMAA

https://ajmaa.org


76 MOULAY D. TIDRIRI

m+1∑
j=0

(

∫
φ(w − qj/2

n)χA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+(5.95)

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w − (qj + s)/2n)χA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

) → 0.

Combining (5.94) and (5.95), and using (5.93), one obtains, up to a subsequence, asn goes
to∞,

(5.96)
m+1∑
j=0

(

∫
φ(w−qj/2n)dµ+

n,qj ,i0j
+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φ(w− (qj +s)/2n)dµ+

n,qj+s,isj
) → 0.

4.3Combining the convergence in (5.92) of Step 4.1 and (5.96) of Step 4.2, and using (5.91),
one obtains, up to a subsequence, asn goes to∞,

(5.97)
m+1∑
j=0

(

∫
φwdµ+

n,qj ,i0j
+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwdµ+

n,qj+s,isj
) → 0.

This corresponds to the convergence in (5.90).

5. Here, it will be proved that, up to a subsequence, asn goes to∞,

(5.98)
m+1∑
j=0

(

∫
φwχÃ

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχAn,qj+s,is

j

dµ+
n,qj+s,isj

) → 0.

Using the fact that by Theorem 5.1, the measureµ+
n,q,i is concentrated oñAn,q,i ∪ A+

n,q,i if
i ∈ I2

n,q andA−n,q,i ∪ An,q,i ∪ A+
n,q,i if i ∈ Ĩn,q \ I2

n,q, one obtains

m+1∑
j=0

(

∫
φwdµ+

n,qj ,i0j
+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwdµ+

n,qj+s,isj
) =(5.99)

m+1∑
j=0

(

∫
φwχÃ

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχAn,qj+s,is

j

dµ+
n,qj+s,isj

) +

m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

).

By Part(1) of Theorem 5.17, up to a subsequence, asn goes to∞,

(5.100)
m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

) → 0.

Combining the convergence in (5.97) of Step 4 and the convergence in (5.100), and using
(5.99), one obtains, up to a subsequence, asn goes to∞,
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(5.101)
m+1∑
j=0

(

∫
φwχÃ

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχAn,qj+s,is

j

dµ+
n,qj+s,isj

) → 0.

This corresponds to the convergence in (5.98).

6. Using Part(3) of Theorem 5.2, one obtains

(5.102)
m+1∑
j=0

(

∫
φwχÃ

n,qj ,i0
j

dµ+
{v

n,qj ,i0
j
,U} +

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχAn,qj+s,is

j

dµ+
{vn,qj+s,is

j
,U}) = 0.

The definition ofµ+
n,q,i and the definition of the sets̃An,q,i andAn,q,i and (5.102) show that

m+1∑
j=0

(

∫
φwχÃ

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχAn,qj+s,is

j

dµ+
n,qj+s,isj

)

=
m+1∑
j=0

(

∫
φwχÃ

n,qj ,i0
j

dµ+
v,U +

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχAn,qj+s,is

j

dµ+
v,U)

−
m+1∑
j=0

(

∫
φwχÃ

n,qj ,i0
j

dµ+
{v

n,qj ,i0
j
,U} +

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχAn,qj+s,is

j

dµ+
{vn,qj+s,is

j
,U})

=
m+1∑
j=0

(

∫
φwχÃ

n,qj ,i0
j

dµ+
v,U +

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχAn,qj+s,is

j

dµ+
v,U)

=

∫
φwdµ+

{v,U}.(5.103)

where the last equality was obtained thanks to (5.23) of Subsection 5.1.4.
Now by (5.103) and the convergence in (5.101) of Step 5 above, one obtains,

(5.104)
∫
φwdµ+

{v,U} = 0.

7. Proceeding as in Steps 4-6 for the measureµ−{v,U} with appropriate adaptations, one obtains∫
wφdµ−{v,U} = 0.(5.105)

Then using Part(3) of Theorem 3.3, one obtains∫
wφdµ{v,U} = 0.(5.106)

Then combining (5.104)-(5.106) and using (5.88)-(5.89), one obtains

(5.107)
∫
φw̃dµ+

{ṽ,U} = 0,

∫
φw̃dµ−{ṽ,U} = 0,

∫
φw̃dµ{ṽ,U} = 0.
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This completes the proof of Theorem 5.19 in the case where0 ≤ k < l andw satisfies:
0 ≤ w ≤ 1.

8. In this step and Step 9, Theorem 5.19 will be proved in the case where0 ≤ k < l andw
such thatw does not satisfy:0 ≤ w ≤ 1.

If w is nonnegative, by the regularity ofw and the compactness of its support,w(y) ≤ B for
anyy ∈ IRN × (t1, t2), whereB is the absolute maximum. The functionw/B satisfies:0 ≤
w/B ≤ 1. Then proceeding as in Steps 2-7 above withw replaced byw/B with appropriates
adaptations, one obtains the proof of Theorem 5.19 in this case. Below the proof in the case
wherew changes sign will be given.

8.1 Recall that by Step 2 above,w = φ̃w̃ and v = φ̃ṽ. By the regularity ofw and the
compactness of its support,|w(y)| ≤ B for any y ∈ IRN × (t1, t2), whereB is an absolute
extremum. Then define the function̂w by ŵ = 1

B
w and v̂ by v̂ = Dl−kŵ. This function

satisfies:−1 ≤ ŵ ≤ 1.
Let n be any nonnegative integer. SetI−n = {−(2n + 1),−2n, · · · ,−2,−1} and I+

n =
{0, 1, 2, · · · , 2n− 1}. SetIn = I−n ∪ I+

n . Let q ∈ In. LetAn,q,A−n,q, andA+
n,q be the sets defined

by

A−n,q = {y ∈ IRN × (t1, t2)| q/2n − (1/2n)2 ≤ w(y) ≤ q/2n}
An,q = {y ∈ IRN × (t1, t2)| q/2n < w(y) ≤ (q + 1)/2n}
A+

n,q = {y ∈ IRN × (t1, t2)| (q + 1)/2n < w(y) ≤ (q + 1)/2n + (1/2n)2}
By an appropriate adaptation of the constructions and methods of Subsections 5.1-5.7 and

those of Steps 2-6 above with(w, v) replaced by(ŵ, v̂) of this step, one obtains

(5.108)
∫
ŵφdµ+

{v̂,U} = 0.

8.2 Let ϕ be any Lipschitz function inCc(IR
N × (t1, t2)). By Part(1) of Theorem 3.3, one

has ∫
ϕdµ+

{v̂,U} = −
∫
{v̂>0}

div(ϕU)dy,

∫
ϕdµ+

{v,U} = −
∫
{v>0}

div(ϕU)dy,

wherev̂ = Dl−kŵ = 1
B
Dl−kw = 1

B
v. Hence, using the fact thatB > 0, one has

(5.109)
∫
ϕdµ+

{v̂,U} = −
∫
{v>0}

div(ϕU)dy =

∫
ϕdµ+

{v,U},

Then combining (5.109) and (5.108), and the fact that by Step 8.1,ŵ = w/B yields

(5.110)
∫
wφdµ+

{v,U} = 0.

Now using (5.89), one obtains

(5.111)
∫
φw̃dµ+

{ṽ,U} =

∫
φwdµ+

{v,U} = 0.

9. Proceeding as in Step 8 for the measureµ−{v̄,U} with appropriate adaptations, one obtains
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∫
wφdµ−{v,U} = 0.(5.112)

Then using Part(3) of Theorem 3.3, one obtains∫
wφdµ{v,U} = 0.(5.113)

Now using (5.111), (5.112), and (5.113) and (5.88)-(5.89), one obtains∫
φw̃dµ+

{ṽ,U} =

∫
φwdµ+

{v,U} = 0,

∫
φw̃dµ−{ṽ,U} =

∫
φwdµ−{v,U} = 0,∫

φw̃dµ{ṽ,U} =

∫
φwdµ{v,U} = 0.

This completes the proof of Theorem 5.19 in the case where0 ≤ k < l andw such thatw
does not satisfy:0 ≤ w ≤ 1.

10. Step 1 yields the proof of Theorem 5.19 whenk = l. Steps 3-7 and the beginning of Step
8 yield the proof of Theorem 5.19 in the case where0 ≤ k < l andw satisfies:0 ≤ w ≤ 1.
Steps 8-9 yield the proof of Theorem 5.19 in the case where0 ≤ k < l andw such thatw does
not satisfy:0 ≤ w ≤ 1. Therefore, the proof of Theorem 5.19 is completed.

5.9. The hypothesis in Theorem 5.19 that sptx(w̃) \ sptx(U) is either empty or is a subset
of the projection of {ṽ = 0}o into IRN is necessary.Here, it will be shown that the conclusion
of Theorem 5.19 is not true if sptx(w̃) \ sptx(U) is neither empty nor a subset of the projection
of {ṽ = 0}o into IRN . This will be shown by showing that the conclusion of Theorem 5.12 does
not hold. The setting of Theorem 5.12 will be used.

Takel = (1, 0, · · · , 0) andk = 0. Thenṽ = ∂1w̃. One builds(w̃, ṽ, U) so that it satisfies
all the assumptions of Theorem 5.12 except that now sptx(w̃) \ sptx(U) is neither empty nor a
subset of the projection of{ṽ = 0}o into IRN .

1. Let s′ ∈ (0, 1) be such thats′ = q′/2p for some integer0 < p < n andq′ ∈ Ip. Let j1 be
an integer such that0 < j1 < m+1. Assume there exists a numbersn ∈ {1, · · · , rj1} such that
(qj1 + sn, i

sn
j1

) ∈ Jn,j1 ands′ = (qj1 + sn)/2n. Assume that for anys ∈ {0, · · · , rj1} such that
(qj1+s, i

s
j1

) ∈ Jn,j1, Γ
+
v ∩An,qj1

+s,isj1
is a manifold of dimensionN . Here,Γ+

v = ∂{v > 0}\Γs
v,+

with Γs
v,+ the singular set corresponding tov introduced in Subsection 3.1. Assume that for any

s ∈ {0, · · · , sn − 1} such that(qj1 + s, isj1) ∈ Jn,j1, {w ≤ (qj1 + sn)/2n} ∩ An,qj1
+s,isj1

is
the union of a subset of{v < 0} ∪ Γ+

v with nonempty interior and a subset of{v > 0} with
nonempty interior and their interface,Γ0, a submanifold ofΓ+

v of dimensionN . Let V (Γ0) be
an open neighborhood ofΓ0.

By the above, for anys ∈ {0, · · · , sn} such that(qj1 + s, isj1) ∈ Jn,j1, one may select
wn,qj1

+s,isj1
such that the restriction ofvn,qj1

+s,isj1
to A−n,qj1

+s,isj1
∩ ({v > 0} \ V (Γ0)) is ≥ 0

andΓ+
vn,qj1

+s,is
j1

∩ A−n,qj1
+s,isj1

∩ ({v > 0} \ V (Γ0)) = ∅; See §5.1.3 above. Also, by the above,

for any s ∈ {0, · · · , sn − 2} such that(qj1 + s, isj1) ∈ Jn,j1, one may selectwn,qj1
+s,isj1

such

that the restriction ofvn,qj1
+s,isj1

to A+
n,qj1

+s,isj1
∩ ({v > 0} \ V (Γ0)) is ≥ 0 andΓ+

vn,qj1
+s,is

j1

∩

A+
n,qj1

+s,isj1
∩ ({v > 0} \ V (Γ0)) = ∅; See §5.1.3 above. Here,Γ+

vn,qj1
+s,is

j1

= ∂{vn,qj1
+s,isj1

>

0}\Γs
{vn,qj1

+s,is
j1

,+}, with Γs
{vn,qj1

+s,is
j1

,+} the singular set corresponding tovn,qj1
+s,ij1

introduced

in Subsection 3.1.
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Assume that{w = s′} ∩A+
n,qj1

+sn−1,isn
j1

is aC∞−hypersurface denotedΓ that is the union of

three connected manifolds of dimensionN :

Γ1 = {w = s′} ∩ ∂({v > 0} ∩ A+
n,qj1

+sn−1,isn
j1

) ∩ ∂{v > 0} ∩ ∂A+
n,qj1

+sn−1,isn
j1

∩ ∂{v < 0},

Γ2 = {w = s′} ∩ {v > 0} ∩ ∂A+
n,qj1

+sn−1,isn
j1

,

Γ3 = {w = s′} ∩ {v < 0} ∩ ∂A+
n,qj1

+sn−1,isn
j1

.

Assume thatU is such that: (1) for anys ∈ {0, · · · , sn − 1} such that(qj1 + s, isj1) ∈ Jn,j1 ,
{w ≤ (qj1 + sn)/2n} ∩ An,qj1

+s,isj1
∩ ({v < 0} ∪ (V (Γ0) ∩ {v > 0}) ∪ Γ0) ⊂ U c and

{w ≤ (qj1 + sn)/2n} ∩ An,qj1
+s,isj1

∩ ({v > 0} \ V (Γ0)) ⊂ U ; (2) for anys ∈ {sn, · · · , rj1}
such that(qj1 + s, isj1) ∈ Jn,j1 , {w > (qj1 + sn)/2n} ∩ An,qj1

+s,isj1
⊂ U ; and (3) for any

j ∈ {0, · · · ,m + 1} such thatj 6= j1 and for anys ∈ {0, · · · , rj} such that(qj + s, isj) ∈ Jn,j,
An,qj+s,isj

⊂ U .
2. The following sum will be evaluated

(5.114)
m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

).

The proof of Theorem 5.12 will be followed.
2.1 By the construction above, for anys ∈ {0, · · · , sn} such that(qj1 + s, isj1) ∈ Jn,j1 ,

A−n,qj1
+s,isj1

∩ Γ+
v ∩ U = ∅ andA−n,qj1

+s,isj1
∩ Γ+

vn,qj1
+s,is

j1

∩ U = ∅. Then by definition of the

measureµ+
n,qj1

+s,isj1
, one obtains

(5.115)
∫
φwχA−

n,qj1
+s,is

j1

dµ+
n,qj1

+s,isj1
= 0.

Also by the construction above, for anys ∈ {0, · · · , sn − 2} such that(qj1 + s, isj1) ∈ Jn,j1 ,
A+

n,qj1
+s,isj1

∩ Γ+
v ∩ U = ∅ andA+

n,qj1
+s,isj1

∩ Γ+
vn,qj1

+s,is
j1

∩ U = ∅. Then by definition of the

measureµ+
n,qj1

+s,isj1
, one obtains

(5.116)
∫
φwχA+

n,qj1
+s,is

j1

dµ+
n,qj1

+s,isj1
= 0.

By Part(1) of Theorem 5.8, one obtains

∫
φwχA+

n,qj1
+sn−1,i

sn−1
j1

dµ+

v
{n,qj1

+sn−1,i
sn−1
j1

}
,U,isn−1

j1

=∫
φwd[µ+

{w−(qj1
+sn)/2n−(1/2n)2,U,{v>0}}bA

+

n,qj1
+sn−1,isn−1

j1

]

−
∫ t2

t1

∫
IRn

div(φwU)χ{v
{n,qj1

+sn−1,i
sn−1
j1

}
>0}χA+

n,qj1
+sn−1,i

sn−1
j1

dxdτ .(5.117)

By Part(1) of Theorem 5.10, one obtains
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∫
φwχA+

n,qj1
+sn−1,i

sn−1
j1

dµ+
v,U = −

∫
φwd[µ+

{w−s′,U,{v>0}}bA
+

n,qj1
+sn−1,isn−1

j1

]

+

∫
φwd[µ+

{w−(qj1
+sn)/2n−(1/2n)2,U,{v>0}}bA

+

n,qj1
+sn−1,isn−1

j1

]

−
∫ t2

t1

∫
IRn

div(φwU)χ{v>0}χA+

n,qj1
+sn−1,i

sn−1
j1

dxdτ .(5.118)

By definition ofµ+

n,qj1
+sn−1,isn−1

j1

, (5.117), and (5.118), one obtains

∫
φwχA+

n,qj1
+sn−1,i

sn−1
j1

dµ+

n,qj1
+sn−1,isn−1

j1

= −
∫
φwd[µ+

{w−s′,U,{v>0}}bA
+

n,qj1
+sn−1,isn−1

j1

]

−
∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{v
{n,qj1

+sn−1,i
sn−1
j1

}
>0})χA+

n,qj1
+sn−1,i

sn−1
j1

dxdτ .(5.119)

Then by the construction in Step 1 above, (5.115)-(5.119), and the definition of the measure
µ+
{w−s′,U,{v>0}} and its properties, one has

∫
φwχA−

n,qj1
+sn,i

sn
j1

dµ+
n,qj1

+sn,isn
j1

+

∫
φwχA+

n,qj1
+sn−1,i

sn−1
j1

dµ+

n,qj1
+sn−1,isn−1

j1

= −
∫
φwχΓ2

dµ+
{w−s′,U,{v>0}}

−
∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{v
n,qj1

+sn−1,i
sn−1
j1

>0})χA+

n,qj1
+sn−1,i

sn−1
j1

dxdτ .(5.120)

2.2Using the fact that by Step 1 above,U satisfies Points (2) and (3) there, and using (5.115),
(5.116), and (5.120) one obtains

m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

)

= −
∫
φwχΓ2

dµ+
{w−s′,U,{v>0}}

−
∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{v
n,qj1

+sn−1,i
sn−1
j1

>0})χA+

n,qj1
+sn−1,i

sn−1
j1

dxdτ +

−
rj1∑

s=sn,(qj1
+s,isj1

)∈Jn,j1

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{vn,qj1
+s,is

j1
>0})

(χB−
n,qj1

+s,is
j1

+ χA+
n,qj1

+s,is
j1

)dxdτ+
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−
m+1∑

j=0, j 6=j1

(

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{v
n,qj ,i0

j
>0})χA+

n,qj ,i0
j

dxdτ

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫ t2

t1

∫
IRn

div(φwU)(χ{v>0} − χ{vn,qj+s,is
j
>0})

(χB−
n,qj+s,is

j

+ χA+
n,qj+s,is

j

)dxdτ).(5.121)

3. Proceeding as in the convergence of Theorem 5.17, asn goes to∞ one obtains using
(5.121),

m+1∑
j=0

(

∫
φwχA+

n,qj ,i0
j

dµ+
n,qj ,i0j

+

rj∑
s=1,(qj+s,isj)∈Jn,j

∫
φwχA−

n,qj+s,is
j
∪A+

n,qj+s,is
j

dµ+
n,qj+s,isj

)

→ −
∫
φwχΓ2

dµ+
{w−s′,U,{v>0}}.(5.122)

4. Using the convergence in (5.122) in place of the use of the convergence given by Theorem
5.17 in the proof of Theorem 5.19, one concludes that

∫
φw̃dµ+

{ṽ,U} is not0. That is, Theorem
5.19 does not hold. This proves that the assumption that sptx(w̃) \ sptx(U) is either empty or a
subset of the projection of{ṽ = 0}o into IRN is necessary.

6. PROPERTIES OF THE MEASURES OF SECTIONS 3-5 FOR SOME CLASS OF

GENERATORS AND A FIRST SET OF APPLICATIONS

The theorem of this section establishes further properties of the measuresµ+
{v,U}, µ

−
{v,U}, and

µ{v,U} for a special class of generators. Throughout this sectionN = 3. Although in this section
N = 3, Theorem 6.1 can be obtained with appropriate adaptations forN = 2. Letψm, m ≥ 1,
be the sequence of functions defined inIRN by ψm(x) = ψ( x

m
), whereψ ∈ C∞

c (IRN) and is
such thatψ(x) = 1 for |x| ≤ 1, ψ(x) = 0 for |x| ≥ 2, and0 ≤ ψ(x) ≤ 1 for all x ∈ IRN .

Theorem 6.1. LetN = 3. Let0 ≤ t1 < t2. Letu ∈ C∞(IRN × (t1, t2); IR
N) with div u = 0.

Assume that for eachs ∈ INN ,Dsu ∈ C∞((t1, t2);L
1(IRN))N . Letφ ∈ Cc(t1, t2).

(1) Leti ∈ {1, · · · , N}. Let l, k ∈ INN be such that0 ≤ k ≤ l. Then, up to a subsequence,

lim
m→∞

∫
φψmD

kuidµ
+
{Dlui,Dl−ku} = 0, lim

m→∞

∫
φψmD

kuidµ
−
{Dlui,Dl−ku} = 0,

lim
m→∞

∫
φψmD

kuidµ{Dlui,Dl−ku} = 0.

(2) Letl ∈ INN . Then, up to a subsequence,

lim
m→∞

∫
φψmdµ

+
{Dlui,Dl(uiu)} = 0, lim

m→∞

∫
φψmdµ

−
{Dlui,Dl(uiu)} = 0,

lim
m→∞

∫
φψmdµ{Dlui,Dl(uiu)} = 0.

Proof of Theorem 6.1
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If u ≡ 0, the result is obvious. Hence, throughout this proof it will be assumed thatu is not
identically0. Let k, l ∈ INN with 0 ≤ k ≤ l. By Theorem 3.1, the measureµ+

{v,U} resp.µ−{v,U}
andµ{v,U} is concentrated on∂{v > 0} resp.∂{v < 0} and∂{v > 0} ∪ ∂{v < 0}. Hence, for
k = l, Part(1) of the theorem is clear. Therefore, it is assumed that0 ≤ k < l.

Proof of (1)Let b1 < b2 be such that spt(φ) ⊂ (b1, b2) ⊂ (t1, t2). Let i ∈ {1, · · · , N}. For
any functionw defined inIRN × (t1, t2), denote by sptxw the projection of the support ofw into
IRN .

1. By assumption, for eachs ∈ INN , Dsu is in C∞((t1, t2);L
1(IRN))N . Hence, by Sobolev

embeddings,u ∈ C∞((t1, t2);W
m′,q(IRN))N for all integersm′ ≥ 0 and all q ≥ 1. Us-

ing the regularity ofu and its divergence-free property, one can find a potential vectorΨ ∈
C∞(IRN × (t1, t2); IR

N) such thatu = curl Ψ, −∆Ψ = curl u, and div Ψ = 0. Now set
up = curl (ψpΨ), whereψp was introduced at the beginning of this section. By the regularity
of u and the properties ofψp, up ∈ C∞(IRN × (t1, t2); IR

N) and for eachs ∈ INN , Dsup is in
C∞((t1, t2);L

1(IRN))N for all p ≥ 1. Moreover,Dsup converges inCm′′
([a, b];Wm′,q(IRN))N

to Dsu whenp goes to∞ for all s ∈ INN , all integersm′, m′′ ≥ 0 and allq ≥ 1, and all
t1 < a < b < t2. Also, for each integerp ≥ 1, the projection of the support ofup into IRN is
compact. Denote this projection byKp. Letupj, j = 1, 2, 3 denote the components ofup.

2. Let p ≥ 1 be fixed. Letmp be such that for anym ≥ mp, ψm ≡ 1 onKp. If k ≥ l − k,
then it is clear that sptx(D

kupi) ⊂ sptx(D
l−kup). If k < l−k, then it is not difficult to show that

sptx(D
kupi)\sptx(D

l−kup) is a subset of the projection of{Dlupi = 0}o into IRN . Then one can
apply Theorem 5.19 with(w̃, ṽ, U) of Theorem 5.19 corresponding to(Dkupi, D

lupi, D
l−kup)

of this step, and obtain∫
φψmD

kupidµ
+
{Dlupi,Dl−kup} =

∫
φDkupidµ

+
{Dlupi,Dl−kup} = 0.

3. Letm ≥ mp. Then using Step 2 and Part(1) of Theorem 3.3, yields∫
φψmD

kuidµ
+
{Dlui,Dl−ku}

=

∫
φψmD

kuidµ
+
{Dlui,Dl−ku} −

∫
φψmD

kupidµ
+
{Dlupi,Dl−kup}

= −
∫
{Dlui>0}

div(φψmD
kuiD

l−ku)dy +

∫
{Dlupi>0}

div(φψmD
kupiD

l−kup)dy

= −
∫
{Dlui>0}

φ∇ψmD
kui ·Dl−kudy +

∫
{Dlupi>0}

φ∇ψmD
kupi ·Dl−kupdy

−
∫
{Dlui>0}

φψm∇Dkui ·Dl−kudy +

∫
{Dlupi>0}

φψm∇Dkupi ·Dl−kupdy.(6.1)

Here, a use of the fact that div(Dl−kup) = 0 and div(Dl−ku) = 0, has been made.

3.1 By assumption,Dsu ∈ C∞([b1, b2];L
1(IRN))N for eachs ∈ INN . Hence, by Sobolev

embeddings, one has:Dl−ku ∈ L1(b1, b2;L
2(IRN))N andDkui ∈ L∞(b1, b2;W

1,2(IRN)).
Now by Step 1,Dl−kup ∈ L1(b1, b2;L

2(IRN))N . Hence, using Holder inequality, one has:
φDkuiD

l−kuχ{Dlui>0} ∈ L1(IRN × (b1, b2))
N and φDkupiD

l−kupχ{Dlupi>0} ∈ L1(IRN ×
(b1, b2))

N . Then, one obtains
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|
∫
{Dlui>0}

φ∇ψm ·DkuiD
l−kudy| = 1

m
|
∫
{Dlui>0}

φ∇ψ(
x

m
) ·DkuiD

l−kudy|

≤ 1

m
‖∇ψ‖L∞(IRN )

∫
{Dlui>0}

|φDkuiD
l−ku|dy ≤ C ′

m
,(6.2)

whereC ′ is a positive constant independent ofm. Lettingm go to∞ in (6.2), yields

(6.3) lim
m→∞

∫
{Dlui>0}

φ∇ψm ·DkuiD
l−kudy = 0.

Similarly, one obtains

(6.4) lim
m→∞

∫
{Dlupi>0}

φ∇ψm ·DkupiD
l−kupdy = 0.

Asm goes to∞,

χ{Dlui>0}φψm∇Dkui ·Dl−ku→ χ{Dlui>0}φ∇Dkui ·Dl−ku,

χ{Dlupi>0}φψm∇Dkupi ·Dl−kup → χ{Dlupi>0}φ∇Dkupi ·Dl−kup.

Moreover,

|χ{Dlui>0}φψm∇Dkui ·Dl−ku| ≤ |χ{Dlui>0}φ∇Dkui ·Dl−ku|,
|χ{Dlupi>0}φψm∇Dkupi ·Dl−kup| ≤ |χ{Dlupi>0}φ∇Dkupi ·Dl−kup|.

By the regularity obtained above, these bounds are inL1(IRN × (t1, t2)). Then by dominated
convergence theorem, up to a subsequence, asm goes to∞,

lim
m→∞

∫
{Dlui>0}

φψm∇Dkui ·Dl−kudy =

∫
{Dlui>0}

φ∇Dkui ·Dl−kudy,(6.5)

lim
m→∞

∫
{Dlupi>0}

φψm∇Dkupi ·Dl−kupdy =

∫
{Dlupi>0}

φ∇Dkupi ·Dl−kupdy.(6.6)

3.2One has

−
∫
{Dlui>0}

φ∇Dkui ·Dl−kudy +

∫
{Dlupi>0}

φ∇Dkupi ·Dl−kupdy

= −
∫
{Dlupi>0}

φ(∇Dkui ·Dl−ku−∇Dkupi ·Dl−kup)dy +∫
(χ{Dlupi>0} − χ{Dlui>0})φ∇Dkui ·Dl−kudy

= −
∫
χ{Dlupi>0}φ(∇Dkui −∇Dkupi) ·Dl−kudy

−
∫
χ{Dlupi>0}φ∇Dkupi · (Dl−ku−Dl−kup)dy+
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∫
(χ{Dlupi>0} − χ{Dlui>0})φ∇Dkui ·Dl−kudy.(6.7)

By Holder inequality, one has

|
∫
χ{Dlui>0}φ(∇Dkui −∇Dkupi) ·Dl−kudy|

≤ ‖φ(∇Dkui −∇Dkupi)‖L1(b1,b2;W 1,2(IRN ))‖Dl−ku‖L∞(b1,b2;W 1,2(IRN ))(6.8)

|
∫
χ{Dlui>0}φ∇Dkupi · (Dl−ku−Dl−kup)dy|

≤ ‖φ∇Dkupi‖L∞(b1,b2;W 1,2(IRN ))‖Dl−ku−Dl−kup‖L1(b1,b2;W 1,2(IRN ))

≤ C‖Dl−ku−Dl−kup‖L1(b1,b2;W 1,2(IRN )),(6.9)

whereC is a positive constant independent ofp. Above a use of Step 1 has been made. Using
the properties of the approximating sequenceup obtained in Step 1 above, asp goes to∞, the
left sides of (6.8)- (6.9) go to0. Hence, the first and second terms in the right side of (6.7) go to
0.

3.3SetΩpi = {Dlupi > 0} andΩi = {Dlui > 0}. Then

∫
(χ{Dlupi>0} − χ{Dlui>0})φ∇Dkui ·Dl−kudy

=

∫
χΩpi∩Ωc

i
φ∇Dkui ·Dl−kudy −

∫
χΩc

pi∩Ωi
φ∇Dkui ·Dl−kudy.(6.10)

Let y ∈ Ωc
i . If Dlui(y) < 0, then by construction ofup; See Step 1, asp goes to∞,

χ{Dlupi>0}(y) goes to0. If y ∈ {Dlui = 0}o, thenB(y, ε) ⊂ {Dlui = 0}o for someε > 0

sufficiently small. Forp large,ψp ≡ 1 onB(y, ε). Hence,Dlupi(y) = Dlui(y) = 0. Therefore,
asp goes to∞, χΩpi∩Ωc

i
converges a.e. to0. Proceeding similarly,χΩi∩Ωc

pi
converges a.e. to0.

Moreover, by Step 2,φ∇Dkui ·Dl−ku ∈ L1(IRN × (b1, b2)). Then by dominated convergence
theorem, up to a subsequence, asp goes to∞, the two integrals in the right side of (6.10)
converge to0. And so, up to a subsequence, asp goes to∞,

lim
p→∞

∫
(χ{Dlupi>0} − χ{Dlui>0})φ∇Dkui ·Dl−kudy = 0.

3.4Combining the convergence in Steps 3.2-3.3, and using (6.7), one obtains, up to a subse-
quence, asp goes to∞,

(6.11) lim
p→∞

[−
∫
{Dlui>0}

φ∇Dkui ·Dl−kudy +

∫
{Dlupi>0}

φ∇Dkupi ·Dl−kupdy] = 0.

3.5 Combining the convergence in (6.3)-(6.6) of Step 3.1 and (6.11) in Step 3.4, and using
(6.1), one obtains, up to a subsequence, asm goes to∞ first and thenp goes to∞ second,

(6.12) lim
m→∞

∫
φψmD

kuidµ
+
{Dlui,Dl−ku} = 0.
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4. Proceeding as in Steps 1-3 above forµ−{Dlui,Dl−ku} andµ{Dlui,Dl−ku}, one obtains, up to a
subsequence,

lim
m→∞

∫
φψmD

kuidµ
−
{Dlui,Dl−ku} = 0,(6.13)

lim
m→∞

∫
φψmD

kuidµ{Dlui,Dl−ku} = 0.(6.14)

5. (6.12)-(6.14) yield Part(1) of the theorem.

Proof of (2)

1. Using Leibniz formula yields

Dl(uiu) =
∑
k≤l

CklD
kuiD

l−ku,(6.15)

whereCkl is given by

(6.16) Ckl =
l1!

k1!(l1 − k1)!

l2!

k2!(l2 − k2)!
· · · lN !

kN !(lN − kN)!
.

Let 0 ≤ k ≤ l. Setv = Dlui. Then using the regularity ofu andui, and Theorem 3.1 with
(v, U) of Theorem 3.1 corresponding to(Dlui, D

l−ku) of this step, and the fact thatφψmD
kui

is Lipschitz continuous function with compact support inIRN × (t1, t2), one obtains, up to a
subsequence, asα goes to0, ∫

φψmD
kuidµ

+
{v,Dl−ku}

= lim
α→0

∫
φψmD

kuiD
l−ku · ∇v 1

α
χ{0<v<α}dxdτ .(6.17)

Using Theorem 3.1 with(v, U) of Theorem 3.1 corresponding to(Dlui, D
l(uiu)) of this step,

the fact thatφψm is Lipschitz continuous function with compact support inIRN×(t1, t2), (6.15),
and (6.17), one obtains∫

φψmdµ
+
{v,Dl(uiu)}

= lim
α→0

∫
φψmD

l(uiu) · ∇v
1

α
χ{0<v<α}dxdτ

= lim
α→0

∫ ∑
0≤k≤l

CklφψmD
kuiD

l−ku · ∇v 1

α
χ{0<v<α}dxdτ

=
∑

0≤k≤l

Ckl lim
α→0

∫
φψmD

kuiD
l−ku · ∇v 1

α
χ{0<v<α}dxdτ

=
∑

0≤k≤l

Ckl

∫
φψmD

kuidµ
+
{v,Dl−ku}.(6.18)

Similarly, one obtains
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∫
φψmdµ

−
{v,Dl(uiu)} =

∑
0≤k≤l

Ckl

∫
φψmD

kuidµ
−
{v,Dl−ku},(6.19) ∫

φψmdµ{v,Dl(uiu)} =
∑

0≤k≤l

Ckl

∫
φψmD

kuidµ{v,Dl−ku}.(6.20)

Then using (6.18)-(6.20) and Part(1) of the theorem yields Part(2) of the theorem. This
completes the proof of Theorem 6.1.

7. PROPERTIES OF THE MEASURES OF SECTIONS 3-5 FOR SOME CLASS OF

GENERATORS AND A SECOND SET OF APPLICATIONS

In this section, further properties of the measuresµ+
{v,U}, µ

−
{v,U}, andµ{v,U} for special classes

of generators are obtained. Throughout this sectionN = 3 andψm, m ≥ 1, corresponds to the
sequence of functions defined inIR3 by ψm(x) = ψ( x

m
), whereψ ∈ C∞

c (IR3) and is such that
ψ(x) = 1 for |x| ≤ 1, ψ(x) = 0 for |x| ≥ 2, and0 ≤ ψ(x) ≤ 1 for all x ∈ IR3. Also throughout
this section, the topological notions of interior of a subsetE of IRm, open, compact, etc are
with respect to the canonical topology onIRm. Moreover, throughout this section, the notation
y = (x, τ) = (y1, · · · , y4) for the elements ofIR3 × (t1, t2) will also be used. The main results
of this section correspond to Theorems 7.1 and 7.2. By an appropriate adaptation of the proofs
below, one also obtains Theorems 7.1 and 7.2 forN = 2.

Theorem 7.1. LetN = 3. Let 0 ≤ t1 < t2. Let u ∈ C∞(IRN × (t1, t2); IR
N) be such that

div u = 0 and the projection intoIRN of the support ofu is compact. Letω = curl u. Let
l ∈ INN . Let i ∈ {1, 2, 3}. Letφ ∈ Cc(t1, t2). Then

(1) ∫
φdµ+

{Dlωi,Dl(ωiu)} = 0,

∫
φdµ−{Dlωi,Dl(ωiu)} = 0,

∫
φdµ{Dlωi,Dl(ωiu)} = 0.

(2) ∫
φdµ+

{Dlωi,Dl(uiω)} = 0,

∫
φdµ−{Dlωi,Dl(uiω)} = 0,

∫
φdµ{Dlωi,Dl(uiω)} = 0.

Above,µ+
{v,U}, µ

−
{v,U}, andµ{v,U} denote the measures onIRN × (t1, t2) given by Theorem

3.1 with(v, U) of Theorem 3.1 corresponding to(Dlωi, D
l(ωiu)) resp.(Dlωi, D

l(uiω)) of this
theorem.

Proof of Theorem 7.1. If u ≡ 0, the result is obvious. Hence, throughout this proof it
is assumed thatu is not identically0. Let l ∈ INN . Let φ ∈ Cc(t1, t2). Let Kx denote the
projection intoIRN of the support ofu. Then the projection intoIRN of the support ofωi is
compact,i = 1, 2, 3. SetK = Kx × spt(φ). By assumption,K is compact.

Proof of Part (1)Proceeding as in the proof of Part(2) of Theorem 6.1, one obtains

(7.1)
∫
φψmdµ

+
{Dlωi,Dl(ωiu)} =

∑
0≤k≤l

Ckl

∫
φψmD

kωidµ
+
{Dlωi,Dl−ku},

whereCkl are given by (6.16). SinceKx is compact, the measuresφµ+
{Dlωi,Dl−ku} are of compact

support included in the compact setK; See Theorem 3.1. Takingm so large thatψm ≡ 1 on
Kx, (7.1) yields
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(7.2)
∫
φdµ+

{Dlωi,Dl(ωiu)} =
∑

0≤k≤l

Ckl

∫
φDkωidµ

+
{Dlωi,Dl−ku}.

Let k, l ∈ INN be such that0 ≤ k ≤ l. By definition ofω, one has sptx(D
kωi) \ sptx(D

l−ku)
is a subset of sptx(D

kωi)\sptx(D
l−kω). Hence, one obtains as in Step 2 of the proof of Theorem

6.1, sptx(D
kωi) \ sptx(D

l−ku) is either empty or a subset of{Dlωi = 0}o. Therefore, one can
apply Theorem 5.19 with(w̃, ṽ, U) of Theorem 5.19 corresponding to(Dkωi, D

lωi, D
l−ku) of

this step, and obtain

(7.3)
∫
φDkωidµ

+
{Dlωi,Dl−ku} = 0.

Then combining (7.1)-(7.3) yields∫
φdµ+

{Dlωi,Dl(ωiu)} = 0,

which corresponds to the first statement of Part(1) of the theorem. Reasoning as above for
µ−{Dlωi,Dl(ωiu)} andµ{Dlωi,Dl(ωiu)} yields the second and third statements of Part(1) of the theo-
rem.

Proof of Part (2)The casei = 1 will be studied. The proofs fori = 2 and i = 3 can be
obtained by an appropriate adaptation of the method introduced here.

By the regularity ofu, ω1 ∈ C∞(IR3 × (t1, t2); IR). Moreover, since the projection of the
support ofu into IRN is compact, the projection of the support ofω1 into IRN is compact. LetA
be a positive constant such that onK, w̃ = ω1 +A > α > 0 for some positiveα. The method of
proof consists of building a vector functionG = (G1, G2, G3)

t ∈ C∞(IR3 × (t1, t2); IR
3) such

that

div G = 0,(7.4) ∫
φDl(w̃G1)dµ

+
{Dlω1,e1} = 0,(7.5) ∫

φdµ+
{Dlω1,Dl(ω1u)} −

∫
φdµ+

{Dlω1,Dl(u1ω)} =

∫
φdµ+

{Dlω1,Dl(w̃G)}.(7.6)

Here,ej, j = 1, 2, 3 denote the canonical basis ofIR3. Using Theorem 5.19 shows that

(7.7)
∫
φdµ+

{Dlω1,Dl(w̃G)} =

∫
φdµ+

{Dlω1,Dl(ω1G)} = 0.

Here, a use of the fact that
∫
φdµ+

{Dlω1,DlG} = 0; See Step 4 below. Now using Part(1) of the
theorem, (7.6), and (7.7), one concludes that∫

φdµ+
{Dlω1,Dl(u1ω)} = 0,(7.8)

which corresponds to the first statement in Part(2) of the theorem for the casei = 1. Proceeding
similarly with appropriate adaptations, one obtains the second and third statements in Part(2) of
the theorem for the casei = 1. As can be seen below, the proof of (7.4)-(7.6) relies on the basic
properties of the measures developed in the previous sections and the crucial fact that the first
component of the difference of the (convective) vectorω1u and the (stretching) vectoru1ω is 0.
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1. Let h2, h3 ∈ C∞(IR3) be such that

(7.9) ∂2h2 + ∂3h3 = 0.

Set

(7.10) G2 =
1

w̃
(ω1u2 − u1ω2 + h2), G3 =

1

w̃
(ω1u3 − u1ω3 + h3).

G1 will be determined so that (7.4)-(7.6) are satisfied. (7.4) requires that∂1G1 = −∂2G2 −
∂3G3. HenceG1 is of the form

(7.11) G1(x, τ) = −
∫ x1

a

(∂2G2 + ∂3G3)(z, x2, x3, τ)dz + ḡ(a, x2, x3, τ),

wherea is a constant and̄g is a function inC∞(IR3× (t1, t2); IR) that are arbitrary. Defineg by
g(x, τ) = ḡ(a, x2, x3, τ) for every(x, τ) ∈ IR3 × (t1, t2).

Setg1 =
∫ x1

a
(∂2G2 + ∂3G3)(z, x2, x3, τ)dz. Let µ+

{Dlω1,Dl(w̃G)} be the measure associated

with the pair(Dlω1, D
l(w̃G)) by Theorem 3.1. By Part(1) of Theorem 3.3,∫

φdµ+
{Dlω1,Dl(w̃G)} = −

∫
{Dlω1>0}

div(φDl(w̃G))dxdτ

= −
∫
{Dlω1>0}

φ(∂1(D
l(w̃G1)) + ∂2(D

l(w̃G2)) + ∂3(D
l(w̃G3)))dxdτ

= −
∫
{Dlω1>0}

φ(∂1(D
l(w̃(g − g1))) + ∂2(D

l(ω1u2 − u1ω2))

+∂3(D
l(ω1u3 − u1ω3)))dxdτ .(7.12)

Here, a use of the fact that∂2h2 + ∂3h3 = 0 has been made. Also, by Part(1) of Theorem
3.3, ∫

φdµ+
{Dlω1,Dl(ω1u)} −

∫
φdµ+

{Dlω1,Dl(u1ω)}

= −
∫
{Dlω1>0}

div(φDl(ω1u))dxdτ +

∫
{Dlω1>0}

div(φDl(u1ω))dxdτ

= −
∫
{Dlω1>0}

div(φDl(ω1u− u1ω))dxdτ

= −
∫
{Dlω1>0}

φ(∂2(D
l(ω1u2 − u1ω2)) + ∂3(D

l(ω1u3 − u1ω3)))dxdτ .(7.13)

Hence, using (7.12)-(7.13), it is clear that if one can selectg so that∫
{Dlω1>0}

φ∂1(D
l(w̃(g − g1)))dxdτ = 0,(7.14)

then the left sides of (7.12)-(7.13) are equal. That is,∫
φdµ+

{Dlω1,Dl(ω1u)} −
∫
φdµ+

{Dlω1,Dl(u1ω)} =

∫
φdµ+

{Dlω1,Dl(w̃G)}.(7.15)
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2. Setv = Dlω1. SetΓ+
v = ∂{v > 0} \ Γs

v,+, whereΓs
v,+ is the singular set corresponding

to v introduced in Subsection 3.1. Parts(2) and (4) of Theorem 3.4 show that the measures
µ+
{v,Dl(ω1u)},µ

+
{v,Dl(u1ω)}, andµ+

{v,Dl(w̃G)} are concentrated onΓ+
v and thatΓ+

v (= ∂{v > 0}\Γs
v,+)

is aC∞−hypersurface. Hence, without loss of generality, one may assume thatΓs
v,+ is empty.

SinceΓ+
v is C∞-regular, there exist an open neighborhood,U , of Γ+

v and aC∞-functionF
defined onU such that for ally ∈ U ,∇x,tF (y) 6= 0, and

Γ+
v = {y ∈ U| F (y) = 0}(7.16)

U ∩ {v > 0} = {y ∈ U| F (y) < 0}.(7.17)

Then the unit exterior normal vectorn to Γ+
v is given byn(y) = ∇x,tF (y)

|∇x,tF (y)| . Here and below, one

uses the notation:∇x,tϕ = (∂x1ϕ, ∂x2ϕ, ∂x3ϕ, ∂tϕ)t for anyϕ ∈ C1(IR3 × (t1, t2)). By Part(1)
of Theorem 3.3 and Part(1) of Theorem 3.4,∫

φDl(w̃G1)dµ
+
{v,e1} = −

∫
{v>0}

φ∂1(D
l(w̃(g − g1)))dxdτ

= −
∫

Γ+
v

φDl(w̃(g − g1))n1dHN .(7.18)

Assume that∂1F ≡ 0 onΓ+
v . Then the first componentn1 of the unit exterior normal vector

n to Γ+
v (= Γ+

v \ Γs
v,+) is identically0 onΓ+

v . Then one has

(7.19)
∫

Γ+
v

φDl(w̃(g − g1))n1dHN = 0.

Then using (7.18) and (7.19), the left sides of (7.12)-(7.13) are equal. Hence, (7.6) is satisfied
for everyG satisfying (7.10) and (7.11) witha andg arbitrary. Then reasoning as in Step 4
below, one obtains ∫

φdµ+
{Dlω1,Dl(u1ω)} = 0.

which corresponds to the first statement of Part(2) of the theorem for the casei = 1.
Now assume that∂1F 6≡ 0 onΓ+

v . SetΓ̃+ = Γ+
v ∩{∂1F 6= 0}. Lety(0) = (x

(0)
1 , x

(0)
2 , x

(0)
3 , τ (0)) ∈

Γ̃+. SinceΓ+
v isC∞−regular, there exist a coordinate system associated with a basis formed of

orthogonal vectors with unit length, still denoted(x1, x2, x3, τ), an open neighborhoodU (0) of
y(0), an open subsetV(0) of IR2 × (t1, t2), and aC∞-regular functionf0 defined onV(0) such
that

U (0) ∩ Γ̃+ = {(f0(x2, x3, τ), x2, x3, τ)| (x2, x3, τ) ∈ V(0)}
U (0) ∩ {v > 0} = {(x1, x2, x3, τ) ∈ U (0)| x1 < f0(x2, x3, τ)}

Using the fact that the projection intoIR3 of the support ofω1 is compact; See the beginning
of the proof, one can findy(j) ∈ Γ̃+, j = 1, · · · , p such that forj = 1, · · · , p, denotingU (j),
V(j), andfj the corresponding open sets and functions satisfying the properties above, one has
Γ̃+ ⊂ ∪p

j=1U (j).
Let βj ∈ C∞(IR4; IR), j = 0, · · · , p be such that
(1) 0 ≤ βj ≤ 1;
(2)

∑p
j=0 βj = 1 on IR4;
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(3) spt(βj) is a compact subset ofU (j), j = 1, · · · , p and spt(β0) ⊂ IR4 \ Γ̃+.
Then using the notation(x1, x2, x3, τ) = (x1, x

′),

∫
Γ+

v

φDl(w̃g)n1dHN =

p∑
j=1

∫
Γ+

v

βjφD
l(w̃g)n1dHN =

p∑
j=1

Ij,(7.20)

where

Ij =

∫
V(j)

φ(τ)(βjD
l(w̃g)

∂1F

|∇x,tF |
)(fj(x

′), x′)(1 + |∇x,tfj(x
′)|2)1/2dx′.(7.21)

Hence

(7.22)
∫

Γ+
v

φDl(w̃(g − g1))n1dHN =

p∑
j=1

Ij −
∫

Γ+
v

φDl(w̃g1)n1dHN .

Denote the projection of a subsetE of IRN × (t1, t2) into (t1, t2) by prt(E). If φ ≡ 0

on prt(Γ̃
+) it is clear that the left side of (7.22) is0. Hence, it is assumed thatφ 6≡ 0

on prt(Γ̃
+). There are five cases: (1)l = 0; (2)

∫
Γ+

v
φDl(w̃g1)n1dHN = 0; (3) l 6= 0,∫

Γ+
v
φDl(w̃g1)n1dHN 6= 0, ∂l1

1 ω1 6≡ 0 on Γ̃+, andφ 6≡ 0 on prt({∂l1
1 ω1 6= 0} ∩ Γ̃+); (4) l 6= 0,∫

Γ+
v
φDl(w̃g1)n1dHN 6= 0, and∂l1

1 ω1 ≡ 0 on Γ̃+; and (5)l 6= 0,
∫

Γ+
v
φDl(w̃g1)n1dHN 6= 0,

∂l1
1 ω1 6≡ 0 on Γ̃+, andφ ≡ 0 onprt({∂l1

1 ω1 6= 0} ∩ Γ̃+).
Cases (1) and (2) will be studied below and in Step 4. Case (3) will be studied in Steps 3 and

4. Case (4) will be studied in Step 5. In Step 6, Case (5) will be studied.
If l = 0, then by definition ofw̃,

(7.23)∫
Γ+

v

φDl(w̃(g − g1))n1dHN =

∫
Γ+

v

φ(ω1 + A)(g − g1)n1dHN = A

∫
Γ+

v

φ(g − g1)n1dHN .

Hence, it is clear that one can buildg such that

(7.24)
∫

Γ+
v

φgn1dHN =

∫
Γ+

v

φg1n1dHN .

(7.23)-(7.24) show that the integral in (7.22) is0. Then reasoning as in Step 4 below, one
obtains ∫

φdµ+
{Dlω1,Dl(u1ω)} = 0.

which corresponds to the first statement of Part(2) of the theorem for the casei = 1.
If

∫
Γ+

v
φDl(w̃g1)n1dHN = 0, then one takesg = 0. Then

(7.25)
∫

Γ+
v

φ(g − g1)n1dHN = 0.

Then reasoning as in Step 4 below, one obtains∫
φdµ+

{Dlω1,Dl(u1ω)} = 0.
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which corresponds to the first statement of Part(2) of the theorem for the casei = 1.

3. In this step Case (3) will be studied. Thus, it is assumed thatl 6= 0 and
∫

Γ+
v
φDl(w̃g1)n1dHN 6=

0. the functiong will be build to satisfy

(7.26)
∫

Γ+
v

φDl(w̃(g − g1))n1dHN = 0

in the case where∂l1
1 ω1 6≡ 0 on Γ̃+ andφ 6≡ 0 on prt({∂

l1
1 ω1 6= 0} ∩ Γ̃+). In this case, it is

clear that|l| > l1. In Step 4, the proof fori = 1 of Part(2) of the theorem in this case will be
concluded.

Recall thatg = ḡ(a, x2, x3, τ) with a a constant. By Leibniz formula, one has

Dl(w̃g) = ∂l2
2 ∂

l3
3 (∂l1

1 w̃g)

= C0,s∂
l1
1 w̃∂

l2
2 ∂

l3
3 g +

∑
0<r<s

Cr,s∂
r2
2 ∂

r3
3 ∂

l1
1 w̃∂

l2−r2
2 ∂l3−r3

3 g + Cs,s∂
l2
2 ∂

l3
3 ∂

l1
1 w̃g

= ∂l1
1 w̃∂

l2
2 ∂

l3
3 g +

∑
0<r<s

Cr,s∂
r2
2 ∂

r3
3 ∂

l1
1 w̃∂

l2−r2
2 ∂l3−r3

3 g,(7.27)

on Γ+
v . Above,s = (l2, l3), r = (r2, r3), andCr,s are the corresponding coefficients in Leibniz

Formula; See (6.16). Also above, a use of the fact thatl 6= 0 and so onΓ+
v : ∂l2

2 ∂
l3
3 ∂

l1
1 w̃ =

Dlw̃ = Dlω1 = 0, has been made.
Let h = h(x2, x3) ∈ C∞(IR2; IR) andg̃ = g̃(a, x2, x3, τ) ∈ C∞(IR2× (t1, t2); IR). Then take

g to be the function

(7.28) g(a, x2, x3, τ) = h(x2, x3)g̃(a, x2, x3, τ).

Using Leibniz formula, one has

∂l2
2 ∂

l3
3 (hg̃) = C ′

0,s∂
l2
2 ∂

l3
3 hg̃ +

∑
0<r≤s

C ′
r,s∂

l2−r2
2 ∂l3−r3

3 h∂r2
2 ∂

r3
3 g̃(7.29)

∂l2−r2
2 ∂l3−r3

3 (hg̃)

= C ′
0,sr
∂l2−r2

2 ∂l3−r3
3 hg̃ +

∑
0<r′≤sr

C ′
r′,sr

∂
l2−r2−r′2
2 ∂

l3−r3−r′3
3 h∂

r′2
2 ∂

r′3
3 g̃(7.30)

wheresr = (l2 − r2, l3 − r3). Using (7.28)-(7.30) in (7.27) yields

Dl(w̃g) = ∂l2
2 ∂

l3
3 (∂l1

1 w̃g)

= ∂l1
1 w̃∂

l2
2 ∂

l3
3 hg̃ + ∂l1

1 w̃
∑

0<r≤s

C ′
r,s∂

l2−r2
2 ∂l3−r3

3 h∂r2
2 ∂

r3
3 g̃

+
∑

0<r<s

Cr,s∂
r2
2 ∂

r3
3 ∂

l1
1 w̃[∂l2−r2

2 ∂l3−r3
3 hg̃

+
∑

0<r′≤sr

C ′
r′,sr

∂
l2−r2−r′2
2 ∂

l3−r3−r′3
3 h∂

r′2
2 ∂

r′3
3 g̃](7.31)

Now leth be such that

(7.32) h(x2, x3) = BeB2x2eB3x3 ,
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whereB 6= 0, B2 > 0, andB3 > 0 will be made precise below. Plugging thish in (7.31), one
obtains

Dl(w̃g) = ∂l2
2 ∂

l3
3 (∂l1

1 w̃g)

= BBl2
2 B

l3
3 e

B2x2eB3x3 [∂l1
1 w̃g̃ + (∂l1

1 w̃
∑

0<r≤s

C ′
r,sB

−r2
2 B−r3

3 ∂r2
2 ∂

r3
3 g̃

+
∑

0<r<s

Cr,sB
−r2
2 B−r3

3 ∂r2
2 ∂

r3
3 ∂

l1
1 w̃(g̃ +

∑
0<r′≤sr

C ′
r′,sr

B
−r′2
2 B

−r′3
3 ∂

r′2
2 ∂

r′3
3 g̃))].

(7.33)

Now set

θ = ∂l1
1 w̃

∑
0<r≤s

C ′
r,sB

−r2
2 B−r3

3 ∂r2
2 ∂

r3
3 g̃ +

∑
0<r<s

Cr,sB
−r2
2 B−r3

3 ∂r2
2 ∂

r3
3 ∂

l1
1 w̃(g̃

+
∑

0<r′≤sr

C ′
r′,sr

B
−r′2
2 B

−r′3
3 ∂

r′2
2 ∂

r′3
3 g̃)(7.34)

LetB1 be a number to be determined below. Taking

(7.35) B =
B1

Bl2
2 B

l3
3

,

in (7.32) and using (7.33) and (7.34), one obtains

Dl(w̃g) = ∂l2
2 ∂

l3
3 (∂l1

1 w̃g)

= BBl2
2 B

l3
3 e

B2x2eB3x3(∂l1
1 w̃g̃ + θ)

= B1e
B2x2eB3x3(∂l1

1 w̃g̃ + θ).(7.36)

Using (7.36) and (7.21), one obtains for anyj ∈ {1, · · · , p},

Ij =

∫
V(j)

φ(τ)(βjD
l(w̃g)

∂1F

|∇x,tF |
)(fj(x

′), x′)(1 + |∇x,tfj(x
′)|2)1/2dx′

= B1

∫
V(j)

φ(τ)(βje
B2x2eB3x3(∂l1

1 w̃g̃ + θ)
∂1F

|∇x,tF |
)(fj(x

′), x′)

×(1 + |∇x,tfj(x
′)|2)1/2dx′(7.37)

By the beginning of this step, one assumed that∂l1
1 ω1 is not identically0 on Γ̃+ andφ 6≡

0 on prt(({∂
l1
1 ω1 6= 0} ∩ Γ̃+). Using the regularity ofφ, F , ω1, andβj, the construction

of the partition of unityβj and the definition of̃Γ+; See Step 2 above; shows that for some
j0 ∈ {1, · · · , p}, one has either (1)∂l1

1 ω1 > 0 on some open setO ⊂ spt(βj0) ∩ {∂1F > 0}
containing anN−dimensional submanifold of̃Γ+ andφ > 0 on an open subinterval of prt(O)
andO ∩ spt(βj) = ∅ for anyj ∈ {0, · · · , p} with j 6= j0; or (2) ∂l1

1 ω1 > 0 on some open set
O ⊂ spt(βj0) ∩ {∂1F < 0} containing anN−dimensional submanifold of̃Γ+ andφ > 0 on
an open subinterval of prt(O) andO ∩ spt(βj) = ∅ for any j ∈ {0, · · · , p} with j 6= j0; or
(3) ∂l1

1 ω1 < 0 on some open setO ⊂ spt(βj0) ∩ {∂1F > 0} containing anN−dimensional
submanifold ofΓ̃+ andφ > 0 on an open subinterval of prt(O) andO ∩ spt(βj) = ∅ for any
j ∈ {0, · · · , p} with j 6= j0; or (4) ∂l1

1 ω1 < 0 on some open setO ⊂ spt(βj0) ∩ {∂1F < 0}
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containing anN−dimensional submanifold of̃Γ+ andφ > 0 on an open subinterval of prt(O),
or any of the above four possibilities withφ > 0 replaced byφ < 0; or none of the above.

If none of the 8 cases invoked above is true, then necessarilyφ ≡ 0 on prt({∂
l1
1 ω1 6= 0}∩ Γ̃+)

or ∂l1
1 ω1 ≡ 0 on Γ̃+. Recall that by Step 2,̃Γ+ = Γ+

v ∩ {∂1F 6= 0}. However, this contradicts
the assumptions made onφ and∂l1

1 ω1 above. Hence, this 9th case cannot happen and so the
only possibilities are the 8 cases invoked above.

Now assume that Case (1) is true; that is,∂l1
1 ω1 > 0 on some open setO ⊂ spt(βj0)∩{∂1F >

0} containing anN−dimensional submanifold of̃Γ+ andφ > 0 on an open subinterval of
prt(O) andO ∩ spt(βj) = ∅ for any j ∈ {0, · · · , p} with j 6= j0. The other cases can be
deduced by appropriately adapting the reasoning developed below.

For j = 1, · · · , p with j 6= j0 set

αj = |
∫
V(j)

φ(τ)(βje
B2x2eB3x3(∂l1

1 w̃g̃ + θ)
∂1F

|∇x,tF |
)(fj(x

′), x′)

×(1 + |∇fj(x
′)|2)1/2dx′|.

Then select̃g so thatg̃ > c > 0 on the projection intoIR2 × (t1, t2) of O with c a constant
and forB2 andB3 large, one has

(7.38) I ′j0 >

p∑
j=1,j 6=j0

αj,

where

I ′j =

∫
V(j)

φ(τ)(βje
B2x2eB3x3(∂l1

1 w̃g̃ + θ)
∂1F

|∇x,tF |
)(fj(x

′), x′)

×(1 + |∇fj(x
′)|2)1/2dx′.(7.39)

Above,∂l1
1 w̃ = ∂l1

1 ω1 if l1 6= 0 and∂l1
1 w̃ = ω1 +A if l1 = 0. Let g be given by (7.28) with̃g the

function constructed above with the projection of its support and those of its partial derivatives
into IR2 equalIR2 andh given by (7.32), whereB is given by (7.35) withB2 andB3 large
enough to satisfy (7.38) andB1 6= 0 is determined below. Now using this, (7.37), (7.39), and
(7.22) with the above construction, one obtains

∫
Γ+

v

φDl(w̃(g − g1))n1dHN = B1

p∑
j=1

I ′j −
∫

Γ+
v

φDl(w̃g1)n1dHN .(7.40)

Since by (7.38),
∑p

j=1 I
′
j 6= 0, one can take

B1 =
1∑p

j=1 I
′
j

∫
Γ+

v

φDl(w̃g1)n1dHN .(7.41)

Then using (7.40) yields the first equality in (7.42) below

∫
Γ+

v

φDl(w̃(g − g1))n1dHN = 0,

∫
{v>0}

φ∂1(D
l(w̃(g − g1)))dx = 0.(7.42)

Using (7.18) and the first equality in (7.42), yields the second equality in (7.42).
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4. In this step, the proof of Part(2) of the theorem in the following cases will be concluded:
(1) l = 0; (2)

∫
Γ+

v
φDl(w̃g1)n1dHN = 0; and (3)l 6= 0,

∫
Γ+

v
φDl(w̃g1)n1dHN 6= 0, ∂l1

1 ω1 6≡ 0

on Γ̃+, andφ 6≡ 0 on{∂l1
1 ω1 6= 0} ∩ Γ̃+.

In case (1), using (7.24) and (7.18) of Step 2 yields (7.14) of Step 1. In case (2), using (7.25)
and (7.18) of Step 2 yields (7.14) of Step 1. In case (3), (7.42) of Step 3 above yields (7.14) of
Step 1. Hence by Step 1, (7.15) is satisfied, and so, one has

∫
φdµ+

{Dlω1,Dl(ω1u)} −
∫
φdµ+

{Dlω1,Dl(u1ω)} =

∫
φdµ+

{Dlω1,Dl(w̃G)}.(7.43)

By Part(1) of the theorem, one has

∫
φdµ+

{Dlω1,Dl(ω1u)} = 0.(7.44)

Now it will be proved that

(7.45)
∫
φdµ+

{Dlω1,Dl(w̃G)} = 0.

By definition ofw̃ and the properties of the above measures, one has

(7.46)
∫
φdµ+

{Dlω1,Dl(w̃G)} =

∫
φdµ+

{Dlω1,Dl(ω1G)} +

∫
φdµ+

{Dlω1,Dl(AG)}.

By the properties ofω1, its support inx is compact; See the beginning of the proof. Letm be
so large thatψm ≡ 1 on this compact. Then using Part(1) of Theorem 3.3, one obtains

∫
φdµ+

{Dlω1,Dl(AG)} =

∫
φψmdµ

+
{Dlω1,Dl(AG)}

= −
∫
{Dlω1>0}

div(φψmD
l(AG))dy = −

∫
{Dlω1>0}

Aφdiv(DlG)dy = 0.(7.47)

Here, a use of the fact that divG = 0 has been made.
Now the functionsh2 andh3 will be selected so that for eachk ∈ IN3 with k ≤ l, the

projection of the support ofDkG into IR3 is IR3. Let a1, a2 > 0 anda3 < 0 be such that
a1 + x1 > 0, a2 + x2 > 0, anda3 + x3 < 0 for all x ∈ sptx(ω1). Let α1 andα2 be positive
numbers. Set

(7.48) h2 = eα1(a1+x1)+α2(a2+x2)−α2(a3+x3), h3 = h2.

Then∂2h2 + ∂3h3 = α2h2 − α2h3 = 0. Thus,h2 andh3 satisfy (7.9) of Step 1. Letk ∈ IN3

be suchk ≤ l. For k = 0, using the fact that sptx(u) is compact and the regularity ofu, one
obtains forα1 andα2 large,

1

w̃
((ω1u2 − u1ω2) + h2) > 0

for all (x, τ) ∈ IR3 × (t1, t2). Fork 6= 0, one has
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DkG2 = Dk(
1

w̃
(ω1u2 − u1ω2)) +Dk(

h2

w̃
)

= Dk(
1

w̃
(ω1u2 − u1ω2)) + αk1

1 α
k2
2 (−α2)

k3
h2

w̃
+

∑
0≤r<k

Cr,kD
rh2D

k−r(
1

w̃
),(7.49)

whereCr,k where introduced in (6.16). Fork3 even, using the fact that sptx(u) is compact,
and (7.49) one obtains forα1 andα2 large,DkG2(x, τ) > 0 for all (x, τ) ∈ IR3 × (t1, t2).
For k3 odd, using the fact that sptx(u) is compact, and (7.49) one obtains forα1 andα2 large,
DkG2(x, τ) < 0 for all (x, τ) ∈ IR3 × (t1, t2). Therefore, the above shows that forα1 andα2

sufficiently large, one hasDkG2(x, τ) 6= 0 for all (x, τ) ∈ IR3× (t1, t2) and for allk ∈ IN3 with
k ≤ l. Thus, with the above choice of the parameters, the projection of the support ofDkG into
IR3 is IR3 for all k ∈ IN3 with k ≤ l. This choice ofG is the one that will be used throughout
the rest of the proof.

Now proceeding as in the proof of Part(1) of the theorem with appropriate adaptations with
(l, ω1, u) of Part(1) of the theorem replaced by(l, ω1, G) of this step, one obtains

(7.50)
∫
φdµ+

{Dlω1,Dl(ω1G)} = 0.

Then combining (7.46), (7.47), and (7.50), one obtains

(7.51)
∫
φdµ+

{Dlω1,Dl(w̃G)} = 0,

which corresponds to (7.45). Now combining (7.43), (7.44), and (7.51), one obtains

(7.52)
∫
φdµ+

{Dlω1,Dl(u1ω)} = 0.

which corresponds to the first statement in Part(2) of the theorem fori = 1 in the following
cases: (1)l = 0; (2)

∫
Γ+

v
φDl(w̃g1)n1dHN = 0; and (3)l 6= 0,

∫
Γ+

v
φDl(w̃g1)n1dHN 6= 0,

∂l1
1 ω1 6≡ 0 on Γ̃+, andφ 6≡ 0 on prt({∂

l1
1 ω1 6= 0} ∩ Γ̃+). Proceeding as above for the measure

µ−{Dlω1,Dl(u1ω)} with appropriate adaptations, one obtains the second statement in Part(2) of the
theorem fori = 1 in Cases (1)-(3) above. Now using Part(2) of Theorem 3.1 yields the third
statement in Part(2) of the theorem fori = 1 in Cases (1)-(3) above. In Step 5, the proof of
Part(2) of the theorem fori = 1 in the case (4) will be given.

5. In this step, the proof of Part(2) of the theorem fori = 1 in the case (4) wherel 6= 0,∫
Γ+

v
φDl(w̃g1)n1dHN 6= 0, and∂l1

1 ω1 ≡ 0 on Γ̃+ will be given. By definition,w̃ = ω1 + A >

α > 0 onK. Hence,l1 cannot be0. Since∂l1
1 w̃ ≡ 0 on Γ̃+ andw̃ = ω1 + A > α > 0, one

has necessarily∂m
1 w̃ 6≡ 0 on Γ̃+ for some nonnegative integerm and∂r

1w̃ ≡ 0 on Γ̃+ for all
m < r ≤ l1.

5.1LetG2 andG3 be the functions given by (7.10). LetG1 be the function given by (7.11).
Letm be the nonnegative integer introduced above. LetG̃1 be the function given by

(7.53) G̃1(x, τ) = G1(x, τ) + xl1−m
1 ḡ2(b, x2, x3, τ),

whereb is a constant and̄g2 is a function inC∞(IR3 × (t1, t2); IR). Defineg2 by g2(x, τ) =
ḡ2(b, x2, x3, τ) for every(x, τ) ∈ IR3 × (t1, t2). In this step, the functiong2 is built so that
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(7.54)
∫
φDl(w̃G̃1)dµ

+
{Dlω1,e1} = 0.

Proceeding as in the proof of (7.22) of Step 2, one obtains

(7.55)
∫

Γ+
v

φDl(w̃(g + xl1−m
1 g2 − g1))n1dHN =

p∑
j=1

Ij −
∫

Γ+
v

φDl(w̃g1)n1dHN ,

where

(7.56) Ij =

∫
V(j)

φ(τ)(βjD
l(w̃(g + xl1−m

1 g2))
∂1F

|∇x,tF |
)(fj(x

′), x′)(1 + |∇x,tfj(x
′)|2)1/2dx′.

Then using the fact that∂m
1 w̃ 6≡ 0 on Γ̃+ and∂r

1w̃ ≡ 0 on Γ̃+ for all m < r ≤ l1 and the fact
thatg andg2 are independent ofx1, one has oñΓ+

∂l1
1 (w̃(g + xl1−m

1 g2)) = ∂l1
1 (w̃g) + ∂l1

1 (w̃xl1−m
1 g2)

= ∂l1
1 w̃g + ∂l1

1 (w̃xl1−m
1 )g2 = ∂l1

1 (w̃xl1−m
1 )g2

= g2

∑
0≤s≤l1

Cs,l1∂
s
1w̃∂

l1−s
1 xl1−m

1

= g2

∑
0≤s≤m

Cs,l1∂
s
1w̃∂

l1−s
1 xl1−m

1

= g2Cm,l1∂
m
1 w̃(l1 −m)!(7.57)

Since∂m
1 w̃ 6≡ 0 on Γ̃+ andφ 6= 0 on prt({∂m

1 w̃ 6= 0} ∩ Γ̃+), one can proceed as in Step 3
with appropriate adaptations and buildg2 to satisfy

(7.58)
∫

Γ+
v

φDl(w̃(g + xl1−m
1 g2 − g1))n1dHN = 0.

By Part(1) of Theorem 3.3 and Part(1) of Theorem 3.4,

∫
φDl(w̃G̃1)dµ

+
{Dlω1,e1} = −

∫
{v>0}

φ∂1(D
l(w̃(g + xl1−m

1 g2 − g1)))dxdτ

= −
∫

Γ+
v

φDl(w̃(g + xl1−m
1 g2 − g1))n1dHN .(7.59)

Then using (7.59) and (7.58), one obtains (7.54); that is,

(7.60)
∫
φDl(w̃G̃1)dµ

+
{Dlω1,e1} = 0.

5.2Here, one proceeds as in Step 1. LetG̃ denote the vector of componentsG̃1,G2, andG3.
By Part(1) of Theorem 3.3,
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∫
φdµ+

{Dlω1,Dl(w̃G̃)} = −
∫
{Dlω1>0}

div(φDl(w̃G̃))dxdτ

= −
∫
{Dlω1>0}

φ(∂1(D
l(w̃G̃1)) + ∂2(D

l(w̃G2)) + ∂3(D
l(w̃G3)))dxdτ

= −
∫
{Dlω1>0}

φ(∂1(D
l(w̃(g + xl1−m

1 g2 − g1))) + ∂2(D
l(ω1u2 − u1ω2))

+∂3(D
l(ω1u3 − u1ω3)))dxdτ .(7.61)

Here, a use of the fact that∂2h2 + ∂3h3 = 0 has been made. Also, by Part(1) of Theorem 3.3,∫
φdµ+

{Dlω1,Dl(ω1u)} −
∫
φdµ+

{Dlω1,Dl(u1ω)}

= −
∫
{Dlω1>0}

div(φDl(ω1u))dxdτ +

∫
{Dlω1>0}

div(φDl(u1ω))dxdτ

= −
∫
{Dlω1>0}

div(φDl(ω1u− u1ω))dxdτ

= −
∫
{Dlω1>0}

φ(∂2(D
l(ω1u2 − u1ω2)) + ∂3(D

l(ω1u3 − u1ω3)))dxdτ .(7.62)

Also, by Part(1) of Theorem 3.3,

(7.63)
∫
φDl(w̃G̃1)dµ

+
{Dlω1,e1} = −

∫
{Dlω1>0}

φ∂1(D
l(w̃(g + xl1−m

1 g2 − g1)))dxdτ .

Hence, using (7.60)-(7.63), one obtains

(7.64)
∫
φdµ+

{Dlω1,Dl(ω1u)} −
∫
φdµ+

{Dlω1,Dl(u1ω)} =

∫
φdµ+

{Dlω1,Dl(w̃G̃)}.

5.3 In this step it will be proved that

(7.65)
∫
φdµ+

{Dlω1,Dl(w̃G̃)} = 0.

By definition ofG̃ andG and the properties of these measures, one has

(7.66)
∫
φdµ+

{Dlω1,Dl(w̃G̃)} =

∫
φdµ+

{Dlω1,Dl(w̃G)} +

∫
φdµ+

{Dlω1,Dl(w̃x
l1−m
1 g2e1)}

.

The calculation in (7.57) shows that∂l1
1 (w̃xl1−m

1 g2) = Cm,l1(l1 − m)!∂m
1 w̃g2. Hence using

Leibniz formula and the properties of the above measures one has,

(7.67)
∫
φdµ+

{Dlω1,Dl(w̃x
l1−m
1 g2e1)}

= Cm,l1(l1 −m)!
∑

0≤r≤l̃

Cr,l̃

∫
φDr∂m

1 w̃dµ
+

{Dlω1,Dl̃−rΨ}
,

whereΨ = (g2, 0, 0)t, l̃ = (0, l2, l3), Cr,l̃ are given by (6.16). Sinceg2 ∈ C∞(IR3 × (t1, t2); IR)

and g2 is independent ofx1, Ψ ∈ C∞(IR3 × (t1, t2); IR
3) and div Ψ = 0. Moreover, by
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construction ofg2; See Step 5.1 above, one can select it so that the projection of the support of
Dl′Ψ into IR3 is equal toIR3 for all l′ = (0, l′2, l

′
3) ∈ IN3.

Let 0 ≤ r ≤ l̃. Sets = (m, r2, r3) thens ≤ l. If s 6= 0, thenDr∂m
1 w̃ = Dsw̃ = Dsω1 and

Dl−sDsw̃ = Dlw̃ = Dlω1. Then one can apply Theorem 5.19 with(w̃, ṽ, U) of Theorem 5.19
replaced by(Dsw̃,Dlω1, D

l̃−rΨ) and then obtains

(7.68)
∫
φDr∂m

1 w̃dµ
+

{Dlω1,Dl̃−rΨ}
= 0.

If s = 0, then by definition ofw̃,

(7.69)
∫
φDr∂m

1 w̃dµ
+

{Dlω1,Dl̃−rΨ}
=

∫
φω1dµ

+

{Dlω1,Dl̃Ψ}
+ A

∫
φdµ+

{Dlω1,Dl̃Ψ}
.

Using the fact that the projection of the support ofω1 into IR3 is compact and the fact already
established above that the projection of the support ofDl̃Ψ into IR3 is equal toIR3, one can
apply Theorem 5.19 with(w̃, ṽ, U) of Theorem 5.19 replaced by(ω1, D

lω1, D
l̃Ψ). One then

obtains

(7.70)
∫
φω1dµ

+

{Dlω1,Dl̃Ψ}
= 0.

Now proceeding as in the proof of (7.47) of Step 4, one obtains

(7.71)
∫
φdµ+

{Dlω1,Dl̃Ψ}
= 0.

Using (7.69)-(7.71), one obtains

(7.72)
∫
φDr∂m

1 w̃dµ
+

{Dlω1,Dl̃−rΨ}
= 0.

Then combining (7.67), (7.72), and (7.68) yields

(7.73)
∫
φdµ+

{Dlω1,Dl(w̃x
l1−m
1 g2e1)}

= 0.

Now by (7.51) of Step 4, one obtains

(7.74)
∫
φdµ+

{Dlω1,Dl(w̃G)} = 0,

Combining (7.66), (7.73), and (7.74), one obtains (7.65); that is,

(7.75)
∫
φdµ+

{Dlω1,Dl(w̃G̃)} = 0.

5.4By Part(1) of the theorem, one has

(7.76)
∫
φdµ+

{Dlω1,Dl(ω1u)} = 0.

Combining (7.64), (7.75), and (7.76), one obtains
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(7.77)
∫
φdµ+

{Dlω1,Dl(u1ω)} = 0.

which corresponds to the first statement in Part(2) of the theorem fori = 1 in the case where
l 6= 0,

∫
Γ+

v
φDl(w̃g1)n1dHN 6= 0, and∂l1

1 ω1 ≡ 0 on Γ̃+. Proceeding as above for the measure
µ−{Dlω1,Dl(u1ω)} with appropriate adaptations, one obtains the second statement in Part(2) of
the theorem fori = 1 in the above case. Now using Part(2) of Theorem 3.1 yields the third
statement in Part(2) of the theorem fori = 1 in the above case. This completes the proof of Part
(2) of the theorem fori = 1 in the case wherel 6= 0,

∫
Γ+

v
φDl(w̃g1)n1dHN 6= 0, and∂l1

1 ω1 ≡ 0

on Γ̃+.

6. Here, Case (5) will be studied. Case (5) corresponds to:l 6= 0,
∫

Γ+
v
φDl(w̃g1)n1dHN 6= 0,

∂l1
1 ω1 6≡ 0 on Γ̃+, andφ ≡ 0 on prt({∂l1

1 ω1 6= 0} ∩ Γ̃+). Recall that in Case (5) it is also
assumed thatφ 6≡ 0 on Γ̃+; See Step 2 above. Sinceφ ≡ 0 on prt({∂l1

1 ω1 6= 0} ∩ Γ̃+), one
deduces thatφ is not identically0 only onprt({∂l1

1 ω1 ≡ 0}. Then proceeding as in Step 5 above
with appropriate adaptations, one obtains the proof for this case.

7. Steps 2-6 yield the proof of Part(2) of the theorem fori = 1. Proceeding as in Steps 1-6
above fori = 2 andi = 3 with appropriate adaptations, one obtains the three statements of Part
(2) of the theorem fori = 2 andi = 3. This completes the proof of the theorem.

Theorem 7.2. LetN = 3. Let 0 ≤ t1 < t2. Let u ∈ C∞(IRN × (t1, t2); IR
N) be such that

div u = 0 and for eachs ∈ INN , Dsu ∈ C∞((t1, t2);L
1(IRN))N . Letω = curl u. Let l ∈ INN .

Let i ∈ {1, 2, 3}. Letφ ∈ Cc(t1, t2). Then, up to a subsequence,
(1)

lim
m→∞

∫
φψmdµ

+
{Dlωi,Dl(ωiu)} = 0, lim

m→∞

∫
φψmdµ

−
{Dlωi,Dl(ωiu)} = 0,

lim
m→∞

∫
φψmdµ{Dlωi,Dl(ωiu)} = 0.

(2)

lim
m→∞

∫
φψmdµ

+
{Dlωi,Dl(uiω)} = 0, lim

m→∞

∫
φψmdµ

−
{Dlωi,Dl(uiω)} = 0,

lim
m→∞

∫
φψmdµ{Dlωi,Dl(uiω)} = 0.

Above,µ+
{v,U}, µ

−
{v,U}, andµ{v,U} denote the measures onIRN × (t1, t2) given by Theorem 3.1

with (v, U) of Theorem 3.1 corresponding to(Dlωi, D
l(uiω)) of this theorem.

Proof of Theorem 7.2. Let l ∈ INN . Let i ∈ {1, 2, 3}. Let φ ∈ Cc(t1, t2). Let b1 < b2 be
such that spt(φ) ⊂ [b1, b2] ⊂ (t1, t2).

Proof of Part (1)

1. By assumption, for eachs ∈ INN , Dsu ∈ C∞((t1, t2);L
1(IRN))N . Hence, by Sobolev

embeddings,u ∈ C∞((t1, t2);W
m′,q(IRN))N for all integersm′ ≥ 0 and all q ≥ 1. Us-

ing the regularity ofu and its divergence-free property, one can find a potential vectorΨ ∈
C∞(IRN × (t1, t2); IR

N) such thatu = curl Ψ, −∆Ψ = curl u, and div Ψ = 0. Now set
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up = curl (ψpΨ), whereψp was introduced at the beginning of this section. By the regu-
larity of u and the properties ofψp, up ∈ C∞(IRN × (t1, t2); IR

N) and for eachs ∈ INN ,
Dsup ∈ C∞((t1, t2);L

1(IRN))N for all p ≥ 1. Moreover, for each integerp ≥ 1, the projec-
tion of the support ofup into IRN is compact. Denote this projection byKp. Let ωp denote
the curl ofup. Let upj resp. ωpj, j = 1, 2, 3 denote the components ofup resp. ωp. Then
ωp = ψpω + ∇ψp × u − ∆ψpΨ + (Ψ · ∇)∇ψp − (∇ψp · ∇)Ψ. Moreover,Dsωp resp.Dsup

converges inCm′′
([a, b];Wm′,q(IRN))N to Dsω resp.Dsu whenp goes to∞ for all s ∈ INN ,

all integersm′, m′′ ≥ 0 and allq ≥ 1, and allt1 < a < b < t2.

2. Setvi = Dlωi andvpi = Dlωpi. SetΓ+
i = ∂{vi > 0}\Γs

vi,+
andΓ+

pi = ∂{vpi > 0}\Γs
vpi,+

,
whereΓs

vi,+
resp.Γs

vpi,+
is the singular set corresponding tovi resp.vpi introduced in Subsec-

tion 3.1. Letµ+
{vpi,Dl(ωpiup)} be the measure corresponding to the pair(vpi, D

l(ωpiup)) obtained

by applying Theorem 3.1. By Parts(2) and (4) of Theorem 3.4, the measureµ+
{vi,Dl(ωiu)} is

concentrated on theC∞-hypersurfaceΓ+
i and the measureµ+

{vpi,Dl(ωpiu)} is concentrated on the

C∞-hypersurfaceΓ+
pi. By Part(1) of Theorem 3.3,

∫
φψmdµ

+
{vi,Dl(ωiu)} = −

∫
φχ{vi>0}div(ψmD

l(ωiu))dy,(7.78) ∫
φψm′dµ+

{vpi,Dl(ωpiup)} = −
∫
φχ{vpi>0}div(ψm′Dl(ωpiup))dy.(7.79)

Takingm′ > p, one may replaceψm′ in (7.79) by the function identically equal to1. By Part
(1) of Theorem 7.1 withu of Theorem 7.1 corresponding toup of this proof, one obtains for
anym > p,

(7.80)
∫
φψmdµ

+
{Dlωpi,Dl(ωpiup)} =

∫
φdµ+

{Dlωpi,Dl(ωpiup)} = 0.

It will be proved that, up to a subsequence,

(7.81) lim
m→∞

∫
φψmdµ

+
{vi,Dl(ωiu)} = 0.

3. Letm > p. Using (7.78)-(7.80), one obtains

∫
φψmdµ

+
{Dlωi,Dl(ωiu)}

=

∫
φψmdµ

+
{Dlωi,Dl(ωiu)} −

∫
φψmdµ

+
{Dlωpi,Dl(ωpiup)}

= −
∫
φχ{vi>0}div(ψmD

l(ωiu))dy +

∫
φχ{vpi>0}div(ψmD

l(ωpiup))dy

= −
∫
φχ{vi>0}∇ψm ·Dl(ωiu)dy +

∫
φχ{vpi>0}∇ψm ·Dl(ωpiup)dy

−
∫
φχ{vi>0}ψmdiv Dl(ωiu)dy +

∫
φχ{vpi>0}ψmdiv Dl(ωpiup)dy.

Hence,
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∫
φψmdµ

+
{Dlωi,Dl(ωiu)} = − 1

m

∫ t2

t1

∫
IRN

φχ{vi>0}∇ψ(
x

m
) ·Dl(ωiu)dxdτ

+
1

m

∫ t2

t1

∫
IRN

φχ{vpi>0}∇ψ(
x

m
) ·Dl(ωpiup)dxdτ

−
∫ t2

t1

∫
IRN

φ(χ{vi>0} − χ{vpi>0})ψmdiv Dl(ωiu)dxdτ

−
∫ t2

t1

∫
IRN

φχ{vpi>0}ψmdiv(Dl(ωiu)−Dl(ωpiup))dxdτ .(7.82)

4. By assumption, for eachs ∈ INN , Dsu ∈ C∞((t1, t2);L
1(IRN))N . Hence, by Sobolev

embeddings and Leibniz formula:Dl(ωiu) ∈ L1(IRN × (t1, t2))
N , div(Dl(ωiu)) ∈ L1(IRN ×

(t1, t2)), Dl(ωpiup) ∈ L1(IRN × (t1, t2))
N , and div(Dl(ωpiup)) ∈ L1(IRN × (t1, t2)). Here a

use of the regularity ofΨ given by the regularity ofu, and the properties ofψp has been made.
Now the first and second integral in (7.82) satisfy

1

m
|
∫ t2

t1

∫
IRN

φχ{vi>0}∇ψ(
x

m
) ·Dl(ωiu)dxdτ | ≤

1

m
‖∇ψ‖L∞(IRN )

∫
|φDl(ωiu)|dy,

1

m
|
∫ t2

t1

∫
IRN

φχ{vpi>0}∇ψ(
x

m
) ·Dl(ωpiup)dxdτ | ≤

1

m
‖∇ψ‖L∞(IRN )

∫
|φDl(ωpiup)|dy.

By theL1 integrability established at the beginning of this step, the right sides of the last two
inequalities above converge to0 asm goes to∞, and so do the left sides. Therefore, asm goes
to∞, the first and second integral in (7.82) go to0.

Asm goes to∞,

φ(χ{vi>0} − χ{vpi>0})ψmdiv Dl(ωiu) → φ(χ{vi>0} − χ{vpi>0})div Dl(ωiu),

φχ{vpi>0}ψmdiv(Dl(ωiu)−Dl(ωpiup)) → φχ{vpi>0}div(Dl(ωiu)−Dl(ωpiup)),

|φ(χ{vi>0} − χ{vpi>0})ψmdiv Dl(ωiu)| ≤ |φ(χ{vi>0} − χ{vpi>0})div Dl(ωiu)|,
|φχ{vpi>0}ψmdiv(Dl(ωiu)−Dl(ωpiup))| ≤ |φχ{vpi>0}div(Dl(ωiu)−Dl(ωpiup))|.

By theL1 integrability established at the beginning of this step, the functions in the right
sides of the last two inequalities above are inL1(IRN × (t1, t2)). Therefore, by convergence
dominated theorem, asm goes to∞, the third resp. fourth integral in (7.82) converges to

−
∫
φ(χ{vi>0} − χ{vpi>0})div Dl(ωiu)dy(7.83)

resp.−
∫
φχ{vpi>0}div(Dl(ωiu)−Dl(ωpiup))dy.(7.84)

5. Now p will be let go to∞. SetΩi = {vi > 0} andΩpi = {vpi > 0}. Then one writes,
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∫
φ(χ{vi>0} − χ{vpi>0})div Dl(ωiu)dy

=

∫
φχΩi∩Ωc

pi
div Dl(ωiu)dy −

∫
φχΩpi∩Ωc

i
div Dl(ωiu)dy.(7.85)

Let y ∈ Ωc
i . If Dlωi(y) < 0, then by construction ofωp; See Step 1, asp goes to∞,

χ{Dlωpi>0}(y) goes to0. If y ∈ {Dlωi = 0}o, thenB(y, ε) ⊂ {Dlωi = 0}o for someε > 0

sufficiently small. Forp large,ψp ≡ 1 onB(y, ε). Hence,Dlωpi(y) = Dlωi(y) = 0. Therefore,
asp goes to∞, χΩpi∩Ωc

i
converges a.e. to0. Proceeding similarly,χΩi∩Ωc

pi
converges a.e. to

0. Moreover, both integrands in (7.85) are bounded by|div Dl(ωiu)|. By theL1 integrability
obtained at the beginning of Step 4, this function is inL1(IRN × (t1, t2); IR). Therefore, by
dominated convergence theorem, up to a subsequence asp goes to∞, both integrals in the right
side of (7.85) go to0.

Using Leibniz formula,∫
φχ{vpi>0}div(Dl(ωiu)−Dl(ωpiup))dy

=
∑

0≤k≤l

Ckl

∫
φχ{vpi>0}div(DkωiD

l−ku−DkωpiD
l−kup)dy

=
∑

0≤k≤l

Ckl

∫
φχ{vpi>0}(∇Dkωi ·Dl−ku−∇Dkωpi ·Dl−kup)dy

=
∑

0≤k≤l

Ckl

∫
φχ{vpi>0}(∇(Dkωi −Dkωpi) ·Dl−ku+

∇Dkωpi · (Dl−ku−Dl−kup))dy,(7.86)

whereCkl are the coefficients given in (6.16). Here, a use of the fact that bothu andup are
divergence-free has been made. The last integral in (7.86) is bounded by

∑
0≤k≤l

Ckl

∫
|φ|(|∇(Dkωi −Dkωpi)||Dl−ku|+ |∇Dkωpi||Dl−ku−Dl−kup|)dy

≤
∑

0≤k≤l

Ckl‖φ‖L∞(t1,t2)(‖∇(Dkωi −Dkωpi)‖L1(b1,b2;Lq(IRN ))‖Dl−ku‖L∞(b1,b2;Lq′ (IRN )) +

‖∇Dkωpi‖L∞(b1,b2;Lq′ (IRN ))‖Dl−ku−Dl−kup‖L1(b1,b2;Lq(IRN )))(7.87)

whereq > 1 andq′ its conjugate; that is,1
q
+ 1

q′
= 1. By the regularity ofu and the convergence

obtained at the end of Step 1,‖∇Dkωpi‖L∞(b1,b2;Lq′ (IRN )) is bounded by a constant independent
of p, ‖Dl−ku‖L1(b1,b2;Lq′ (IRN )) is finite independent ofp, and‖∇(Dkωi−Dkωpi)‖L1(b1,b2;Lq(IRN ))

and‖Dl−ku−Dl−kup‖L1(b1,b2;Lq(IRN )) converge to0 asp goes to∞. Hence, asp goes to∞, the
integral in the right side of (7.87) converges to0, and so does the integral in the left side. Then
the integral in (7.86) converges to0.

6. Combining the convergence asm goes to∞ of the third resp. fourth integral in (7.82) to
the integral in (7.83) resp. (7.84) obtained in Step 4, and the convergence up to a subsequence
asp goes to∞ of the integrals in (7.85) and (7.86) obtained in Step 5, one concludes that up
to a subsequence, asm goes to∞ first andp goes to∞ second, the third resp. fourth integral
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in (7.82) converges to0. The first half of Step 4 shows that asm goes to∞, the first and
second integrals in (7.82) go to0. Combining these convergence, one concludes that, up to a
subsequence, the integral in (7.82) converges to0; that is,

lim
m→∞

∫
IRN×(t1,t2)

φψmdµ
+
{vi,Dl(ωiu)} = 0.

This completes the proof of the first statement in Part (1) of the theorem. Proceeding as above
for the measureµ−{vi,Dl(uiω)} with appropriate adaptations, one obtains the second statement in
Part (1) of the theorem. Now using Part(2) of Theorem 3.1 yields the third statement in Part (1)
of the theorem.

Proof of Part (2)

1. Here, the notations in the proof of Part (1) of the theorem will be used. Letµ+
{vpi,Dl(upiωp)}

be the measure corresponding to the pair(vpi, D
l(upiωp)) obtained by applying Theorem 3.1.

By Parts(2) and (4) of Theorem 3.4, the measureµ+
{vi,Dl(uiω)} is concentrated on theC∞-

hypersurfaceΓ+
i and the measureµ+

{vpi,Dl(upiωp)} is concentrated on theC∞-hypersurfaceΓ+
pi.

By Part(1) of Theorem 3.3,∫
φψmdµ

+
{vi,Dl(uiω)} = −

∫
φχ{vi>0}div(ψmD

l(uiω))dy,(7.88) ∫
φψm′dµ+

{vpi,Dl(upiωp)} = −
∫
φχ{vpi>0}div(ψm′Dl(upiωp))dy.(7.89)

Takingm′ > p, one may replaceψm′ in (7.89) by the function identically equal to1. By Part
(2) of Theorem 7.1 withu of Theorem 7.1 corresponding toup of this proof, one obtains for
anym > p,

(7.90)
∫
φψmdµ

+
{Dlωpi,Dl(upiωp)} =

∫
φdµ+

{Dlωpi,Dl(upiωp)} = 0.

It will be proved that, up to a subsequence,

(7.91) lim
m→∞

∫
φψmdµ

+
{vi,Dl(uiω)} = 0.

2. Letm > p. Using (7.88)-(7.90), one obtains∫
φψmdµ

+
{Dlωi,Dl(uiω)}

=

∫
φψmdµ

+
{Dlωi,Dl(uiω)} −

∫
φψmdµ

+
{Dlωpi,Dl(upiωp)}

= −
∫
φχ{vi>0}div(ψmD

l(uiω))dy +

∫
φχ{vpi>0}div(ψmD

l(upiωp))dy

= −
∫
φχ{vi>0}∇ψm ·Dl(uiω)dy +

∫
φχ{vpi>0}∇ψm ·Dl(upiωp)dy

−
∫
φχ{vi>0}ψmdiv Dl(uiω)dy +

∫
φχ{vpi>0}ψmdiv Dl(upiωp)dy.

Hence,
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∫
φψmdµ

+
{Dlωi,Dl(uiω)} = − 1

m

∫ t2

t1

∫
IRN

φχ{vi>0}∇ψ(
x

m
) ·Dl(uiω)dxdτ

+
1

m

∫ t2

t1

∫
IRN

φχ{vpi>0}∇ψ(
x

m
) ·Dl(upiωp)dxdτ

−
∫ t2

t1

∫
IRN

φ(χ{vi>0} − χ{vpi>0})ψmdiv Dl(uiω)dxdτ

−
∫ t2

t1

∫
IRN

φχ{vpi>0}ψmdiv(Dl(uiω)−Dl(upiωp))dxdτ .(7.92)

3. By assumption, for eachs ∈ INN , Dsu ∈ C∞((t1, t2);L
1(IRN))N . Hence, by Sobolev

embeddings and Leibniz formula:Dl(uiω) ∈ L1(IRN × (t1, t2))
N , div(Dl(uiω)) ∈ L1(IRN ×

(t1, t2)), Dl(upiωp) ∈ L1(IRN × (t1, t2))
N , and div(Dl(upiωp)) ∈ L1(IRN × (t1, t2)). Here a

use of the regularity ofΨ given by the regularity ofu, and the properties ofψp has been made.
Now the first and second integral in (7.92) satisfy

1

m
|
∫ t2

t1

∫
IRN

φχ{vi>0}∇ψ(
x

m
) ·Dl(uiω)dxdτ | ≤ 1

m
‖∇ψ‖L∞(IRN )

∫
|φDl(uiω)|dy,

1

m
|
∫ t2

t1

∫
IRN

φχ{vpi>0}∇ψ(
x

m
) ·Dl(upiωp)dxdτ | ≤

1

m
‖∇ψ‖L∞(IRN )

∫
|φDl(upiωp)|dy.

By theL1 integrability established at the beginning of this step, the right sides of the last two
inequalities above converge to0 asm goes to∞, and so do the left sides. Therefore, asm goes
to∞, the first and second integral in (7.92) go to0.

Asm goes to∞,

φ(χ{vi>0} − χ{vpi>0})ψmdiv Dl(uiω) → φ(χ{vi>0} − χ{vpi>0})div Dl(uiω),

φχ{vpi>0}ψmdiv(Dl(uiω)−Dl(upiωp)) → φχ{vpi>0}div(Dl(uiω)−Dl(upiωp)),

|φ(χ{vi>0} − χ{vpi>0})ψmdiv Dl(uiω)| ≤ |φ(χ{vi>0} − χ{vpi>0})div Dl(uiω)|,
|φχ{vpi>0}ψmdiv(Dl(uiω)−Dl(upiωp))| ≤ |φχ{vpi>0}div(Dl(uiω)−Dl(upiωp))|.

By theL1 integrability established at the beginning of this step, the functions in the right
sides of the last two inequalities above are inL1(IRN × (t1, t2)). Therefore, by convergence
dominated theorem, asm goes to∞, the third resp. fourth integral in (7.92) converges to

−
∫
φ(χ{vi>0} − χ{vpi>0})div Dl(uiω)dy(7.93)

resp.−
∫
φχ{vpi>0}div(Dl(uiω)−Dl(upiωp))dy.(7.94)

4. Now p will be let go to∞. SetΩi = {vi > 0} andΩpi = {vpi > 0}. Then one writes,
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∫
φ(χ{vi>0} − χ{vpi>0})div Dl(uiω)dy

=

∫
φχΩi∩Ωc

pi
div Dl(uiω)dy −

∫
φχΩpi∩Ωc

i
div Dl(uiω)dy.(7.95)

Let y ∈ Ωc
i . If Dlωi(y) < 0, then by construction ofωp; See Step 1 of the proof of Part (1),

asp goes to∞, χ{Dlωpi>0}(y) goes to0. If y ∈ {Dlωi = 0}o, thenB(y, ε) ⊂ {Dlωi = 0}o for
someε > 0 sufficiently small. Forp large,ψp ≡ 1 onB(y, ε). Hence,Dlωpi(y) = Dlωi(y) = 0.
Therefore, asp goes to∞, χΩpi∩Ωc

i
converges a.e. to0. Proceeding similarly,χΩi∩Ωc

pi
converges

a.e. to0. Moreover, both integrands in (7.95) are bounded by|div Dl(uiω)|. By theL1 integra-
bility obtained at the beginning of Step 3, this function is inL1(IRN × (t1, t2); IR). Therefore,
by dominated convergence theorem, up to a subsequence asp goes to∞, both integrals in the
right side of (7.95) go to0.

Using Leibniz formula,∫
φχ{vpi>0}div(Dl(uiω)−Dl(upiωp))dy

=
∑

0≤k≤l

Ckl

∫
φχ{vpi>0}div(DkuiD

l−kω −DkupiD
l−kωp)dy

=
∑

0≤k≤l

Ckl

∫
φχ{vpi>0}(∇Dkui ·Dl−kω −∇Dkupi ·Dl−kωp)dy

=
∑

0≤k≤l

Ckl

∫
φχ{vpi>0}(∇(Dkui −Dkupi) ·Dl−kω +

∇Dkupi · (Dl−kω −Dl−kωp))dy,(7.96)

whereCkl are the coefficients given in (6.16). Here, a use of the fact that bothω andωp are
divergence-free has been made. The last integral in (7.96) is bounded by

∑
0≤k≤l

Ckl

∫
|φ|(|∇(Dkui −Dkupi)||Dl−kω|+ |∇Dkupi||Dl−kω −Dl−kωp|)dy

≤
∑

0≤k≤l

Ckl‖φ‖L∞(t1,t2)(‖∇(Dkui −Dkupi)‖L1(b1,b2;Lq(IRN ))‖Dl−kω‖L∞(b1,b2;Lq′ (IRN )) +

‖∇Dkupi‖L∞(b1,b2;Lq′ (IRN ))‖Dl−kω −Dl−kωp‖L1(b1,b2;Lq(IRN )))(7.97)

whereq > 1 andq′ its conjugate; that is,1
q
+ 1

q′
= 1. By the regularity ofu and the convergence

obtained at the end of Step 1 of the proof of Part (1),‖∇Dkupi‖L∞(b1,b2;Lq′ (IRN )) is bounded by a
constant independent ofp, ‖Dl−kω‖L1(b1,b2;Lq′ (IRN )) is finite independent ofp, and‖∇(Dkui −
Dkupi)‖L1(b1,b2;Lq(IRN )) and‖Dl−kω − Dl−kωp‖L1(b1,b2;Lq(IRN )) converge to0 asp goes to∞.
Hence, asp goes to∞, the integral in the right side of (7.97) converges to0, and so does the
integral in the left side. Then the integral in (7.96) converges to0.

5. Combining the convergence asm goes to∞ of the third resp. fourth integral in (7.92) to
the integral in (7.93) resp. (7.94) obtained in Step 3, and the convergence up to a subsequence
asp goes to∞ of the integrals in (7.95) and (7.96) obtained in Step 4, one concludes that up
to a subsequence, asm goes to∞ first andp goes to∞ second, the third resp. fourth integral
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in (7.92) converges to0. The first half of Step 3 shows that asm goes to∞, the first and
second integrals in (7.92) go to0. Combining these convergence, one concludes that, up to a
subsequence, the integral in (7.92) converges to0; that is,

(7.98) lim
m→∞

∫
IRN×(t1,t2)

φψmdµ
+
{vi,Dl(uiω)} = 0.

This completes the proof of the first statement in Part (2) of the theorem. Proceeding as above
for the measureµ−{vi,Dl(uiω)} with appropriate adaptations, one obtains the second statement in
Part (2) of the theorem. Now using Part(2) of Theorem 3.1 yields the third statement in Part (2)
of the theorem. The proof of Theorem 7.2 is now completed.

8. APPLICATIONS OF THE MEASURE THEORY OF SECTIONS 3-7 TO THE

NAVIER -STOKES EQUATIONS IN SPACE DIMENSION 3

The Navier-Stokes equations correspond to the system

∂tu+ (u · ∇)u− ν∆u+∇p = 0 in IR3 × (0, T ),(8.1)

div u = 0 in IR3 × (0, T )(8.2)

complemented with the initial condition

(8.3) u(·, 0) = u0(·) in IR3,

whereu0 is a divergence-free vector field, that is; divu0 = 0 in IR3. Aboveu = u(x, t)
denotes the velocity field at the pointx ∈ IR3 and at timet ∈ (0, T ) with T > 0 andp = p(x, t)
denotes the pressure whileν denotes the kinematic viscosity.

The only global solution known to exist for general initial data is the weak solution of Leray
[7, 8]; Consult for instance [9, 10]. The existence and uniqueness of a smooth solution to the
Navier-Stokes system on a short time interval is known; Consult for instance [9, 10] where more
information about available results and references is given.

In this section, the measure theory of Sections 3-7 to prove the existence, regularity and
uniqueness of global solutions of the Navier-Stokes equations inIR3 when the initial velocity
u0 ∈ W q,1(IR3)3 for all integersq ≥ 0 and divu0 = 0 is applied.

In Section 8.1, the vorticity-stream formulation of Navier-Stokes equations and the local ex-
istence and regularity results for Navier-Stokes equations (8.1)-(8.3) are given. In Section 8.2,
based on the measure theory of [12] and Sections 3-7, measuresν+

vi
, ν−vi

, andνvi
, i = 1, 2, 3,

vi = Dlωi, andl is any3−multi-index of nonnegative integers, associated with the vorticity-
stream formulation of Navier-Stokes equations are constructed. Here,ω = curl u. Some basic
characterizations of the measuresν+

vi
, ν−vi

, andνvi
, i = 1, 2, 3 are then obtained. In Section

8.3, some basic properties of the measures associated with the convective terms in the vorticity-
stream formulation of the Navier-Stokes equations are obtained. In Section 8.4, some basic
properties of the measures associated with the stretching terms in the vorticity-stream formula-
tion of the Navier-Stokes equations are obtained. In Section 8.5, further characterizations of the
measuresν+

vi
, ν−vi

, andνvi
, i = 1, 2, 3 are given. In Section 8.6, based on the above characteriza-

tions and properties of these measures, global estimates of solutions of Navier-Stokes equations
and their partial derivatives are obtained. In Section 8.7, the proof of the existence, the global
regularity, and the uniqueness of global solutions of the Navier-Stokes equations are given. Fi-
nally, in Section 8.8, it will be proved that the measure theory introduced and developed in [12]
and Sections 3-7 of this paper cannot be applied to obtain corresponding global estimates to
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those obtained in Section 2 for the full space case, in the periodic case. In other words, the
global estimates obtained in Section 2 for the full space case are not true in the periodic case.

8.1. Vorticity-stream formulation of Navier-Stokes equations.

8.1.1. Short time existence theorem and local regularity properties of solutions of Navier-Stokes
equations.Taking the divergence of Navier-Stokes equations (2.1) yields

−∆p = div U,(8.4)

whereU is the vector of components div(uiu), i = 1, 2, 3. The following short time existence
theorem holds.

Theorem 8.1. Let u0 ∈ W q,1(IR3)3 for all integersq ≥ 0 with div u0 = 0. Then there exists
Tr > 0 such that there exists a unique solutionu and a unique, up to an additive constant,
pressure fieldp satisfying Navier-Stokes equations (2.1)-(2.3) and the following: for allT ∈
(0, Tr), u ∈ C∞([0, T ];W q,1(IR3))3 and∇p ∈ C∞([0, T ];W q,1(IR3))3 for all integersq ≥ 0.
In particular, for all T ∈ (0, Tr), u ∈ C∞(IR3 × [0, T ])3 andp ∈ C∞(IR3 × [0, T ]). Moreover,
the energy equalities in Parts (2)-(4) of Theorem 2.1 hold for alls ∈ [0, T ), for all t ∈ [s, T ],
and for allT ∈ (0, Tr).

The proof of this short time existence theorem can be deduced from a combination of the
method used to establish the existence of a weak solution [7, 8] together with Sobolev embed-
dings; Consult for instance [9, 10] for further references and review of Navier-Stokes equations.

Remark8.2. Let T ∈ (0, Tr). Theorem 8.1 and Sobolev embeddings show that(u, p) satisfies
all of the properties stated in Part(1) of Theorem 2.1 on[0, T ].

8.1.2. Vorticity-stream formulation of Navier-Stokes equations.Let u0 ∈ W q,1(IR3)3 for all
integersq ≥ 0 with div u0 = 0. Assume thatf = 0. Let T ∈ (0, Tr). Let ω0 = curl u0.
Then using Theorem 8.1, the primitive formulation of Navier-Stokes equations (2.1)-(2.3) is
equivalent to the following vorticity-stream formulation

∂tω + (u · ∇)ω − (ω · ∇)u− ν∆ω = 0 in IR3 × (0, T )(8.5)

ω|t=0 = ω0 in IR3,(8.6)

with u = curl Ψ and div Ψ = 0, with Ψ a potential vector satisfying−∆Ψ = ω. Here,
ω = curl u is the vector ofIR3 of components∂2u3 − ∂3u2, ∂3u1 − ∂1u3, and∂1u2 − ∂2u1.

8.2. Constructions and characterizations of measures associated with Navier-Stokes equa-
tions.

Theorem 8.3. (N = 3) Letu andTr be the solution and time parameter given by Theorem 8.1.
Letω = curl u. Let t1, t2 ∈ [0, Tr) with t1 < t2. Let l ∈ IN3. Let i ∈ {1, 2, 3}. Setvi = Dlωi.
LetTi be defined by

Ti(w) = vi∂tw + (Dl(ωiu)−Dl(uiω)− ν∇vi) · ∇w,(8.7)

for any Lipschitz functionw ∈ C(IR3 × (t1, t2); IR). Then
(1) For any realγ and any compact setK of IR3 × (t1, t2),
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∫
{|vi−γ|<α}∩K

|vi∂tvi|
1

α
dxdτ < C,

∫
{|vi−γ|<α}∩K

|Dl(ωiu) · ∇vi|
1

α
dxdτ < C,∫

{|vi−γ|<α}∩K

|Dl(uiω) · ∇vi|
1

α
dxdτ < C,

∫
{|vi−γ|<α}∩K

|∇vi|2
1

α
dxdτ < C,

whereC is a positive constant independent ofα ∈ (0, 1).
(2) The estimates in (1) yield for any compact setK of IR3 × (t1, t2),∫

{|vi−γ|<α}∩K

|Ti(vi)|
1

α
dxdτ < C, and forγ = 0,

∫
{|vi|<α}∩K

|Ti(vi)|
1

α
dxdτ < C,

whereC is a positive constant independent ofα ∈ (0, 1).
(3) The estimates in (2) show that, up to a subsequence, asα goes to0, the following weak
convergence in the sense of measures, holds

χ{0<vi<α}Ti(vi)
1

α
→ ν+

vi
, χ{−α<vi<0}Ti(vi)

1

α
→ ν−vi

,

χ{|vi|<α}Ti(vi)
1

α
→ νvi

,

whereν+
vi

, ν−vi
, andνvi

are measures onIR3 × (t1, t2) concentrated respectively on∂{vi > 0},
∂{vi < 0}, and∂{vi > 0} ∪ ∂{vi < 0}, which are also Radon measures. Moreover,

νvi
= ν+

vi
+ ν−vi

.

Proof of Theorem 8.3.The following notations will be used. For a functionw ∈ C1(IR3 ×
(t1, t2); IR) and for a vector fieldV ∈ C1(IR3 × (t1, t2); IR

4),

∇x,tw = (∂x1w, ∂x2w, ∂x3w, ∂tw)t, divx,tV = ∂x1V1 + ∂x2V2 + ∂x3V3 + ∂tV4.

Let i ∈ {1, 2, 3}. Setvi = Dlωi. Then by Theorem 8.1,u ∈ C∞(IR3 × (t1, t2); IR
3) and so

vi ∈ C∞(IR3 × (t1, t2); IR).

Proof of (1)

1. SetU = (0, 0, 0, vi)
t. Then taking(vi, U,∇x,t) in place of(v, U,∇) in Part(1) of Theorem

3.1, yields the first estimate in Part(1) of Theorem 8.3.

2. SetU = (Dl(ωiu), 0)t. Then taking(vi, U,∇x,t) in place of(v, U,∇) in Part (1) of
Theorem 3.1, yields the second estimate in Part(1) of Theorem 8.3.

3. SetU = (Dl(uiω), 0)t. Then taking(vi, U,∇x,t) in place of(v, U,∇) in Part (1) of
Theorem 3.1, yields the third estimate in Part(1) of Theorem 8.3.

4. SetU = (∇vi, 0)t. Then taking(vi, U,∇x,t) in place of(v, U,∇) in Part(1) of Theorem
3.1, yields the fourth estimate in Part(1) of Theorem 8.3.

5. Steps 1-4 yield the proof of Part(1) of Theorem 8.3.

Proof of (2)
SetU = (Dl(ωiu)−Dl(uiω)−ν∇vi, vi)

t. Using the regularity ofu one has:U ∈ C∞(IR3×
(t1, t2); IR

4). Then taking(vi, U,∇x,t) in place of(v, U,∇) in Part(1) of Theorem 3.1, and using

AJMAA, Vol. 18 (2021), No. 2, Art. 21, 126 pp. AJMAA

https://ajmaa.org


110 MOULAY D. TIDRIRI

the fact thatTi(vi) = U ·∇x,tvi, yields the first estimate in Part(2) of Theorem 8.3. Takingγ = 0
in the first estimate in Part(2) of Theorem 8.3, yields the second estimate in Part(2) of Theorem
8.3.

Proof of (3)
The proof of the weak convergence in Part(3) is a direct consequence of the fact that for any

sequence of functions bounded inL1
loc, one can extract a subsequence converging weakly in the

sense of measures to a Radon measure. The weak convergence in Part(3) yieldsνvi
= ν+

vi
+ν−vi

.
This completes the proof of Theorem 8.3.

Theorem 8.4. (N = 3) Letu andTr be the solution and time parameter given by Theorem 8.1.
Letω = curl u. Let t1, t2 ∈ [0, Tr) with t1 < t2. Let l ∈ IN3. Let i ∈ {1, 2, 3}. Setvi = Dlωi.
LetTi be defined by (8.7). Letϕ be any Lipschitz function inCc(IR

3 × (t1, t2), IR). Then
(1) ∫

ϕdν+
vi

= −
∫
{vi>0}

Ti(ϕ)dxdτ

(2) ∫
ϕdν−vi

=

∫
{vi<0}

Ti(ϕ)dxdτ

(3) ∫
ϕdνvi

= −
∫ t2

t1

∫
IR3

Ti(ϕ)sg(vi)dxdτ

Proof of Theorem 8.4. The proof of Theorem 3.3 will be followed. LetG(j)
α , j = 1, 2, 3

denote the sequence of functions introduced in the proof of Theorem 3.3.
Let i ∈ {1, 2, 3}. Setvi = Dlωi. Then by Theorem 8.1,u ∈ C∞(IR3 × (t1, t2); IR

3) and
so vi ∈ C∞(IR3 × (t1, t2); IR). SetU = (Dl(ωiu) − Dl(uiω) − ν∇vi, vi)

t. Then using the
regularity ofu one has:U ∈ C∞(IR3 × (t1, t2); IR

4). Moreover,

Ti(ϕ) = U · ∇x,tϕ,(8.8)

for any Lipschitz functionϕ ∈ Cc(IR
3×(t1, t2), IR). Using Navier-Stokes equations (8.5) yields

divx,tU = ∂tD
lωi + div (Dl(ωiu)−Dl(uiω))− ν∆Dlωi = 0.(8.9)

Proof of (1)
Let ϕ be any Lipschitz function inCc(IR

3 × (t1, t2), IR). Sinceϕ is of compact support and
ϕUG

(2)
α (vi) ∈ W 1,1(IR3 × (t1, t2))

4, one has

0 =

∫ t2

t1

∫
IR3

divx,t(ϕUG
(2)
α (vi))dxdτ

=

∫ t2

t1

∫
IR3

divx,t(ϕU)G(2)
α (vi)dxdτ +

∫
{0<vi<α}

U · ∇x,tvi

α
ϕdxdτ.

Then
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(8.10)
∫
{0<vi<α}

U · ∇x,tvi

α
ϕdxdτ = −

∫ t2

t1

∫
IR3

divx,t(ϕU)G(2)
α (vi)dxdτ .

As α → 0, G(2)
α (vi) converges everywhere toχ{vi>0}. Now |div(ϕU)G

(2)
α (vi)| ≤ |div(ϕU)|.

Using the regularity ofU , divx,t(ϕU) is in L1(IR3 × (t1, t2)). Therefore using convergence
dominated theorem, up to a subsequence, asα→ 0

(8.11) lim
α→0

∫ t2

t1

∫
IR3

divx,t(ϕU)G(2)
α (vi)dxdτ =

∫ t2

t1

∫
IR3

divx,t(ϕU)χ{vi>0}dxdτ .

Hence using (8.8), (8.10)-(8.11), and Part(3) of Theorem 8.3 yields, up to a subsequence, as
α→ 0

(8.12)
∫
ϕdν+

vi
= lim

α→0

∫
{0<vi<α}

U · ∇x,tvi

α
ϕdxdτ = −

∫ t2

t1

∫
IR3

divx,t(ϕU)χ{vi>0}dxdτ .

Now ∫ t2

t1

∫
IR3

divx,t(ϕU)χ{vi>0}dxdτ =

∫ t2

t1

∫
IR3

ϕdivx,tUχ{vi>0}dxdτ

+

∫ t2

t1

∫
IR3

U · ∇x,tϕχ{vi>0}dxdτ .(8.13)

Then (8.9), and (8.12)-(8.13) yield∫
ϕdν+

vi
= lim

α→0

∫
{0<vi<α}

U · ∇x,tvi

α
ϕdxdτ = −

∫
{vi>0}

Ti(ϕ)dxdτ ,

which corresponds to Part(1) of Theorem 8.4. Here, the operatorTi was introduced in (8.7).

Proof of (2)-(3)
TakingG(3)

α resp.G(1)
α in place ofG(2)

α and proceeding as in the proof of Part(1) yields the
proof of Part(2) resp. Part(3) of the theorem. This completes the proof of Theorem 8.4.

8.3. Properties of the measures associated with the convective term in Navier-Stokes equa-
tions. Let ψ ∈ C∞

c (IRN) be such thatψ(x) = 1 for |x| ≤ 1, ψ(x) = 0 for |x| ≥ 2, and
0 ≤ ψ(x) ≤ 1 for all x ∈ IRN . Then defineψm,m ≥ 1, byψm(x) = ψ( x

m
).

Theorem 8.5. (N = 3) Let u andTr be the solution and time parameter given by Theorem
8.1. Letω = curl u. Let t1, t2 ∈ [0, Tr) with t1 < t2. Let l ∈ IN3. Let i ∈ {1, 2, 3}. Let
φ ∈ Cc(t1, t2). Then, up to a subsequence, asm→∞

lim
m→∞

∫
φψmdµ

+
{Dlωi,Dl(ωiu)} = 0, lim

m→∞

∫
φψmdµ

−
{Dlωi,Dl(ωiu)} = 0,

lim
m→∞

∫
φψmdµ{Dlωi,Dl(ωiu)} = 0.

Proof of Theorem 8.5.Let i ∈ {1, 2, 3}. Then using Theorem 8.1, one has:ωi ∈ C∞(IR3 ×
[t1, t2]; IR), u ∈ C∞(IR3 × [t1, t2]; IR

3) with div u = 0, and for anys ∈ IN3, Dsωi ∈
C∞([t1, t2];L

1(IR3)) andDsu ∈ C∞([t1, t2];L
1(IR3))3. Hence, the assumptions of Part (1)
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of Theorem 7.2 with(ωi, u) of Theorem 7.2 corresponding to(ωi, u) of this proof, are satisfied.
Therefore, one can apply Part(1) of Theorem 7.2 and obtain the convergence in Theorem 8.5.
This completes the proof of Theorem 8.5.

8.4. Properties of the measures associated with the stretching term in Navier-Stokes equa-
tions.

Theorem 8.6. Let u and Tr be the solution and time parameter given by Theorem 8.1. Let
ω = curl u. Let t1, t2 ∈ [0, Tr) with t1 < t2. Let l ∈ IN3. Let i ∈ {1, 2, 3}. Letφ ∈ Cc(t1, t2).
Then, up to a subsequence,

lim
m→∞

∫
φψmdµ

+
{Dlωi,Dl(uiω)} = 0, lim

m→∞

∫
φψmdµ

−
{Dlωi,Dl(uiω)} = 0,

lim
m→∞

∫
φψmdµ{Dlωi,Dl(uiω)} = 0.

Proof of Theorem 8.6. Using Theorem 8.1, one has:u ∈ C∞(IR3 × [t1, t2]; IR
3) with

div u = 0, and for anys ∈ IN3, Dsu ∈ C∞([t1, t2];L
1(IR3))3. Hence, the assumptions of

Part (2) of Theorem 7.2 withu of Theorem 7.2 corresponding tou of this proof, are satisfied.
Therefore, one can apply Part (2) of Theorem 7.2 and obtain the convergence in Theorem 8.6.
This completes the proof of Theorem 8.6.

8.5. Characterizations of the measures associated with Navier-Stokes equations.

Theorem 8.7. (N = 3) Letu andTr be the solution and time parameter given by Theorem 8.1.
Let t1, t2 ∈ [0, Tr) with t1 < t2. Letω = curl u. Let l ∈ IN3. Let i ∈ {1, 2, 3} andvi = Dlωi.
Then the following holds.

(1)

ν+
vi

= ∂t[viχ{vi>0}] + div [χ{vi>0}(D
l(ωiu)−Dl(uiω)− ν∇vi)]

in M(IR3 × (t1, t2)),

ν−vi
= −∂t[viχ{vi<0}]− div [χ{vi<0}(D

l(ωiu)−Dl(uiω)− ν∇vi)]

in M(IR3 × (t1, t2)),

νvi
= ∂t|vi|+ div [sg(vi)(D

l(ωiu)−Dl(uiω)− ν∇vi)]

in M(IR3 × (t1, t2)).

(2) For any nonnegative functionφ ∈ C1
c (t1, t2), the measuresν+

vi
, ν−vi

, andνvi
, satisfy, up to

a subsequence, asm→∞,

lim sup
m→∞

∫
ψmφdν

+
vi
≤ 0, lim sup

m→∞

∫
ψmφdν

−
vi
≤ 0,

lim sup
m→∞

∫
ψmφdνvi

≤ 0.

Proof of Theorem 8.7.Let i ∈ {1, 2, 3}. Setvi = Dlωi.

Proof of (1)

1. Part(1) of Theorem 8.4, yields for any Lipschitz functionϕ ∈ Cc(IR
N × (t1, t2), IR),

AJMAA, Vol. 18 (2021), No. 2, Art. 21, 126 pp. AJMAA

https://ajmaa.org


GLOBAL REGULARITY OF THE THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 113

(8.14)
∫
ϕdν+

vi
= −

∫
{vi>0}

Ti(ϕ)dxdτ

In particular, Eq. (8.14) holds for anyϕ ∈ D(IR3 × (t1, t2)). Thus, by definition ofTi; See
(8.7), one obtains

(8.15) ν+
vi

= ∂t(viχ{vi>0})+ div[χ{vi>0}(D
l(ωiu)−Dl(uiω)− ν∇vi)] in D′(IR3× (t1, t2)).

Sinceν+
vi

is a measure, Eq. (8.15) holds inM(IR3 × (t1, t2)). This yields the first equality in
Part(1).

2. Part(2) of Theorem 8.4, yields for any Lipschitz functionϕ ∈ Cc(IR
N × (t1, t2), IR),

(8.16)
∫
ϕdν−vi

=

∫
{vi<0}

Ti(ϕ)dxdτ .

In particular, Eq. (8.16) holds for anyϕ ∈ D(IR3 × (t1, t2)). Thus, by definition ofTi; See
(8.7), one obtains

ν−vi
= −∂t(viχ{vi>0})− div[χ{vi<0}(D

l(ωiu)−Dl(uiω)− ν∇vi)]

in D′(IR3 × (t1, t2)).(8.17)

Sinceν−vi
is a measure, Eq. (8.17) holds inM(IR3× (t1, t2)). This yields the second equality

in Part(1).

3. Part(3) of Theorem 8.4, yields for any Lipschitz functionϕ ∈ Cc(IR
N × (t1, t2), IR),

(8.18)
∫
ϕdνvi

= −
∫ t2

t1

∫
IR3

Ti(ϕ)sg(vi)dxdτ .

In particular, Eq. (8.18) holds for anyϕ ∈ D(IR3 × (t1, t2)). Thus, by definition ofTi; See
(8.7), one obtains

νvi
= ∂t(visg(vi)) + div[sg(vi)(D

l(ωiu)−Dl(uiω)− ν∇vi)]

in D′(IR3 × (t1, t2)).(8.19)

Sinceνvi
is a measure, Eq. (8.19) holds inM(IR3 × (t1, t2)). This yields the third equality

in Part(1), and thus, completes the proof of Part(1) of the theorem.

Proof of (2)

a. Proof of the first inequality

1. Let φ ∈ C1
c (t1, t2) with φ ≥ 0. Using Part(3) of Theorem 8.3, one has, up to a subse-

quence, asα→ 0,
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∫
ψmφdν

+
vi

= lim
α→0

[

∫ t2

t1

∫
IR3

ψmφ
1

α
vi∂tviχ{0<vi<α}dxdτ +∫ t2

t1

∫
IR3

ψmφ
1

α
(Dl(ωiu)−Dl(uiω)) · ∇viχ{0<vi<α}dxdτ

−ν
∫ t2

t1

∫
IR3

ψmφ
1

α
|∇vi|2χ{0<vi<α}dxdτ ].(8.20)

2. In this step, it will be proved that, up to a subsequence, asα→ 0,

(8.21) lim
α→0

∫ t2

t1

∫
IR3

ψmφ
1

α
vi∂tviχ{0<vi<α}dxdτ = 0.

2.1On{0 < vi < α}, one has:| 1
α
vi| ≤ 1, and so

|ψmφ
1

α
vi∂tviχ{0<vi<α}| ≤ ψmφ|∂tvi|χ{0<vi<α} ≤ ψmφ|∂tvi|.

By Theorem 8.1,Dsu ∈ C∞([t1, t2];L
1(IR3))3 for everys ∈ IN3. In particular,ψmφ∂tvi ∈

L1(IR3 × (t1, t2)). This function is obviously independent ofα.

2.2 Let y ∈ IR3 × (t1, t2). If vi(y) 6= 0, then|vi(y)| > η > 0 for some positive numberη.
Then for all0 < α < η one has:(ψmφ

vi

α
∂tviχ{0<vi<α})(y) = 0. If vi(y) = 0, then by definition

of the function, one has:(ψmφ
vi

α
∂tviχ{0<vi<α})(y) = 0. Then one concludes that asα → 0,

ψmφ
1
α
vi∂tviχ{0<vi<α} converges to0, everywhere inIRN × (t1, t2).

2.3 Combining Steps 2.1 and 2.2 above, one can use dominated convergence theorem to
obtain, up to a subsequence, asα→ 0, the convergence in (8.21).

3. Using Part(1) of Theorem 3.3, yields, up to a subsequence, asα→ 0,

(8.22) lim
α→0

∫ t2

t1

∫
IR3

ψmφ
1

α
Dl(ωiu) · ∇viχ{0<vi<α}dxdτ =

∫
φψmdµ

+
{Dlωi,Dl(ωiu)},

and

lim
α→0

∫ t2

t1

∫
IR3

ψmφ
1

α
Dl(uiω) · ∇viχ{0<vi<α}dxdτ =

∫
φψmdµ

+
{Dlωi,Dl(uiω)},(8.23)

lim
α→0

∫ t2

t1

∫
IR3

ψmφ
1

α
|∇vi|2χ{0<vi<α}dxdτ =

∫
φψmdµ

+
{Dlωi,∇Dlωi}.(8.24)

Then using (8.20), (8.21), and (8.22)-(8.24), one obtains∫
ψmφdν

+
vi

=

∫
φψmdµ

+
{Dlωi,Dl(ωiu)} −

∫
φψmdµ

+
{Dlωi,Dl(uiω)}

−
∫
φψmdµ

+
{Dlωi,∇Dlωi}.

Now using the fact thatµ+
{Dlωi,∇Dlωi} ≥ 0, one obtains
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∫
ψmφdν

+
vi
≤

∫
φψmdµ

+
{Dlωi,Dl(ωiu)} −

∫
φψmdµ

+
{Dlωi,Dl(uiω)}.(8.25)

4. Using Theorem 8.5, shows that, up to a subsequence, asm goes to∞,

lim
m→∞

∫
φψmdµ

+
{Dlωi,Dl(ωiu)} = 0.(8.26)

5. Using Theorem 8.6, shows that, up to a subsequence, asm goes to∞,

lim
m→∞

∫
φψmdµ

+
{Dlωi,Dl(uiω)} = 0.(8.27)

6. Then (8.25)-(8.27) show that, up to a subsequence, asm→∞,

lim sup
m→∞

∫
ψmφdν

+
vi
≤ 0,

for any nonnegativeφ ∈ C1
c (t1, t2). This completes the proof of the first inequality in Part(2)

of the theorem.

b. Proof of the second inequality

1. Let φ ∈ C1
c (t1, t2) with φ ≥ 0. Using Part(3) of Theorem 8.3, one has, up to a subse-

quence, asα→ 0,

∫
ψmφdν

−
vi

= lim
α→0

[

∫ t2

t1

∫
IR3

ψmφ
1

α
vi∂tviχ{−α<vi<0}dxdτ +∫ t2

t1

∫
IR3

ψmφ
1

α
(Dl(ωiu)−Dl(uiω)) · ∇viχ{−α<vi<0}dxdτ

−ν
∫ t2

t1

∫
IR3

ψmφ
1

α
|∇vi|2χ{−α<vi<0}dxdτ ].(8.28)

2. Proceeding as in Step 2 of the proof of the first inequality in Part(2) of the theorem given
above, one obtains up to a subsequence, asα→ 0,

lim
α→0

∫ t2

t1

∫
IR3

ψmφ
1

α
vi∂tviχ{−α<vi<0}dxdτ = 0.(8.29)

3. Using Part(1) of Theorem 3.3, yields, up to a subsequence, asα→ 0,

lim
α→0

∫ t2

t1

∫
IR3

ψmφ
1

α
Dl(ωiu) · ∇viχ{−α<vi<0}dxdτ =

∫
φψmdµ

−
{Dlωi,Dl(ωiu)},(8.30)

lim
α→0

∫ t2

t1

∫
IR3

ψmφ
1

α
Dl(uiω) · ∇viχ{−α<vi<0}dxdτ =

∫
φψmdµ

−
{Dlωi,Dl(uiω)},(8.31)

lim
α→0

∫ t2

t1

∫
IR3

ψmφ
1

α
|∇vi|2χ{−α<vi<0}dxdτ =

∫
φψmdµ

−
{Dlωi,∇Dlωi}.(8.32)
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Then using (8.28)-(8.32), one obtains∫
ψmφdν

−
vi

=

∫
φψmdµ

−
{Dlωi,Dl(ωiu)} −

∫
φψmdµ

−
{Dlωi,Dl(uiω)}

−
∫
φψmdµ

−
{Dlωi,∇Dlωi}.

Now using the fact thatµ−{Dlωi,∇Dlωi} ≥ 0, one obtains∫
ψmφdν

−
vi
≤

∫
φψmdµ

−
{Dlωi,Dl(ωiu)} −

∫
φψmdµ

−
{Dlωi,Dl(uiω)}.(8.33)

4. Using Theorem 8.5, shows that, up to a subsequence, asm goes to∞,

lim
m→∞

∫
φψmdµ

−
{Dlωi,Dl(ωiu)} = 0.(8.34)

5. Using Theorem 8.6, shows that, up to a subsequence, asm goes to∞,

lim
m→∞

∫
φψmdµ

−
{Dlωi,Dl(uiω)} = 0.(8.35)

6. Then (8.33)-(8.35) show that, up to a subsequence, asm→∞,

lim sup
m→∞

∫
ψmφdν

−
vi
≤ 0,

for any nonnegativeφ ∈ C1
c (t1, t2). This completes the proof of the second inequality in Part

(2) of the theorem.

c. Proof of the third inequality

1. Using Part(3) of Theorem 8.3 showing thatνvi
= ν+

vi
+ ν−vi

and the proofs of the first and
second inequalities obtained above, one obtains, up to a subsequence, asm→∞,

lim sup
m→∞

∫
ψmφdµvi

≤ 0,

for any nonnegativeφ ∈ C1
c (t1, t2). This yields the proof of the third inequality in Part(2) of

the theorem and completes the proof of Part(2) and thus, the proof of Theorem 8.7.

8.6. Fundamental estimates of solutions of Navier-Stokes equations and their partial deriv-
atives in space dimension 3.

Theorem 8.8. (N = 3) Letu andTr be the solution and time parameter given by Theorem 8.1.
Let t1, t2 ∈ [0, Tr) with t1 < t2. Letω = curl u. Let l ∈ IN3. Let i ∈ {1, 2, 3} andvi = Dlωi.
Then for all0 ≤ s < t < Tr,

(1) ∫
{Dlωi(·,t)>0}

Dlωi(x, t)dx ≤
∫
{Dlωi(·,s)>0}

Dlωi(x, s)dx.

(2)
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∫
{Dlωi(·,t)<0}

(−Dlωi)(x, t)dx ≤
∫
{Dlωi(·,s)<0}

(−Dlωi)(x, s)dx.

(3)

∫
IR3

|Dlωi|(x, t)dx ≤
∫

IR3

|Dlωi|(x, s)dx.

Proof of Theorem 8.8.Let i ∈ {1, 2, 3}. Setvi = Dlωi.

Proof of (1)

1. By Theorem 8.1,Dsu ∈ C∞([t1, t2];L
1(IR3))3 for everys ∈ IN3. In particular,vi ∈

C1([t1, t2];L
1(IR3)). Using the regularity ofvi andχ{vi>0}, one obtains

∂t(viχ{vi>0}) = ∂tviχ{vi>0} in M(IR3 × (t1, t2)).(8.36)

Moreover, by the above regularity,∂tviχ{vi>0} ∈ L1(IR3× (t1, t2)) and so the equality (8.36)
holds a.e. inIR3 × (t1, t2). The above regularity also shows that

∫
IR3 |∂tviχ{vi>0}|(x, t)dx ∈

L1(t1, t2).

2. Let φ ∈ C1
c (t1, t2). Using Step 1 and the definition ofψm, |φψm∂t(viχ{vi>0})| ≤

|φ∂tvi| andφ∂tvi ∈ L1(IR3 × (t1, t2)). Moreover, asm → ∞, φψm∂t(viχ{vi>0}) converges
to φ∂t(viχ{vi>0}) a.e. inIR3 × (t1, t2). Therefore, using convergence dominated theorem and
Step 1 above, up to a subsequence, asm→∞,

(8.37) lim
m→∞

∫ t2

t1

∫
IR3

φψm∂t(viχ{vi>0})dxdt =

∫ t2

t1

φ

∫
IR3

∂tviχ{vi>0}dxdt.

3. Let φ ∈ C1
c (t1, t2). Using the regularity in Step 1,|∂tφψmviχ{vi>0}| ≤ |∂tφvi| and

∂tφvi ∈ L1(IR3 × (t1, t2)). By definition ofψm, asm → ∞, ∂tφψmviχ{vi>0} converges to
∂tφviχ{vi>0} a.e. inIR3 × (t1, t2). Therefore, using convergence dominated theorem, up to a
subsequence, asm→∞,

(8.38) lim
m→∞

∫ t2

t1

∫
IR3

∂tφψmviχ{vi>0}dxdt =

∫ t2

t1

∂tφ

∫
IR3

viχ{vi>0}dxdt.

4. Since ∫ t2

t1

∫
IR3

φψm∂t(viχ{vi>0})dxdτ = −
∫ t2

t1

∫
IR3

∂tφψmviχ{vi>0}dxdτ ,

one obtains using Steps 2 and 3,

(8.39)
∫ t2

t1

φ

∫
IR3

∂tviχ{vi>0}dxdt = −
∫ t2

t1

∂tφ

∫
IR3

viχ{vi>0}dxdt.

(8.39) yields
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(8.40)
∫ t2

t1

φ

∫
IR3

∂tviχ{vi>0}dxdt =<
d

dt
[

∫
IR3

viχ{vi>0}dx], φ >,

for anyφ ∈ C∞
c (t1, t2). Hence, one deduces from (8.40) that

(8.41)
d

dt
[

∫
IR3

viχ{vi>0}dx] =

∫
IR3

∂tviχ{vi>0}dx in D′(t1, t2).

By Step 1, ∫
IR3

∂tviχ{vi>0}dx ∈ L1(t1, t2).

Hence, (8.41) shows that

d

dt
[

∫
IR3

viχ{vi>0}dx] ∈ L1(t1, t2)

and that (8.41) holds a.e. on(t1, t2). Then using the fact that by Step 1,

∫
IR3

viχ{vi>0}dx ∈ L1(t1, t2),

one concludes that

∫
IR3

viχ{vi>0}dx ∈ W 1,1(t1, t2).

Therefore, by the properties of the Sobolev spaceW 1,1(t1, t2), the functiong defined by,

g =

∫
IR3

viχ{vi>0}dx ∈ C([t1, t2]),

and is absolutely continuous on[t1, t2]. Moreover, for allt1 ≤ s < t ≤ t2, one has

g(t)− g(s) =

∫ t

s

(
d

dt
[

∫
IR3

viχ{vi>0}dx])dτ

=

∫ t

s

[

∫
IR3

(∂tviχ{vi>0})(x, τ)dx]dτ .(8.42)

5. By Step 1 above,∂t(viχ{vi>0}) ∈ L1(IR3× (t1, t2)). Hence, using Part(1) of Theorem 8.7,

div[χ{vi>0}(D
l(ωiu)−Dl(uiω)− ν∇vi)] ∈M(IR3 × (t1, t2)).

Then using again Part(1) of Theorem 8.7, one obtains
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∫
φψmdν

+
vi

=

∫ t2

t1

∫
IR3

φψm∂t(viχ{vi>0})dxdτ

+ < div[χ{vi>0}(D
l(ωiu)−Dl(uiω)− ν∇vi)], φψm >

= −
∫ t2

t1

∫
IR3

∂tφψmviχ{vi>0}dxdτ

− 1

m

∫ t2

t1

∫
IR3

φ[χ{vi>0}(D
l(ωiu)−Dl(uiω)− ν∇vi)] · ∇ψ(

x

m
)dxdτ .(8.43)

6. Let φ ∈ C1
c (t1, t2). By the properties ofψ,

1

m
|
∫ t2

t1

∫
IR3

φ[χ{vi>0}(D
l(ωiu)−Dl(uiω)− ν∇vi)] · ∇ψ(

x

m
)dxdτ |

≤ C

m

∫ t2

t1

|φ|
∫

IR3

|Dl(ωiu)−Dl(uiω)− ν∇vi|dxdτ(8.44)

whereC is a positive constant independent ofm. By Theorem 8.1,Dsu is inC∞([t1, t2];L
1(IR3))3

for everys ∈ IN3, and so in particular,∇vi ∈ L1(IR3 × (t1, t2))
3. Moreover, using Leibniz

formula, Sobolev embeddings, and Holder inequality, one has:Dl(ωiu) andDl(uiω) are in
L1(IR3 × (t1, t2))

3. Therefore, the right side in (8.44) goes to0 asm goes to∞.

7. Let φ ∈ C∞
c (t1, t2). Steps 3, 5, and 6 yield, up to a subsequence, asm→∞,

lim
m→∞

∫
φψmdν

+
vi

= −
∫ t2

t1

∂tφ

∫
IR3

viχ{vi>0}dxdt

=

∫ t2

t1

φ
d

dt
[

∫
IR3

viχ{vi>0}(x, t)dx]dt.(8.45)

8. On the other hand, Part(2) of Theorem 8.7, shows that the left side of (8.45) is non-positive
for all nonnegative functionsφ ∈ Cc(t1, t2).

Then one deduces using Schwartz lemma on nonnegative distributions that

(8.46)
d

dt
[

∫
IR3

viχ{vi>0}(x, t)dx] ≤ 0 in M(t1, t2).

Now since by Step 4,

d

dt
[

∫
IR3

viχ{vi>0}dx] =

∫
IR3

∂tviχ{vi>0}dx ∈ L1(t1, t2),

one concludes using (8.46) that

(8.47)
d

dt
[

∫
IR3

viχ{vi>0}(x, t)dx] =

∫
IR3

∂tviχ{vi>0}dx ≤ 0 a.e. on(t1, t2).

9. Using (8.42) and (8.47), one concludes that for allt1 ≤ s < t ≤ t2, one has
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(8.48) g(t)− g(s) =

∫ t

s

[

∫
IR3

(∂tviχ{vi>0})(x, τ)dx]dτ ≤ 0.

10. Steps 1-9 hold for any0 ≤ t1 < t2 < Tr. Therefore, Step 9 yields Part(1) of the theorem.

Proof of (2)

1. Proceeding as in Step 1 of the proof of Part(1) of the theorem, one concludes that
∂t(viχ{vi<0}) = ∂tviχ{vi<0} ∈ L1(IR3 × (t1, t2)) and

∫
IR3 |∂tviχ{vi<0}|(x, t)dx ∈ L1(t1, t2).

2. Let φ ∈ C1
c (t1, t2). Proceeding as in Step 2 of the proof of Part(1) of the theorem, one

concludes that, up to a subsequence, asm→∞,

(8.49) lim
m→∞

∫ t2

t1

∫
IR3

φψm∂t(viχ{vi<0})dxdt =

∫ t2

t1

φ

∫
IR3

∂tviχ{vi<0}dxdt.

3. Let φ ∈ C1
c (t1, t2). Proceeding as in Step 3 of the proof of Part(1) of the theorem, one

concludes that, up to a subsequence, asm→∞,

(8.50) lim
m→∞

∫ t2

t1

∫
IR3

∂tφψmviχ{vi<0}dxdt =

∫ t2

t1

∂tφ

∫
IR3

viχ{vi<0}dxdt.

4. Proceeding as in Step 4 of the proof of Part(1) of the theorem, one concludes that,

(8.51)
d

dt
[

∫
IR3

viχ{vi<0}dx] =

∫
IR3

∂tviχ{vi<0}dx ∈ L1(t1, t2).

By Step 1,
∫

IR3 viχ{vi<0}dx ∈ L1(t1, t2), and so,
∫

IR3 viχ{vi<0}dx ∈ W 1,1(t1, t2). Then, by
the properties of the Sobolev spaceW 1,1(t1, t2), the functiong defined by,

g =

∫
IR3

(−vi)χ{vi<0}dx ∈ C([t1, t2])

and is absolutely continuous on[t1, t2]. Moreover, for allt1 ≤ s < t ≤ t2, one has

g(t)− g(s) =

∫ t

s

(
d

dt
[

∫
IR3

(−vi)χ{vi<0}dx])dτ

=

∫ t

s

[

∫
IR3

(∂t(−vi)χ{vi<0})(x, τ)dx]dτ .(8.52)

5. By Step 1 above,∂t(viχ{vi<0}) ∈ L1(IR3× (t1, t2)). Hence, using Part(1) of Theorem 8.7,

div[χ{vi<0}(D
l(ωiu)−Dl(uiω)− ν∇vi)] ∈M(IR3 × (t1, t2)).

Then using again Part(1) of Theorem 8.7, one obtains
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∫
φψmdν

−
vi

= −
∫ t2

t1

∫
IR3

φψm∂t(viχ{vi<0})dxdτ

− < div[χ{vi<0}(D
l(ωiu)−Dl(uiω)− ν∇vi)], φψm >

=

∫ t2

t1

∫
IR3

∂tφψmviχ{vi<0}dxdτ

+
1

m

∫ t2

t1

∫
IR3

φ[χ{vi<0}(D
l(ωiu)−Dl(uiω)− ν∇vi)] · ∇ψ(

x

m
)dxdτ .(8.53)

6. Let φ ∈ C1
c (t1, t2). Proceeding as in Step 6 of the proof of Part(1) of the theorem, one

concludes that the second term in the right side of (8.53) goes to0 asm goes to∞. Hence,
using (8.53) and Step 3, up to a subsequence, asm→∞,

(8.54) lim
m→∞

∫
φψmdν

−
vi

=

∫ t2

t1

φ
d

dt
[

∫
IR3

(−vi)χ{vi<0}(x, t)dx]dt.

7. On the other hand, Part(2) of Theorem 8.7, shows that the left side of (8.54) is non-positive
for all nonnegative functionsφ ∈ Cc(t1, t2). Then proceeding as in Steps 7-8 of the proof of
Part(1) of the theorem, one obtains using Schwartz lemma on nonnegative distributions that

(8.55)
d

dt
[

∫
IR3

(−vi)χ{vi<0}(x, t)dx] ≤ 0 in M(t1, t2).

Now since by Step 4,

d

dt
[

∫
IR3

(−vi)χ{vi<0}dx] =

∫
IR3

∂t(−vi)χ{vi<0}dx ∈ L1(t1, t2),

one concludes using (8.55) that

(8.56)
d

dt
[

∫
IR3

(−vi)χ{vi<0}(x, t)dx] =

∫
IR3

∂t(−vi)χ{vi<0}dx ≤ 0 a.e. on(t1, t2).

8. Using (8.52) and (8.56), one concludes that for allt1 ≤ s < t ≤ t2, one has

(8.57) g(t)− g(s) =

∫ t

s

[

∫
IR3

(∂t(−vi)χ{vi<0})(x, τ)dx]dτ ≤ 0.

9. Steps 1-8 hold for any0 ≤ t1 < t2 < Tr. Therefore, Step 8 yields Part(2) of the theorem.

Proof of (3)
Using Parts(1) and(2) of the theorem yields Part(3) of the theorem. The proof of Theorem

8.8 is now completed.
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8.7. Proof of Theorem 2.1. 1.Part(3) of Theorem 8.8 shows that fori = 1, 2, 3 and for all
t ∈ (0, Tr)

(8.58)
∫

IR3

|Dlωi|(x, t)dx ≤
∫

IR3

|Dlω0i|(x)dx,

for anyl ∈ IN3. Hence, one obtains

(8.59) ‖Dlω(·, t)‖W 1,1(IR3) ≤ ‖Dlω0‖W 1,1(IR3),

for all l ∈ IN3. Now by Sobolev embeddings, one obtains

(8.60) ‖Dlω(·, t)‖Lq(IR3) ≤ C‖Dlω(·, t)‖W 1,1(IR3) ≤ C‖Dlω0‖W 1,1(IR3),

for all l ∈ IN3, and for all1 ≤ q ≤ 3/2. Here,C is a positive constant independent oft, Tr, ν,
andω0. Using (8.60) and Calderon-Zygmund inequality, one obtains

(8.61) ‖Dl∇u(·, t)‖Lq(IR3) ≤ C‖Dlω(·, t)‖Lq(IR3) ≤ C‖Dlω0‖W 1,1(IR3),

for all l ∈ IN3, and for all1 < q ≤ 3/2. Here,C is a positive constant independent oft, Tr, ν,
andω0.

Using (8.61) and Sobolev embeddings, one obtains

(8.62) ‖∇u(·, t)‖W m,q(IR3) < C‖ω0‖W m+1,1(IR3),

for all integerm and all1 < q ≤ 3/2. Here,C is a positive constant independent oft, Tr, ν,
andω0.

Letm be a nonnegative integer and let3/2 < q < ∞. Let q̄ = q − 3
2
. Then by using (8.62),

Sobolev embeddings, and Holder inequality, one obtains for all0 < t < Tr,

‖∇u(·, t)‖W m,q(IR3) ≤ ‖∇u(·, t)‖q̄/q

W m,∞(IR3)‖∇u(·, t)‖
3/(2q)

W m,3/2(IR3)

≤ C‖ω0‖W m+4,1(IR3) ≤ C(m,ω0),(8.63)

whereC(m,ω0) = C‖ω0‖W m+4,1(IR3), andC is a positive constant independent oft, Tr, ν, and
ω0. Then it is clear thatC(m,ω0) is independent oft andTr (andν if ω0 is independent ofν).

The stream equation−∆Ψ = ω and classical elliptic regularity show thatu = curl Ψ satis-
fies:‖u(·, t)‖W 1,q(IR3) ≤ C‖ω(·, t)‖Lq(IR3) for all 1 < q ≤ 3/2. Here,C is a positive constant in-
dependent oft, Tr, ν, andω0. Then by Sobolev embeddings,‖u(·, t)‖Lp(IR3) ≤ C‖ω(·, t)‖Lq(IR3)

for all q ≤ p ≤ 3q/(3− q) for all 1 < q ≤ 3/2.
Let 1 < q < 3. Then by the above and Sobolev’s inequality,

(8.64) ‖u(·, t)‖Lq? (IR3) ≤ C‖∇u(·, t)‖Lq(IR3) ≤ C(0, ω0),

where 1
q? = 1

q
− 1

3
,C(0, ω0) = C‖ω0‖W 4,1(IR3), andC is a positive constant independent oft, Tr,

ν, andω0. Then it is clear thatC(0, ω0) is independent oft andTr (andν if ω0 is independent
of ν).

2. Let s ∈ IN3 with |s| ≥ 1 and let1 ≤ q <∞. Using Eq. (8.4), (8.62)-(8.64), and classical
elliptic theory, one concludes that
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(8.65) ‖Dsp(·, t)‖Lq(IR3) < C(k, ω0)
2,

for some integerk > 0 depending on|s| andq. Here,C(k, ω0) was introduced in Step 1 above
and is independent oft, Tr (andν if ω0 is independent ofν).

3. Let l ∈ IN3. Applying the operatorDl to Eq. (2.1) yields

(8.66) ∂tD
lu− ν∆Dlu = −Dl[(u · ∇)u]−∇Dlp in IR3 × (0, Tr).

Let 1 ≤ q < ∞. Using the regularity ofp obtained in Step 2, the regularity ofu obtained in
Step 1, Leibniz formula and Holder inequality, and classical regularity of the heat equation, one
obtains

(8.67) ‖Dlu(·, t)‖Lq(IR3) < C(k1, ω0)
2, ‖∂tD

lu(·, t)‖Lq(IR3) < C(k2, ω0)
2,

for some integersk1, k2 > 0 depending on|l| and q. Here,C(k1, ω0) andC(k2, ω0) were
introduced in Step 1 above and are independent oft andTr (andν if ω0 is independent ofν).

4. Let s ∈ IN3 with |s| ≥ 1 and let1 ≤ q <∞. Using Eq. (8.4), the regularity ofu obtained
in Steps 1 and 3, and classical elliptic theory, one concludes that

(8.68) ‖∂tD
sp(·, t)‖Lq(IR3) < C(k, ω0)

2,

for some integerk > 0 depending on|s| andq. Here,C(k, ω0) was introduced in Step 1 above
and is independent oft andTr (andν if ω0 is independent ofν).

5. Let l ∈ IN3. Applying the operator∂tD
l to Eq. (2.1) yields

(8.69) ∂t(∂tD
lu)− ν∆∂tD

lu = −∂tD
l[(u · ∇)u]−∇∂tD

lp in IR3 × (0, Tr).

Let 1 ≤ q < ∞. Using the regularity ofp obtained in Step 4, the regularity ofu obtained
in Steps 1 and 3, Leibniz formula and Holder inequality, and classical regularity of the heat
equation, one obtains

(8.70) ‖∂2
tD

lu(·, t)‖Lq(IR3) < C(k, ω0)
2,

for some integerk > 0 depending on|l| andq. Here,C(k, ω0) was introduced in Step 1 above
and is independent oft andTr (andν if ω0 is independent ofν).

6. Let l, s ∈ IN3 with |s| ≥ 1. Let1 ≤ q <∞. Repeating the process in Steps 1-5 for∂2
tD

lu,
∂3

tD
lu, · · · , one obtains for any nonnegative integersr1, r2

‖∂r1
t D

lu(·, t)‖Lq(IR3) < C(k1, ω0)
2,(8.71)

‖∂r2
t D

sp(·, t)‖Lq(IR3) < C(k2, ω0)
2,(8.72)

for some integerk1 > 0 depending on|l|, q, andr1, andk2 > 0 depending on|s|, q, andr2.
Above,C(k1, ω0) andC(k2, ω0) were introduced in Step 1 above. By Step 1, bothC(k1, ω0)
andC(k2, ω0) are independent oft andTr (andν if ω0 is independent ofν).

7. Step 6 and Sobolev embeddings show that for all integersm ≥ 0 and all1 ≤ q <∞,

u ∈ C∞([0, Tr];W
m,q(IR3))3, and ∇p ∈ C∞([0, Tr];W

m,q(IR3))3.
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Moreover,

u ∈ C∞(IR3 × [0, Tr])
3, and p ∈ C∞(IR3 × [0, Tr]).

8. The above regularity shows that, in particular,

u(·, Tr) ∈ Wm,q(IR3)3

for all integersm ≥ 0 and allq ≥ 1. Moreover, using Eq. (2.2) and the above regularity, one
has

div u(·, Tr) = 0.

Therefore, using Theorem 8.1 with the initial conditionu0(·) = u(·, Tr), one obtains a new
interval [Tr, T

′
r) on which the conclusions of Theorem 8.1 hold and consequently Remark 8.2

holds. Then proceeding as in the proofs of Theorems 8.3-8.8, one obtains all of the results of
these theorems on the interval[Tr, T

′
r).

9. Repeating Steps 1-8 with the new interval[Tr, T
′
r), one obtains yet another new interval

[T ′r, T
′′
r ) on which all of the results of Theorems 8.1 (and consequently Remark 8.2), Theorems

8.3-8.8 are true. Then continuing this process, one concludes that the results of Theorems 8.1
(and consequently Remark 8.2), Theorems 8.3-8.8 are true on[0, T ] for all T > 0. Then one
obtains Theorem 2.1. The proof of Theorem 2.1 is now completed.

The proof above shows the following.

Theorem 8.9. Let ν > 0. Let u0 be an initial velocity field such that divu0 = 0 andu0 ∈
W q,1(IR3)3 for all integersq ≥ 0. Let(u, p) be the corresponding solution obtained in Theorem
2.1. Letm, r1, r2, r3, r4 be any nonnegative integers and let1 ≤ q <∞. Then

‖u‖Cr1 ([0,∞);W m,q(IR3))3 < C(k1, ω0)
2,

‖∇p‖Cr2 ([0,∞);W m,q(IR3))3 < C(k2, ω0)
2,

and

‖u‖Cr3 (IR3×[0,∞))3 < C(k3, ω0)
2,

‖∇p‖Cr4 (IR3×[0,∞))3 < C(k4, ω0)
2,

for some integerk1 > 0 depending onm and r1, k2 > 0 depending onm and r2, k3 > 0
depending onr3, andk4 > 0 depending onr4. For i = 1, · · · , 4,C(ki, ω0) = C‖ω0‖W ki+4,1(IR3)

andC is a positive constant independent oft, ν, andω0.

8.8. The measure theory of Sections 3-7 cannot be applied to Navier Stokes equations
or Euler equations in the periodic case.The so-called "2+1/2" dimensional flows consists
of solving Euler equations in two dimensions foru = (u1, u2); See for instance [9, 10] for
references and more on this:

∂tui + div (uiu) + ∂ip = 0 in IR2 × (0,∞), i = 1, 2

div u = 0 in IR3 × (0,∞)

and then solve a transport equation forw = u3

(8.73) ∂tw + div (wu) = 0 in IR2 × (0,∞), w(·, 0) = w0 in IR2
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andw,w0 are independent ofx3.
Based on a work by DiPerna and Lions; See [9], it was shown that smooth global solution

to a particular "2+1/2" dimensional Euler equations flows cannot be estimated inW 1,p, for
1 < p < ∞, on any time interval(0, η) if the initial data is only assumed to be bounded in
W 1,p. The first two componentsu1, u2 in the example showing this, consist of a stationary
and periodic (in space) solution of Euler equations in two dimensions and the third component
consists of a periodic solutionw of Eq. (8.73) (u3 = w) corresponding tou1, u2 and a periodic
initial dataw0.

Another example corresponds to the DiPerna-Majda explicit solution
u(x, y, z, t) = (f(y), 0, g(x − tf(y))) to the 3D Euler equations (with zero pressure), where f
and g are periodic solutions; for example,f(x) = g(x) = sin x, which gives an example of a
smooth periodic solution to Euler equations in which the vorticity increases linearly in time.

It will be shown below that the measure theory introduced and developed in [12] and Sections
3-7 of this paper and then applied to the Navier-Stokes equations in §8 above and [13] and to
the Euler equations in [14]-[15] cannot be applied in the periodic case.

Assume thatIR3 is replaced byΩ a boundedC∞ domain. Letu andTr be the solution and
time parameter given by the counterpart of Theorem 8.1 for the bounded case. Lett1, t2 ∈
[0, Tr) with t1 < t2. l ∈ IN3. By Sobolev embeddings,Dlu ∈ C([t1, t2];W

1,q(Ω))3 with q > 1.
In order to obtain the counterparts of Theorems 8.5 and 8.6 for the bounded case, one needs

to prove the counterparts of Theorems 6.1 and 7.2 for the bounded case. However, the proofs of
these theorems require the building of sequencesũp ∈ C∞(Ω×(t1, t2); IR

3) that are divergence-
free approximating sequences ofDlu in L1(t1, t2;W

1,q(Ω))3 such that for each integerp ≥ 1,
the projection of the support of̃up into Ω is compact. Such constructions are not possible
unlessDlu ∈ C([t1, t2];W

1,q
0 (Ω))3. However, the conditionDlu ∈ C([t1, t2];W

1,q
0 (Ω))3 is not

satisfied in general.
By reasoning as above on a typical cell in the periodic case, one obtains the same conclusions

as above for the periodic case. The discussion above also shows that, in particular, the global
estimates obtained in Section 8.6 above for the full space case are not true for the periodic case.
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