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1. INTRODUCTION

The Navier-Stokes equations correspond to the system

(1.1) Ou+ (u-Vu—vAu+Vp=0 inIR*x (0,7),
(1.2) divu=0 inR®x (0,7)
complemented with the initial condition

(1.3) u(-,0) = uo(-) in R?,

whereu is a divergence-free vector field, that is; diy = 0 in IR3. Aboveu = u(x,t)
denotes the velocity field at the pointe IR* and at time € (0, 7") with T > 0 andp = p(z, t)
denotes the pressure whilelenotes the kinematic viscosity.

The only global solution known to exist for general initial data is the weak solution of Leray
[7, 8]; Consult for instance [9, 10]. The existence and unigueness of a smooth solution to
the Navier-Stokes system on a short time interval is known. Such a result is obtained using
estimates derived from techniques employed in the proof of existence of global weak solutions;
Consult for instance [9, 10] where more information about existing results and references is
given.

The existence, regularity, and unigqueness of global solutions of the Navier-Stokes equations
in IR? are given for when the initial velocity, € W*!(IR3)? for all integersq > 0 and
div ug = 0.

In Sectiong 37, basic properties of the measures introducédlin [12] are covered. In Section
[B, this measure theory to the vorticity-stream formulation of the Navier-Stokes equations is
applied. A brief description of how this measure theory is applied to Navier-Stokes equations
is given below. For the definition of the functional spaces and other notations used throughout
this paper consult the subsection below and Secfins 3-4.

Let uy € WeH(IR?)? for all integersq > 0 with div uq = 0. Letu andT, be the corre-
sponding solution and time given by the short time existence and regularity theorem for Navier-
Stokes equation$ (8.1)-(8.3); See Theofenm 8.1. uet= curl vy andw = curl u. Then
the primitive formulation of Navier-Stokes equatiofis [8[1){(8.3) is equivalent to the following
vorticity-stream formulation

(1.4) Ow+ (u-Vw— (w-V)u—vAw=0 inIR*x (0,7)
(1.5) Wi—o = wo IN IR,

with « = curl ¥ and div¥ = 0, with ¥ a potential vector satisfying AV = w and0 < 7' <
T,.

The application of the measure theory developed in Sedtiphs 3-7 to the vorticity formulation
of the Navier-Stokes equations relies in a fundamental way on the structure of the nonlinearities
in these equations. Lét, ¢, € [0,T;) with {; < t5. For any scalar functiom € C>(IR? x
(t1,t2); IR) and any vector functio’ € C*(IR* x (t1,t,);IR?), let u, ;, be the measure
introduced in [[12]; See also Theordm 3.1 below. Let (I,l»,15) be any multi-index of
nonnegative integers, l,, andls. Leti € {1,2,3}. Letv; = D'w;, wherew is the solution to
the vorticity-stream formulation of the Navier-Stokes equations; See Eqgs. [(1.4)-(1.9),, Let
denote the measure associated wijth- D'w; and given by

(16) Vv = K, DY (wsu)} — H{vs, D (uiw)} — Vv, V)
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Then using the vorticity-stream formulation of Navier-Stokes equatfons (1.4)-(1.5), one ob-
tains

(1.7) Ve, = Oy|vi| + div [sg(v;) (D (wsu) — D' (ww) — vV;)] in M(IR? x (ty,t5)).
Lety € C>°(IR?) be such that)(x) = 1for |z| < 1,9 (z) = 0for |z] > 2,and0 < ¢ (z) < 1
for all 2 € R®. Definev,,, m > 1, by, (x) = (). Then using7) and the regularity of

w, one obtains for any € C!(t,,), up to a subsequence,

(1.8) lim [ ¢,,dv,, = /t2 gbdit[/ |v;| (2, t)dz]dt.

m—00 tl ]RS

If one proves that for any nonnegatiges C!(ty,t5),

(1.9) lim [ ¢, dv,, <0,

m—0o0

then using[(1.8), one deduces

d .
E[/]RS |Ul|($7t)d$} S 0 In M(tl,tg).

The regularity otv and [1.10) then yield

(1.10)

d
—[/ lvi|(z,t)dz] <0 a.e.on(ty,ts).
dt' [ s

Using [1.11) and the absolute continuity fif, |v;|(x,t)dx in [t1,2,], one then deduces for
a||t1 < s <t <y,

(1.11)

(1.12) / | Dlw;|(z, t)dx < / | D'w;|(z, s)d.
R3 R3
By a continuity argument, one then obtains fortaik s < t,
(1.13) / | D'w;|(z, t)dx < / | D'w;|(z, s)d.
R3 R3

These estimates yield the global regularity for the Navier-Stokes equations.
It remains to show that for any nonnegatives C! (¢, ¢5),

(1.14) lim | ¢¢,,dv,, <O0.

m—0o0

The measures associated with the convective terms and the stretching terms in the vorticity-
stream formulation of the Navier-Stokes equations; Es.] (L.4)-(1.5), satisfy, up to a subse-
guence,

m—0o0

and
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(1.16) Aiiréo/¢¢mdﬂ{Dlwi,Dl(uM)} = 0.

Then using[(1.75)[ (1.16), and (11.6) yields (1.14).

The proof of the convergence in (1]15) for the measures associated with the convective terms
in the vorticity-stream formulation depends on the properties of the measyres established
in Sectiong B [ 7 and the following crucial facts:

(1) div u = 0;

(2) the "regular part" of the space-time 4ét, t) € IR x (t1,t2)| v;(z,t) = 0} enjoys some
fine geometric properties;

(3) the pairs of functionsy and U defining the measures are related in a precise manner,
namely,w = D'w; andU = D' (w;u).

The proof of the convergence in (1]16) for the measures associated with the stretching terms
in the vorticity-stream formulation depends on the properties of the measyres established
in Sectiong 7 and the following crucial facts:

(4) div u = 0;

(5) the "regular part" of the space-time 4ét., t) € IR? x (t1,t2)| v;(z,t) = 0} enjoys some
fine geometric properties;

(6) the pairs of functionsy and U defining the measures are related in a precise manner,
namely,w = D'w; andU = D'(u;w);

The above shows that the proofs of the results that yield the solution to the Navier-Stokes
global regularity rely in a fundamental way on the exact structures of the convective terms
and the stretching terms in the vorticity-stream formulation of Navier-Stokes equations; See, in
particular, Points (3) and (6) above.

In Sectiorj 2, the main results stating the existence, global regularity, and uniqueness of solu-
tions of Navier-Stokes equatiorjs ([L.[)-(1.3) are given.

In Sectionﬂ% an@4, a family of measur/egU}, [y oy anduy, 4 generated by pairs of
regular functions) andU' and a family of measures;, ; . ti(, .0y, @ndzig, v,0p generated
by triplets formed of pairs of regular functionsand U, and open set® are constructed.
These families of measures were introduced by the author in [12]. Basic properties and char-
acterizations of these measures, their concentration sets, and the regularity properties of these
concentration sets along with their actions on some particular manifolds are given.

In Sectiorgs, the actions of the measu;ng,,U}, Ly 0y andy, ;;y On some particular func-
tions when the vector function generatosatisfies: divUV = 0 are studied.

In Sectiond 7, further properties of the measures of Sedfipns 3-5 for several classes of
generators are obtained. As particular cases of these applications, the converdenck in (1.15) and
(1.18) above is obtained.

In Sectior 8, the measure theory of Sectiois 3-7 to prove the existence, the regularity, and the
uniqueness of global solutions of the Navier-Stokes equations in space dimension 3 is applied.

In [13], the existence, global regularity, and uniqueness of solutions of the Navier-Stokes
eqguations in space dimension 3 with external forces are given for when the initial velgeity
We1(IR?)3 for all integers; > 0, div ug = 0, and the external force is 61> ([0, oo); W21 (IR?))?
for all integersqg > 0. In [14], the existence, global regularity, and uniqueness of solutions of
the Euler equations in space dimension 3 are given for when the initial velgcitylV ¢! (IR3)?
for all integersg > 0 and divuy, = 0. In [15], the existence, global regularity, and uniqueness
of solutions of the Euler equations in space dimension 3 with external forces are given for when
the initial velocityu, € W%!(IR?)? for all integersy > 0, div uy = 0, and the external force is
in C>([0, 00); W*1(IR?))? for all integersg > 0.
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Basic notations.Here, the main notations that will be used throughout this paper are given.
Let N be any nonnegative integet,, i = 1,--- , N denotes the canonical basisBf'. d;v

o"v

or denotes the partial derivative of ordewith respect to the variable, of the functionu.

T
Ly,

For a vector field: in IRY, the expression div = ZL 0;u; denotes the divergence ofand
(u - V) denotes the operattir:f:1 u;0;. For a scalar function, Av = SV 8%v denotes the
Laplacean of the function.

Let £ and/ denote the multi-indices = (ky,--- ,k,) andl = ({y,--- ,ly) of nonnegative
integersk;, l;,i = 1,--- , N. Then define

ohttHN

ozl ozt ... o2ty !
1074 N

)

N
| =) 1; and D'v =
=1

(2.17) E<l ifandonlyif k; <l[;, i=1,--- N.
When there is no need to specify the components of the multi-ikdex (ky, - - - , ky) of
nonnegative integers, - - - , ky, the multi-indext is simply referred to as aiV-multi-index .

of nonnegative integers or by INY. Letm be any nonnegative integer and> 1. Let( be
an open subset dR”. The setsi™(Q2) andW ™ (1) denote the usual Sobolev spaces:

H™(Q) ={ve L*Q)| Dve L*Q), | = (I, -+ ,ly) and0 < || < m}
Wem(Q) = {v € L™(Q)| D'v € L™(Q), [ = (Iy,--- ,1y) and0 < |I] < ¢}

where L (£2) denotes the space of functiofisuch that f|" is integrable over the domain.
Let s be a nonnegative integer. The $&t(F) denotes the space of functionglefined inE
with D*v, 0 < |k| < s, continuous functions i. The notationC” refers to the Lebesgue
measure ofRY andH™ denotes the:-dimensional Hausdorff measure Bi'. M () denotes
the space of Radon measurestanC?(2), m nonnegative integer, denotes the space of real-
valued functions irC™(£2) having compact supports containedInD(2) is another notation
for the space’>°(2). D'(2) denotes the space of distributions ofer

The set{w > a}, {w > a}, {w < a}, {w < a}, and{w = «}, for a real valued function
w defined in(2, and« a real number, correspond to the following subseti of

{fw>al={yeQuwly) >a}, {w>a}={yeQuly) >a}
{fw<a}={yeQuwy) <a}, {w<a}={yeuwly) <a}
{w=a}={yecQuy) =a}.

For any subsefy of IR unless specified otherwis&, resp. E° denotes the closure resp.
the interior of £ with respect to the canonical topology ¥, OF denotes its topological
boundary ang, ; denotes its characteristic function; thakis(y) = 1 fory € Eandyz(y) =0
otherwise.

The interior of the sefw = 0}, denoted by{w = 0}° is also denoted b@,,.

For a given pair of subset$ and B of RY, A\ B denotes the set of points that aredrbut
notin B. AN B denotes the intersection dfand B, while AU B denotes the union of andB.
For anyr € RY, d(x, A) = inf{|z — y|| y € A} andd(A, B) = inf{|z — y|| x € A, y € B}.

The function sg denotes the sign function; that ify$g= —1 for y < 0, sgy) = 0 for
y=0,and s@y) = 1fory > 0.

For a given functiory, spt f) denotes the support gt
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Here and below),,, m > 1, denote the sequence of functions defined?ifi (N integer
> 1) by o, (z) = ¥(£), wherey € C*(IRY) and is such thap(x) = 1 for |z < 1, ¢(2) =
for |x| > 2, and0 < ¢(z) < 1forallz € RY.

Regarding the sequences and subsequences studied in the sequel. If necessary, one passes
to a further subsequence so that all limits are taken on the same subsequence. Also, unless
specified otherwise, one uses the same notation for a subsequence and the sequence it is derived
from. Finally, throughout this paper, constaitsn different occurrences are not necessarily
the same.

2. EXISTENCE, GLOBAL REGULARITY , AND UNIQUENESS OF SOLUTIONS OF THE
NAVIER -STOKES EQUATIONS

The Navier-Stokes equations correspond to the system

(2.1) O+ (u-V)u—vAu+Vp=0 inIR* x (0,7),
(2.2) divu =0 inIR?® x (0,7),
(2.3) ul—o = up in IR?.

Here,u denotes the velocity fielgh denotes the pressuredenotes the kinematic viscosity,
denotes the initial velocity field, arill > 0 is a time parameter.

Theorem 2.1. (N = 3) Letu, be such that diw, = 0 andu, € W*!(IR?)3 for all integers
g > 0. Then

(1) There exists a global regular and unique solutione C>([0, T]; W*!(IR?))* and a
unique, up to an additive constant, functiprsuch thatVp € C*([0,7]; W*!(IR?))? for all
integersqg > 0, to the Navier-Stokes equatiorjs (2.I)-[2.3) for &ll> 0. Moreover,u €
C>(IR3 x [0,00))* andp € C*(IR? x [0, )).

(2) The solution satisfies the strong energy equality

/ ~|ul? xtdx—i—y/ / |Vu| d:ch—/ —\u] (x,s)dx
R3 R?

forall t >s>0.
(3) The solution. satisfies the local energy equality

d
— —|u| (x,t)dx + 1// |Vul*’dz =0 forall ¢ <€ (0,00).
dt R3 2 3

(4) v andp satisfy the local energy equality

1 . 1 1
8t(§|u|2) + dlv(u(§|u|2 +p)) — I/A(§|u|2> +v|Vul* =0
for all (z,t) € IR® x (0, 00).
Letw = curl u. Leti € {1,2,3}. Then for allt > s > 0,

(5)

/ D'w(x, t)dr < / D'w;(x, s)dx.
{Dlw;(-t)>0} {Dlw;(:,5)>0}

(6)
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/ (=D'w;)(x, t)dx < / (=D'w;)(x, s)dx.
{Dlw;(-£)<0}

{Dlw;(-,5)<0}

(7)

/ | Dlass| (2, £)dz < / | Dhsi| (2, 5)da
R3

R3

The proof of Theorer 2|1 is given in Sectign 8.

3. THE FIRST CLASS OF MEASURES OF [12]

In this section, based on the resultslof [12], basic properties and characterizations of the fam-
ily of measuresuy, ;. 4y, 1y, @nd g,y generated by the pair@, U) of scalar and vector
functionsv andU and introduced by the author in [12] are given. In particular, in Subsection
[3.7, the precise definition of these measures and the fact that they are Radon measures are given.
In Subsectiof 3]2, a characterization of these measures in terms of integralsis\gven. In
Subsection 3|3, several basic properties of these measures are given. First, a characterization of
these measures in terms of boundary integrals is given. Second, a characterization of concen-
tration sets of these measures in terms of the singular sets of the boundary setsggofen.

Third, the actions of these measures on manifolds of lower dimensions are studied. Fourth, it
is shown that the regular sets of the boundary sets arfe the union of two sets: one that is

a countable unions af’>°—hypersurfaces and the other that is a countable unions of collec-
tions of C'*°-submanifolds of dimension less or equalXo— 2 whose(N — 1)—dimensional
Hausdorff measures afe In Subsectiof 3]4, formula characterizing the measures in terms
of distributional derivatives of characteristic functions is obtained. In Subséctibn 3.5, formula
characterizing the measures as functionalBd(IR™ x (¢, 1,)) is obtained.

The content of this section is either contained in the author’s paper [12] or can be deduced
from the results in[[12]. The reader is referred to this paper for more on these topics and the
proofs of the theorems listed in this section.

3.1. The measures.Throughout this section and the rest of this paper the following notations
and definitions will be used. L&V be any integer> 1. Lett; < t,. LetU € C*(IRY x
(t1,t2); RY), letW € C°(RY x (ty,t2); RVTY), and letv € C°(RY x (t4,t); IR). Then for
('Tat) S IRN X (t17t2)1

divU(z,t) = 0, Ui + -+ + 0, Un, Vo(z,t) = (00,0, ,0ppyv)"
diV%t W((L’, t) = 8:51W1 + -4+ axNWN + 8,5WN+1,
Vaeiv(2,t) = (00, -+, Opp v, Opv)".
Let0 < t; < t5. LetQ = RN x (t1,t5). Letv € C®°(Q,R). LetV, = {v > 0}
(= {(z,t) € Q| v(z,t) > 0}) andV_ = {v < 0} (= {(z,t) € Q| v(x,t) < 0}). Let S, and
B, resp.S_ andB_ be the subsets @fl/, resp.0V_ such that

Sy = H{v>01NnQ,  S_=0{v<0}nNQ,
By = 9{v>0}noQ, B_=0{v<0}no.

ThenoV, = S, U B, andoV_ = S_ U B_. SinceB, andB_ are subsets a2 andof? is
Lipschitz, it is clear that the Hausdorff measures of dimensioof these subsets @V *! are
locally finite.
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Let 57, S%, S, andS® denote resp. the "regular" and "singular" subsets$ ofand S_
defined by

St = {ye Sy D(y) # 0 for some(
ST = {ye S| D%(y) #0 for some( multi-index o}
Si = {y eS¢ D(y) =0 forevery( -multi-index a’}
S* = {ye S| D%(y) =0 forevery(N + 1)-multi-indexa}.
ThenS, = ST U ST andS_ = ST U S?. Definel’; = S;US*, Iy, =87, 1, =52,
Iy =S5,08", Ty, =S, andl', _ = S".
The following theorem is a corollary of a theorem obtained by the authadr in [12]; Consult
Theorem 3.1 of [12]. It yields a family of measures generated by pairs of regular functions.

Theorem 3.1.Let N be any integet> 1. Let0 < t; < t,. Letv € C®(IRY x (t1,t5);IR). Let
U e COO(IRN X (tl,tg);IRN).
(1) Lety be any real number. Then for any compact&edf RN x (1, t,),

1
/ |U - Vo|—dxdr < C,
{lo—rl<a}nK a

where('is a positive constant independentok (0, 1).
(2) The estimates in (1) with = 0 show that, up to a subsequencepagoes td), the following
weak convergence in the sense of measures, holds

-multi-index o}

N+1)
N+1)
N+1)

1 1
U-VoX(pl<ay = Mooy U VO-X(0cuca) = Hiuuy:

1
U-Vuv— P
U&X{—a<v<0} - /JL{UVU}7

wherepig, 1y, M{ZU}, and .y, ;,, are measures ofRY x (t1,t,) concentrated resp. of{v >
0} U o{v < 0}, 9{v > 0}, andd{v < 0}, which are also Radon measures. Moreover,

Kiouy = Kooy T Ry
Remark3.2 The notatiory{, ;, andu, ., should not be confused with the nonnegative and
nonpositive parts of a measure. The upper ingesesp. — is merely used to refer to the fact
that the measurﬁ{*W} with the upper index- is concentrated of{v > 0} resp. the measure
Ig, ry With the upper index- is concentrated od{v < 0}.

The following terminology is adopted. For the measurg’cv}, [T andyy, iy, the scalar
functionv resp. the vector functiofy is called the scalar function generator resp. the vector
function generator of the measure§ . 11y, 1y, @ndg, vy

For a discussion of Hausdorff measures and other notions of measures and related issues used
here, the reader is referred [0 [2| 3, 4, 6] and the references therein.

Proof of Theorem[3.]. The proof of Theorer 3|1 is deduced from that of Theorem 3.1 of
[12].

LetV = (Uy,---,Uy,0)". By the regularity ofU, V€ C®(IRY x (t,t2); RN *1). Then
applying Partg1)-(2) of Theorem 3.1 of [12] witi{v, U') of Theorem 3.1 ofi[12] corresponding
to (v, V') of this proof, one obtains the proof of Pafig-(2) of the theorem. Thus, the proof of
Theorenj 3. is completed.
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3.2. Relations with integrals over.

Theorem 3.3.Let N be any intege> 1. Let0 < t; < to. LetU € C®(RY x (ty,t5); RY).
Letv € C°(IRY X (t1,t2); R). Letpy, 1y, iy, 1y, @Ndjug, 1y be the measures corresponding

to the pair (v, U) obtained in Theorern 3.1. Then for every Lipschitz functioa C.(RY x
(t1,t2); R),

1)
: U-Vvu .
/gpd,uzrv’U} = lélir(l) = pdxdr = —/ div (pU)dzxdr,
{0<v<a} {v>0}
(2)
_ . U-Vv :
/(pdu{v’U} = ili% - pdxdr = / div (pU)dzxdr,
{—a<v<0} {v<0}
(3)
. to
/god,u{v vy = lim v vaodxdT: —/ / div (pU)sg(v)dxdr
’ o0 Mvl<ay @ n JRN

= / pdpif, iy + / pdpig, 1y

The basic properties of the measures stated in PBH&) of Theoreni 3.3 can be deduced
directly from Partq1)-(3) of Theorem 3.3 of[[12]. Because the ideas and constructions in the
proof will be used in the proof of other theorems in this paper, the complete proof (fliPaft
the theorem is given.

Proof of Theorem[3.3.Let o € (0,1) be fixed. Define the following sequences of Lipschitz
continuous functions ofik by

-1 ify<—a
GPy) =yl iffyl <o,
1 if y > «,
0 if y <O,
GPy) = qy/a f0<y<a,
1 if y > a,
-1 ify<-—a
GP(y) = qy/a if —a <y <0,
0 if y >0,

Proof of (1)
Sincey is Lipschitz, using the regularity df andv yields,

t2
/ div(pUG? (v))dxdr
t1 RN

to .
= / diV(ng)Gf)(v)d:L’dT—i-/ v vvgoda:dr
t1 RN

{0<v<a} a
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By the regularity ofU andwv, and the fact thaf is Lipschitz and of compact support in
RY x (ty,t2), QUGS (v) is in WH(RY x (t1,t2)) and [ [ix div(oUGY (v))dzdr = 0.
Therefore,

(0%

to
(3.1) / UV dwdr = — / div(pU)GP (v)dxdr.
{0<v<a} t1 JIRN

Asa — 0, G (v) converges everywhere tg,,q,. Now [div(pU)GE (v)] < [div(eU)].
Sinceyp is Lipschitz and of compact support, one can use the regularity tof conclude that
div(eU) is in L'(RN x (ty,t2)). Therefore using convergence dominated theorem, up to a
subsequence,

to to
(3.2) lim/ / diV(ch)Gg)(v)da:dT:/ / div(eU)x =0y dxdr.
a—0 t1 RN t1 RN

Hence using (3]1)-(3}2) and P#2) of Theorenj 3.1 yields, up to a subsequencey as 0,

U-Vv

{o<v<a} &

to
/wdua(]} = il_)ﬂ% odrdr = —/tl - div(oU)x =0y dodr.
Proof of (2)-(3)
Taking G resp. G in place of G and proceeding as in the proof of Pé&L) yields the
proof of Part(2) resp. Par{3) of the theoremg

3.3. Relations with boundary integrals, concentration sets, and actions on manifolds of
lower dimensions.

Theorem 3.4.Let N be any integep> 1. Let0 < t; < ty. LetU € C(IRY x (t1,t9); IRY). Let

v € C°(IRYN x (t1,12); R). Let;ﬁw}, [Ty andy, ( be the measures corresponding to the
pair (v, U) obtained in Theggﬁ.l. L&t ., T _, andI’; be the singular sets corresponding
to v introduced in Subsecti 1. Then

(1) For anyy € C.(RN x (t1,t9); R),

(3.3) / edu ;= —/ oV -nTdHY,
RN x (t1,t2) ’ d{v>0N\Is |
and
(3.4) / odp, ;= / OV -n~dHY,
RN x (t1,t2) ' 8{v<0}\Ff}77
whereV = (Uy,--- ,Uy,0)", andn™ resp.n~ correspond to the unit exterior normal vector to

O{v >0} \ T, resp.o{v <0} \ T _.

(2) The measureg; ;, i, andpy, , are concentrated resp. ofif = d{v > 0} \ T},

Iy =0{v<0}\T;_,andl’, = (0{v > 0} Ud{v < 0}) \ T;.

(3) For any subseF of any submanifold dR" x (t,,t,) of dimension< N — 1, one has: The

restrictions of the measurgs;, 1, ;, andy, ;; to I are all identically0.

(4) Letly ., I} _, and I} be the regular sets corresponding tointroduced in Subsection
. Thenly ., I'; _, and T’ are countable unions of collections 6F°-hypersurfaces>-

manifolds of dimensioV) of RY x (¢;,,) and collections of2>°-submanifolds of dimension
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less or equal taV — 1 whoseN —dimensional Hausdorff measures are That is; I, | =
(Uier, Hi) U (Ujer, ;) andTy, = (User, Hi) U (Ujer, '), whereH;, i € I, with I, acountable
set andH/, : € I3 with I3 a ‘countable set, ar€'>-hypersurfaces, antl;, j € I, with I, a
countable set anﬂ;., j € I, with I, a countable set, aré'°-submanifolds of dimension less or
equal toN — 1 whoseN —dimensional Hausdorff measures @eMoreoverl’; = 1] , UL _
and sol; is the union of the collections above that foft), andI”; _. Here, |fF’" L resp.I
isa manlfold of dimension less or equald— 1, then/; resp. I3 is empty

Part(1) of Theorenj 3.4 can be deduced directly from the proof of Theorem 3/1 bf [12]. Part
(2) can be deduced directly from P4#a) of Theorem 3.3 of([12]. Pari4) can be deduced
from the proof of Theorem 2.1 of [12]. P&a®) is a consequence of Pdft) of Theorenj 3.4.
However, some of the ideas and constructions in the proof will be used in the proof of other
theorems in this paper, and so, a rather complete proof of the theorem is given below.

Proof of Theorem[3.4.LetV = (U, -+, Uy,0)". By the regularity oV, V € C>®(IR" x
(t1,t2); RN*1). Then proceeding as in the proof of Theorem 3.1[0of [12] WithH ¢, U
Vu, (a,b),div) of the proof of Theorem 3.1 of [12] replaced by ¢, v, (t1,t2), div, ;) of the
current theorem, one obtains

to
(3.5 / / dive: (V)Xipsoydrdr = / oV -ntdHY,
t, JRN S{v>0NT
and
to
(3.6) / / dive: (Vo)X {p<oydrdr = / oV -n~dH",
t1 JIRN O{u<OR\I5 _

for any Lipschitz functionp € C.(IRY x (t;,t,);IR). Above,n* resp.n~ correspond to the
unit exterior normal vector to; = 0{v > 0}\ T | resp.I'; = 0{v < 0} \I'; _. By definition
of V', one has

to to
(3.7) / / div (Up)xpsopdrdr = / dive: (Vo)X gsoydrdr,
t1 RN t1 RN
and
to to
(3.8) / div (U)X y<oydzdr = / dive: (V)X {p<oydrdr.
t1 RN t1 RN

Using Partg(1)-(2) of Theoreni 3.8 and (3.5)-(3.8), one obtains for any Lipschitz function
p e CC(IR,N X (tl,tg),IR,)

(3.9) [eiuio=- | oVt dmY,
’ d{u>0N\Ts
and
(3.10) / wdp, ;= / OV -n~dHY.
’ d{v<ON\I5 _

Then using[(3)9)F(3.10), one deduces that for any C.(IRY x (t;,,); IR)
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(3.11) /cpdu;“U = —/ oV -nTdHY,
’ d{v>0N\I's |
and
(3.12) /gpdu;U = / oV -n~dH".
’ d{v<O\T; _

Now using [3.111){(3.12) and P4®) of Theoren] 38, one concludes that the measufes
ty1rs @Ndpeg, 1y @re concentrated resp. oy, I';, andl’, = (0{v > 0} U d{v < 0}) \ T';.

The proof of [3.9){(3.7)0) is obtained in Steps 1-4 of the proof of Bgrgiven below. The
proof of (3.9)-(3.1D) is obtained in Step 5 of the proof of R&jtgiven below. Finally, the proof
of (3.11)-[3.12) is obtained in Step 6 of the proof of Rajtgiven below.

The following construction will be used in the proof of this theorem and several others in
this paper. Let,, be a sequence of functions @f°(IR; R) such thath,,(7) = 0 if 7 is not
in[t; +1/m,ts — 1/m] andh,,(7) = 1if 7 € [t; + 2/m,ts — 2/m] and0 < h,, < 1, and
m> L

Letp,, = #pl(n—'l), n, € (0,1], be a mollifier withp, € C>(IRY), p; > 0, spp,) C
B(0,1) with B(0,1) the unit ball of R", and v p1dy = 1. Letp,,, = ;-p5(;-), ma € (0, 1],
be a mollifier withp, € C°(IR), p, > 0, spp,) C [—1,0], and [, p,dr = 1. Setn = (1, 7,)
andp, = p;,, ps,, FOreveryp € C.(RY x (t1,,);R) and for every nonnegative integer
m > -, define

(3.13) Op = Pp* Oy Ppm = M0,

Then,y, ,, € CX(RY x (t; +1/m,t; — 1/m)). Above,y,,, m > 1, denote the sequence
of functions defined ilR" by 4, (z) = ¥(£), wherey) € C°(IRY) and is such thap(z) = 1
for |z| < 1, ¥ (z) = 0for |z| > 2, and0 < ¢ (x) < 1 forall z € IRYN. Also abovex denotes
the standard convolution product and(gptdenotes the support of the functign

Proof of (1)

Let p € CHIRY x (ty1,t2);IR). LetV = (Uy,---,Uy,0)". By the regularity ofU, V' €
C>®(IRN x (t1,t2); RV *1). One proceeds as in the proof of Theorem 3.1 °of [12] \ifift#Z ., U-
Vu, (a,b),div) of the proof of Theorem 3.1 of [12] replaced by ¢, v, (t1,t2), div, ;) of the
current theorem.

1. LetI’ = 0{v > 0} U9d{v < 0}. Using the regularity ofv and U, one can take
(v,0, RN RN x (t1,t)) in place of(w, v, IRY, Q) in Theorem 2.1 of[[12]. Then one con-
cludes thatt™ (' \ T'¥) N K) < oo for any compact sek’ of IRV *!.

Using the regularity of, the sef™ is a Borel subset dR¥*!. Hence there exists a sequence
of compact subsets4,, j = 1,2,3,--- of I'; such thatd;, ¢ A, C A3 C --- C A4, ---
andH" (4;) < oo andHN(I}) = lim;_HN(4;), andHN (I} \ U2, A;) = 0; Consult for
example Theorem 2.10.48 6f [4].

LetB,,j =1,2,--- be asequence of sets such that:

(1) Forj =1,2,---, B; is an open neighborhood df; in the sense thal; C B; andB; is
an open subset @& *!; and

(2)Forj =1,2,---, B; N Aj;, isastrict subset ofi,, if A, is a strict subset afl; ;.
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Let
B; ={y € B;| d(y, Bjs1 \ B;) <7}

with ~ a sufficiently small positive number.

Let (2, denote the interior o, and(2,,, denote the interior ijU(BjH\Bj),j =1,2,---

Let Q, denote an open set &V *! such that:

(1) Qo N V(%) = 0 with V(T'%) an open neighborhood &F in the sense thdt® c V(I'¢)
andV(T'?) is an open subset @ *!; and

(2) Us2,,Q; is an open cover dR™V 1,

Then one can construct a sequepge;j = 0,1,2,--- of infinitely differentiable functions
with compact supports such that fpe=0,1,2,---:

Do<B, <1,

(2) The support of3; is included in2;;

(3) For eachy € RN*!, there is an open neighborhobfl of y such that only a finite number
of functionsg, is not identicallyo on V,;; and

(4) >°32, B; is identically1 in RN,

2. Lety € 'NIRY x (#1,1,). Step 1 above shows that there is an open neighborhpsdch
that only a finite number of functions; is not identicallyd onV,,. Lety be a Lipschitz function
in C.(V, NIRY x (t1,t2); R). Let® € C}(V,; IR) be such tha® = 1 on spty), where spty)
denotes the support of the functign Let I denote the finite set of indices corresponding to
those functiong}; which are not identically on'V,,. Now these3; have their supports included
in a finite number of);. By construction; See Step 1 above, the intersection;of(2; with
I'is included inA4; U (I' \ I'?) for somek. Therefore, for each € I, the intersection of the
support of3; with I" is included inA, U (I \ I'?). Here a use of the fact thatif= 0 € I, then
by construction the support of, does not intersedt;, has been made. Then one obtains that
HN(0{v > 0} NV,) is finite. Hence, sinc@yx ., and®x;, o, are inL' (RN x (t1,15)), one
deduces thaby ., and®x,_ are inBV (RN x (t,,t,)). Therefore, one can use the chain
rule and integrate by parts

t2
diva. (Vo) Px oy dadr = div,.; (V3;0) @ pe0ydad
/t1 /]RN ,t( @) X {v>0}ATAT Z/ /]RN t 5 90) X {v>0}adTaT

J€el

- Z/ / N <Pﬁjv - V200 4aps0yydadr
; R

(3.14) = - / / 0B3,;U - Vb apusopydadr.
RN

jel

Above, is the Dirac measure. On the other hand, one can use the divergence theorem

(3.15) Z/ / div,, (V3, @)@X{wo}dxdT—Z/ 0B,V -ntdH".
]RN

jEI jEI B{v>0}

Here,n™ denotes the unit exterior normal vectordfv > 0} N'V,. Since® = 1 on spty), the

relations [(3.14) and (3.15) show that
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to
div,: (Vo)X drdr = / 0BV -ntdHY
/tl /IRN ! {v>03 ]ZE; o{v>0} !

to
(3.16) = - Z/ / gpﬁjU : vvé{a{v>0}}d([3d7.
t1 RN

jel

Now using [(3.1p) and the properties®f andy, one obtains

Z/ @B,V - nTdH"
o{v>0}

jel

t2
= - /t /IR | Pleawreiy iU - Vod ooy dedr
Jjer v

to
(317) = — Z/ /N @‘{F\Fg}ﬁj(] . VU(S{@{U>0}}dIdT.
t1 R

J€el
The last equality above is obtained by using the definitiohi;piConsult Subsectidn 3.1 above,
which shows that ol'® one hasVv = 0. SinceA;, C ', one has om;: Vv = 0.

By (3.16) and[(3.17), one obtains

to
/ div, (Vo)X {psoydadr = / oV - ntdHN.
t1 JIRN O{v>0}N{I'\I's }

3. Sincey was arbitrary o’ N IR x (t1,t,), one concludes that

to
(3.18) / / dive (Vo) xgusoydadr = / oV -ntdHY,
t1 JIRN 8{v>0}n{I\I's }

for any Lipschitz functionp € C.(IRY x (t1,t); IR).

4. Proceeding as in Steps 1-3 above, one obtains

t2
(3.19) / div, (V@)X fp<oydadr = / oV -ntdHY,
t; JIRN O{v<0In{I'\I's }

for any Lipschitz functionp € C.(IRY x (t1,t); IR).

5. By construction ofi’, one has

to to

(3.20) / / diV(Ugo)X{wO}dxdT:/ / dive (Vo)X usordzdr,
t1 RN t1 RN

and
1) to

(3.21) / / diV(U¢)X{U<O}d$dT:/ / dive (Vo)X fp<oydadT.
t1 RN t1 RN

Then using Partgl)-(2) of Theorem 3.8 and (3.18)-(3]21), one obtains
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(3.22) / odu ;= — / oV -nTdHY,
' O{v>0N\Is

and

(3.23) / odp, ;= / oV -n~dH",
’ A{v<ON\I'5

for any Lipschitz functionp € C.(IRY x (t1,t); R).

6. Let ¢ be any function inC.(R" x (t1,1,);IR). Lety, andy,,, be the sequences of
functions associated toby (3.13); Consult the beginning of the proof of the theorem. Then for
everyn and every nonnegative integer > ﬁ Oy = hmthyp, € CZ(RN X (1, 12); IR).
Using this function in[(3.22)F(3.23), one obtains

to
(3.24) / / hin Uiy = — / RV - T dHY
t; JIRN ’ A{v>0)\Is
and
to
(3.25) / / B W ity = / hin iV - 0 dHN.
t1 JIRN O{v<OR\I'S _

By the properties of the mollifiers and the continuityfasn goes td), h,,%,, ¢, converges
everywhere tdv,,,1,,0. Moreover, by the regularity df and the properties of the mollifiers,
one has

MV - 0 Xgarosonrs 31 < Chmtn X agesonrs | 1s

v,+ v,+
[ 0ron V- 0" Xgorooprs 3l < Chmtbn X gaw<oprs 3
where( is a positive constant independentipfAlso, sinceh,, v, € C.(RN x (t1,t5);R),
hm,, 1S integrable with respect to the measumi{f;U} andy{‘w}. Moreover, using Theorem
2.1 of [12] with(w, v, RN, Q) in Theorem 2.1 of [12] replaced Ky, 0, RV RN x (1, t5)) of
this proof, shows the®™ ((9{v > 0} \I's | )N K) < oo andH™ ((0{v < 0} \T%5 _)NK) < oo
for any compact sek’ of RV . Hence, it X (awsoprs |,y 8N At X gagueoprs _} are

integrable with respect to the Hausdorff meastf®. Therefore, one can apply dominated
convergence theorem for the measutgsu}, [Tt andH" and obtain, up to a subsequence,
asn goes ta,

(3.26) / PV @Al 1y = lim / oW Pn el 1y
(3.27) — / A, @V - nTdHY = — lim R,V -t dHY,
O{v>0NIs 10 Jatusonrs

and
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@28) [ oy = liny [ s,
(3.29) / hmth, @V - n~dHY = lim hin iV - 0= dHN.
d{v<ON\I's _ 10 Jafu<op\rs _

Using (3.24) and (3.25), the right sides pf (3.26) gnd (3.27) are equal and the right sides of
(3.28) and[(3.29) are equal. Hence,

(3:30 J e stV -t
’ d{v>0N\I's |

and

(3.31) / o Pdiig, 1y = / R, 0V - n~dHY .
' O{v<ON\T3 _

By construction of the functions,, andy,,,, asm goes toco, h,, 1, converges everywhere
to . Moreover, |1, 0| < |ol and|hm i, oV - " Xiapsonrs 3 < Clelxapsoprs 3. and
|hnth PV 0™ Xporoconrs 3l < ClelXiaqucoprs 3 WhereC'is a positive constant independent
of m. Also, sincep € Cc(leN X (t1,t2);IR), ¢ is integrable with respect to the measum%}sm
andu{‘ij}. Moreover, using Theorem 2.1 df [12] witlw, v, IRY, Q) in Theorem 2.1 of[[12]
replaced by(v,0, RN+ IRY x (t1,t,)) of this proof, shows thatt™((0{v > 0} \ T's ) N
K) < coandHN((0{v < 0} \ T _) N K) < oo for any compact sek of R¥*!. Hence,
PX{o{v>0NT: , } andox o, <0}\FZ’_}7are integrable with respect to the Hausdorff meagute
Therefore, one can apply dominated convergence theorem for the meﬂglg(;?,su{‘w}, and

HY and obtain, up to a subsequenceyagoes tox,

(3.32) /gpd,uzrw} :T,}Lilr(l)o/hmﬁbm@dﬂ?v,U}

(3.33) — / oV -nTdHY = — lim hmth, oV - T dHY,
A{v>0N\I's | M= Jofu>0N\Ts |

and

@3 [eduy =t [ hedig,

(3.35) / OV -n~dHY = lim B, @V - n~dHN .
A{v<OI\Is _ M700 Jo{v<OI\T3 _

Using (3.30) and (3.31), the right sides pf (3.32) gnd (3.33) are equal and the right sides of
(3.34) and|[(3.35) are equal. Hence,

(3.36) /gpdufy vy = —/ oV - nTdHY,
' d{v>0}\I'

S

v,+

and
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(3.37) / pdpg, 1y = / oV -n~dH".
O{v<OR\I'; _
(3.38) and[(3.37) yield (3] 3) and (3.4), and conclude the proof of(Rpdf the theorem.
Proof of (2)

Using @)-@) of Par{l) of the theorem and Pa(8) of Theorem 3.3, one concludes
that the measureg; ;, u,;, anduy, ;, are concentrated resp. @f = 9{v > 0} \ I} ,,
Iy =0{v<0}\I¥_,andl', = (0{v > 0} U O{v < 0}) \ T'%.

Proof of (3)

Using [3.3){(3.4) of Partl) of the theorem, one deduces that for dnghat is a subset of a
submanifold ofR™ x (¢,,t,) of dimension< N — 1, one has: the restrictions of the measures
f1,y andp, ; to T are identically0. Then using Pai3) of Theore , one has: the restriction
of the measure,, v toT'is identically0.

Proof of (4)

One deduces from Theorem 2.1 bf[12] with, v, RY, Q) in Theorem 2.1 of([12] replaced
by (v,0, RN, IRY x (t1,t,)) of this proof thaf”, ,, T; _, andI"; are countable unions of col-
lections ofC'*°-hypersurfaces({*°-manifolds of dlmensmm\f) of RN x (t1,t,) and collections
of C"*°-submanifolds of dimension less or equalXo— 1 whose N —dimensional Hausdorff
measures are, as stated in Pafyg) of the theorem. Moreover, by construction; Consult Sub-
sectlo I, =17 Ul _and sal’; is the union of the collections above that fofj), and

', _. The proof of Theore@ 4 is now completar.

v,—!

3.4. Characterization of the measures in terms of distributional derivatives of character-
istic functions. Let F,Q) C RY x (t1,t,) with E £L¥*!-measurable. Denote by(E, ) the
perimeter off in 2. For any functionf defined inR™ x (¢, t,), denote byD f its distributional
derivative with respect t0r, ¢).

Theorem 3.5.Let N be any integet> 2. Let0 < t; < to. LetU € C®(RN x (ty,t5); RY).
Letw € C®(IRN x (t1,t9); R). Then,

(1) Leta be any real number in the range of ThenP({w —a > 0}, RN X (ty,t3)) resp.
P({w —a < 0},RYN x (t1,t,)) is finite andDx,,_,~0y 1€SP. DX{ya<oy IS @ finite Radon
measure inRY x (¢,,t,) and

P({w—a >0}, RY x (t1,12)) = [DXpy-asoyl (RY X (1, £2)) <HY(T, ., ) < C,
P({w —a < 0}, RY x (t1,12)) = | DX {uyacop (IRY X (1, 82)) < HY(TT,_, ) < C,

where(C' is a positive constant.
(2) Leta be any real number in the range of Lety|, ., anduy, ., be the measures

corresponding to the paifw — a, U) obtained in Theorefn 3.1. Then

N
N:Z—a,U = Z UiDiX{w—a>0}’ Iut;—a,U - Z UiDiX{w—a<0}'
=1 i=1
Proof of Theorem[3.5.

1. LetV € CHIRYN x (t1,t); RM*1). Using [3.18) of Step 3 of the proof of Part (1) of
Theoren] 34 with/y resp.v andd{v > 0} N {I" \ I';} of (3.18) replaced by resp.w — a
ando{w —a > 0} \ I';,_, of this step, one obtains
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to
(3.38) / / dive, VX o asopdzdT = / V-ntdH".
t1 RN 8{w—a>0}\1“fu,

a

Here, the sel’;, , corresponding tev was introduced in Subsectipn B.1. Taking the supremum
overV with ||V, < 1, one concludes tha®({w — a > 0}, RN x (t;,t5)) (or simply the
perimeter ofw — a > 0}) satisfies

(3.39) P({w—a >0}, RY x (t1,t2)) < HN(I_, 1),

wherel;, . = 0{w —a > 0} \ T},_,. Using the fact thatv is of compact support and Part
(4) of Theorenj 3.4, one concludes thgf_, . is a union of a finite number of connectétt°-
hypersurfaces dR” x (¢,,t,). Hence,HY (I ) < C, whereC is a positive constant. Then

w—a,+
using [3.39), one obtains
P({w —a > 0},IRY x (t1,t5)) < HN(T"

w—a,+

)< C.

Hence,P({w —a > 0}, RN x (1,,)) is finite. Then one deduces that the distributional deriv-
ative with respect tdz, t), Dx(,,_q=0y iS & finite Radon measure @ x (t,,t,). Moreover,

(3:40)  [Dxuouoy| (R x (11, 12)) = P({w —a > 0}, RN x (t1,1)) < HV(IT, ).
By the fact thaty;,, ,~q; € Lj,.(IRY X (t1,12)), one hasy,, ,~o1 € BViec(IRY x (t1,12)).

loc
Proceeding as above with appropriate adaptations, one obtains the proof of the statements in
Part(1) corresponding tdw — a < 0}.
2. Using [3.18) of Step 3 of the proof of Part (1) of Theoren] 3.4 Withesp.v andd{v >
0} N{r'\Ts} of (3.18) replaced by = (Uy,--- , Uy, 0)' resp.w —a andd{w —a > 0}\T% _,
of this proof, one obtains for any Lipschitz functigne C.(IRY x (¢;,t); IR),

to
(3.41) / / dive 1 (V)X fu—asopdadr = / oV -ntdHN.
t1 JIRN H{w—a>0}\I'*

Using the fact that by Pa(t) of the theoremDx,,_,- o, is a finite Radon measure, one can
integrate by part i (3.41) and obtain

to N to
(3.42) / / div, + (V)X fw—asordedr = — / / U | DiX 1—as0t -
N t( ) { >0} ZZI Y [ { >0}]

Using Par{(1) of Theorenj 3.4 witt{v, U, d{v > 0} \T; ) replaced byw —a, U, 0{w —a >
0p\ I ) of this step withl™® the set corresponding to — « introduced in Subsection

w—a,+ w—a,+

3.1, one obtains for any € C.(IRY x (t,t,); IR),

(3.43) / odul o= — / oV -nTdHY.
RN x (1,t2) ’ O{w—a>0}\TIs

w—a,+

Combining [(3.4[L){(3.43) one obtains for any Lipschitz functiog C.(RY x (t1,%,); IR),

N to
(3.44) [ R ZATED SY R R )
RNX(tl,tz) v ; t1 RN [ { >O}]
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3. Let ¢ be any function inC,(€2; IR). Let K be the compact support gf. Let » be any
function inC2°(Q2; IR) such thatp = 1 on K. Letyp, andy, ,, be the sequences of functions
associated te by (3.13); Consult the beginning of the proof of Theolenj 3.4. Then for every
n and every nonnegative integer > ﬁ PPy m = Phmtb, e, € C2(S;IR). Plugging this
function in [3.44) and proceeding as in Step 6 of the proof of Bgrof Theoremi 3.4, one
concludes thaf (3.44) holds fere C.(; R); that is,

N to
(3.45) / odpt = / / ©Uid|DiX {yy—a>0)-
RN x(t1,t2) v ; tr JRN DX oo

This proves the first statement in PE2}. Proceeding as above with appropriate adaptations,
one obtains the second statement in R&xtThe proof of Theorem 3|5 is complete.

3.5. Characterization of the measures as functionals on the spade!’.

Theorem 3.6.Let N be any integet> 1. Let0 < t; < to. LetU € C®(RY x (ty,t5); RY).
Letv € C(IRY X (t1,62); R). Letyy, 1y, iy, 1y, @Nd g, 1y be the measures corresponding
to the pair(v, U) obtained in Theorem 3.1.

(1) Setk’ = spi(v). Then sply, ,y) C K.

(2) For anyy € BV,,.(IRY x (t1,t)) such that the distributional derivatives with respect to

x, Dyp, i =1,--- N are finite Radon measuresiR” x (¢,,), one has
(3.46)
to N to
duf ., =— div(U dxdr — U; d|D;p),
/80 Hiv,u /t1 /]RNSO ( )X{v>0} raT ;/tl /IRN X{v>0}ud{v>0} [Dig]
and

to N to
(3.47) /SDdN{U,U} :/ / SOdiV(U)X{v<o}dﬂ7dT+Z/ / UiX {v<oyuatv<oyd[Dit],
t1 RN i=1 t1 RN

Moreover,u{*v,U} and i, ., are in the dual space aBV (RY x (t1,t5)) denoted here by
(BV(IRN X <t17t2>)* and

(3.48) ||ME,,U}||(BV(IRNx(t1,t2)))* < ||diV(U)X{v>o}||oo,K + ||UX{v>0}U6{v>O}||OO7K7
and
(3.49) ||M{_U,U}||(BV(IRNx(t1,t2)))* < ||diV(U)X{v<o}||oo,K + ||UX{v<0}U6{v<O}||OO7K7

(3) 14}, 1y @Ndyuy, , are inthe dual space 61! (IR x (¢4, t»)) denoted here bt ! (IR x
(t1,12)))*-

Proof of Theorem[3.6.

Proof of (1)
Let K = spt(v). By assumption/ s is compact. By Par2) of Theoreni 3.4, the measure
N?U,U} is concentrated of” = 9{v > 0} \ I'; ,, wherel; , is the set corresponding to

introduced in Subsecti@.l. Hence, (86} ,) C K.

v
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Proof of (2)

1. Lety € BV(IRY x (t1,t)). Leth,, be a sequence of functions @f°(IR; IR) such that
hn(T) = 0if T7isnotin(t; + 1/m,ts — 1/m] andh,,(7) = 1if 7 € [t + 2/m,ty — 2/m]
and0 < h,, < 1, andm > 2. Letp,, = n%pl(a), n, € (0,1], be a mollifier with

211 1
p1 € CX(RY), p; >0, splp,) C B(0,1) with B(0, 1) the unit ball of R™, and [, v p,dy = 1.
Letp,, = %pz(g), ny € (0,1], be a mollifier withp, € C>(IR), p, > 0, sSp{p,) C [—1,1],

and [ ppdr = 1. Then set) = (1y,1,) andp, = p ) Py, -
Setyp, = ¢ x p,. Using Par{(1) of Theorenj 3.3 yields

(3.50) /hmgpnd,ufv vy = —/ div(hpep,U)dxdr.
’ {v>0}
Now one has
to
(3.51) / div(hy,,U)dxdr :/ / OphmdiV(U) X 50y ddT +
{v>0} ti JIRN

[)
/ / Vgpnhm . UX{,U>O}d.Z'dT.
t1 RN

Using the properties of the convolution, the symmetry gfFubini Theorem, the fact that
himUX =0y € L'(IRY x (t1,12)), and the definition o,,,, one obtains

to N to
@52) [ Ve Uxpagditr =30 [ [ (Uingse) < pdiDil
t1 RN i=1 t1 RN

Using the fact that, h,,, andU are all continuous, ag goes to0, (hnUx,sop) * P, —
hmUX o>0100{0>0) EVErYWhere. Moreover, by the properties of the regularization,
|(hinUX p>03) * Pyl < CllhmU||o0,x fOr some positive constant independent;ofNow since
¢ € BV(IRY x (t,t5)), one can use dominated convergence theorem and conclude that

N to N to
@53) 1> [ [ (i) p,dDisl =32 [ | bl dDiel
TiE S JRY =1/t JIRY

Now assume thap € BV (RN x (t1,t5)) NCHIRYN x (t1,,)). Then by the properties of the
regularization, the continuity af and the fact thap € L; (IRY x (¢1,t2)), Sp{v) is compact,
andh,,div(U)x,~y is bounded,

to to
(3.54) lim/ / gpnhmdiV(U)X{U>0}dxdT:/ / ©hmdIV(U) X {501 dzdT.
n—0 t1 RN t1 RN

Using again the properties of the regularization and the continuigy ofie obtains:
lim, o ¢, = ¢. Moreover, by the continuity op, ¢ is bounded ink. Also, &, is continuous
and by Par{1) of the theorem sppj;U) C K. Hence, by dominated convergence theorem for
the measurg.|;, one obtains

(3.55) lim / homoy i, 1y = / i, 1y

AJMAA Vol. 18(2021), No. 2, Art. 21, 126 pp. AIMAA


https://ajmaa.org

22 MoULAY D. TIDRIRI

Combining [3.5P){(3.55) yields
(3.56)

to N )
hmpdpiy o = —/ / Ohmdiv(U) X 1oy dzdT— / / R Ui X 1 Jsord[ D]
/ {v,U} o i ( ) {v>0} ; Y {v>0}uUd{v>0} [ ]

Now asm goes t0oo, by — X(4,.4,)- MOreover,|h,,| < x, 4,)- Then proceeding as above,
one can lein go tooco in (3.56) and obtain

(3.57)
to N to

c,odlquv :_/ / ediv(U) x p=ordxdT — / / UiXto woord[Dig].

[t == [ w0 2] UrtioarsndDie)

2. Using the density o8V (IRY x (t1,15))NCHIRY x (t1,t5)) in BV (RN x (t4,t5)), the fact
thatsf, ., is a finite Radon measure, a.57), one obtains foraayBV (RN x (t1,t,)),

(3.58)
to N to
pdut = —/ / ediV(U) x rysordzdr — / / UiX 1o orosd[Di0].
/ (0,0} S (U)X o>01 Zl i TX > 0p09050) [Diw]

One then deduces that, , is in the dual space aBV (IRY x (t1,t,)) denoted here by
(BV(RY x (t1,t5)))* and

(3.59) 100y | BV @Y <ty < NIVT) X usoplloo i + 1T X os0j00(0503 lloo
This yields [(3.4B).

3. Proceeding as in Steps 1-2 above with appropriate adaptations, one dbtaihs (3.58) with
any function inBV,,.(IRY x (t;,t,)) such that the distributional derivatives with respect to
Djp,i=1,---, N are finite Radon measuresIR’ x (t,,t,). This yields (3.45).

4. Proceeding as in Steps 1-3 above/fqy, with appropriate adaptations, one obtans (3.47)
and [3.49) and this completes the proof of EBrof the theorem.

5. SinceWHH(IRY x (t,t5)) € BV(IRY x (t1,t,)), using Part(2) of the theorem one
deduces by transposition thﬁiE)’U} andy, ., are in the dual space OF L (IRY x (ty,t2))

denoted here by ' (RN x (t1,t,)))*. This completes the proof of Theor¢m|3s6.

4. THE SECOND CLASS OF MEASURES OF[12]

In this section, based on the results of![12], basic properties and characterizations of the
family of measure&jw’o}, Iy .0y @Ndig, 1 0y generated by the triple{®, U, O) of scalar
and vector functions andU, and open set® and introduced by the author in_[12] are given.
In particular, in Sectiof 4]1, the precise definition of these measures and the fact that they
are Radon measures are given. In Sedtioh 4.2, relationships between these measures and the
measureafw} and,u{‘v,U} for general open set8 are established. In Secti ‘ .3, relationships
between these measures for particular open set generators are established.

The results of this section are partly contained in the author’s paper [12].

Leta < b. Let £, F be subsets dRY x (a,b). The setk* denotes the complementary bf
inRY x (a,b). Thatis;E¢ = {y € RY x (a,b)| yisnotin E}. The setk \ F denotes the set
of points that are irEl but notinF'. Thatis;E' \ F' = E N F°.
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4.1. The measures.Let NV be any integepr 1. Let0 < t; < ty. The following theorem is a
corollary of a theorem obtained by the author(in/[12]; Consult Theorem 3!1 of [12]. It yields
a family of measuresyfv,uo}, Iy 0.0y @Ndiyg, 10y generated by € C®(RN x (t1,t2), R),

U € C(IRN x (t1,t5); RY), and open set® of RN x (t,,t,), which are also Radon measures.
Theorem 4.1.Let N be any integet> 1. Let0 < t; < ty. Letv € C®(IRY x (t1,t5);IR). Let

U € C®(RY x (t1,t); RY). LetO be any open set dR" x (t1,t,). Then the estimates in

Part (1) of Theorerp 3]1 with = 0 show that, up to a subsequencenagoes td), the following
weak convergence in the sense of measures, holds

1 1 _
U- VUEX{o<v<a}XO = tpep U- VUaX{fa<v<0}X(9 — oy

1
U- VUEX{M<04}XO — MU0y

Where /i, 1 oys iy 0y @Nd fig, vy are measures ofR™ x (t1,t,) concentrated resp. on
Hv >0tnof{v > 0}N0O} v < 0} NIH{v < 0} N O}, and (I{v > 0} UH{v <
0}) Nno{({v > 0} U {v < 0}) N O}, which are also Radon measures.

Remark4.2 The notatiory.}, , ,, andy, ;,, should not be confused with the nonnegative
and nonpositive parts of a measure. The upper indegsp. — is merely used to refer to the
fact that the measurey, ;; ,, With the upper indext is concentrated ofi{v > 0} resp. the

measurgiy, ;; o with the upper index- is concentrated of{v < 0}.

The following terminology is adopted. For the measutgs(m}, lgy. 0.0} andyig, oy, the
scalar functiorw resp. the vector functioty and the open s&p is called the scalar function
generator resp. the vector function generator and the open generator of the mﬁ@%gﬁs

Fpov.0p ANALG 1.0}
Proof of Theorem[4.]. The proof of Theorem 4]1 is deduced from that of Theorem 3.1
above; See also the proof of Theorem 3.10f [12]. Vet (Uy,-- - , Uy, 0)". By the regularity
of U, V € C®°(RYN x (t1,t5); RNT!). Let O be any open set dR" x (t;,t,). Then the
estimates in Paifl) of Theorenj 3.]L withy = 0, show that
1 1

(4.1) / \U - Vuxe|—dzdr < / |U - Vu|—=dzdr < C,

{lvl<a}nK o {v|<a}nK «Q

and then

1 1
(4.2) / \U - Vuxp|—dzdr < C, / \U - Vuxp|—dzdr < C,
{0<v<a}nK «Q {—a<v<0}NK o
where(' is a positive constant independentcof (0,1) and K is an arbitrary compact subset
of ]R,N X (tl,tg). Then )) show thdf - vvéX{|v\<a}X(’)’ U - VU&X{O<”U<0¢}X(’)’ and

U - VU2 X{_acv<0)Xo are uniformly ina bounded inZ;,.. Therefore, up to a subsequence, as
a goes ta), the following weak convergence in the sense of measures holds,

1 1
U - -Vv— + s U-Vv— _ “ )
U X{o<v<a}Xo T Hiuu,0) v Xma<v<opXo 77 Hiwu,0

1
U - VUEX{M@}X@ — Hu,0)
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whereuy, ; oy iy v.0y» @0k, 0y are Radon measures @1 x (t1,1,) concentrated resp.
ond{v > 0} NI{{v >0} NO}, {v < 0} No{{v < 0} N O}, and(d{v > 0} U I{v <
0}) Nd{({v > 0} U{v < 0}) N O}. This completes the proof of Theor¢m4yl.

4.2. Relations with the first class of measures gi12].

Theorem 4.3.Let N be any integee> 1. Let0 < t; < t,. LetU € C®°(IRY x (t1,t,); RY).
Letv € C*(RY x (t1,%2); R). Letyy, , andug, ;, be the measures corresponding to the
pair (v, U) obtained in Theorer@.l. L& be any open set ARY x (t1,15). LetuaU’O} and
I, .0y b€ the measures corresponding to the tripletd’/, ©) obtained in Theorer@.l.

Sety = 0{v > 0} andv; = d{v < 0}. Then for every € C.(RY x (t;,t5);R),

(1)

/ XoPdi, 1y oy = / Xo Pl 1y

(2)
/ i, vy
= / ¢X{vima{{u>0}m0}m(9}dﬂzrv,U,o}+ / PX (i ma{{v>o}m0}maO}dU{+v,U,c9}
= dut .+ , o dut
PXOC Ly, 11y PX (v no{{v>01n0}na0} Gl 1,0}
(3)
/ Xo¥dity, yoy = / XoPdig, iy
(4)

/ edyiy, 1oy

= / OX {47 no{{v<0ynonoy i, oy + / PX (77 n0{{0<01n0}n00} Wy 1,0
= /@Xodﬂ{_v,U} +/QOX{w;ma{{Ko}mO}mBO}dl‘{_u,U,O}‘

Proof of Theorem[4.3.1f O N {0 < v < a} is empty fora sufficiently small, then all terms
in Parts(1)-(2) of the theorem aré. Therefore, it is assumed that, for allsufficiently small,
O N{0 < v < a}is notempty.

1. Theorenj 4.]1 yields, up to a subsequencey gses ta,

U-Vv

{o<v<a} &

(4.3) /@dﬂa(],@} = lim Xopdxdr,

a—0

foranyp € Co(RY x (t1,12); R), wherey, ,, ,, is @ Radon measure @R" x (t;,1,) concen-
trated orry;” N o{{v > 0} N O}.
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2. Lety e v no{{v >0} N O} N O. Let B(y, ¢) be a ball of radiug centered ay with ¢
sufficiently small that3(y, €) is a subset 0®. Lety € C.(B(y, ¢); R). Then using[(4]3) shows
that, up to a subsequence,

U-Vvu ) U-Vuvu
Xopdrdr = lim
{0<v<a} « a—0 {0<v<a} o

(4.4) /gpduauo} = lim odzdr.

a—0

On the other hand, using P&#) of Theorenj 3.1 yields, up to a subsequence,

(4.5) /gpdufw} = lim U-Vu wdxdr.

=0 Jrocv<a}
(4.4)-(4.5) then yield

/ pdpif, iy = / wdif, v.oy-

Sincey was arbitrary ony,” N 9{{v > 0} N O} N O, one deduces that for agye C.(IR" x
(t1,12); IR),

(4.6) /@Xodﬂfv,U,O} = /‘Px{ﬁm@{{wo}rw}m}dﬂfrv,U}-
This yields Par(1) of the theorem.
3. Using Theorer 4]1 yields for every functigne C.(IRY x (t,%,); IR),

/ ¢dﬂ{+v,U,0} = / 90X{’Yi'ﬂ<9{{v>0}m0}m(’)}d:u?v,U,(’)}+ / PX (v ma{{v>o}m0}m30}dﬂa,u0}~

Then using[(4J6) of Step 2, one obtains for every functioa C.(RY x (t1,t,); IR),

/QOd:u{t;,U,O} :/SDX(’)d:u?v,U}+/(px{ﬁ'ﬂa{{v>0}ﬁ(’)}m8(9}dru?u,U,O}'
This yields Par(2) of the theorem.

5. Let O be an open set dR"Y x (t1,t5). If O N {—a < v < 0} is empty fora sufficiently
small, then all terms in Par{8)-(4) of the theorem aré. Therefore, it is assumed that, for all
« sufficiently small,O N {—a < v < 0} is not empty. By the regularity aof, {v < 0} is an
open set. Proceeding as in Steps 1-3, one obtains B3t4) of the theorem. This completes
the proof of Theorern 4|3

4.3. The measures for particular open set generators.

Theorem 4.4.Let N be any integeb> 1. Let0 < t; < to. LetU € C®°(IRY x (t1,t,); RY). Let
w,v € CP(RY x (t1,t2); R). Letu, ,y andpug, ,;, be the measures corresponding to the pair
(v, U) obtained in Theore@.l. L@t 1 os01r Mt o<ot}s Hiwtfos0}ys @ND 7 fu<0})
be the measures correspondinguwov, U, and the open setsy > 0} and {v < 0} obtained

in Theoren{ 4]1. Then for every Lipschitz functiore C.(IRY x (t1,t,); R), the following
identities hold.

(1)
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to
/X{w>o}<ﬂdl~bay} +/80d/ﬁzrw,U,{v>o}} = _/ diV(SOU)X{U>0}X{w>o}d37dT-

t1 JIRN
(2)

t
/X{w<0}%0d/v‘{+v,U} - /Wdﬂ{_w,U,{wo}} = _/:/IRN diV(¢U)X{v>0}X{w<0}d$dT-
3)
t2
/ X w0y P, 1y — / CALLL U a0y = /t 1 /]R Ny div(oU) X {v<0y X fuws0y dzdT.
4)

to
/X{w<0}80du{v,U} +/90du{w,u,{v<o}} :/t o div(eU) X (u<oy X fw<opdadT.
1

Proof of Theorem. Leta, € € (0,1). Then forj = 1,2,3, let GY) andGY be the
sequence of functions introduced at the beginning of the proof of Thgorém 3.3.

Proof of (1). Let ¢ be any Lipschitz function i, (IRY x (t1,%,); R). Using the regularity
of U, v, andw, yields

/ / div(pUG? (v)GP (w dy—/ / div(eU)GP (v)GP (w)dy +
RN t1 RN

/ v WsoGEQ)(w)dy+ / vV vwson)(v)dy

{0<v<a}

a {0<w<e} €

By the regularity o/, v, andw, and the fact thap is of compact supporquG,(f) (v)GEQ) (w)
isin WHL(IRY x (t1,t,)) and

to
/ div(eUGP (1) GP (w))dy = 0.
t1 RN

Therefore
U - U -
/ VU 6@ (1) pdy + / VI G0 (0) pdy
{o<v<a} & {0<w<e} €
to
4.7) — / div(eU) G ()G (w)dy.
t1 RN

Here« is let go toO first, thene is let go to0 second. Asy goes to0, G (v) converges
everywhere toy;,.oy. Now |div(pU)GY ()G (w)| < |div(eU)|. Sincey is Lipschitz and
of compact support one can use the regularity/ab conclude that diU) is in L*(IRY x
(t1,t2)). Therefore, using dominated convergence theorem, up to a subsequence,

t2
(4.8) hm/ div(pU)GP (v )ng)(w)dy:/ / diV(ng)X{DO}GE?)(w)dy.
t1 RN t1 RN
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The fact thaiG?)(w)(p is continuous with compact supportiRY x (¢,,t,) and Par{(2) of
Theoren 3] yield, up to a subsequence,

(4.9) lim U-vo

a—0 {0<v<a} «

(2) _ [ q® +
G (w)pdy = / G (w)pdig, 1y

Now | Z¥2 G (v)¢| < |PY2 | and thanks to the regularity 6f andw, UY2p € L' (RN x
(t1,t2)). Therefore, one can use dominated convergence theorem and obtain, up to a subse-
quence,

(4.10) lim LYY GO w)pdy = / C ey
a—0 {O0<w<e} € {0<w<e} €
Combining [4.7){(4.10) yields
(4.11)
U-Vuw " ,
/GEQ)(U})SOCW?@,U} +/ —— X{>0}Pdy = _/ div(pU)X 0y G (w)dy.
{0<w<e} € t1 JIRN

As e goes taD, G? (w) converges everywhere 1g,,.q,. Moreover
|div(ng)G£2)(w)X{v>0}] < |div(eU)|. The regularity ofU and the fact thaty is Lipschitz

and of compact support show that @if/) € L'(IRY x (¢1,t;)). Therefore, using dominated
convergence theorem, up to a subsequence,

to to
(4.12)  lim / div(pU) G (w)x 0y dy = / / dV(PU)X (>0 X (w03 4Y-
€ t1 RN t1 RN

One also haﬁf}g) (w)p| < |¢| andyp is integrable with respect W’H,y}? Consult Par{2) of

Theore. Therefore, using dominated convergence theorem for the m,e*{%%r,eyields,
up to a subsequence,

e—0

(4.13) lim GEQ)(M)¢dM{+U,U} - / Xgws0) P 1y

The fact thatp is continuous with compact supportiRY x (¢,,) and Theorel with
O = {v > 0} show that, up to a subsequence,

) U-Vw +
(4.14) fimy {o<w<e} € X0y Py = / iy
(@.11)-[4.14) yield

to
(4.15) / X w0y P, 1y + / Py 1m0y = — / /m V(U)X w0y X w0y By
t1
This concludes the proof ¢f).

Proof of (2). Taking G (v)G (w) in place of G (v)G™ (w) and proceeding as in the
proof of Part(1) of the theorem, yields the proof of Part (2) of the theorem.
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Proof of (3). Taking G (v)G (w) in place of G (v)G™ (w) and proceeding as in the
proof of Part(1) of the theorem, yields the proof of Part (3) of the theorem.

Proof of (4). Taking G (v)G (w) in place of G (v)G™ (w) and proceeding as in the
proof of Part(1) of the theorem, yields the proof of Part (4) of the theorem. The proof of
Theorenj 4.4 is now completeq.

5. ACTIONS OF THE MEASURES OF SECTIONS [3{4 ON SOME PARTICULAR FUNCTIONS
WHEN THE VECTOR FUNCTION GENERATOR U SATISFIES: DIV U =0

The main theorems of this section are Theofem|5.19. N.dte any integer> 2. Let0 <
t; < ty. Letw € C°(IRY x (t1,1,);R) be such that the projection of its support i’ is
compact. Let and/ be anyN —multi-indices of nonnegative integers such that £ < [. Set
© = D'w andw = D*w. LetU € C®(RY x (t1,t2); IRY) be such that div/ = 0. Assume
that spt(«w) \ spt, (U) is either empty or a subset of the projection{of= 0}° into R". Let

g Iz 0y andpy; 1y be the measures corresponding to the fiait/) obtained in Theorem

Higuy
. Leto € C.(t1,t2). Then Theorerp 5.19 says that

(51) /@Ddﬂ{t;y} = O, /(ﬁﬁ)du{ﬁ’(]} = 0, /(bwd,u{@,(]} = 0.

Let o € C(t4,t,) be such thap = 1 on sptp) and0 < ¢ < 1. In Subsectionf 51-5.8,
) is proved whew satisfies?) < ¢w < 1. In Subsecti08.1) is proved in the general
case. In Subsectign 5.1, a brief description of the key elements of the proof of ThHeoré¢m 5.19
wheng¢w satisfies:0 < ¢w < 1 is given. In Subsecti.2, basic properties of the measures
involved in the proof of Theorefn 5.]19 are given. In Subsection$ 5]3-5.7, several results that
will play a key role in the proof of Theorem 5[19 are proved. In Subseftidn 5.8, the main results
corresponding to Theorem 5]19 are stated and their proofs are given. Finally, in Suljsettion 5.9,
an example showing that the conclusions of Thedrem| 5.19 are not true (ifo$ptspt, (U) is
neither empty nor a subset of the projectiof 6f= 0}° into IR".

Throughout this sectiory,b{*v)U}, fepoy andpg, y denote the measures corresponding to
the pair (v, U) obtained in Theorem 3.1. Whilg}, , ,, and s, , ,, denote the measures
corresponding to the tripletv, U, ©O) obtained in Theorerh 4.1. Her&) is an open set of
IRY x (t1,t5). For any functionf defined inRY x (¢,,t,), spt.(f) denotes the projection of its
support, sptf), into IRY. Also, 1| E denotes the restriction of the measprto the set.

5.1. Description of the key elements of the proof of Theorem 5.19Let N be any integer
> 2. Let0 <t <ty Letw € C°(RY x (t1,t,); IR) be such that the projection of its support
into IRY is compact. Let,! € INV such thah) < k < I. Setd = D'w andw = D*w. Let
U € C®(RY x (t1,12); IRY) be such that dJ = 0. Let uf y, kg 1y, @andpgs 1y be the
measures corresponding to the pairU) obtained in Theore . Let € C.(t1,ty). Set
K = spt,() x spi(o).

If w = 0 there is nothing to prove. Therefore, it is assumed th& not identically0. If
k = [, thenv = w. By Theore,u{@’U}, M{Z,U}’ andu{})’U} are concentrated resp. on
o{v > 0} Ud{v < 0}, 8{v > 0}, andd{v < 0}. Hence,[(5.]) is clearly satisfied. Therefore, it
is assumed that

(5.2) k1.
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Since spf(w) is compact, sp{(7) is compact. Leth € C(ty,1,) be such that) = 1 on
spt(¢) and0 < ¢ < 1. Setw = ¢w andv = ¢v. Thenw,v € C*(IRYN x (t1,t,)). Moreover,
w=wonKk andv = v on K. Also,v = D' *w. Assume thatv satisfies) < w < 1.

5.1.1. Construction of the setd,, ,, Anq, As o Angiis A,f 4 and AL , and their properties.
Since the support ob), sp{w), is compact the set of numbarsuch that{w =c}° £ 0, is

either empty or finite. It is assumed throughout this section that it is finite. The proofs for when
this set is empty can be obtained by an adaptation of the proofs for when this set is finite. Let
W, = UM {w = ¢}°with0 < ¢; < --- < ¢,, < 1 for some nonnegative integer,. Let

W, be the open set such thet, N W, = () and sptw) = W, U W,. Also, since sgtw) is
compact, the seE™ resp. EM of points in the range of corresponding to local minima resp.
local maxima is finite:

(53) EZun = {7110,"‘ 7wm+1}7 Etjz\)/[ = {7]]1,"‘ 77“DM}

for some nonnegative integens and /. Two elements inE™ resp. EM are not necessarily
distinct. Letm, = min{\wiu — U_JZ'/‘;O <id <m+1, 1< <M, wpn =+ @i/}. Let

i € J with J a subset of0, --- ,m + 1}, which may be empty such that = m,, /2P with

p; a nonnegative integer and,, € I,, wherew; € E]'. Here, for any nonnegative integer
p, I, = {0,1,2,--- 2 — 1}. Let n be any nonnegative integer such tkat> 1/m,, and

n > max{pz| i€ J} Letq € I,. LetA, ,, A, , andA;  Dbe the sets defined by

(5.4) AL ={y € RY x (t1, )] ¢/2" = (1/2")* < w(y) < ¢/2"}
(5.5) An,q = {y € RV x (t17t2)| Q/Qn < w(?J) ( + )/2n}
(5.6) AL ={y € RY x (t1,15)] (¢ +1)/2" < w(y) < (q+1)/2" + (1/2")*},

Assume that4,, , is not empty. Them,, , = Uiy, ,Anqi WhereA, ,; are the nonempty
connected components df, ,. Since sptw) is compact the sdf, , is finite. Since” > 1/m,,,
one deduces that for all < ¢/ < m+ 1and1 < " < M such thatw;» # w;, the set
{wy < w < W} if wy < Wy of {wyr < w < wy}if wy» < wy cannot be a subset ef;, ,; for
anyi € I, 4.

For anyi € I,,,, denote byA, ; resp.A; . the connected components 4f , resp. Al
that are adjacent td, ;. If A, =0, thenA, ,; = {w = (¢+1)/2"} N A, 4 or AW =
{wj, <w < (q+1)/2”}ﬂAnq1WIth {w = wh}ﬂAnq, #0and{w = (¢+1)/2"}NA, . #0
andw;, € £} for someyj; € {0,--- ,m+1}. If A7 ; =0, then using the factthat' > 1/m,,;

See the observation abow, ,; = {¢/2" < w < @;,} N AW with {w = ¢/2"} N A, ,; # 0
and{w = w;,} N A, ,; # 0 andw;, € EM for somej; € {1,--- , M}.
Let I, , denote the subset df, , such that forany € I ,, A, ;= 0andA, ,; = {w;, <
<(¢g+1)/2"} N A, ; with {w =w;} N Angi # 0 and{w =(¢+1)/2"} N A, #0and
wjl € E} for someyj; € {0,--- ,m + 1} andwj, is not of the formm,,/2? for any nonnegative
integerp and anym,, € I,. Let I2q denote the subset df, , such that for any € I , A,
IS a nonempty connected component{af = ¢/2"} with ¢/2" = m,, /21’9 for somej € J
andm,, € I,. LetI} denote the subset df,, such that for any € I3 , A, . N {w =
/2n (1/2")2} £ 0 andA:ql # 0. LetI, denote the subset 6f , such that for any € I
A gi M {w =q/2" = (1/27)} # 0 andAnqz = 0.
By definition of w, the setsl? , I} , andI;  are not empty. It is assumed throughout this

section that[1 is not empty. The case dth = () can be obtained by an adaptation of the
proofs for the cas .70

nq’
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5.1.2. Construction of the set®?, ;, Q27 Qi;l, Ay Anq, and A, and their properties.

SetD,,; = Aiqz \{w=(g+1)/2"+(1/2")*} andD, ,; = A, ; \ fw=q/2 — (1/277}.
(@) Leti € I7 . ThenA_ . isa nonempty connected component{af = ¢/2"}. In this
casew reaches a local mlnlmum ofw = ¢/2"} with ¢/2" = m,, /2P for somej € J and

my,, € I, . Since2"™ > 1/m,, one deduces thaﬁtﬁ . cannot be empty; See the observation
following the introduction of4,, , ; above.

(@.1)If ¢ =0andA4,  ;is unbounded, set

An,q,i = An,qvi and D = Amq,i

if D NW, =0and

n,q,t
Apgi=Angi and D= A, ;U (AF n{(g+1)/2" <w < cp})

if {w=c¢y}°C D, forsomei’ € {1,---,mg}.If ¢ =0andA; ; isbounded orif; # 0 set

An,q,i — Aqu U A'r:qz and D - An,q,i

if D .NW, =0and

n,q,t

Anqi:AnquA— andD:An,qz (A+ N{lg+1)/2" <w < cp})

n,q,% n,q,
if {w=c¢y}°C D, forsomei’ € {1,--- ,mq}.

Since2" > 1/m,,, there exists at most onec {0, --- ,mo} such thatfw = ¢;}° C Dy ;.
This fact has been used above. Set

d=d(D, A" Nn{w=(qg+1)/2" + (1/2")?}).

n,q,%

Then set,, ,; = €,d, whereg; is a sufficiently small positive number; See below.
Let B, , denote the interior of the set

{yl d(y, D) < €ng}-

Let

Crg=Bng\D.

ThenB, , andC, , are nonempty open sets Bf¥ . Since the support af is compact, the
open setd°, B, ,, andC,, , are all bounded.

Letl',, = {y € Cn4l dy,0C,,) = €n4:/2}. LetQ;,j =1,---,J,, be a sequence of
closed cubes such that: (1) the interiors(pf are mutually disjoint; (2) if two closed cubes
touch at a point, they touch at a whole side containing y; (3) for egcke {1,---,J, 4},
diam(Q;) < €, 4,/8; and (), , C (U;Q,)°. Here, a use of the fact that, , is a bounded set,
and hence/, , is finite has been made.

By constructiorUij C On,q andd(U;Q;,0C,,) > €,4:/4. LetT, , denote the union of
the sides of);, j € {1,---, J,,} that are contained iy € C,, 4| d(y, D) < €,,4,/2}. Then
by constructiorl’,, , is the graph of a IocaIIy Lipschitz continuous function. lﬂa}; be the
open set containingy and bounded bj?‘n 4 Then by the above)! , satisfies the strong local
Lipschitz condition. Moreovet)), . ; and its boundary satisfy:

n,q,%

D c Ol

n,q,17 4

< (00!

n,q,8)

3[U < €n,q,i-
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(a.2) Let B, , denote the interior of the set

{y| d(y7 D) S 6n,q,i}7
where
D= Al n{w=(qg+1)/2" + (1/2")*}.
Let
Chq = Bng\ D.

Then proceeding as above, one can build an open bound@@’ﬁg—:‘such thaﬂi’;i satisfies the
strong local Lipschitz condition and together with its boundary satisfy:

Dc Q¥ o 902t D) < €

nqﬂ 4 'n,q'u
(b) Leti € I, ThenA, , = 0andA,,; = {w;, < w < (¢+1)/2"} N A, 4, with
{w = w;} N Aan # Q)and {w = (¢+1)/2"} N A, # 0andw; € E for some
Ji € {0,---,m + 1} andwj, is not of the formm,, /2P for any nonnegative integer and
anym, € I In this casew reaches a local minimum ofw = wj;,}. Moreover, since

2" > 1/m,,, one deduces that# 0 andAW cannot be empty; See the observation following
the introduction of4,, , ; above.

(b.1)If D, N, = 0, set

D=A, ..
If {w = cy}° C D}, forsome’ € {1,--- me}, set
D= AngiU(A;N{(g+1)/2" <w < cr}).
Then set
d=d(D,A}, N {w=(g+1)/2" + (1/2")*}).
Since2" > 1/m,,, there exists at most onjec {0, --- ,my} such thatfw = ¢;}° C D;{ql

This fact has been used above. Thenesgt = ¢;d, wheree; is a sufficiently small positive
number; See below.
Let B, , denote the interior of the set

{y| d(yv D) S En,q,i}-
Let

Crg= Buys\D.

Then proceeding as ifa) above, one can build an open bounded@%i that satisfies the
strong local Lipschitz condition and the following:

Dcql . Dl o g0)

n,q,i’ 4 nqz?a ) <€n,q,i'

(b.2)LLet B, , denote the interior of the s¢y| d(y, D) < €,,.}, where
D=A" n{w=(g+1)/2" + (1/2")*}.

n,q,t

LetC, , = B, ,\D. Then proceeding as above, one can build an open bound@f}§$uch
thatQ> " satisfies the strong local Lipschitz condition and together with its boundary satisfy:

n,q,%
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2.+ En
D cCQy 4

L < d(802T D) < €ngi-

n,q,%)

(c)Leti € I} . ThenA_ N {w = q/2" —(1/2")*} # D and A}, # 0. Hence,A, ,; =
{q/2" <w < (q+1)/2"}ﬂAn7qﬂ with {w = ¢/2"}NA, ,; # Dand{w = (¢+1)/2"}NA, ,.; #

0. In this casey # 0.
(c.1)If D, ;N W, =D andD;

n,q,%

NW, = Q), set

D= A,qiU (4, N{w=q/2"}).

Then set
di =d(D, A, ;N {w = q/2" — (1/2")}),
dy = d(D, A} ;N {w = (¢+1)/2" + (1/2")*}).
If D, ;"W =0and{w = cy}° C D, forsomei’ € {1,--- ,myg}, set

D = Anqi U (A N {w = g/2) U (AL, N {(g+1)/2" <w < e}).

n,q,t
Then set
dy = d(D, A, ;N {w =q/2" = (1/2")*}),
dy=d(D, Ay ;N {w=(g+1)/2" + (1/2")*}).
If {w = cy}° C D, forsomei’ € {1,--- ,me}andD; . "W, =0, set
D= Apgi U (A N{w = /2" U (A, N {er <w < q/2"}).
Then set
dl - d(D Anqz N {w - q/2n - (1/271)2})7
dy =d(D, Ay ;0 {w = (¢+1)/2" + (1/2")°})
If {w = cy}° C D, ,, and{w = ¢y}° C D; ,forsomei’,i" € {1,--- ,mo}, set

D= Apgi U4 g N {w=q/2"}) U (A4, ;N {er Sw <q/2"H U

n,q,t
(A;L'_QZ N {<q+ 1)/271 <w < CZ”})
Then set
dy = d(D, A, N {w=q/2" = (1/2")%}),
dy = d(D, Af ;N {w = (¢ +1)/2" + (1/2")?}).
Since2" > 1/m,,, there exists at most onjee {0, --- ,mo} such thatfw = ¢;}° C D .
and there exists at most ofiec {0, - -- ,mo} such that{w =¢}° C D, .- This fact has been
used above.
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Now setd = min(d;,d;). Then set, ,; = €d, wheree; is a sufficiently small positive
number; See Below.
Let B, , denote the interior of the set

{y‘ d(y7 D) S €n,q,i}
Then proceeding as ifa) above, one can build an open bounded(&gf; that satisfies the
strong local Lipschitz condition and the following:

DcQl . S go0)

n,q,17 4 n,q,i?

8D) < €n,q,i-
(c.2)Let B, , denote the interior of the set

{y’ d(yaD) S En,q,i}a
where
D=Al n{w=(qg+1)/2" + (1/2")*}.

Let
Chq = Bng\ D.

Then proceeding as above, one can build an open bound@@jﬁg—:‘such thaﬂi’;i satisfies the
strong local Lipschitz condition and together with its boundary satisfy:

Dc Q¥ 2 90> D) < engi

n,9,27 4 n,q,1?

(c.3)Let B, , denote the interior of the set

{yl d(y, D) < €ng.i},
where
— n n)2
Let
Cng= Bng\ D.
Then proceeding as above, one can build an open bound@d:gei;uch thaﬂf;,;i satisfies the
strong local Lipschitz condition and together with its boundary satisfy:

DcC Q¥ T 90> D) < engi.

n,q,%? 4 n,q,3°

(d)Leti € I, . ThenA, N {w = q/2" — (1/2")*} # D andA; . = 0. Hence A, ; =
{q/2" < w < W, } N Ay g With {w = ¢/2"} N A, # 0 and{w = @;,} N A, ;. # 0 and
w;, € EM for somej; € {1,---, M}. In this casev reaches a local maximum dw = w;, }
and sinc&” > 1/m,,, ¢ # 0.

d.1)If D= . AW, =0, set

n’q7l

D = Apgs U (A N{w =q/2"}).
If {w=cy}°CD,,, forsomei’ € {1, - me}, set

D=A,,; U4, ,N{w=¢q/2"})U (A, ;N{c <w <q/2"}).

n,q,t n,4,t
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Then set
d=d(D,A, ;N {w=q/2" - (1/2™)%}).

Since2" > 1/m,, there exists at most onjec {0, --- ,mo} such thatfw = ¢;}° C D, ;.
This fact has been used above. Thenesgt, = ¢;d, wheree; is a sufficiently small positive
number; See below.

Let B, , denote the interior of the set

{y’ d(yaD) S En,q,i}-

Then proceeding as ifa) above, one can build an open bounded@}%i that satisfies the
strong local Lipschitz condition and the following:

Dcql nai (!

n,q,i? 4 n,q,i?

D) < En,q,i-

(d.2) Let B,, , denote the interior of the set

{yl dly, A, g 0 {w = q/2" = (1/2")°}) < i}
Let
Chg = Bug \ Ay gs N {w = q/2" — (1/2")%}.

Then proceeding as above, one can build an open bound@d’ﬁg‘such thaﬂi’;i satisfies the
strong local Lipschitz condition and together with its boundary satisfy:

— n n 2,_
A, in{w=q/2" = (1/2 2} cQ

n,q,.’
6n,q,i < d(aQQ,— A— N {w — q/2n — (1/2”)2}) < En,q,i'

4 n7q72 ? 7’-"7(17z

Now setl,, = I} UI2 UI} UI! and

(5.7)
A — . A . - . A— — ). - At — - +
Amq - (UIGI%’L]AWQJ)U(UiEIn,q\I%’qAWQJ)? An,q - Uze[f’thIﬁqun,q,ﬂ An,q - Uieln,q\lﬁqun,q,i'

By construction, since one includes the connected comporgntsthat are connected com-
ponents of{w = ¢/2"} in A, ,, the sets4,,, and 4, , are not equal. Likewise, since one ex-
cludes the conne:cted componedfs, ; that are connected components{af = ¢/2"} in A, ,
the setsd, , and A, , are not equal. However,

(5.8) AnqUA, JUAS =A, UA UAT .
Moreover,
(5.9) Z wxg,, = Ww-
q€ln

By the construction above there exist open neighborhoods
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(5.10) V2 i(0{w > q/2" — (1/2"? N A, ) C Qs
(5.11) V! i@0{w > (q+1)/2" + (12" N Af ) C it
(5.12) nql(a{w > q/2"}N A, i) C Qiql,

(5.13) nqz(ﬁ{w > (g+1)/2"}nN Anqz) C Q}@qz,

where in (5.1 !),@ e}, Ul andin(51R)i € Ip U} U Iﬁq, and in (5.11) and (5.13),

1€ I%yq Here open nelghborhoddl,q,i(l“) IS meant in the sense thitis strictly
included mVn,q,i anan,q,i is an open set dRY x (t1,1,).

5.1.3. Construction of extension functions ,; andv, ,; and their properties.Fori € I,  set

BEngi =00 U (A UAS .

n,q,1 n,q,%

Fori € I  set
En,ql Qi;z ((AﬂquATJquz)c\( nqzm{w_q/2n}>)
if g=0andA, ;is unbounded and set
Epgi =0T U (A UAT "

n,q,% n,q,%

if ¢ =0andA, ,; is bounded orif; # 0. Fori € I}  set

2 2,—
Envql_Qn;_zUanz (AnyquA:quAnqz)'
Andfori € I,  set

BErgi=0" U (Ang UA

n,q,% n,q, z) :

Let: € fn,q. Takinge; > 0 sufficiently small in the definition of,, ,; in (a)-(d) above, one
hask, ,; N Ql = (). Moreover, by construction; See abo¥g,,; = E,, ,; U Ql ; satisfies
the strong Iocal Llpschltz condition. Hence, by classical extension theorems; “ee [1, 11], there
is a total extension operatat, for 2, , ;. By definition, L is anp-extension operator fdR,, 4.
for every integep. In particular,L extends functions i€ (€2, ;) to functions inC?(IR¥*1)
for everyp.

Let f, 4. be the function defined by

(5.14) frgi(y) =w(y) if y € By g,
(5.15) Fuaily) =q/2"ify € QL ..
Setw, 4; = L(fuq:)- Then by the extension results recalled abavg,; € C=(IRY x

(t1,t2); R). Moreover, using the fact that € C°(RY x (t1,t); R) and .)-5) one
concludes that,, ,; € C>°(IRY x (t1,1,); R). By constructionsu,, , ; sat|sf|es

(5.16) Wnqi(y) = w(y) ify € E,,; and eithenv(y) < ¢/2" — (1/2")?
orw(y) > (¢ +1)/2" + (1/2")%,
(5.17) wngi(y) = /2" fyeQl, andg/2" <w(y) < (¢+1)/2".

Now definev,, ,; by
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(518) Un,g,i = Dl_kwnm.
Then using[(5.70)-(5.13) one obtains

(519) nql(a{w > q/2n} N Anqz) - Qizqz - {wnqi = q/2n}0 - {Umq,i = 0}07
nqz(a{w>(Q+1)/2n}mAnql)CQ;qzC{wnql q/2n}0

(5.20) C {Ungi = 0}°,
nqz(a{w>q/2n (1/271) }mAnqz)CQiqzC{wan:w}o

(521) - {Unqi = U} ’

nqz(a{w > (q + )/2n (1/2ﬂ) } n Anqz) Qij]rz - {wn,% w}o
(5.22) C {Un’q,,» =v}°.
where in ( )z E JUILy ulh candin(5.21); € I} U I ., and in (5.2D) and (5.22),

i€l U . The third inclusions i in (5.19]-(5.20) are obtained thanks to Assumption
G.2).

5.1.4. Construction of the setd,, ; and J,, ;, j = 0,--- ,m + 1. Assume that the local minima
are ordered in a descending order,, > --- > w,. The sets4,, ;andJ,, ;,j =0,--- ,m+1

are built in a descending order. The local minimum ., is either a number that is not of
the formm, /27 for any integerp and anym, € I, or w,,+1 = m,/2" for some integep
andm, € I,. Letq € I, be such thay/2" < w,,+; < (¢ + 1)/2" in the first case or
Wpt1 = q/2" = m,/2P in the second case. Denote thiby ¢,,,+1. Let A, denote the
connected component df, suchthafw = W1} C A,y 0

with %, ., € I} in
the first case anflw = w,,41} N A o ., is not empty withi;, ., € I in the second

s dm+-1

ydm+1
,qm+1,%, T,dm+1

case. Here, ause ofthe factthgti = 0,--- ,m+1 are not necessarily distinct has been made.
SetA =A, o Inthe first case and 0o =A

TGt 11 T mt15i0, TGt 1580, 41 nm 1.0, 4y I Gm 4110, 1
in the second case. Repeating this process wijth- - - , o, one obtains the definition af,,
and the setl,, , o resp.q,_, and the setl, , gm_1i 10 qo = 0 and the setl,, 00
In the following construction of4,, ;, 7 = m + 1,--- ,0, it is assumed that for each fixgd
ands, {(¢gj+s)/2" <w < (g; +s+1)/2"}N A, consists only of one connected component.
Let A, ,,+1 denote the set formed of the following seﬁs;,qmﬂjiomﬂ, Anvqmﬂﬂji}nﬂ, s
i whereA is a connected component df, , ., with 4}, , €

1
NGm41+Tmg 1,0, ngm41+10,,

Iy . 41 SUCh thatA andA

ngm 10, nagmi1 41, @re adjacent,- -, A rmi1—1 1S

N,qm+1+Tm+1—1,% mt1

a connected component df, , 4,1 With i~ € I3 m ame1 11 SUCh that

14120 and A gL are adjacent, and! PR Is a
connected component &f,, ., i»,,., with4, "' e I, . suchthat

ntmsrrmp it ANAAL L me @re adjacent.

Let J, ».+1 denote the set consisting @‘mﬂ, i0,.1) and all pairs(g, 7) such that there exists
s € {1, 1y} SALSHYINGG = g1 + 5,0 = 05,40, @Nd A, g, sis L € Anmaa

Let B, ,, denote the set formed of the following sets; ,,. io , Ap g1, 5 Ay, At

whereA,, 4, +1,, is & connected component df, ;1 with i, € I3, ., such thatA,, a0,
and A, g, 11, are adjacent;--, A, o1 iS @ connected component df, , 1, 1
with i7»=t ¢ I3 . such thatA prm—2 and A ~»-1 are adjacent, and

1,qm+Tm—2 1,qm+Tm—1im;

AJMAA Vol. 18(2021), No. 2, Art. 21, 126 pp. AIMAA


https://ajmaa.org

GLOBAL REGULARITY OF THE THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 37

: L
An g+ iz 18 @ CcONNected component &f, ¢, 1., With i € I, , . such that
N,gm~+Tm—1 i:nm71 andA”»‘]m"rTmﬂ;:r{n are adjacent

Let J/, ,, denote the set consisting ¢f,.,%),) and all pairs(¢, i) such that there exists
{1, ,rp} satisfyingg = ¢, + 5,7 = i5,, and A, 4, 155 € Bnm. Let A, ,, denote the set
formed of the setsimqm,i% andA, ,; suchthatq,i) € J), .\ Jomr1- S€pnm = J), 0 \ Jnms1-
By construction ifs € {2,--- ,r,} andA, 4. 4+sis € Apm, thenA s=1 € Apm and
An g +sis, andA -1 are adjacent.

n,qm+5—1,im

Let 3,,,,—1 denote the set formed of the following seﬁs;’qm_l,io

A L
me1? " Gqm—1+10, )

rm-1, WhereA, .~ ., isaconnected component éf, ;. 1 With il €
1 dm— o — sdm

NyGm—1FTm—1,%,,_

I3, . such thatd,,

n,qm+s—1,1

o and4,,  .,a areadjacent, -, A 11 1S

M1,y — nvqul—"_rmfl_lvszl

a connected componentdf, , ., ,_1 with i e 3 _,_1 Such that

7_7'7Qm—1+rm A
rm_1—2 @and A m_1—1 are adjacent, andl rmo1 IS @

Nygm—1+Tm—1—2,0,," Nqm-1+rm—1—1,4,"" Gm—1+HTm =150,

connected component &f, ;. +,,._, Withs "' e I} . suchthat

rm_1—-1 @and A 1 are adjacent.
Ny qm—1+Tm—1—1,4,,"" NyGm—1F+"m—1,p,_1
Let J; ,, , denote the set consisting 0f,.—1, iy, ,) and all pairg(q, i) such that there exists
s € {l,--+ ,rp_1} satisfyingg = qn_1 + 5,7 =iy, 4, and A, 15 € Bumo1. Let

A, m-1 denote the set formed of the Se‘iﬁ,qul,z&,l and A, ,; such that(q,i) € J),, ; \
(Jnmi1 U Jnm). S€tTnm-1 = J), 1\ (Jnms1 U Jnm). By constructionifs € {2,--- 7,1}
andA, g, s, € Anm-1,thend, = e € Ao @ndA, g, s, and
nam1+s—1,2-1, are adjacent,
By repeating the process above, one bullls, 2, J;, ,, o,
101 Anyo, @nd.J, .
To build the sets4,, ; and.J, ; in the case where there afends such that{(¢; + s)/2" <
w < (¢ +s+1)/2"} cut A, ; into several (finite number of) connected components, one
proceeds as above with appropriate adaptations.
By the construction above, one has

An,me’ and Jn,m72; Ty Bn,Oy

(523) z :(wXAn a; ;0 + w Z XA’ﬂ,qj+s.iS.> = w.
=0 7 s=1,(¢j+5,63)EJn,; ’

5.1.5. Brief description of the proof of Theorédm 5.1By the properties ofv, v, w, ando, one
has

(5.24) /gmbd,u?ﬁﬂ} = /gbwd,u{i),U}, /qﬁﬁ)du{_ﬁy} = /cbwdu{_w},
(5.25) /wad#{ﬁ,U} :/QSU)d'”{v,U}'

Le_t MEM%U}, o o0} and/{{vn’q’i,U} be the measuris correerponding to the pair,;, U)
obtained in Theoren 3.1. Define the measuyrgs, = Kowy = Mo ooty Mg = Fooy —

oo ooy @i, g = [, 1y = i, .y~ USING the results obtained in Subsecti-5.7, it
is proved that, up to a subsequence, @mes tox,
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626 > [wodiiy -0 3 [woni ity —0

q€In i€ln 4 g€l i€l q

WhereA* andA+ were introduced i 7) above. Then using the basic properties of these
measures itis deduced that

(5.27) /(bwd,ua,U} =0.

Proceeding similarly for the measuig, with appropriate adaptations, one obtains

(5.28) /qﬁwdu{U’U} =0.

Now using the last statement in P&2) of Theorenj 3.]L and the above, one obtains

Then using[(5.27)-(5.29) and (5]24)-(5.25), one obtains

[ otdutpy =0 [ owdu =0, [ oadngy =0
This corresponds to Theor.19 when satisfies:0 < ¢w < 1. The proof of Theorem
[5.19 in the general case is obtained by an appropriate adaptation of the proof for this particular
case.
The fact that one can seleet, ,; andv, ,; such that,, ,, = D' "*w,_,; andw, ,; anduv, ,;
satisfy the basic properties shown below and that enabled the proof, is possible thanks to the
assumption that = D'*w, spt () is compact, and sptw) C spt,(U).

5.2. Basic properties of the measures introduced ifi 5.1.5By the regularity ofw, the sets
Apg An oy AF VAL A AR DAL AL AT L and A, are all Boreleans and so,

n,q? n,q? n,q? n,q? n,q,t! n,q,i"

they are all measurable with respect to the Radon mea;a%e;i Uy ufy Uy [y i Mo il
/’L{_U’U}’ andlLL'r_L,q,’L'

Theorem 5.1.Let N be any intege?> 2. Let0 < t; < t,. LetU € C°(IRYN x (t1,t,); IRY) be
such that divU = 0. Letww € C°(IRY x (¢1,t,); IR) be such that the projection of its support
into R is compact. Let,! € IN" be such thad < k < I. Sett = D'w andw = D*w. Let
¢ € Cy(ty,ty). SetK = spt () x sptp). Letp € C(ty,t,) be such that) = 1 on spto)
and0 < ¢ < 1. Setw = ¢w andv = ¢o. Thenw,v € CP(IRN x (t,t,)) andv = D'~Fw
Moreover,w = w on K andv = ¢ on K. Assume that satisfies:0 < w < 1.

Letn be any integer such th&" > 1/m,,, wherem,, was introduced in|85.1.1. L&}, =
{0,1,2,---,2" — 1}. Letq € I,. LetI,, be the set introduced iLiate Lng-
Let A, ., A‘ and AJr ; resp. AW and (2, ,, be the sets corresponding to, n, andgq

n,q Z’

introduced in @1 res|d_5_1r 4 apd 5]1.3. ILebe a total extension operator f&t,, ;. Let
Wngi = L(fnqi), Wheref, ,; is defined by| (5.14)-(5.15). Let,,; = D' *w, ;. Define the
measuregi, ., = i, o) — W ooy AN p g = g, oy — B, vy

Then the measurgs’ ,; and g @TE concentrated on the s, , ; U A ifi e I, and

nz

ONA, UAn i UAS ifiel,,\ 12, wherel? was introduced in|§5.1/1.

n,q,%
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Proof of Theorem.Since the projection of the support@dfinto IR is compact and s(ﬁb)
is compact, the support af = ¢w is compact and the support df= D% is compact. By
definitionv = ¢ = ¢D'"*w. Then by the above, spt) is compact. Sincev € C=(IRVN x
(t1,t3)), 0,0 € C°(IRN x (t1,t,)). Moreover,p € C(t,1,). One then deduces thatv €
C=(IRN x (t1,1,)) andv = D'"*w. Since¢ = 1 on spte), w = w on K andv = o on K.
This proves the first statements in the theorem.

Letq € I, andi € I,,,. SetB, ,; = Anq,UA;tql ifi € 12, andB, ,; = A, ,UAnqiUAL
if i € I,,,\ I2,,. By the regularity ofw, B, is a closed subset dR*!. Let B be any ball
such thatB C Bﬁ,q,i- Lety € B. Then forq = 0 eitherw(y) = 0 orw(y) > 1/2"+(1/2")% and
for all otherq, w(y) < ¢/2" — (1/2")* orw(y) > (¢ + 1)/2™ + (1/2™)%. Hence, by definition
of w44, wy 4 IS identically equal tav on B. Then by the assumption of the theorem that:
v = D"“*w, and by the definition of,, ,;: v, ,; = D' *w, ,:, one has, , ; is identically equal
to v on B. Lety be any Lipschitz function i€, (B; IR). By Theorenj 3.3, one has

(5.30) /gpd,u?w} = —/{ }div(goU)dy, /god,u{t}n’q,iﬂ} = —/ div(eU)dy
v>0

{vn)q,i>0}

(5.30) and the fact shown above thay, ; is identically equal ta on B yield

(5.31) / pdpit, = /B (Xon 20) — Xm0y )AV(U)dy = 0.

Let p be any function irC,(B; R). Let K be the compact support gf Letp be any function
in C2°(B;R) such thatp = 1 on K. Let v, andyp, ., be the sequences of functions associated
to ¢ by (3.13); Consult the beginning of the proof of Theofenj 3.4. Then for eyaryd every
nonnegative integern > t s PPy m = Phme, € C(B;R). Plugging this function in
(5.31) and proceeding as in Step 6 of the proof of PBrbf Theorenj 3.4, one concludes that
for everyyp € C.(B;R),
/@dlu;:q,i = 0.

This completes the proof that the support of the meaa;;qugi Is concentrated on the set

B, .- Proceeding as above for the measufe ; one obtains the conclusions of the theorem
for this measure. This completes the proof of Thedrem b.1.

Theorem 5.2.Let N be any intege?> 2. Let0 < t; < t,. LetU € C°(IRYN x (t1,t,);IRY) be
such that divU = 0. Letw € C°(IRY x (¢1,t,); IR) be such that the projection of its support
into IRY is compact. Let, ! € IN" be such thad < k < [. Setv = D'w andw = D*w. Let
¢ € Cu(ty,ty). SetK = spt () x spl(p). Letp € C>(t,,t,) be such that = 1 on spt¢) and
0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thaw satisfies:0 < w < 1.

Letn be any integer such tha* > 1/m,,, wherem,, was introduced in[§85.1l1. Ldt, =
{0,1,2,--+,2" — 1}. Letq € I,. Let],, resp.I2  be the set introduced ir) §5.1.2 resp. 5/1.1.
Let: € fmq. LetA, ., A, ., and Al . resp. flnm and(, ,, be the sets corresponding to

n,q,i’ n,q,i

w, n, andq introduced in B5.1]1 resp. 5.1.4 ahd 5/1.3. ILelbe a total extension operator for
Q- Letw,g; = L(fy4:), Wheref, ,; is defined by|(5.14}-(5.15). Let ,; = D' *w, ;.
Then

(1) For anyy € C.(RY x (t1,t2); R),

AJMAA Vol. 18(2021), No. 2, Art. 21, 126 pp. AIMAA


https://ajmaa.org

40 MoULAY D. TIDRIRI

Xag, Pl iy =00 [ Xao wdpg, oy =00fi€ L\ I}

/XAZ,q,iSOdu?_Un»q,ivU} - 0’ /XAZ,q,iSOd'U{_U’ﬂ»q,ivU} - 0 If Z = I72L,q’

n,q,1
(2)
/XaAn,q,m{w(q+1)/2n}¢d“?vn,q’i,U} =0, /XaAM,m{w(q+1)/2n}¢d/‘{_vn,q,i,U} =0,
/XaAn,q,im{w:Q/Qn}qsdu‘—{’—vn,q,iyU} = 0’ /XaAn,q,im{w:q/zn}QSd/J{_vn,q,iyU} = 0
ifiel’,
/X@An,q,iﬂ{w:(q—&-l)/2”}¢d:u:{:n’qyi7U} =0, /X@Anyq,iﬂ{w:(q—&-l)ﬂ”}de:u{_vn,q‘i,U} =0
ifiel\I2,
(3)Forie I,

WX A, P, iy =0, / XA, 0, 0y =0,

n,q,?

——

WX A, P, o = 0 / XA, Py, oy =0,

and fori € I, ,\ I,

W G =0 [ Xy Oy =0

——

wXAn,q,iqbd'u{_Un,q’i,U} = O’ /XAn,q,i¢d’u{_’Un’q’i,U} = O

Proof of Theorem([5.2

If £ =1, the conclusions of the theorem are obvious. Therefore, it is assumed-that

Proof of Part (1)

1.Letq € I,. Leti € I . By constructionflgq,i C {wngi = q/2"}°. On{w,, 4 = ¢q/2"}°,
Vngi = VD' Fw, . ; is identically0. Hence A ,; C {wnq: = q/2"}° C {Vuyq: = 0}°.

2. Lety € C.(RYN x (t1,t); IR). Using Step 1 and Theordm §.1 with= {w,, ,; = ¢/2"}°
yields, up to a subsequence,

U - vvn,q,i

{0<vy,,q.:<a} Q

(5.32) /wd”?vn,q,i,U,{wn,q,izq/%}v} = lim

a—0

X{wn,q,iZQ/Q"}owdy = 0.

3. By Part(1) of Theoren) 4.8, one has for agye C.(RY x (t,t:); R),

+ _ +
(5.33) / X{wngi=a/203 P, o U fomaima/27}0} = / X{wngi=q /2030 P, 0y
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Then using|(5.33)] (5.32), and the fact that by Step 1 abdye, is a subset ofw,,q; =
q/2™}°, one obtains

/ Xfwngiza/2yo U, vy = 0 / Xao | pdpf, oy =0
This yields the first statement in the theorem.
4. Proceeding as in Steps 1-3 for the measwrgs ., with appropriate adaptation yields
the second statement ().

5. Fori € fn,q \ Iﬁg proceeding as in Steps 1-4 fpﬂn iU} andu{*vn iU} with appropriate
adaptation yields the third and fourth statemer(tin =~ ’

Proof of Part (2) )

Leti € I7,. Sincek # [, one can u39) an20) to conclude tha} ,; N {w =
(g+1)/2"} anddA,,,; N {w = q/2"} are subsets ofv, ,; = 0}°. By Theore , the mea-
sureujvnyqyiﬂ} is concentrated ofi{v, ,; > 0}. Hence,[ X0 Ay qs{w—(g11)20y P, 7y =
0 andfXagn,q,m{qu/zn}gbdu{*%qw} = 0. Proceeding similarly fop.., ., oneT optains
fxagwm{w:(qﬂ)ﬂn}gbdu{‘vn,qyi,U} =0 andfXaA,,,ﬁq,m{w:q/zn}¢d/~0{_vn?q,,U} = 0. This yields

the first part of(2). Proceeding as above with appropriate adaptations @rfnyq \ I? , one

obtains the second part (8).

Proof of Part (3)
1. Using Part(1) of the theorem withp = ¢w, one obtains

7q,

+ _ : +
/ WXA, Py, 0y = / WX A, 4 infw=(g+1)/20y P, oy T
) + ) +
/anAn,q,m{w:q/zn}¢dﬂ{vn,q,i,U} +/wXAqu,i¢dM{vn,q,i,U}

- / WX9A, g in{w=(a11)/20) Py, oy T / WXDA, g0 fw=q/2) ULy, 0y
Then using Par2) of the theorem yields the first statement in R8jt

2. Using Part(1) of the theorem withp = ¢, with m so large that),, = 1 on spt,(w), one
obtains

+ _ ~ +
/XAn,q,i¢d’LL{'Un,q,i7U} _/XaAn,q,im{w:(q+l)/2ny}¢du{vn,q,iyU}+
+ +
/XaAn,q,m{w—qmn}¢dﬂ{v",q,i,U} “‘/Xfig,q’i(bdﬂ{vn,q,iy}

- /XaAn,q,m{w_(qul)/zn}¢dﬂ{+un,q,i,U} + /XaAn,q,m{w_q/zn}¢dﬂfvn,q,i,U}-
Then using Par2) of the theorem yields the second statement in &t

3. Proceeding as in Steps 1-2 above with appropriate adaptations for the megsure;,
yields the third and fourth statement in P@Y. This completes the proof of Theor5i2.

Theorem 5.3.Let N be any intege?> 2. Let0 < t; < t,. LetU € C°(IRYN x (t1,t,); IRY) be
such that divU = 0. Letww € C>°(IRY x (¢1,1,); IR) be such that the projection of its support
into IRY is compact. Let,! € INV be such thad < k < [. Setv = D'w andw = D*w. Let
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¢ € Cy(t1,ty). SetK = spt () x sp(@). Letp € C°(t4,t,) be such thad = 1 on spt¢) and
0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thaw satisfies:0 < w < 1.

Letn be any integer such th&* > 1/m,,, wherem,, was introduced |n- 85.1/1. Ldt, =
{0,1,2,- —1}. Letq € I,.. Letl, , be the setintroduced i 2. liet I,,,. LetA, .,
AL i andA+ ; resp. AW and anl be the sets correspondlngm n, andgq introduced in
g5. 1 1resp| 5 1|4 and 5.1.3. Lebe a total extension operatorf@nql Letwnql = L(fnql)
wheref, ,; is defined byJ41(_51L5) Lef,qi = D' Fwpgi Lty o = 1,0y = HE,, 0y
and i, ,; = Ky, oy = i, .0y THeN

(1) The measure@u{fw}, Dlig, 1y W{inm,up andqbu{*vn,wU} are concentrated on the com-
pact seti’ = spt (w) x spt(¢).

(2)

/ Gy, 1y =0, / ¢dig, iy =0, / Gy, oy =0, / ¢digy, vy = 0-

3
/ byt =0, / by = 0
m+1

S (w2, i, .+
105

j=0

(4) Asn goes tox,

Z /w_ QJ+S/2n) ﬂq+sz¢ﬂnq+sz) 07

s=1,(gj+s,3; )eJnJ
m+1

S (fw-a/2a,,

ngﬁd,un’qj’io +
— a5 i
j

[
J

Z / q] +s /2”) leJrS,i;. ¢d/'1’7;,q]-+s,i;) - 0

q]Jrs 12)edp,;

Here,m was introduced in[85.11 ;, r;, and J,, ; were introduced in[85.14.

Proof of Theorem[5.3

Proof of (1). By construction, sgi,, ,;) C Sptw,,:) C sSp{w). Hence, the projection of
spt(v, ,:) into RY is a subset of sp(w) Moreover, sp(td)) is compact. Then by construction,
the Measuresi, 1y, Ghg, iyr GH, {ongup @Ndopy, oy are concentrated on the compact set

= spt,(w) x spt(¢).

Proof of (2).Letm be so large that,, = 1 on spt,(w). Using Part(1) of Theorenj 3.3 with
» = ¢,,, one obtains

+ _ .
(5.34) [ ottty = /{M}dnv(cwmmdy,
+ _ .
(5.35) [ bt = /{ Ao,y

By hypothesis, di\J = 0. Moreover,),, = 1 on spt.(w). Then one has
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[ dwou, Dy = [ dviow, Uy = [ divieu)dy
{v>0} {v>0}NK {v>0}NK

(5.36) - /{ ., Kgbdiv(U)dy — 0,

/ div(éw, U)dy — / sdiv(y, U)dy
{vn,q,i>0} {vn,q,i>0}NK
(5.37) = / pdiv(U)dy = 0.

{Vn,q,i>0}NK

Combining [5.34){(5.37), one obtains

[ oty = [ ovdut, =0
/Qﬁdﬂz}n’q’i?U} = /@bmdﬂj{:n’q#i,(]} =0.

Proceeding as above fp@U} andu{j}n LU} one obtains the remaining results in R@jtof
the theorem. -

Proof of (3).Using the definition of the measurﬁsyq,i and Par{(2) of the theorem yields

/ pdut, ;= / pdty - / bdut =0,

Similarly, one obtains
[ oduigi=0.

Proof of (4).By definition of .},

m+1

S (=g, i, .+
n,qj,zj 11)0%4

=0
5 [0 @+ 92 )

1,(gj+s,i%)€Jn,;
m~+1

= > ( / (w =i/, iy +

J=0

Z /w_ qj+5/2n) nq+”¢/%U)

5=1,(qj+s5,i})E€Jn,;

m+1

- Z(/(w —q/2"xa L Sdpl o
= n,q5,15 45,15

(5.38) S / w5+ )/ O )
3)€J

=1,(qj+s,i3
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1. Setw, = Zm+1(q]/2nXA oot P (4545,85) €. (g5 +9)/2"Xa,, ,...)- Itwil be
J’ g
proved that

(5.39) 0<|w—w,| <1/2"

Lety € RY x (t1,t,) be such thay does not belong to any of the sets involved in the
definition ofw,, above. Then using (5.23) one has necessarily) = 0. One also has,(y) =
0. Then0 < w(y) — w,(y) < 1/2". Now letj € {0,--- ,m + 1}. Lety € Anq i0 . Then

by definition ofw,: w,(y) = ¢;/2", and by definition ofAnq i0 D w(y) —¢;/27 < 1/2.

Hence,0 < |w(y) — w,(y)| < 1/2". Repeating this process W|th the other sets, one obtains
0 < |w(y) — wa(y)| < 1/2" for anyy € RN x (t1,¢,). This concludes the proof df (5.39).
Usmg (5.23) and the definition af,, the first term in the right side of (5.88) is equal to

J(w, = w)édpf, ;- Hence, by[(5.39), one has
(5.40) | [ =)o, | < (/2] (6nf, )L

By Part(1) of the theoremqmjw} is concentrated on the compact 8ét= spt, () x spt(¢),

and by the fact thabu{*w} is a Radon measure, one heh@;bu{*w})(f()\ is finite. Hence, the
left side of [5.40) goes t0 asn goes toco. Therefore, the first term in the right side pf (5.38)
goes ta) asn goes toxc.

2. By Part(3) of Theorem 5.2,

(541) /XA Ogbdluq—): . .Q,U = 07 /U)XA Zogbd/l:n -iO.’U = 07

45,15 145 n,q5,i5 15545

and for anys € {1,--- ,7;},

(542) / nq+sz¢’uvnq+sz 07 /wa"qusng“”nq-kszSU:O

Then using[(5.41)-(5.42) shows that the second term in the right sifle of (588) is

3. Combining Steps 1 and 2 above, one concludes that the left siffe of (5.38) conveliges to
asn goes toco. This proves the first convergence in R@xof the theorem.

4. Proceeding as in Steps 1-3 above/fqr, ;, one obtains the second convergence in @grt
of the theorem. This completes the proof of Theofem p.3.
5.3. Actions of the measures introduced if 5.1]5 on some particular functions: Part 1.
Here, basic properties gquwXA_ uvnqu, [ op(w — q/2")XA— du;qi’U,
Jowxa- duiy, [ o(w—qf 2")><Af Ay [ owxas duvn,q,i,y,

7

J o(w - q/2n Xa, dﬂvn,q,i,U’ f¢wXA;,q7idl%,U1 and [ ¢(w — Q/QH)XA;,qyidU;U
are obtained.

5.3.1. Basic properties of ¢wx - du,. . and[owx,- du, i€l UL
n,q,t ;49,2 n,q,1 M,q,1 ) )

Theorem 5.4.Let N be any intege?> 2. Let0 < t; < t,. LetU € C°(IRYN x (t1,t,); IRY) be
such that divU = 0. Letww € C>°(IRY x (¢1,1,); IR) be such that the projection of its support
into IRY is compact. Let,! € INV be such thad < k < [. Setv = D'w andw = D*w. Let
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¢ € Cy(t1,ty). SetK = spt () x sp(@). Letp € C°(t4,t,) be such that = 1 on spt¢) and
0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thaw satisfies:0 < w < 1.

Letn be any integer such tha&® > 1/m,,, wherem,, was introduced in[§5.1l1. Ldt, =
{0,1,2,---,2" —1}. Letq € I,,. Let],, I} »andI;  be the sets introduced in|§85.11.2,5/1.1.
Leti € I,,. LetA,,. Ao and A resp. Anql and 2, be the sets corresponding to
w, n, andq introduced in B5.1]1 resp. 5.1.4 ahd 5]1.3. LLelbe a total extension operator for
Qngi- Letwy, g; = L(fnq:), Wheref, ,; is defined by| (5.14)-(5.15). Let ,; = D' *w, ;. Let
iely UI . Then

(1)

/ OOX A, U,y = / OWX f—aors 1o =0p ity | Ar ]

to
_/¢wd[”?w_q/2n+(1/2n)27U7{U>0}} LA;,q,i] _/ diV(stU)X{vn,q,i>0}XB;,Wd‘rdT'

t1 JIR"
(2)

/ PUXa, AW g0 = / DX fw—gyont1/22=0y b [ A g ]
to

+ / ¢wd[ufw_q/2n+(l/2n)z7U7{U<0}} LA, i + /t . d'V(quU)X{vn,q,Ko}XBT;W,dxdT-
1

Here,B, ,= A, .N{q/2" — (1/2")? < w < q/2"}.

n,q,1 n,q,t

Proof of Theorem[5.4.
The method of proof of this theorem given below will be used with appropriate adaptations
for the proof of each of the theorefns]5.5-5.11.

1. Letn be any integer such that > 1/m,,. Letq € I,,. Leti € I} UI. . ThenA, . # 0.
LetV (4, ;) denote an open neighborhoodAf  ; such that

n,q,i
V(Anqz) N UJG(IS urg, \{i}Ag,q7j - @

Let ¢ be any Lipschitz function i’.(V' (A, ;). By definition of A ; andy, one has

(543) /@XAn’qqidujn’qyi,U :/¢X{wq/2'ﬂ+(1/2n)2zo}dujn’qu—/QOX{wq/2n>0}d,uz_n’q7i7U

Taking(p, vy, .4, w—q/2"+(1/2™)% U) of this step in place dfip, v, w, U) in the first equality
in Part(1) of Theorenj 4.4 yields

+ _ +
/X{w—q/2"+(1/2n)2>0}§0d:u{vn>q‘i,(]} - _/¢dﬂ{w_q/gn+(1/2n)27U’{Un’q,i>0}}
to
(5.44) —/ IR div(eU) X (o, , 501X (w—q/27+(1/2n)2 50,42 AT.
t1 n

Taking (p, vy, 4., w — ¢/2", U) of this step in place ofy, v, w, U) in the first equality in Part
(1) of Theorenj 4.14 yields
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/ Xgw—a/2r>0) P, 0y = — / P g0 U 0,01}
to
(545) —/ diV(QDU)X{Un’q,i>0}X{w_q/2n>0}d$€d7.
t1 R

Combining [5.44) and (5.45) and usirg (5.43) one obtains

/ XA U7 = / PX(w-a/2r1/2 =0y A, v
+ +
B / Pl g m1/2m)2. U (w501 T / P20 {014,001}

(5.46) / / div(eU) X{vnq:503X 5 dadT,

n,q,1

whereB, . = {q/2" — (1/2")* < w < ¢q/2"} N A,

n,q,% 1q5t”

classical properties of measures, one obtains

By definition of A, , andy and

/ X U g = / PXqw-a/2r+1/2m2=0y b, v LA ]

+ - +
_/¢d[ﬂ{wq/2n+(1/2")2,U,{vn,q,i>0}}LAnqui] * /gpd[“{w—q/2"7U,{vn,q,i>0}}LAnqui}

to
647) [ [ e, o, dodr
4 JRe art

wherey | E denote the restriction of the measurtd the setl”; See the beginning of this section.
_l’_ -
2. By Theoren} 414, 1o 111,,. , >0y IS cONCentrated on, where

7 =70 ({vngi >0} Ufvng: > 0}),
1= 0{w — q/2" > 0} N o{{w — ¢/2" > 0} N {u, 4 > 0}}.
By assumptionk # [. Hence, one can use (5/19) and conclude that
Hw—q/2" >0 NA, ,=0{w—q/2">0}NA, ..
is a subset ofv,, ,; = 0}°. Thus,y = (). And so,

n,q,1

+ _
/ spdu{w_q/2n7U7{vnxq,i>O}} - 0

3. By Theoreuv v Is concentrated 08i{v,,; > 0}. By construction of2_ ;; See

n,q,i!

§5.1.2,{w—q/2" + (1/2n) =0} N O{vng: > 0} N A, C Q.. Thenby(5.16) and (5.18),
{w—q/2"+(1/2")? = 0} NO{vngi > 0} NA, ;i C{Wngi = w}° C {vpq: = v}°. Thenone
obtains

/@X{wq/2"+(1/2”)2=O}d[uv+n7q,i,ULA;,q,i] = /@X{’wq/2n+(1/2")2=0}d[lu1—j:U|_A7:,q,i}'

4. By Theorem) A1Lif,, o on (1 j3m)2 0, (un .01 1S CONCENtrated on, where
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y="7N (a{vn,q,i > 0} U {Un,q,i > O})7
v, = 0{w —q/2" + (1/2")* > 0} N O{{w — q/2" + (1/2")* > 0} N {v, 4 > 0} }.

By (5.16) and|(5.18)y C {wy 4; = w}° C {v,4: = v}°. Then one obtains

/gpd[“?w—q/?”-i—(l/?")Q,U,{vn,q,i>0}} W :/SOd[M?w—q/?”-‘r(l/Q")?7U,{v>0}} LA gl

5. Using [5.47) of Step 1 and Steps 2-4, one obtains

/ X, W g = / PXquw-a/an 120y by [An g ]

to
—/Wd[ﬂ?wq/2n+(1/2n)2,U,{v>o}} LAs g —/t - dlv(QOU)X{vn,q7i>O}XB;’q,id$dT'
1

6. Since sptw) is compact and # 0, 4, ; is compact. Then it is clear that one can select

¢ a Lipschitz function inC,(V' (A, ;) such thatp = ¢w on A, .. Then using Step 5, one
obtains

/ ¢wXA;7q,id/v‘:n,q,i,U = / ¢wX{w—q/2"+(1/2”)2:0}d[NU+,U LAﬁ,q,i]

2
_/¢wd[uj{w_q/2n+(l/2")2,U,{v>0}}\-ATMM] _/

div(pwU) X, >0y Xp- dxdT.
6 JRe ot

This completes the proof of P4ft) of Theoren 5.]4.

7. Proceeding as in Steps 1-6 fof iU with appropriate adaptations, one obtains P2yt
of Theoreni 5.4 -

5.3.2. Basic properties of ¢(w — Q/Qn)XA;,q,id“jn,q,i,U and [ ¢(w — 4/2" )X Ay, , 0

Theorem 5.5.Let N be any integer> 2. Let0 < t; < t,. LetU € C°(IRYN x (t1,t,);IRY) be
such that divU = 0. Letw € C°(IRY x (¢1,t,); IR) be such that the projection of its support
into R is compact. Let,! € INY be such thad < k < I. Setv = D'w andw = D*w. Let

¢ € Cu(ty,ty). SetK = spt () x spl(¢). Letp € C>(t,,t,) be such that = 1 on spt¢) and

0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thaw satisfies:0 < w < 1.

Letn be any integer such tha* > 1/m,,, wherem,, was introduced in[§5.1l1. Ldt, =
{0,1,2,---,2" — 1}. Letq € I,. Letl,,, I3, andI}  be the sets introduced in|§§5.1.2,5|1.1.
Leti € I,,. LetA,,., A, . and AF . resp. A, .. andQ, . ; be the sets corresponding to
w, n, andq introduced in B5.1]1 resp. 5.1.4 ahd 5/1.3. LLelbe a total extension operator for
Q- Letw,, g; = L(fy4:), wheref, ,; is defined by|(5.14}-(5.15). Let ,; = D' *w, ;.
Thenforie I} U, ,

(1)
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/¢ - Q/Qn ; :Uvn aiU /¢ - q/2 )X{w q/2n+(1/2m)2= O}d[:uv ULAn qz]
—/¢(w - q/2n>d[ugwfq/2”+(1/2")2,U,{v>0}}LA;QJ]

to
—/ div(ewlU)xyy, , >0y X5~ drdT.
t JRr e

(2)
/ ow —q/2X4- dpty, v = / WX up—g/2n+ (1720203 Aty 17 [ A 1]
+/¢(w = /2") A1y o1 om0 f<oyy [Amgi)
to
+/ div(ewlU)xyy, , <0y Xp- drdT.
4 R» n,q,i
Here, ngz nqzm{q/Qn (1/211)2 <w< q/2n}
Proof of Theorem[5.5.

Let n be any integer such that > 1/m,,. Letq € I,. Leti € I} U1, . LetV (A,
denote an open neighborhood4f , ; such that’(4, ;) 4 iy An,,; = 0. Since
spw) is compactang # 0, A, is compact Thenitis clear that one can seleatLipschitz
function inC,(V (A, ,;)) such thato = ¢(w — ¢/2") on A, .. Then using Step 5 of the proof
of Theorenj 5.4, one obtains

n,q, 7,)
ﬂ UJE(IS Urs

/(b - q/2n ; :uvn iU /(b - q/2 )X{w q/2n+(1/2™)2= O}d[:uv ULAn qz]
- / ¢(7~U - Q/2n)d[ﬂ?w_q/Qn_t_(l/Qn)E’U7{v>0}} LA;,q,i]

to
_/ div(owlU)x, , .>0yX 5= dodT.
t1 R &

Here a use of the fact that div = 0, has been made. This completes the proof of @abf
Theore . Proceeding as above/ﬁgng with appropriate adaptations, one obtains Part

(2) of Theorem 5.51
5.3.3. Basic properties of ¢wyx - du, and [ gwx - duy ;.

Theorem 5.6.Let N be any integer> 2. Let0 < t; < 5. LetU € C®°(IRYN x (t1,t5); IRY) be
such that divU = 0. Letew € C>*°(IRY x (¢, t2); IR) be such that the projection of its support
into R is compact. Let,! € INV be such thad < k < I. Setv = D'w andw = D*w. Let
¢ € C.(ty,t2). SetK = sptE( ) X spt(e). Letp € C(ty,1,) be such that = 1 on spto) and
0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thaw satisfies) < w < 1.

Let n be any integer such tha* > 1/m,,, wherem,, was introduced in[85.1l1. Ldt, =
{0,1,2,--- 2" — 1}. Letq € I,. Letl,,, I® and[ﬁyq be the sets introduced in §§5.p[.2,5|1.1.

B d1 Tn,q? "
Leti € I,4. LetA, ., A, andAS resp. A, ,; andQ,,; be the sets corresponding to

n,q,1"

w, n, andgq introduced in E5.1]1 resp. 5.1.4 ahd 5]1.3. [ebe a total extension operator for
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Qgi- Letw, g; = L(faqi), Wheref, ,; is defined by[(5.34]-(5.15). Let,,; = D' w, 4.
Thenfori e I} U I,

&)
/gwaAn‘q,id/dLIU = /¢wX{w—q/2"+(1/2”)2=0}d[#’:—,ULA;,q,i]
_/¢wd[u?w_q/2n+(1/2n)27U7{U>0}} LA;,q,z‘] +/¢Wd[/ﬁ?wq/2n,u,{v>o}} I_A'r_l,,q,i]
_ /:2 / dM(@wl)X 50y X g, dadT.

2)

/waXA;q,id/%,U = /¢wX{w—q/2n+(1/2n)2O}d[Mv,U LA, ]
+ / Owdljify,— g1 j2my2,040<op [ Anaal = / QWA gm0 gu<op [ Ang
+/tt2 - diV((ﬁwU)X{KO}XB;q’id:z:dT.
Here,B, ,, = A, ., N{q/2" — (1/2")* <w < ¢/2"}.
Proof of Theorem[5.6.
The proof is obtained by an appropriate adaptation of the proof of Thgorém 5.4.

Proof of (1)

1. Letn be any integer such that > 1/m,,. Letq € I,. Leti € I} U, . LetV(A, )
denote an open neighborhood 4f , ; such that/’ (A4, ;) N Ujers urs iy An,,; = 0. Lety
be any Lipschitz function i'.(V' (4, ,,)). By definition of A, ; andy, one obtains

(5.48) / PXa, Ay = / OX fw—q/20-4(1/27)2 50y Wbay 17 — / OX {ur—q 2050y Aty 17

Then proceeding as in Step 1 of the proof of Thedrem 5.4, one obtains

/ Xy, Mow = / PX(w-a/2n+1/202=0) Al [Ang ]
_/wd[ujwq/2"+(1/2")2,U,{v>0}} LA;,q,i] +/g0d[lu’zrw—q/2",U,{v>O}} LA;,q,i]

to
(5.49) —/ / div(goU)X{wo}XB; dxdr.
t1 JRn o

2. Since sptw) is compact ang # 0, A, ; is compact. Then itis clear that one can select
a Lipschitz function inC.(V (4, ;)) such thatp = ¢w in A, ;. Then plugging this function

. . n,q5i"
in (5.49) above, one obtains
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/ DXz, M = / QWX g s 1o 2=0p sy | Ar ]
- / SWAL g ym (17220 w0y [Anaal + / Wl o v om0y [Angi]

to
— / d|V(¢UJU)X{v>O}XB; ldI‘dT
t1 R T

This completes the proof of P4ft) of theorem 5.6.

3. Proceeding as in Steps 1-2 fof,; with appropriate adaptations, one obtains R2ybf
Theoreni 5.61

5.3.4. Basic properties of ¢(w — Q/Q")XA;q’idMZU and [ ¢(w — q/Q”)XA;q’idu;U.

Theorem 5.7.Let N be any integer> 2. Let0 < t; < t,. LetU € C®(IRY x (t1,t,); RY) be
such that divU = 0. Letw € C*(IRN x (t1,1,); R) be such that the projection of its support
into IRY is compact. Let, ! € INV be such thad < k < [. Sett = D'w andw = D*w. Let
¢ € Cy(t1,ts). SetK = spt, () x sp(@). Letd € C2(t,,t,) be such that = 1 on spt¢) and
0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thaw satisfies) < w < 1.

Letn be any integer such tha* > 1/m,,, wherem,, was introduced in[85.1l1. Ldt, =
{0,1,2,--- 2" — 1}. Letq € I,. Letl,,, I3 , andI;  be the sets introduced in §§5.p[.2,5|1.1.

_ 4 Tn,q?
Leti € I, LetA, i, A, andAS resp. A, ,; andQ,,; be the sets corresponding to

w, n, andgq introduced in E5.1]1 resp. 5.1.4 ahd 5/1.3. [ebe a total extension operator for

Qi Letwyg; = L(fnq:), Wheref, ,; is defined by|(5.14)-(5.15). Let,,; = D' *w, ;.
Thenfori e I} U I,

n,q’
(1)
/gb(w - Q/Qn)XA;’qyide,U = /gb(w - Q/Qn)X{wfq/Tl+(1/2”)2:0}d[ﬂ’1—;’—,U LA;,q,i]
- /¢(w = @/2")d[17y g on 1 om0 om0y LA g
t2
_/ diV(QSTUU)X{wo}XB; dzdr.
t1 JRn o
(2)

/¢(w - Q/QH)XA;MdN;U = /qﬁ(w - Q/Qn)X{w—q/2n+(1/2n)2:0}d[N;U LAr:,q,i]
+ / ¢(w - Q/Qn)d[M?w_q/gmr(1/2n)27U7{U<0}} LA;,q,i]
to
—l—/ div(¢owU)X <oy Xp- dzdr.
t; JRn st
Here,B, ,, = A, ., N{q/2" — (1/2")* <w < ¢/2"}.

Proof of Theorem[5.7.
The proof is obtained by an appropriate adaptation of the proof of Thgor¢m 5.4.
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1. Letn be any integer such that > 1/m,,. Letq € I,. Leti € I} U, . LetV(A, )
denote an open neighborhood4f ; such that’ (A, ;) N Ujes o i }Anqj 0. Letyp
be any Lipschitz function i, (V (A 4i))- Step 1 of the proof of Theore. m 5.6 yields

/ Xy, e = / PX gy (1/2ry2=0 s [ A g ]
+ - + -
_/wd[“{w—q/2n+(1/2”)2,U,{v>0}}LA":W'] * /(pd['u{wq/2"7U,{v>0}}LA"7‘17i]
to
- / div(elU)x =0y X5, drdT.
t1 R D

2. By Part(2) of Theore, the measuﬁwfw} is concentrated on the compact set
K = spt (w) x sp{(¢). Let @ be a function inC}(IR™ x (¢, t,) such thato = 1 on K. Then
pw — q/2") € CHIR" x (t1,12)) andp(w — ¢/2") = (w — ¢/2") on K. By Theorenj 4],
H{w—q/an 0 (o>0y) 1S CONCENtrated o{w — ¢/2" > 0}. Hence,

/ PO(w = 4/ 2"V Ay gyom,gum0py = / O(w = a/2") by, gm0y = O-

3. Since sptw) is compact ang # 0, A, ; is compact. Then itis clear that one can select

¢ a Lipschitz function inC.(V' (A, ;) such thatp = ¢(w — ¢/2") on A, ;. Plugging thisp
in Step 1 above and using Step 2 above, one obtains

/qb(w - Q/Qn)XA;q’id/i;U = /gb(w - Q/Qn)X{w—q/2n+(1/2n)2:0}d[NIU LA;,q,i]

to
_ / d(w — Q/Qn)d[ﬂ?w_qu(l/zn)?,U,{v>0}} LA, — / A diV(¢UJU)X{v>o}XB;qidl’dT-
t1 m o

Here a use of the fact that div = 0, has been made. This completes the proof of @abf
Theorem5.J7.

4. Proceeding as in Steps 1-3 fof;; with appropriate adaptations, one obtains R2yof
Theorem 5.7 x

5.4. Actions of the measures introduced irff 5.1]5 on some particular functions: Part 2.
Here, basic properties gff¢wXA+ dujw v ol w—q/2”)XA:7q‘idpjan, f¢wXAj;q7id:u;U1
Jow—=a/2%xur dpyy, [ ¢wXA+ dpy, oo [ OW = a/2xux dpy s
[ owxa+ dus g, andfqzb —q/2" )XA+ dp, ; are obtained.

mn,q,1 ’ 7,4, ’

5.4.1. Basic properties of ¢wXA,tq,id#:n,q,i,U and [ QWX v Aty 1

Theorem 5.8.Let N be any intege?> 2. Let0 < t; < t,. LetU € C°(IRYN x (t1,t,); IRY) be
such that divU = 0. Letew € C*(IRN x (t1,1,); R) be such that the projection of its support
into R is compact. Let,! € INY be such thad < k < I. Setv = D'w andw = D*w. Let
¢ € Cy(ty,t,). SetK = spt () x sp(@). Letp € C°(t4,t,) be such that = 1 on spt¢) and
0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thai satisfies:) < w < 1.

Let n» be any integer such tha* > 1/m,,, wherem, was introduced in .1. Let
I, = {0,1,2,---,2" — 1}. Letq € I,. Letl,,, I} , I? and I}, be the sets introduced

n,q' ~n,q'

in §85.1.45.1[1. Let € I,,. LetA,,; A, ;, andAS . resp. An i andQ, ,; be the sets

n,q,%
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corresponding tav, n, andq introduced in §5.1]1 resy. 5.1.4 ahd 5]1.3. ILebe a total ex-

tension operator fof,, ;. Letw, q; = L(fnq,), Wheref, ,; is defined by[(5.14]-(5.15). Let
Ungi = D" *wy 4. Thenforie I U I2 U I3

n,q’
(1)
/ Swxar, iy, v = / QWb (g1y0m— 1m0, om0y [ An i
to
—/ / div(pwU)xyy, >0 Xa+ dzdT.
tl n n,q,'L
(2)
/ QWX b Ay, 0= / Swdlit (g 1) /2017220, {o<opy [ Amgsd
to
+/ le(¢wU)X{Uan<O}XA+ d.fl:dT
t1 JRn w ma
Proof of Theorem[5.8.

The proof is obtained by an appropriate adaptation of the proof of Thgor¢m 5.4.

1. Letn be any integer such that > 1/m,,. Letq € I,. Leti € I, UI> UI} . Let
V (A, ;) denote an open neighborhoodaf , ; suchthal/ (A )NUjeqn oz oz )\ An

n,q,1 n,q,] =
(). Letp be any Lipschitz function ir@c(V(A,j7q7i)). By definition ofAj;qJ andyp, one obtains

(5.50)
PX A+ .d,u:fnm,u = /@X{w—(q—i—l)/Qn>O}dy'3—n’qﬁi,U _/QOX{w—(q—H)/Qn_(1/2n)2>0}dﬂq—;7q’i7U'

mn,q,1

Taking (¢, vy 44, w — (¢ + 1)/2", U) of this step in place ofy, v, w, U) in the first equality
in Part(1) of Theoren 4.)4 yields

+ _ +
/ X{w—(g+1)/20 >0} PG, 0y = — / AL (g1) )20 U, {0 4.0 0}}

to
(5.51) - / div(eU) X (v, 501 X {w—(g+1)/27>01dTdT
t1 R

Taking (¢, vp. 4.0, w — (g +1)/2™ — (1/2™)%,U) of this step in place of, v, w, U) in the first
equality in Par{1) of Theorenj 4.4 yields

+ _ +
/ Xgw—(g+1)/2n-(1/2)201 Py, 1y = — / PA Lo (q41) /20— (1 /2020 00,501}
t2
(552) — / / div(SDU)X{vnyq,i>0}X{wf(q+1)/2"7(1/2")2>0}dl‘d7—'
11 mn

Combining [5.5D){(5.52), one obtains
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+ _ +
/SOXAI,q’id’uvnqui’U - _/Spd'u{w—(q—{-l)/2",U,{vn,q,i>0}}
+
+ / Py (g 11) 201122, {10,501}

[2)
(5.53) - / w div(eU) X (v, .01 X{0<w—(g+1)/2n <(1/27)2} dTdT.
t1 n

2. By Theoren} 414, (.1 jon 1140,,,.>0y IS CONCENtrated on, where

v =71 N (Hngi > 0} U{vyq: > 0}),
Y1 =0{w—(¢+1)/2" >0} NO{{w — (¢ +1)/2" > 0} N {vyq4: > O} }.

Since by assumptioh # [, one can us¢ (5.20) and conclude b — (¢+1)/2" > 0} N A, 4
is a subset ofv,, ,; = 0}°. Hence;y = (). And so, one has

(5.54) /wdﬂfw(q+1)/2n,U,{vn,q,i>o}} = 0.

3. By Theorenf ALl (. 1) o0 (1/2)2,0140, 503 1S CONCENtrated om, where

Y= 0N (a{vmq,i > O} U {Un,q,i > O})a
v =0{w—(¢g+1)/2"—(1/2")> > 0} N
o{{w — (g +1)/2" — (1/2")* > 0} N {vnqi > 0}}.
Then by (5.2R)y C {wy 4 = w}° C {v,4: = v}°. Then one obtains

+ _ +
/ PGy (g1) f2n—(1/20)2,0 {50} = / PALy (g1) fon— (12712, {50}
4. Using [5.58) of Step 1 and Steps 2-3, one obtains

+ _ +
/ PXay, W, 0 = / Py (q41) 212720, (501

to
- / div(elU)x(, . >0pXa+  dodT.
t1 R o

5. Since spfw) is compactA . is compact. Thenitis clear that one can sefeatlLipschitz

n,q,t
function inC,(V (A4} ;) such thatp = ¢w on A7 .. Then using Step 4, one obtains

/ DXt 0 = / Ol gy e guson A

to
—/ diV(¢wU)X{Un,q7i>o}XA+ dxdr.
t Jme ma.d

This completes the proof of Pgt) of Theorenj 5.8.

6. Proceeding as in Steps 1-5 fof iU with appropriate adaptations, one obtains P2yt
of Theoren 5.8a
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5.4.2. Basic properties of ¢(w—(g+1)/2" )XA+ duv vandf ¢(w—(g+1)/2" )XA+ duvan

Theorem 5.9.Let N be any integer> 2. Let0 < t; < 5. LetU € C°(IRYN x (t1,t5); IRY) be
such that divU = 0. Letww € C>°(IRY x (¢, t,); IR) be such that the projection of its support
into RN is compact. Let,! € INV be such thad < k < I. Setv = D'w andw = D*w. Let
¢ € Cy(ty,ty). SetkK = spt, () x sp(p). Lety € C(t,,t,) be such thad = 1 on spt¢) and
0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thaw satisfies) < w < 1.

Let n be any integer such that" > 1/m,, wherem, was introduced in [§5.1]1. Let
I, ={0,1,2,---,2" — 1}. Letq € I,. Letl,,, I! , I , and I3 , be the sets introduced

n,q' “n,q?

in §8§5.1.45.1]1. Let € I,,. LetA, ;, A, , andA . resp. A, ; andQ,,; be the sets
corresponding tav, n, andq introduced in @1 resg. 5.1.4 ahd 5]1.3. lebe a total ex-

tension operator fof,, ;. Letw,,; = L(fnq,), Wheref, ,; is defined by[(5.14]-(5.15). Let
Ungi = D" Fwy . Thenforie I UI2 UL
1)

to
/¢(w —(¢+ 1>/2n>XA:q,idM”+mq,i’U = —/ diV(ngwU)X{vn’qu}XAIMdxdT

t1 R

i / O(w =+ 1)/2") by, gin) /22,0 g5 0 [ Angal:

(2)

to
/gb(w —(q+ 1)/2n)XA+ -dM;L,q,i7U = / / diV(gbwU)X{Un’q’i<0}XA;indxd7'
/Cb w—(q+1)/2")d [N{w (g+1)/27—(1/27)2,U,{v<0}} I.Anqz]

Proof of Theorem[5.9.
Letn be any integer such that > 1/m,,. Letq € I,,. leti e I}, UL} UI} . LetV(A; )

n,q,%
denote an open neighborhood Afl such thatV(Aquz) N Uje(jl U]2 LT3, \{ }AW = 0.
Since sptw) is compact,Anql iS compact Then it is clear that one can sel,eet Lipschitz

function inC..(V (A7, ) such thatp = ¢(w — (¢+1)/2") on A* .. Then proceeding as in the

n,q,0 n,q,1"

proof of Theoren 5]8, one obtains

to
/cb (g+1)/2" )XA+ duvnql :—/ div((bwU)X{vMPO}XA: dxdT
t, JRn i

/ O(w = (g +1)/2dlug,,_ 1) (1/2">2U{v>0}ﬂ’4nqz]

Here, a use of the fact that div = 0, has been made. This completes the proof of @grt
of Theoreni5.9.
Proceeding as above fﬂfn,q,u with appropriate adaptations, one obtains P2yof Theorem

59 u
5.4.3. Basic properties of pwx 4+ du; and [ gwx 4+ dp .

Theorem 5.10.Let N be any integeb> 2. Let0 < ¢, < t,. LetU € C®(IRN x (t1,t5); RY) be
such that divU = 0. Letww € C>°(IRY x (¢1,1,); IR) be such that the projection of its support
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into IRY is compact. Let,! € INV be such thad < k < [. Setv = D'w andw = D*w. Let
¢ € Cy(ty,ty). SetK = spt, () x sp(@). Letp € C°(t4,t,) be such that = 1 on spt¢) and
0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thaw satisfies) < w < 1.

Let » be any integer such tha&* > 1/m,,, wherem,, was introduced in .1. Let
I, = {0,1,2,--- 2" — 1}. Letq € I,. Letl,, I} , I?, andI}, be the sets introduced
in §1. Let € I, . LetA, . A, andA ;resp. A, ,; andQ,,; be the sets
corresponding tav, n, andgq introduced in §5.1]1 resp. 5.1.4 apd 5]1.3. ILebe a total ex-
tension operator fof2, ,;. Letw, ,; = L(fyq:), Wheref, ., is defined by[(5.14)-(5.15). Let
Ungi = D" Fwy . Thenforie I UIZ UL}

1)

/ DXy, Mo = = / Ol (g iny/n v gosopy LA

[2)
1

(2)

/stXA:;q’id:u;U = /std[lur{i_w(q+1)/2",U,{v<U}} LA:{’W]

to
- / wad[/i?w_(q_H)/Qn_(1/2n)27U7{v<0}} LA;":q,i] + / / div(¢wU)X{v<0}XA:q idxdT‘
t n '

Proof of Theorem[5.10.
The proof is obtained by an appropriate adaptation of the proof of Thgorém 5.4.

1. Letn be any integer such that > 1/m,,. Letq € I,. Leti € I} UI> UI} . Let

V(A5 ;) denote an open neighborhoodAf , ; suchthal/ (A )NUjeqn urz o )iy Anq, =

0. Lety be any Lipschitz function i, (V (A .)). By definition of A . and¢, one obtains

n1q77’ n7q7z

/ PXar, Aoy = / PX u—(g+1)/2 >0y dHu / PXu—(gr1)/20—(1/2 2504 M -
Then proceeding as in Step 1 of the proof of Thedrem 5.8, one obtains

+ _ + +
/ PXaf, Moy == / P g1y om0 o0y + / P (g 1) /2012020 050}

t2
(5.55) —/ / div(eU)X (=0 X 4+ dadrT.
tl n n,q,t

2. Since sptw) is compactA;jw is compact. Then itis clear that one can seleatLipschitz
function in C.(V (A, ;)) such thaty = ¢w on A7 ;. Then plugging this function in (5.55)

\ n,q,t"
above, one obtains

/ owxay, Ay = = / QW[ g1y /20 04501 LA

t2
+/¢wd['u?w—(q+1)/2”—(1/2“)2,U,{v>0}} [An g _/t - d'V(¢WU)X{U>0}XA;q,idi’de'
1
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This completes the proof of Pgtt) of Theorenj 5.1)0.

3. Proceeding as in Steps 1-2 fof ;; with appropriate adaptations, one obtains R2yof
Theorenm 5.10x

5.4.4. Basic properties of ¢(w q+1)/2”)XA+ d,uv vand [ ¢(w q+1)/2“)XA+ duv -

Theorem 5.11.Let N be any integeb> 2. Let0 < ¢, < t,. LetU € C®(IRYN x (t1,t5); IRN) be
such that divU = 0. Letew € C*(IRM x (t1,1,); R) be such that the projection of its support
into IRY is compact. Let, ! € IN" be such thad < k < [. Setv = D'w andw = D*w. Let
¢ € C.(ty,ty). SetK = spt () x spl(¢). Letp € C>(t4,t,) be such that = 1 on spt¢) and
0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thai satisfies:) < w < 1.
Let n be any integer such that® > 1/m,, wherem, was introduced in[§5.11. Let
= {0,1,2,- —1}. Letq € I,. Letl,,, I} , 12, and I3  be the sets introduced

n,q? n,q’

in §1 Levt € Inq LetA, ., AW, andA+ ; resp. AnqZ and(, ,; be the sets

corresponding tav, n, andq introduced in §5.1]1 resﬂ_S_l 4 ahd 5]1.3. Lebe a total ex-
tension operator fof2, ,;. Letw, ,; = L(fyq:), Wheref, ., is defined by (5.14)-(5.15). Let
Ungi = D" *wy 4. Thenforie I} U L2 U I3

(1) -
t2
/¢(w =g+ 1)/2")xar dpgy = —/ / div(owl) X (o0 X ay  drdT
. " . .
* / (w = (¢ +1)/2) b, (g41y 20122 00050 [Amail
(2)
t2
[ otw =@+ 02, diig = [ [ dviont)ayy, dedr
. " . .
- / ¢(w - (q + 1)/Qn)d[u?—w_(q+1)/Qn_(l/gn)2’U7{v<0}} LAIq z]
Proof of Theorem[5.11.

Letn be any integer such that > 1/m,,. Letq € I,,. leti € I}, UL} UI} . LetV(A; ;)

n,q,%
denote an open neighborhood 4f ,; such thatV/ (A} ;) N UJE(I}L qup uIg. \{i}An,qJ = 0.
Since sptw) is compact,Anql IS compact. Then it is clear that one can seLeca Lipschitz

function inC.(V (A .)) suchthatp = ¢(w — (¢+1)/2") on AT . Then proceeding as in the

n,q,. n,q,i°

proof of Theorenh 5.7]0 with thig, one obtains

to
/gb(w —(q+ 1)/2n)XAiqidM:;U = —/ ¢diV(U}U)X{v>0}XAiqidId7— +
@ t Jmn @

/¢ q + 1 /2n) [Mr{i_wf(q+1)/2”,U,{v>0}} |.A7—|z—q z]

+ / Sw — (¢ + 1)/2M)dl,,_ g1y 20— 1 /2m2,0 40504 [An g,

Here a use of the fact that div = 0, has been made. By Theor.%w (@41)/2% U {v>0}}

is concentrated od{w — (¢ + 1)/2" > 0}. Hence, the second term in the right side of the
above equality i9. This completes the proof of P4ft) of Theoren 5.1]1.
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3. Proceeding as in Steps 1-2 fof ;; with appropriate adaptations, one obtains R2yof
Theorenm 5.111n

5.5. Basic properties of R} and R?. Here,

/waXA_ AL, d,unql andR Z /¢wXA;’q7iUA:q,idun,q,i‘

(q Z)EInXInq (‘Li)eInXIn,q

The main objective of this subsection is to express the above sums in terms of sums whose
limits up to a subsequence asgoes toco are(. For such an objective, the assumption that
spt (w) \ spt (U) is either empty or a subset of the projection{6f= 0}° into IR" plays a key
role. In its turn, this convergence plays a key role in the proof of Theprem 5.19. In Subsection
5.9, it is proven that if sp{w) \ spt (U) is neither empty nor a subset of the projection of
{o = 0}° into IR, then the cancellations in Steps 3.1-3.2 of the proof of Theprem 5.12 do not
hold. Then as a first consequence, the convergence in Th¢orejm 5.17 does not hold and, as a
second consequence, the conclusions in Theprem 5.19 do not hold.

Theorem 5.12.Let N be any integeb> 2. Let0 < t; < t,. LetU € C®(IRN x (t1,t5); RY) be
such that divU = 0. Letww € C>°(IRY x (¢,12); IR) be such that the projection of its support
into RV is compact. Lek,! € INV be such thad < k < I. Setd = D'w andw = D*w
Assume that sptw) \ spt.(U) is either empty or a subset of the projection{of = 0}° into
RY. Letg € C.(t1,t,). SetK = spt () x spt(¢). Letg € C>(t,t,) be such that» = 1 on
spi¢) and0 < ¢ < 1. Setld = spt,(U) x spi(¢). Setw = ¢ andv = ¢v. Assume that
satisfies:0 < w < 1. Letn be any integer such that > 1/m,,, wherem,, was introduced in
§5.1.1. Letl,, {0 —1}. Letg € I,.. Letl,, I}, I, I} . and I} be the sets

4 "n,q' “n,q' "n,q?

mtroduced in § 1 Lete Inq LetA, . An i andA+ ; resp. Anql and 2,4 be

the sets corresponlng to n, andgq introduced in §5_1"|1 resFS_]r 4 ahd5]1.3. Ldite a total
extension operator fof),, ; ;. Letw,, q; = L(fnq:), Wheref, ,; is defined by (5.34]-(5.15). Let
Ungi = D' *w, 4. Then

RW

n

1)
m+1
+ +
w d . E WY 4— d 5) =
Z(/¢ XA:,q~,iQ 'un,qj,z?+ /(b XAanrSZSUAZq oS :un,q]'—i-s,zj)
=0 I s=1,(gj+s,i%)€
m+1

to
> [ ] dvont) 0 = o, e dudr +
t1 R" M35 .95

7Zj

5 / [ MO0 oy = X oo i, )

n,q; +s, z n,q; +s, z
QJ"FS 15 EJn i
(2)
m—+1
S ([ g+ ) z / b, ot ) =
7= . s=1,(gj+s, z
m+1 tg
Z(/ d|V<¢U}U) (X{’U<O} - X{'un . i0<0})XA+ .Od.flidT +
=0 t1 R 145505 n.q;.,i)
Z / dIV(¢@UU)(X{U<O} X{vp, g, 4s, Zs<o})(XBf rost + Xar .. 4 _)dxdr).
=1,(gj+s,i5)€J, t1 JIR" n.q; a5
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Here,m was introduced in[85.11 ;, r;, and J,, ; were introduced in[85.14.

Proof of Theorem|[5.12. It is assumed that s@b) \ spt(U) is empty. The proof for the
case corresponding to $pt) \ spt{U) being a subset of the projection ff = 0}° into R" is
obtained by an appropriate adaptation of the proof given below.

1. Part(1) of Theorenj 5.4 yields for anye I3 U I,

n,q’
(5.56) /QéwXAn’q’idujn,q,i,U = /¢wX{w—q/2n+(1/2n)2_0}d[MIULAZ,q,i]

to
_/Qﬁwd[ﬂj{wq/2n+(1/2n)2,U7{v>0}} LA;,q,i] _/ diV(¢WU)X{Un’q7i>0}XB;’q,id$dT.

t1 R™
Part(1) of Theoren} 5.6 yields for anye I3 U I,

/ DX, M = / DU f—gors 1o 2=0p sy | Ar ]
_/¢wd[ﬂ?w—q/2"+(l/2")2,U,{v>0}} LA;,W'] +/¢Wd[ﬂfw_q/zn,a{v>o}} LA;,q,i]

to
(5.57) —/ div(owU)x(psopXp-  drdr.
4 R» n,q,i

By definition of ., ; and [5.56){(5.57), one has

6:58) [ owx, duily = [owns ity [ow, dil, 0=

n,q,1

(3

[2)
[ vl o Al = [ @000 gy = X o0,
t1 n o

2. Part(1) of Theorenj 5.8 yields for anye I, ,U I} U I}

n’q’

/ OOX a0 = / D0l gy 0 gosop L Anad]

t2
(5.59) —/ div(¢pwU)X(w, , >0y Xa+ dxdT.
t1 R et
Part(1) of Theorenj 5.10 yields for anye I}, U I U} ,
(5.60) / owxr dpjy =~ / Swdlify (1) 20 v g0y [Angl

to
+/¢wd['uzrw—(q+l)/2”—(1/2")27U,{v>0}} LAY ] — /t /n le(¢wU)X{v>0}XA;q’idxdT.
1

By definition of ., ,; and [5.59){(5.60), one has

/ dwxar A gi =~ / Swdlpif, (g2 0 >0y Angl

to
(5.61) —/ diV(¢wU)(X{U>0} — X{vn,q,i>0})XAjL dxdr.
t, JRn @t
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3.LetJ,;andA, , j € {0,--- ,m+1} be the sets introduced ifi §5.]1.4. The following sum
will be evaluated

m+1
+ +
62 D(f owny, iy g+ / G0Nt W)

qj+s 75

3.1Letj € {0,---,m+1}. By constructionAnﬁqu,ijl_ e A, ;. Using F5.6¥.) anq (5.5?8), one
obtains

+ +
Qwx g+ dp o+ | dwx - dpy g =
An,q]-,i? nvq]alj An,qj--‘rl,i% nvqj+1»l]'

N +
- / OWALL gy 1) p2m 0,501 LA g i)

2
_/ div(owlU) (X(ps0y — X{v, . 0>0))Xar  dwdr
tr JRe i T

. _
+/¢Wd[ﬂ{w(qj+1)/2",U,{v>0}}LAMj“vijl']

to
(5.63) - / div(¢wlU)(X(us0y = Xqu, , , a>op)Xp-  dwdT.
tl R q Z n q +1, 'L
The measurepy, ., 1o 1.0} LAZ% o0 ANALL (0 on 1 us0)) Lqu]H ., are identi-

cally equal onA*y 0.0 NA. . ]+1 - Since this intersection is a subsetadfw > (q] 1)/2"}

and since by Theore {w—(q_]-+1)/2",U,{v_>0}} is cqncentr_ated (_)ﬁ{w > (g; + _ 1)/2"}, one
concludes that the sum of the first and third term in the right side of|(5.6B8)Htere, a use of
the fact that sftv) C ¢/ and henceA+ i UA 1 1 C U has been made; 85.9.

3.2Letj e {0,---,m+1}. Lets € {2, —e be such thatg; + s, i) € J,, ;. Then there
existj’ € {0,--- ,m+ 1} ands’ € {1,--- rj } such that(q; + ¢',i5) € Ju and Ay g, +,is

andAnq ,+v 4 are adjacent. For € {2, ; — 1}, this happens fog; + s = ¢; +s— 1
.7

and forg; +s' = ¢; + s+ 1. Fors = r;, th|s happens only fog; + s’ = ¢; + r; — 1. In the

first and third caseA+ a4 C Ap g +s- Inthe second casel,’ agtsiiz C A, s

By the assumptlon on the construction of the séts; See B5.114, for fixed ands as above,
the corresponding paiyj’, s') is unique. In the first and third case, usipg (5.61) and (5.58) one
calculates

+ _
/gwaAn s d,un P + /¢wXA+ . ,dun’qﬁrs/’i;; =

n,4, +s! ,z;/

N _
/ (bUJd[:u{w—(Qj+S)/2",U,{”U>0}} LAn’qf+S’i;]

to
_ / | AVOUU) (X)X X, 0T
tl n J

qu +.5L

- A
- / qud[M{wf(qj+8)/2":U7{U>0}} LA”v’lj’+5/’i}?;]+
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/>0})XA+ dflde

/ S
+ nqx+s 2],

to
(5.64) - / dv(6wl) (xgusa) — X1,
tl ]Rn

—_ -
qj+s)/2",U{v>0}} LAn qJ/+s’,zsj are iden

ngi+sis [ At .. Since by the above, this intersection is included in
ry 1+s'ye 3’

A;qﬁmg N Apg;+s,s, this mtersectlon is a subset@f{w > (¢; + s)/2"}. Since by Theorem

/’L{w—(qj+s)/2",U,{v>0}} is concentrated oﬁ{w > (¢; + s)/2"}, one concludes that the sum
of the first and third term in the right side ¢f (5|64YisHere, a use of the fact that $pt) C &/

and henced. . .UA" , CU has been made; See 85.9.
n,q]Jrs,zJ n q]/+ s is)

In the second case, usMg_(ﬁ 61) dnd (b.58) one calculates

The measures;,, Ap givsie @NALy,

(gj+s)/2™,U{v>0}} L 7,45 +8,17

tically equal onA_

_l’_
/ ¢wXAzq e dun,q]+s is T / QWX 4~ dun,qj, +ol

LY +Slﬂj/

N /‘bUJd[NEFw—(qj+s+1)/2”,U,{v>0}} LA;‘U’L”?]

to
_/ i div(¢wU)(X{v>0} X {1 z<>0})XA+ dxdr.
t1 n

q+sz

+ —
+ / L P A T A M)

to
(5.65) - / div(¢wl) (Xqos0y = Xgo, ,>0})XB—  dadr.
t1 IR™

/
sl noarts’, 1]

The measures;,, Ay givsie @Ndpig,

—(grs1)/2n, U fwsop L AT g . - are

(st ofemon g

mas+sis [ A*q o . Since by the above, this intersection is included
A5

in Anq s N A;q T this mtersectlon is a subset@fw > (¢; + s + 1)/2"}. Since by
3 ]

identically equal onA;"

TheoreM{w_(qﬁsﬂ)ﬂw’{@o}} is concentrated of{w > (¢;+s+1)/2"}, one concludes
that the sum of the first and third term in the right sid€ of (b.69) idere, a use of the fact that
sptw) C U and henceA; A™ , C U has been made; S5.9.

U
nq+sz "qjl‘f‘ /75,

3.3 Steps 3.1-3.2 show that the sum of the term$ in {5.62) involving the measures with three
parameters i8. Thus, one has:

m-+1 Tj

+ +
5 wx .+ d o+ g WY 4 + dp’
( ¢ XAn,qj,ig 'unvqwz? ¢ XAn,qJ'+S,iS UAn,le+s,ij /’Ln,q]—i-s,z;)

i= s=1,(aj+5,i5) € 5

m+1

0
to
- 2/ AT (o) — X, o) Xar dodT

"’qj’ij

) b
+ Z (/ " d|V(¢UJU) (X{v>(]} - X{Un,qv+5 i~?>0})X37 drdr
t1 n j L

n q +s, z
§=1,(qj+s5,i5)€Jn,;
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to
[ dvlout) (g = X oo, d0d0)
t

11+sz

m+1

Rn
to
_ —Z / AV (GwU) (gm0 — Xpo, , gs0) Xt ddT

455t

Z /t A div(¢wU) (X {ps0p — x{vnﬁﬂgw})(ng + Xar )
1 n

q +S'L nq]+s7,
(qj+3 i3 )EJnJ

dxdr).

4. Proceeding as in Steps 1-3 for the terms mvolv;m;;g it with appropriate adaptations,
one obtains PakR) of Theorenj 5.12. This completes the proof of Theofem|5g12.

5.6. Basic properties of R and R.". Here,

RO = Y / w—a/2 V- ity RO =3 / Aw=a/2") X, Wb g

(qvi)EI”XI",q (%Z‘)GIHXIW#I

Theorem 5.13.Let N be any integeb> 2. Let0 < ¢, < t,. LetU € C®°(IRN x (t1,t5); RY) be
such that divU = 0. Letw € C°(IRY x (¢1,1,); IR) be such that the projection of its support
into IRY is compact. Let, ! € IN" be such thad < k < [. Setv = D'w andw = D*w. Let
¢ € Cu(ty, ty). SetK = spt () x spl(¢). Letp € C>(t,,t,) be such thad = 1 on spt¢) and
0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thaw satisfies:0 < w < 1.

Letn be any integer such that" > 1/mw, wherem,, was introduced in .1. Ldt, =
{0,1,2, - —1}. Letq € I,. Letl,,, I} , 12, I3  and I, , be the sets introduced in

47 “n,q' “n,q' "n,q?

§1 Let € I,, LetA,,; A;ql, and A resp. Anqz and Q,,,; be the sets

corresponding tow, n, and ¢ introduced in B5.1]1 resp[ 5.1.4 ahd 5]1.3. lebe a total
extension operator fof,, ; ;. Letw,, q; = L(fnq:), Wheref, ,; is defined by (5.34]-(5.15). Let
Ungi = D' *wy 4. Then

1)
m+1
>y / o = (@542, i
7=0 s=1 (q]-}-gl
m+1

— Z Z / / d|V waU X{vn aj+s, 15 >0} X{U>D})X‘B7q e l dl’d’r

7=0 s= l(qj+52 EJng n

(2)

m+1
/(bw— g +1)/2")x 4+ _OdquviQ—i_
347%5

n,q5,15

3 /¢ w— (g + s+ 1)/2)x 0

=1,(g;+s,i3 )

dut ,
q]Jrsz /J/n,qj—l—s,zj)

AJMAA Vol. 18(2021), No. 2, Art. 21, 126 pp. AIMAA


https://ajmaa.org

62 MoULAY D. TIDRIRI

m—+1 ts
= Y ([ dvout)ag, oy~ Xy dedr
= Ju Jme 4 ;i

+ Z / / le ¢wU X{Un aj+s, ls >0} X{U>0})XA+ dde)

n,q; +31
q3+87, In,

3)
m~+1
> Z /¢w— (0+ /2 Vo, i
J=0 s=1,(q;+s,i%) j
m+1

= Z Z / / div(owU ) ( X{v<0} — X{vnq+s Zs<0})xB_q+“ drdr.

3=0 s=1,(g;+s,i3)

(4)

m+1
/gbw— G+ 1)/2xr  din o+
iy Iy

.45,
a5 j

5 [ o=@+ s 0200 i)

=1,(qj+s,i5)€Jn

m+1 2
S / [ dvout) (o = X, ey ns dadr
.:0 n ’]’J "

245505
a5 j

+ Z /t1 - div(¢pwU) (X{v<o} X{v, s 18<0})XA+ dzdr).

n,q; +s, 1‘5
=L(gj+s,i%)eJ

Here,m was mtroduced in[85.1} ,, r;, and J,, ; were introduced in[85.1]4.

Proof of Theorem|[5.13. The proof of the theorem is obtained by following the proof of
Theoreni5.12.

1. Theorenj 5.p yields for anye I3, U I,

n,q?

/(b - q/2n T_L :uvnql U — /(b - q/2 )X{w q/2n+(1/27)2= O}d[:u'u ULA n,q, z]
- / o(w — Q/Qn)d[ﬂ?w_q/gnﬂl/gny,U,{v>o}} LA;,q,i]

to
(5.66) — / div(¢wl)x(, . soyXp- dadr.
tr JRn o e

Theoren] 5.7 yields for anye I3 U I

n,q’

/¢(w - Q/QH)XA;,q’id,UIU = /¢(w - Q/2n>X{w—q/2n+(1/2n)2:0}d[NIU LAT:,q,i]

- / 0w = /2t s 3oy LA+
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to
(5.67) —/ div(owlU)X >0y Xp- dzdT.
6 JRe ot

By definition of ", ; and [5.65){(5.67), one has

[ otw a2, dui,
= / Sw —q/2")Xa dpgy — / O(w —q/2")Xa Ay, v
to
(5.68) = / div(ewU)(X{o, ;500 — X{usop)X g dvdr.
t1 R o

2. Using [5.68), one obtains

m+1

Z Z /¢w_ qJ+S/2 >XA_qJ+S'L lunq—I—sz

7=0 s= 1(qj+sz
m+1

B Z Z / / d|V leUU X{vnq +szs>0} X{v>0})XB* s dxdr.

J=0 s=1,(g;+s,i%)€
This yields Par(1) of the theorem.
3. Part(1) of Theorenj 5.0 forany e I, U I} U}

n,q’

to
6:69) [ otw = (a+ /20y, it 0= [ [ dWouU)g,, oy, dodr
d t1 R 7’

/ &(w = (g +1)/2VAlT, gy v vy 0 gusopy [ A

Part(1) of Theoren} 5.11 yields for anye I} U I2 U I}

n,q'

to
6700 [otw— (a4 /20, dif = [ [ dv@ul)gsnyas, dodr

t1 R

/ 6w = (g +1)/2) 1, g1y g gosony LAl
By definition of ., ; and [5.69){(5.70), one obtains
[ otw =g+ 02, dity,
= / Slw — (¢ +1)/2")xar dpiy = / olw — (¢ +1)/2")xar du,, v

)
67 = [ [ W), 0~ X, ddr
t1 v o

4. Using [5.71), one obtains
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m+1
/¢ w QJ 1)/2n)XAJr Od‘ :z_qj i9
195,05

aji;

50 [ otw— a5+ 0200, i)
=1,(g;+s, i )eJn J !
m+1 to
-3 / dv(6ul) (X, o0y~ Xioor s, dodr
j:(] tl Rn n,qj-,zv

-+ Z / - d|V(¢wU) (X{Un a5+, 25 >0} — X{”U>0})XA+ dxdT) )
t1 n

n,q;5+s, z
(q_’]JrS ls)eJn j

This yields Par{2) of the theorem.

5. Proceeding as in Steps 1-2 resp. Steps 3-4 for the terms invql;z}iggsﬁ with appropri-
ate adaptations, one obtains R@}resp. Par(4) of Theorenj 5.12. This completes the proof
of Theoremn 5.113§

5.7. Convergence properties of?\”, R, R, and R'Y. Here,

1 2 —
R = /¢'LUXA— uA;j,qﬂ.dM:f,q,w RY = Z /¢wXA;’q’iUA:7q’id:un,q,iv

qz)GInXIn q (g0)EInX1In q

R;S) Z /¢ - q/2 XA_ UA+ d“nqz’

n,q,t
(¢,8)ElnX1Inq

RELG) = Z /(b(w - Q/Qn)XA;,qyiuA;q,id/L;q,i'

(g,8)ELnX1Inq

The main theorem of this section is Theorlem 5.17.

5.7.1. Convergence in measure of some sequences of functions involving thé, setand
A} ;- The results of Theorefn 514 will be used to prove the convergence in Theoren 5.17

below.

Theorem 5.14.Let N be any integeb> 2. Let0 < t; < t,. LetU € C®(IRN x (t1,t5); RY) be
such that divU = 0. Letww € C>°(IRY x (¢1,1,); IR) be such that the projection of its support
into IRY is compact. Let,! € INV be such thad < k < [. Setv = D'w andw = D*w. Let
¢ € Cy(ty,ts). SetkK = spt, () x sp(@). Letd € C(t4,t,) be such that = 1 on spt¢) and
0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thaw satisfies) < w < 1.

Letn be any integer such that* > 1/mw, wherem,, was introduced in .1. Ldt, =
{0,1,2, - —1}. Letq € I,. Letl,,, I' , 12, I3  and I, , be the sets introduced in

41 Tn,q' “n,q' "n,q'

§1 Let € I, LetA,,, A;qu, and Ay ; resp. AW and Q,, ,; be the sets

corresponding tow, n, and ¢ introduced in B5.1]1 resp[ 5.1.4 and 5]1.3. lebe a total
extension operator fof2,, ; ;. Letw,, q; = L(fnq:), Wheref, ,; is defined by (5.14]-(5.15). Let
Un,q,i = Dlikwn’qvi. Set

+ m+1 ri—l 4+
and A = UL UL Anq+“

B — Um-‘rl B—

n,q; +sz
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Here,m was introduced in[85.11 4;, ;, andJ,, ; were introduced in[85.14. L&V, andWV,
be the open sets associated witlintroduced in §5.1]1.

(1) Lety be any Lipschitz continuous function such tRat is a.e.0 on W5. Then, up to a
subsequence, asgoes toco, ¢div(pU)x - converges to in measure inV;.

(2) Lety be any Lipschitz continuous function such tRap is a.e.0 on Ws. Then, up to a
subsequence, asgoes toco, ¢div(pl)x 4+ converges td in measure in\;.

Remark5.15 Let Q@ = {¢/2? : ¢ € I,, p € IN}. Letcy be any number ifc; : j =
1,---,mp} N Q, wherem, was introduced i 5.1} 1. Assume tHat = ¢; }° is not empty and
thatoU is not identicallyd on {w = ¢; }°. Lety, € {w = ¢y }°. Let B(yo,n) be a ball centered
aty, and of radius) > 0 so small thatB(yy, ) C {w = ¢;}°. Let ¢ be any Lipschitz function
in Ce(B(yo,n)). Sincecy € Q, ¢y = r, /2P for some integep > 1 andr, € I,. Letn be any
integer> p. Setr;, = 2"r, /2". Then using the fact that > 0, 7, € I,,. Now

to to
/ / ]gbdiV(ng)b(B;dy:/ / lpdiv(eU) x4~ dy
ty JIRN t1 JIRRN et
to
= [ [ tedvitlay,
11 RN

forsomej € {0,--- ,m,} andi$ € {1,--- ,r;}. Then one can selegtsuch thatodiv(pU)| >
§ > 0 on some open subset &f(y,, ) for somes > 0. This shows thapdiv(pU)y ;- does
not converge t® in measure.

Proof of Theorem[5.13.

Let ¢ be any Lipschitz continuous function such thap is a.e. 0 on W5. If ¢ = 0 the
conclusions of the theorem are clearly true. Therefore, it is assumed thaiot identically0
onW,. It will be proved that, up to a subsequencepaes too, ¢div(pU)x z- converges to
0 in measure iNV,. Seth = ¢div(eU).

1. Here, it is assumed thay, = (. Recall that; depends om. By definition B,

A, in{a/2m = (1/2M)? < w < ¢/2"}; See Theore@4 HencB, = UP ' ULy A e N
{(g; +s)/2™ — (1/2™)* < w < (g; + s)/2"}. By the properties of the reciprocal functien,
one has:

By UM UL, {(g + o/ - (1/2")? < w < (g; +5)/2"}
(5.72) =w 1(U21+ol i (g5 +s)/2" = (1/27)%, (g5 + 5)/2")).
Now, one has:

LU ULy (g5 +5)/2" = (1/2")%, (g + 5)/27])

(5.73) < ZZ 1/2M)?% < (m +2)2™(1/2")? = (m + 1)(1/2").

7j=0 s=1

Thus, this term converges tbasn goes toco. Then using the regularity ab, the fact that
W, = 0, and the properties &#”**, one deduces that

LU UL (g +9)/2" = (1/2) <w < (g5 +5)/2"}) — 0

asn goes tooco. Therefore, using the fact that div = 0 andVy is a.e.0 on W¢, one obtains
foranyéd > 0,
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lim LY ({y € Wa = (|hlxg; )(y) > 6}) = 0.

That is; as» goes tooo, ¢div(pU) x5 converges td in measure inV;.

2. Here, it is assumed that, # (. Let N} denote the subset dfl,--- ,mq} such for
i'" € N,, ¢y = my,, /2" for some fixed nonnegative integey andm,,, € I,,. Let N2 =
{1,---,mo} \ N,. Forn large, letL) ; denote the subset §t, - - - ,r;} such that for € L,

{(gj +5)/2" = (1/2")* < w < (¢ +5)/2"} "Wy = 0. Let L} ; denote the subset of
{1,---,r;} such that fors € L, ;, there correspond$ € N such that(g; + s)/2" = c¢y. Let
L} ; denote the subset @fl, - - - ,7;} such that fors € L} ;, there corresponds$ € N;; such
that{(q; + s)/2" — (1/2")* < w < (¢; + 5)/2"} N Wy = {w = ¢y }. In this case(q; + s)/2"
converges t@;:.

2.1Proceeding as in Step 1 with appropriate adaptations, one obtaingagEs tooo,

LY U Ugers, (g +5)/2" = (1/2")? <w < (g5 +5)/2"}) — 0

2.20ne has

LU Ugere {(gy +9)/2" = (1/2") < w < (g +9)/2"})
= £N+1(U;-7:(_)1 Uz”eN&) {Ci/ - (1/2“)2 <w S Ci’})'

Then by dominated convergence theorem, one obtaingjags toco,

LU Ugerz (g +5)/2" = (1/2") <w < (g5 +9)/2"}) —
LY U Ueny {w = e}).

2.3 Using the fact that the number of is finite and dominated convergence theorem, one
obtains as: goes toco,

LY U Ugers, (g5 +5)/2" = (1/2") < w < (q; + 5)/2"})

— LV (U Uy {w = c}).

2.4Combining Steps 2.1-2.3, one obtainsagoes tooo,

LU Uiy {la +9)/2" = (1/27) < w < (g5 + 9)/2"}) —
ﬁNH(U;ﬁzJﬁl Ui, mo} LW = Cir}).

Therefore, using the fact that div = 0 andV is a.e.0 on W¥, one obtains for any > 0,

lim £ ({y € Wt (Jhlxs)(y) = 5}) = 0.

That is; as goes toco, ¢div(pU) x - converges to in measure inV;.

3. Proceeding as in Steps 1-2 above with appropriate adaptations, one obtains the proof of
Part(2) of the theorem. This completes the proof of Theofem|5a14.
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5.7.2. Convergence of terms involving,+

n,q,1

Theorem 5.16.Let N be any integer> 2. Let0 < t; < t,. LetU € C®°(IRY x (t1,t5); IRY) be
such that divU = 0. Letww € C>=(IRY x (t1,,); R) be such that the projection of its support
into R is compact. Let,! € INY be such thad < k < I. Setv = D'w andw = D*w. Let
¢ € Cu(ty, t,). SetK = spt () x spl(¢). Letp € C>(t1,t,) be such that = 1 on spt¢) and
0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thaw satisfies:) < w < 1.

Let n be any integer such that" > 1/m,, wherem, was introduced in[§5.1]1. Let
I, = {0,1,2,--- 2" — 1}. Letq € I,. Letl,, I} , I? , andI} , be the sets introduced

n,q’ n,q’

in 8§5.1.25.1]1. Let € Iy, LetA, g, A, and Al ; resp. A, andQ,,; be the sets
corresponding tav, n, andq introduced in §5.1]1 resﬁ_571.4 ahd 5]1.3. LLebe a total ex-

tension operator fof,, ,;. Letw, ,; = L(f.,.), wheref, ,; is defined b45)_ Let
Vn.qi = D'"*w, ,;. Then as goes toco,

m+1
+
/¢XA+ .,7;0 dlu”ijvig - Z /¢XA+qJ+sz d/’l’n q]—i-sz ) 07
J %+sz)€L”

m+1 Ty

NIRRT ED S C o B

s=1,(q;+8,8)€Jn s

Here,m was introduced in[85.11 ;, r;, and.J, ; were introduced in[§5.1]4.

Proof of Theorem[5.16. Let W, andW, be the open sets associated withntroduced in
g5.1.1. In Steps 1-4, it is assumed thet = (. The proof for the caseV; # 0 is obtained in
Step 5.

1.Let L,  denote the setof € {1,--- ,r;} suchthalg; + s,i3) € J, ;. The following will
be evaluated

m+1
(5.74) / N, gt 2 [ O )

s€Lln j

Letj € {0,--- ,m+ 1}. Lets € L,,; U{0}. If A}

s ot IS empty its contribution to the
integrals above will b®. Assume now thati . IS not empty By definition ofd’

nq+sz nq+sz

and the fact that by Theor 1, the meagyfe , i is concentrated on the Sﬂk,qj+s,z; U

Al e 05 € I3 s andA;q iz U Angtsis UAM ez 05 € Lngyts \ I2 na;+s0 ONE has
(5.75)
+ _ +
OXar, .. Sdﬂn,qﬁs,z'; = / PO (gy-+5+1)/20) — Xfuws (g;-+s+1) /204172021 Ul g, 435

By the regularity ofw and the fact that sp) is compactyx (,, (¢, +s+1)/2n} @nd
X{ws(qy-+s+1)/20+ (1/20y2) & INLH (RN X (11, 1) ). By Part(1) of Theorem 35D (s (g, 5-1)/21)
and DX s (g, +s+1)/2n+(1/2ny2} @re finite Radon measgresIFmN x (t1,t2). Hence, one deduces
that X 1~ (g, +s+1) /201 AN X {0s (g, 1541y /20 4(1/2)23 @re in BV (RN x (t1,t5)). Therefore, one
can apply Par(2) of Theore - with(v, U, ) replaced with(v, U, DX {uw>(g;+5+1) Jany) TESP.
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(Un,qj—&-s,ij-a U7 ¢X{w>(‘b+3+1)/2"})’ (7)7 U7 ¢X{w>(qj+<.s+l)/2"+(1/2")2})’ and
(Vn,g54s,5: Us OX fws (g, +5+1)/2n+(1/27)23) @nd obtain resp.

(5 76) /¢X{w> (gj+s+1) /2"}d(:u{fu U} :uvnq +s, 157U)
== Z / ¢Ui(X{v>O}U8{U>O} - X{Un,qj+s,i;. >0}U8{vn7qj+s7i§>O})d[DiX{w>(qj+s+1)/2”}]7

and
(5.77) /¢X{w> (gj+s+1)/2n4( 1/2n)2}d(M{U Ul /’L'un ajboi U)

== Z / QUi (X 5000050} ~ X{vy 418 >0000H0, 4 403 500 AL X (w3 (g 151) 21 /2m)2) )

Here, a use of the fact that div = 0 has been mad€. (5]7%)-(5]77) yield

+
(578) / ¢XA:7(IJ‘+S,'L§ d/'l’n,qj +s,13

>d|:DlXA: qj+s 8

N
= - Z / ¢Ui(X{v>O}U8{v>O} - X{vn,qﬁs,i;>o}ua{vn,qj+5,i§_>o}

Using [5.78), one obtains

m+1
+
/¢XA+ .Jod an7O+ Z /¢XAnq+ Sdlun,qj-&-s,ij)
J

s€Ln,;
m+1
- _ZZ /¢U X{v>0}ud{v>0} — X{v7 >0, 0>0})d[D XA+q .0]+
] =0 =1 n J’Zj
Z ¢Ui<X{fu>0}U8{v>0} — X{v, aj+s, 15>0}U8{vn P >0})d[D XA:q-Jrs l&])
s€Ln,j 813

Then one has

m+1
+
X Joxa, it & [ o, ity
J $€Lnp,;
N m+1
<
< DD 2AUlwa(IPivar I+ D2 Poxay, D)
i=1 j=0 $€Lnp,;j
(5.79) < 4Z||¢U||OOK)(m+2)2”|D/XA+ n
i=1 oyt
where|D; x 4+ | = MaX; js)e{1, ,N+1}x{0,- ;m+1} x (L, ;U{0}) \DzXA+q sl
nq /+s’ zs SZ
7

2. By definition of A ay,i3)
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(5:80) Dixaz, o+ = (DiXgus(grst1) /20y = DiXgus gt 2o 2m2p) [An gy s,

-+5,zj
By Part(2) of Theorenj 3.,
_ 4+ aF
(5.81) Dz‘X{w>(qj+s+1)/2n} = Flw—((gj+s+1)/27),ei} LAn,qurs,i;a
_ U
(5.82) DiX{w>(qj+s+1)/2n+(1/2n)2} = Hw—((gj+s+1)/2n+(1/27)2) e} LAn,qurs,i-;-

Then by Par(2) and(4) of Theore and (5.80 -(5.821}),1-14;%“72.; is concentrated on
FTL,Qj+S,ij with

(Tt + a+
Prgirsis = Clur(qesrnyjzmy YT fum(@sty/2mzmy) 0 Angpsiss
+ + oo N
w.herel“{w_((qﬁsﬂ)m)} andI'y, (g s1y/2n(1/2my2)y Ar€C>-hypersurfaces dR™ x (t1,15).
Since spfw) is compact, these hypersurfaces are compact. One then deduces that

N(17+ N/p+ ..
HO T - ((ayrsrnyzmy) BNAHHT Gy (g, simy /0 r1/2myyy) BT TiNie. Moreovery,, . €
LYIRYN x (ty,ts)). Therefore,Dy ,+ is a finite Radon measure an{f, ., ;. is of finite

n,qj+s,ijf ’ sYg
perimeter INRY x (t1,t2) with P(Ay ., RN X (t1,t9)) = [Dx,+ |. Moreover, the
’ v n,qj+5,isf
following divergence theorem holds ’
(5.83) / div(p)dy = / o -nTdHY = / o -nTdHY,
14+ . .S B*A+ . -5 Fn - 45,45
n,q]+s,1,j n,q]+s,1,j 45 ot

forall o € CHIRN x (t1,t5); RN *1). Here,0, A .. .. is the essential boundary af"

. . NG
n,q; 48,45 1,q;5 8,05

Then using the fact them,qﬁs,i; is aC*-hypersurface oR™ x (¢,,t,), one deduces that

(5.84) P(AT RY x (t1,t2)) = |Dx 4+

; ]
45t n,qj+s,id

=H" (Fnﬂj +8,% ) .

3. Leti € {1,---,N+1}. Letj € {0,---,m + 1}. It will be proved thaiD;x ,+ |

n,qj+s,i§f
goes ta) asn goes toxo.
By an adaptation of Step 1 of the proof of Pékj of Theoreni 5.14, one obtains using the
fact thatW, = 0: x 4+ . converges td) in measure. By classical measure theory, for any

) 7L,qj;+5,i]. ) )
sequence converging in measure to some function, one can extract a subsequence converging
a.e. to the same function. Thus, a subsequenggof  stilldenotedy,+ convergesto

n,q; ]

45,1 n,q;+s,15

0 a.e. Then by dominated convergence theorem, c])nejconcludezsl\fhb(tAiqj +:’i§) converges
to 0. Using the regularity of’, ; 15;::, one deduces that the classi¢é-dimensional area of
anqﬁs,i; converges t@. Since by regularity, the classical—-dimensional area df,, , ;IS
identical tOHN(quj—Q—s,i;), one deduces tha’(N(Fn,qurs,i;) converges t®. Then using4),

one deduces thziT(A:qurS o IRY X (t1,t9)) = |Dx 4+ | converges to.
T (] n,qurs,i‘;f

4. Using (5.79) and Steps 2-3, one obtainsamoes toco,

m+1
1

+ 2 : +
2_7’1 ( ngA: . 40 dﬂnij 7i? + /QﬁXA::.q'st 7S dun7qj+s’i§) - 0
=0 585 seln; i TS
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This completes the proof of Ptt) of the theorem whew; = 0.

5. Here, it is assumed that), # (). Let L) ; denote the subset df,, ; U {0} such that for
s€ Ly Ay Lo MW =0. Let L7 ; denote the subset @f, ; U {0} such that fors € L? ;,
2 47 A%} ) ’
there correspondsa for somei’ € {1,--- ,mg} such thatd’ NW; = {cy}.

n,q; +s,i§.

5.1Proceeding as in Steps 1-4 with appropriate adaptations, one obtairgoas toco,

m+1

1
+
2_” Z Z /¢XA:ij+S,i?dun’qj+s,i§ — 0.

= 1
J=0 seL] ;

5.2Llets e L, ;. Then

+ _ +
/¢XA:,qj+s,i§d”n’qj+s’i§ - /¢XA:,qj+s,i§-m{(qj+s+1)/2n<w<ci’}d'u”’qfrs’i;

+
+/¢XA:q~+s isﬂ{ci/<w<(qj+s+1)/2"+(1/2")2}d:un,qj+s,i§'
8,13

Here, a use of the fact that ofw = cy}°, py,; = 0 and on{w =cy}° C Q}L,qj—i-s,ij’

Ung+siy = 0 and hencep ., = 0; See . Then proceeding as in Steps 1-4 with
mn, J 8,17
appropriate adaptations, one objtainswgs)es tooo,

1 m+1
+
2_n Z Z /ngA;q_+syis_ﬂ{(q]'+s+l)/2”<w<ci/}dlun,qj+s,i;? —0
=0 seL? T
and

m—+1

1
+
2_n Z Z /¢XA+ Z.;ﬁ{ci/<’u}<(qJ‘-i-S-f—l)/2”-{-(1/2”)2}dl’[/n,qj4»571"; - 0

7=0 seL? e
5.3Combining Steps 5.1-5.2, one obtainsagoes tooco

1 m+1
2_n Z Z \/QSXAIq--ks is dN:>q]‘+s,i;i — 0.
]:0 SELn,jU{O} qj L
This completes the proof of P4tt) of the theorem whehV, # .

6. Proceeding as in Steps 1-5 with appropriate adaptations, one obtains the proof(@) Part
of Theorenj 5.76x

5.7.3. The first convergence theorem.

Theorem 5.17.Let N be any integer> 2. Let0 < t; < t,. LetU € C®(IRY x (t1,t,); IRY) be
such that divU = 0. Letww € C>°(IRY x (¢, t2); IR) be such that the projection of its support
into IRY is compact. Lek,! € INV be such that) < k < I. Setv = D'w andw = D*w.
Assume that sptw) \ spt (U) is either empty or a subset of the projection{of = 0}° into
RY. Letg € C.(t1, ;). SetK = spt () x spi(¢). Letd € C>(t,t,) be such that) = 1 on
spi(¢) and0 < ¢ < 1. Setw = ¢w andv = ¢. Assume thaw satisfies:) < w < 1.

Let » be any integer such tha&* > 1/m,,, wherem, was introduced in .1. Let
I, = {0,1,2,---,2" — 1}. Letq € I,. LetI,, be the set introduced i 2. et I,
Let A, i, A, ., and At . resp. A,,; andQ, ,; be the sets corresponding to, n, and g

n,q,2? n,q,?
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introduced in 85.1]1 resg. 5.1.4 apd 5]1.3. Ilebe a total extension operator fét,, ,;. Let

Wn,q; = L(fnq:), Wheref, ,; is defined by (5.14)-(5.15). Let ,; = D" *w, ;. Then,upto a
subsequence, asgoes tooo,

m+1
+
/¢wXA+ v,i?dﬂnafﬁvi? + Z /¢wXA_q j s, z‘suA+qJ+Sz dlun qJ+SZ ) - 0

s=1,(qj+5,i3)EJn.;

m+1
wx 4+ di o+ E WY 4- + du. ) — 0.
/(b XA 25,19 Mn’qj’l? ¢ XAnqu'ﬂaij:UAn,qu*if Mn,q,-i-S,z;)

SZL(QJ'_‘—S)I?)EJT%]'

Here,m was introduced in[85.11 ;, r;, and ./, ; were introduced in[85.14.

Proof of Theorem[5.17. Let W, and, be the open sets associated withntroduced in

§5.1.1.
1. Theoreni 5.12 shows that

m+1
+ + _
/‘¢u}><A+ ~.iQ dlun’qj’i? + /¢wXAn q;+s, z UAzq +s, 1 dlun’qj—i_s’i;) o
"

s=1 (q]+sz

m+1

to
- Z / div( ¢WU)(X{U>0} X, .. iQ>o})XA+ ,OdIdT +
tl R" VAN n,95

S
J

5 / [ ) sty = X oo i, X, i)

n,q; +s1 n q]+91
(qj—&—sz VETn,;

Hence one has,

m~+1
Z . +

‘ (/ ¢wXA:’qj’i0' dun7qj7ig + Z / ¢wXA’V: 145 +s, 7,3 UA: 145 +s, 7, dﬂ”vQ_i+87ij ) ’
Jj=0 J

1,(gj+s,i8)€Jn,;

to
<2 [ [ ldviout)] (s + xapdedr
t1 RN

t2
(5.85) < 2/ / |oVw - Ul(xp- + X4+ )dadr,
t1 RN
whereB, = U UL, By o and At = U U A,fqﬁ“s Here, a use of the fact that

divU =0, and SO: dl‘ngwU) ¢Vw - U has been made

2. SinceVw = 0 on W, the functionpVw - U is identically0 on Ws. Recall that spity) =
Wi UW,. Therefore, one can take, w, U) of this proof in place of ¢, ¢, U) in Parts(1)-(2)
of Theorenj 5.4, and obtain, up to a subsequence,ggs tooo, div(dwl) (x5 + X41) =
U - Vw(xp- + x4+) cOnverges to in measure.

By classical measure theory, for any sequence converging in measure to some function, one
can extract a subsequence converging a.e. to the same function. Therefore, using the above
convergence in measure, one can extract a subsequence@baiy(x ;- + x 4+ ) still denoted

div(¢wU)(x - + x4+ ) that converges t0 LV a.e.
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Now, one has|pVw - U|(xp- + xa+)| < 2|¢div(wU)|. By the regularity ofw, U and¢,
odiv(wlU) € L'(IRN x (t1,t5)). Hence, by dominated convergence theorem, up to a subse-
quence, as goes toxo,

to
/ / |pVw - Ul(xp- + X4+ )dvdT — 0.
t1 RN

Then using[(5.85), one deduces that, up to a subsequencgoEs toco,

m+1
+ E +
/¢wXA+ Aodun,qj,ig + /gwaA ] LJUAT s d/”Ln,qurs,i';) — 0.
‘:Z]- 3d5 T ¢ ’Zj TSty

This yields the first convergence of the theorem.

3. Proceeding as in Steps 1-2 for the terms involvifg ; with appropriate adaptations, one
obtains the second convergence of Thedrem|517.

5.7.4. The second convergence theorem.

Theorem 5.18.Let N be any integeb> 2. Let0 < t; < to. LetU € C®(IRN x (t1,t5); RY) be
such that divU = 0. Letew € C>°(IRY x (¢, t2); IR) be such that the projection of its support
into R is compact. Let,! € INV be such thad < k < I. Sett = D'w andw = D*w. Let

¢ € Cy(t1,t,). Setk = spt, () x sp(p). Letp € C(t,,t,) be such thad = 1 on spt¢) and

0 < ¢ < 1. Setw = ¢w andv = ¢v. Assume thaw satisfies) < w < 1.

Let n be any integer such that® > 1/m,, wherem, was introduced in[§5.11. Let
I, ={0,1,2 —1}. Letg € I,. Letl,, be the set introduced i 2. et I,
Let A, i, An o and Ay i resp. A, . andQ, ,; be the sets corresponding to, n, and g
introduced in §5.1]1 resﬁ_S._J,A ahd 5]1.3. lLebe a total extension operator fét,, ,,;. Let
Wngi = L(fn.q:), Wheref, ,; is defined by| (5.14)-(5.15). Le} ,; = D' *w, 4. Then, upto a
subsequence, asgoes toso,

m+1
/d) — 4/ 2 Xar g0 T
-,zj J

Z /¢ w— (g5 +5)/2" )XA;q +ngA;:q ot d:u;,qj—t-s,ij.) — 0.

q]Jrs i

Here,m was introduced in[85.11 ;, r;, and J,, ; were introduced in[85.1]4.

Proof of Theorem[5.18.
1. Part(1) of Theorenj 5.13 yields
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m—+1

8 S / Ow— (4 +9)/20as ity s

nq +S'L
7=0 s= l(qj+sz

m+1
= Z Z / le ¢UJU)(X{U 9 JrS’,L,S_>0} X{v>0})XB,q +Sz dxdr.
J=0 s=1,(q;+s,i} t1 J

Proceeding as in the proof of P&tf) of Theorenj 5.1]7 shows that, up to a subsequence, as
goes tooo, the right side of[(5.86) converge toand so does the left side.

2. Part(2) of Theorenj 5.13 yields

m+l
/¢w— g +1)/2")xar Od/‘:qu‘o
19555

’ﬂyq]'yij

Ty

(5.87) > / o(w = (g +5+1)/2")xar i KA
=1,(qj+s, i2)€Jn,;
m+1 to
- Z(/ div(¢wlU) (X, . o>0p = Xqosop)Xa+  dadT
= Ju Jme I B

-+ Z / - d|V(¢wU) (X{Un a5+, 25 >0} — X{”U>0})XA+ dxdT)
t1 n

n,q;5+s, z

Proceedlng asin the proof of P&tf) of Theorenj 5.1]7 shows that, up to a subsequence, as
goes tooo, the right side of[(5.87) converge tcand so does the left side.

3. Combining the convergence in Step 2 above and the first convergence in Theorém 5.16,
one concludes that, up to a subsequence,@ses toco,

/cb —q;/2")Xar  dp 0T

nquj 455t J

Z / Bw— (4 +9)/20ar diity yuie) = 0.

n q +s, z
(QJ+5 75 n
4. Combining the convergence in Step 1 and the convergence in Step 3 yields the first con-
vergence in the theorem.
5. Proceeding as in Steps 1-4 for the terms involvifyg ; with appropriate adaptations, one
obtains the second convergence in Thedrem] 518.

5.8. The main theorem. For any functionf € C*(IRN x (t;,t,); IRY) denote the projection
of its support intdR"™ by spt (f).

Theorem 5.19.Let N be any integeb> 2. Let0 < t; < t,. LetU € C®(IRN x (t1,t5); RY) be
such that divU = 0. Letww € C>°(IRY x (¢1,1,); IR) be such that the projection of its support
into RV is compact. Lek,! € NV be such thad < k < I. Setd = D'w andw = D*w
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Assume that sptw) \ spt.(U) is either empty or a subset of the projection{of = 0}° into
IRYN. Letp € C,(t1,t2). Then

/GﬂDdNE%,U} =0, /¢wd“{ﬁ,U} =0, /(M’d”{ﬁﬂ} =0.

Proof of Theorem[5.19

1. Assume thak = [, thent = w. By Theorenj 3]y 1y, 115, 1y, @ndpg ;y are concen-
trated resp. ow{v > 0} U 9{v < 0}, 0{v > 0}, ando{v < 0}. Hence,

[ oty =0 [ owdugs =0, [ oadngy =0
Thus, Theorem 5.19 is proved for the cdse= . Throughout the rest of the proof, it is
assumed that < k& < [.

2. Let0 < k < I. SetK = spt () x sp{(¢). Letqb € C°(t1,12) be such thatb =1
on spty) and0 < ¢ < 1. Setd = spt (U) x spt(¢). Setw = ¢w andv = ¢. Then
w,v € CX(IRYN x (t1,t5)) andv = D'~*w. Moreover, sptw) C U andw = @ on K andv = o
on kK.

Let ¢ be any Lipschitz function i, (IR x (¢,,t5)). By definition OfM{E,U}, one has

to 1
duf = 1i o —=U - Vidpd
/ Ppdpig 1y = lim /t 1 /IR | Xfo<i<aly, Uopdy

_ 1
= lim —U - Vuopdy = /qbgod,u?v,U}.

a—0 {o<v<a} &

Here, a use of the fact that dii, v = ¥ and¢ = 1 on spto) has been made. Takingsuch
thaty = @w on K and plugging it above and then using the fact that @ on K, one has

(5.88) /gbwdu?ﬁﬂ} = /qbwdu?w}.

Similarly, one has

689 [ondugy, = [owdigyy. [ onduge, = [ owdig,

3. In this step and Steps 4-7, it is assumed thattisfies0 < w < 1. Letn be any integer
such that™ > 1/m,, wherem,, was introduced in[85.111. Let, = {0,1,2,---,2" — 1}.
Letq € I,. Letl,,, I}, I2 , andI?  be the sets introduced in[8§85]L.2,5 -1 1. Let I,,.
Let A, 44, A, andA+ , resp. Aan and(, ., be the sets corresponding #g n, andgq
introduced in @1 resm 4 gnd 5|1.3. Lebe a total extension operator for, ,;. Let

Wy g0 = L(fpq:), Wheref, ,; is defined by|(5.14)-(5.15). Let, ., = D' *w, ;.
4. Here, it will be proved that, up to a subsequence; gses tox,

m—+1
(5.90) >/ g Z / T R}
Jj=0 1,(gj+s,%5)
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wherem was introduced in[85.1.4,, r;, and.J,, ; were introduced in[85.1].4. First, one has

m+1
/¢wdun 4.0 i0 -+ Z /¢Wdﬂn q;+s, z

=1,(qj+s,i$ )GJn j

m+1
- /¢ 2V, /¢> (a5 +5)/2")dpit o) +
qJJrsz

m

+1
5o 3 /¢q]/2" g Z /<z> (a5 + 5)/2°)dpit g o).

=1,(gj+s, z

4.1By Part(3) of Theoreni 5.3,

m+1
(5.92) /¢ q;/2")du nq o /¢ g+ /2”)dunqj+sz ) =0.

qJJrs i2)€Jn;

4.2 Using the fact that by Theor 5.1, the measqgi is concentrated od,, , ; U Ay i
i€ 2, andA, ;UA, . UAY ifiel,,\ 2, one obtains

m+1
/ ow— a2l 0 S [t (g /2 ) -

m+1
/¢ —4/2)x 'Odu:’%"i? +

;519
J

Z /wa— q]+8)/2n) nq_,'_glsd:unqj—ﬁ—sz)—i_

s=1,(q;+s,i} )EJ

m

+1
/<z5 — G/ 2Vt b et
.71‘7‘ VA1

+
+ dp’ o).
S zS UAn ;s 1 :Un,qj +s,z§.)

(5.93) /¢ w = (g5 +8)/2")xa-

s=1 (QJ+S7’ )EJ

By Part(4) of Theorenf_STB, as goes tooo,

mﬂ/aﬁ —q;/2")x

(594) Z /¢ w — (QJ + 8)/2n) nq +s, st:un qj+sz ) - O
€Jn,

:17((1]4’8 5 )

od'u’nqj,O +

”Lj

By Part(1) of Theorenj 5.18, up to a subsequence; gses too,
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m+1
(5.95) / o(w —q;/2")xax __Qdui,qj,zg *

/\¢ w — q_] _|_ 3)/2”)XA7q tsis UA:,qj+5,i:; duj;qj_‘_s,ij) — O
s=1 (q]+sz )EJ

Combining [(5.9%) anq:(5_7$5), and using (5.93), one obtains, up to a subsequengess
to oo,

m+1

(598 3 [ otw=a/2n g 3 [ o= (49/2di 1) =0

1,(gj+s, z 2)eTn,;

4.3Combining the convergence jn (5]92) of Step 4.1 and {5.96) of Step 4.2, and[usirjg (5.91),
one obtains, up to a subsequence; g@oes tooo,

m+1
(5.97) / Swduf, o+ [ ity ) 0.

s=1 (q]Jrs 8 )EJnJ
This corresponds to the convergencdin (5.90).

5. Here, it will be proved that, up to a subsequence; gses toxo,

m+1
(598) /¢wXA q,‘iod/i;:qj,ig + /¢ XAnq ts, lsdﬂn,q]+sz ) — 0.
7 qj+s 18 )GJn j
Using the fact that by Theore@ 1, the meas,a@g’i is concentrated onl, ,; U A}, if
iel? andA; UA, . UAS ifie Lo\ I2 - ,» One obtains

n,q,% n,q,%

m—+1

(5.99) Z(/ o g0t > / BWL] 1) =

L(gj+s,i3)€dn

m+1
+
/¢wXA Qj,ig du”ﬂj:i? + /d) XAMI j+s.,4] dﬂ"yqfi‘ﬂ ) +

m+1

+
E WX A+ d E WX A— + d is ).
( ¢ XAn,qj,iQ lun 455 ZO + /¢ XAn,qJ‘JrS,i;T UAn,qurS,i;- Mn’qj—i_s’lj)

7=0 J 1,(qj+s,i8 )GJn J
By Part(1) of Theorenj 5.1]7, up to a subsequence; gses too,
(5.100)

m+1

+ +
g w d . E WY 41— d ) — 0.
(/¢ XA:,qj,iO. ﬂn,q_jﬂ? _I_ /¢ XAnq +s, L8UA;tq +‘5L #n,%-ﬁ-sﬂj)
J

j=0 s=1,(g;+s,i;

Combining the convergence |[(§]97) of Step 4 and the convergenfe in](5.100), and using
(5.99), one obtains, up to a subsequence, gses toco,
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m+1
(5.101) / owx 1 qj,iodﬁ‘:,qj,ig + Z / PUX A, gy 43 Wiy sig) = O

5=1,(qj+s,i})€Jn,;
This corresponds to the convergencd in (5.98).
6. Using Part(3) of Theorenj 5.2, one obtains

(5.102)
m—+1
N +
Z</ ¢wXAn,qj,i? du{”n,f}j,ig’U} + Z /¢wXAn %t ZS Iu{v" 145815 o U}) 0
j=0 s=1,(gj+s,i}

The definition ofy;},; and the definition of the seté;n,q,l- and4,,,; and [5.102) show that

m+1
+
/qwaA qjyi?d/vtmqj’i? + /¢ XAnq+Slsd“nq —|—sz)
l(qj—i-sz
m+1
- /aswa Jg Wit 5 /¢> Wy s i)
QJ+5'L )eJnj
m—+1
_Z /¢wXA a0 d’u{U’ OU}+ /¢ XA”'I-‘F‘HSd'u{Unq +s,i50 U})
(q]+sz
m+1
= ([ v, glitu+ z / b0, g i)
7=0 7" q]—l—sz
_ +
(5.103) = / owdpf, .

where the last equality was obtained thanks to (5.23) of Subséctiof 5.1.4.
Now by (5.108) and the convergencelin (5.]101) of Step 5 above, one obtains,

(5.104) /(bwdua’U} = 0.

7. Proceeding as in Steps 4-6 for the meagure,, with appropriate adaptations, one obtains

(5.105) /wgbdu{_vﬂ} =0.
Then using Part3) of Theorenj 38, one obtains

(5.106) /wgbdu{v’U} = 0.
Then combining[(5.104]-(5.1P6) and using (5.88)-(5.89), one obtains

(5.107) / Gwdpy y =0, / pwdp iy =0, / Ppwdpig gy = 0.
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This completes the proof of Theorém 5.19 in the case where k£ < [ andw satisfies:
0<w<1.

8. In this step and Step 9, Theorém §.19 will be proved in the case wheré < [ andw
such thatv does not satisfy) < w < 1.

If w is nonnegative, by the regularity of and the compactness of its supparty) < B for
anyy € RN x (t1,t,), whereB is the absolute maximum. The functiary B satisfies:0 <
w/B < 1. Then proceeding as in Steps 2-7 above witheplaced byw/B with appropriates
adaptations, one obtains the proof of Theofem]5.19 in this case. Below the proof in the case
wherew changes sign will be given.

8.1 Recall that by Step 2 above; = ¢w andv = ¢o. By the regularity ofw and the
compactness of its suppofty(y)| < B for anyy € RY x (¢1,t,), whereB is an absolute
extremum. Then define the functioh by @ = fw and? by & = D'*w. This function
satisfies—1 < w < 1.

Let n be any nonnegative integer. Skt = {—(2" + 1),—2",---,-2,—1} and[,] =
{0,1,2,---,2" —1}. Setl,, = I, Ul . Letq € I,,. LetA, ,, A, ,, andA;  be the sets defined
by

A, = Ay € RY x (t1,t2)] q/2" — (1/2")* < w(y) < ¢/2"}
Ang={y € RN x (t1,82)] ¢/2" < w(y) < (¢ +1)/2"}
Af ={y e RY x (t1, )] (¢ +1)/2" <w(y) < (¢+1)/2" + (1/2")*}

By an appropriate adaptation of the constructions and methods of Subséctipng 5.1-5.7 and
those of Steps 2-6 above withy, v) replaced by(w, v) of this step, one obtains

(5.108) / by, = 0.

8.2 Let ¢ be any Lipschitz function it€.(IRY x (¢;,t,)). By Part(1) of Theoreni 3.3, one
has

/ Pl 1y = — / div(pU)dy, / pdif, ;= — / div(eU)dy,
{00} {v>0}

wheret = D'"*i = £ D'"*w = Lv. Hence, using the fact that > 0, one has
(5.109) /gpdu?ﬁ’U} = — /{v>0} div(eU)dy = /gpduaU},

Then combining|(5.109) and (5.108), and the fact that by Stepi8-1,w/B yields

+ _
(5.110) / wedy, ) = 0.

Now using [5.8P), one obtains

(5.111) /gbﬁ)d,ufﬁ’[]} = /qﬁwdu{*vﬂ} =0.

9. Proceeding as in Step 8 for the measure;, with appropriate adaptations, one obtains
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(5.112) /quﬁdu{U’U} =0.
Then using Part3) of Theorenj 3.3, one obtains

(5.113) / wedig, iy = 0.
Now using [5.11]1)[(5.112), and (5.113) apd (5.88)-(5.89), one obtains

/QZSZDCZ/JJE~)7U} = /(,bwd,u?—u[]} :Ou/d)wdlu{_ﬂ,U} - /gbwd’u{_vaU} 207

/@MH{@,U} = /CMUdM{u,U} =0.

This completes the proof of Theor¢m 5.19 in the case whefek < [ andw such thatw
does not satisfyd < w < 1.

10. Step 1 yields the proof of Theorgm 5|19 whee: [. Steps 3-7 and the beginning of Step
8 yield the proof of Theorern 5.119 in the case where k& < [ andw satisfies:0 < w < 1.
Steps 8-9 yield the proof of Theorém 5.19 in the case whete: < [ andw such thatw does
not satisfy:0 < w < 1. Therefore, the proof of Theorgm 5|19 is completged.

5.9. The hypothesis in Theoren] 5.19 that spt(w) \ spt,(U) is either empty or is a subset

of the projection of {# = 0}° into IR" is necessary.Here, it will be shown that the conclusion

of Theorenj 5.19 is not true if spio) \ spt,(U) is neither empty nor a subset of the projection
of { = 0}°into R". This will be shown by showing that the conclusion of Theofem|5.12 does
not hold. The setting of Theorgm 5]12 will be used.

Takel = (1,0,---,0) andk = 0. Theno = 0,w. One builds(w,
all the assumptions of Theorgm 512 except that now(apt\ spt,(U
subset of the projection dfv = 0}° into R”.

1. Lets’ € (0,1) be such that’ = ¢/ /2P for some integed < p < n andq’ € I,. Letj; be
an integer such th@t < j; < m+ 1. Assume there exists a numbgre {1,--- ,r; } such that
(¢ + 8n,757) € Jny, @nds’ = (gj, + s,,)/2". Assume that for any € {0, --- ,r;, } such that
(¢j,+5,15,) € Jnjy, [ NAng;, +ss, 1samanifold of dimensiony. Here,I'S = 0{v > 0}\I';
with I'; , the singular set correspondingtantroduced in Subsecti.l. Assume that for any
s € {0,---,s, — 1} such that(g;, + 5,73,) € Jnjy, {w < (g5, +8,)/2"} N —An,%ﬁ&iil is
the union of a subset dfu < 0} U I')” with nonempty interior and a subset &f > 0} with
nonempty interior and their interfacEy, a submanifold of";" of dimensionN. Let V' (T'y) be
an open neighborhood o

By the above, for any € {0,---,s,} such that(qg;, + s,i

,i%) € Jnj, ONE may select
Wh,g;, +5.i3, such that the restriction of, ;; s i 10AL is) N({v >0} \V([yh)is>0

andl’} NAL . vess N({v >0} V(Fo)) = (); See §5 1.3 above. Also, by the above,

Un 145, s z T,451

v,U) so that it satisfies
) is neither empty nor a

foranys € {0 — 2} such that(q;, + s,i%,) € J,;, one may seleci,, ,, — such
that the restriction ofjnq 53, 10 At s N ({v > 0} \ V(Ty)) is > 0 andT'; N

n,q5; +sz qjl+ez

At . N({v >0} \V([y)) = 0; See §5.1 3 above. Herg; 8{%%1“,%1 >

n +sz ;s
451 1ajy +5,15

0F\T, with I'y, . .+ the singular set correspondlngd,gq i, +s.;, Introduced

is ) .9
n,q;, +s } nagjy 58

in Subsectloﬁ?a]l
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Assume tha{w = s’} N A;:q] s _14 IS@C™—hypersurface denotddthat is the union of
1 n by

three connected manifolds of dimensiédn

Fl_{w_s}ma({v>0}mAnq ton—Li3
Iy={w=s}N{v>0}NoA"

.S
.45, +5n_172j? !

Is={w=s}n{v<0}n 8A:q71+8n_17i;?.

sn)ﬂﬁ{v>0}ﬂaA Sma{v<0}

n,qj5q +5n_1

Assume that is such that: (1) for any € {0,--- s, — 1} such that(q;, + s,45,) € Ju;,,
{w < (g5 + 52)/2"} N Apgy vz, N ({v < 0} U (V(Io) N {v > 0}) UTy) C U and
{0 < (g +52)/2'F N gy o 0 ({o > 0} \ V(L)) € U; (2) for anys € {s,, -+ .7, }
such that(g;, + s,45,) € Jnj, {w > (g, + 50)/2"} N Ang, 455 C U; and (3) for any
j €{0,---,m+ 1} such thatj # j, and for anys € {0,--- ,7;} such thallg; + s,i}) € J,,
An,qj+s,ij. cUu.

2. The following sum will be evaluated

m+1

+ +
(5 114) Z / ¢wXA+ ,1? dun,%‘ﬂ'? + Z / ¢wXAn 145 +s, 25 UA'r-:q +s, z‘* dlun7qj+s,i§-)’

1,(g;+s, i3

The proof of Theorerp 5.12 will be followed.

2.1 By the construction above, for any € {0,--- ,s,} such that(g;, + s,i5) € Jn;,
Anay 45, is N rrnid =190 andA, .. i N Iy — NU = (. Then by definition of the
measurwnq_l+s ;= , One obtains

47 7]1
+ —
(5.115) gwaA; oy dﬂn,qj1+s,i;1 =0.

Also by the construction above, for arye {0, --- , s, — 2} such thatg;, + s,i5,) € Ju;,,

A:q]1+s iz 0 rrnuU = PandAt . NICF NU = 0. Then by definition of the

7,95, +SZ nq]1+31

measurey,, 452 » ONE ODtains

(5.116) PWX 4+ d/“q,qjﬁrs,ij-l =0.

n qjl+s i

By Part(1) of Theorenj 5.8, one obtains

+ —
¢wXA+ sp—1 d” 1,0 T
n,qj, +sn—1,4; Il {n 145, +sn— 11?711 Y

n +
/ WALy gy o) /2n -1y 0050 LA ) g,y o]

J1

to
(5.117) —/ / diV(quU)X{v{ renmtin S0}X A+ dsz.
t1 n n,qjl sn—1,%

n qjl+sn 1 ZST

By Part(1) of Theorenj 5.10, one obtains
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+ + ¥
¢wXA+ . 71d/JLrU7U — /¢wd[ﬂ{w_8/7U7{v>O}} LAn,qjl—i-sn—l,i;;‘*l]

n q]1+sn 1, 131

N +
+/¢wd[ﬂ{w(qj1+sn)/2n(1/2")2,U,{v>0}} LAnvqjﬁSn*Uj?_l]

1
n, qJl +sn—1 'L;IL

[2)
(5.118) —/ div(owl) X =0y X 4+ dxdr.
t1 R

By definition ofp et 5.117), and|(5.118), one obtains

n,q ]1+5n_1 i

+
W d
/¢ Xat I an“+8n 1,51

n qJ1+sn 1, 7,J1 J1

+ +
_/¢wd[ﬂ{w—s’,U,{U>0}} |~An,q]1+sn 1,357~ 1]

to
(5.119) — / AV (GwT) (X o0y — Xpo
t1 R

Sn 1}>0})XA+ dxdT

1
n qjl+sn—1 iSn—

{n, 145, tsn—1 1
J1

Then by the construction in Step 1 aboye, (5]115)-(8.119), and the definition of the measure
uﬁw,S@U, (»>0y) @nd its properties, one has

WY 4 dut w dut .
/¢ XAnqjl+sn17f Mn’qj1+s"’zj1 /¢ XA:q“Jrsn 116? 1 Hln’qjl—i_Sn J;z '
_ +
_/gwarzdlu’{w—s’,U,{v>0}}
t2
(5.120) - / div(¢owU) (Xus0y = Xgv 501Xt . dxdr.
t1 R™ m4jy Fen—1 i1 n:j; Hen—1, l]?

2.2Using the fact that by Step 1 abové satisfies Points (2) and (3) there, and usjng (5.115),
(5.118), and[(5.120) one obtains

m+1

i +
Z ( ¢wXA+ -0 d’unﬂj:i? + / ¢wXA_ n,q; +s, 7.5 UAn 245 +s, 7.5 d/’l/n,qj+s,i‘;.)

n,q5,15

j=0 s=1 (q7+sz YETn,j

- / ¢wXF2 dl”b?w—s’,U,{v>0}}

[2)
t1 R™

mdjy Fen =L 7,45, +sn—1, wj? !

Ti1
— Z / / dIV ¢wU X{v>0} X{vn 4 +s 15 >0})

s= Sm(‘hl""sz YEJIn jy

(X5 + Xat Jdzdr+

nq]1+sz nq71+sz
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m—+1 ts
_ Z (/ / div(¢pwU) (X >0y — Xfo, . iQ>0}>XA+ VOd.Z'dT
=0, j#i ¥t " Ak n:4j.5

r; t
+ Z / i div(owU) (X (vs0p — X{vn,qﬁs,i?o})
t1 m

s:l,(qurs,i;)GJn’j

(5.121) (Xp- + X gt )dzdr).

n,qj+s,ij n,qj+s,i;
3. Proceeding as in the convergence of Theofem|5.17, gses tooo one obtains using

G.121),

m+1

T
+ +
E ([ owxa+  dpy o+ E , QWX - ot Ay gisie)
- n,q,,i0 145,05 n,q+s,48 7 T n,q s, 3T
=0 EA e, J J
J J

s:l,(qj+s,z; €Jdn,j

(5.122) - = / d)erQdﬂfwfs/,U,{wo}}'

4. Using the convergence in (5.122) in place of the use of the convergence given by Theorem

5.17 in the proof of Theorem 5.[19, one concludes yﬁatbdujw} is not0. That is, Theorem

5.19 does not hold. This proves that the assumption thatspt, spt. (U) is either empty or a

subset of the projection dfv = 0}° into IR" is necessary.

6. PROPERTIES OF THE MEASURES OF SECTIONS [3{8 FOR SOME CLASS OF
GENERATORS AND A FIRST SET OF APPLICATIONS

The theorem of this section establishes further properties of the mea@@su{‘w}, and
10,0y for a special class of generators. Throughout this sectien 3. Although in this section
N =3, Theorenj 61 can be obtained with appropriate adaptations fer2. Let,,, m > 1,
be the sequence of functions definedid’ by ¢,,(z) = (%), wherey) € C*(IRY) and is
such that)(z) = 1 for |z| < 1, ¢ (x) = 0 for |z| > 2, and0 < ¢ (z) < 1 forall x € RY.
Theorem 6.1.Let N = 3. Let0 < t; < t,. Letu € C®°(IRN x (t1,t); RY) with divu = 0.
Assume that for eache INV, Du € C=((t1,t,); L' (IRV))N. Letop € C.(ty,ts).

(1) Leti € {1,---,N}. Letl, k € IN" be such thab < k < I. Then, up to a subsequence,

lim qbzmekuidlu’?—Dlui’leku} = OJ mh—rgo / gbmekuidM{_Dlui’leku} = 07

m—00

lim QSmekuidlu{Dlui,Dl—ku} = 0.

m—00

(2) Letl € INV. Then, up to a subsequence,

nlbi_{noo ¢¢md’uzrDlui,Dl(uiu)} =0, lim d)wmd’u{_Dlui,Dl(uiu)} =0,

m—00

lim /(bwmdﬂ{DZM,Dl(uiu)} =0.

m—0o0

Proof of Theorem[6.1
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If v = 0, the result is obvious. Hence, throughout this proof it will be assumed:tisahot
identically0. Letk,l € INV with 0 < k < I. By Theore, the measueg, , resp. g,
andyu, (y is concentrated of{v > 0} resp.0{v < 0} andd{v > 0} U d{v < 0}. Hence, for
k = [, Part(1) of the theorem is clear. Therefore, it is assumed @h&tk < /.

Proof of (1)Let b; < b, be such that spp) C (by,b2) C (t1,t2). Leti € {1,--- ,N}. For
any functionw defined inRY x (¢, t,), denote by sptw the projection of the support af into
RV,

1. By assumption, for each € INY, Dsu is in C>°((t,t5); L'(IRY))N. Hence, by Sobolev
embeddingsy € C((t1,t,); W™ ¢(IRM))N for all integersm’ > 0 and allg > 1. Us-
ing the regularity ofu and its divergence-free property, one can find a potential vectar
C®(RN x (t,t2); IRY) such thatu = curl ¥, —A¥ = curl u, and div¥ = 0. Now set
u, = curl (,¥), wherey,, was introduced at the beginning of this section. By the regularity
of u and the properties af ,, u, € C*(RY x (t1,5); R") and for eachs € INV, D*v, is in
C=((ty,tz); L*(IRN))N for all p > 1. Moreover,D*u,, converges irC™" ([a, b]; W™ 4(IRN))N
to D*u whenp goes tooo for all s € INV, all integersm’, m” > 0 and allg > 1, and all
t; < a < b < ty. Also, for each integep > 1, the projection of the support of, into R" is
compact. Denote this projection By,. Letu,;, j = 1,2, 3 denote the components of.

2. Letp > 1 be fixed. Letm, be such that for anyh > m,, ¢,, = 1onK,. If £ > | -k,
then itis clear that spt D*w,,;) C spt.(D'*u,). If k < [ —k, then itis not difficult to show that
spt,(D*u,; )\ spt, (D' *u,) is a subset of the projection §D'w,; = 0}° into R"¥. Then one can
apply Theorenh 5.19 witk, 3, U) of Theoren 5.19 corresponding t®*w,;, D'u,;, D' *u,)
of this step, and obtain

k + _ k + —
/¢¢mD upidlu{Dlum,’Dl—kup} = /¢D upid,u{Dlupi’Dl—kup} =0.

3. Letm > m,. Then using Step 2 and P#tt) of Theorenj 3.3, yields

[ 00D sl
= /gbmekuidM?Dluinl—ku} _/¢¢kaupidlu:{i_Dlupi,Dl—kup}

- _ / div(¢,, D" u; D" u)dy + / div(¢e,, DFuy D' Fu,)dy
{Dlui>0}

{Dlupi>0}

= —/ oV, DFu; - D' Fudy +/ (szDkaum . Dl_kupdy
{D'u;>0}

{Dlupi>0}
(6.1) — / o, NV DRy - D udy + / ¢,V D*u; - D' Fu,dy.
{Dlui>0} {Dlupi>0}

Here, a use of the fact that di®’'*v,) = 0 and di D'~*u) = 0, has been made.

3.1 By assumptionD*u € C>([by, bo); L'(IRV))Y for eachs € INV. Hence, by Sobolev
embeddings, one hasD'*u € L(by,by; L*(RM))N and DFu; € L*®(by, by; WEHA(IRY)).
Now by Step 1,D'*u, € L'(by,b; L*(RY))YN. Hence, using Holder inequality, one has:
(kauiDl_kuX{Dzui>0} € L1<RN X (bl,bg))N and ¢DkupiDl_kUpX{Dz >0} S L1<RN X
(b1, by)). Then, one obtains

Up;
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1

| oV, - DPu; D' Fudy| = —| / SV(—) - DFu; D' Fudyl
{Dlui>0} m {Dlui>0} m

/

1 C
62) < —IVillimmm / 6D*u, D Fuldy < <
m m

{Dlui>0}

where(" is a positive constant independentrof Lettingm go toocc in (6.2), yields

(6.3) lim oV, - DFu; D' Fudy = 0.

m—00 {Dlui>0}

Similarly, one obtains

(6.4) lim ¢V, - Dy D' u,dy = 0.

m—00 [ ply,; >0}

As m goes tooo,

X{Dlui>0}¢meDkui DRy — X{Dzui>0}¢VDku,- - DRy,
X{D’um>0}¢meDk“m - D' Py, — X{Dlupi>0}¢VDkupi - D",
Moreover,

X (Dt 50y O¥m VD s - D'™Ful < [x(pry, 500V D u; - D',
‘X{Dl”pi>0}¢meDkupi ’ Dl_kup| < |X{Dlupi>0}¢VDkUpi : Dl_kup|.

By the regularity obtained above, these bounds aié {fR" x (¢,t,)). Then by dominated
convergence theorem, up to a subsequence, gses to,

(6.5) lim o,V D*u; - D™ udy = / ¢V D*u; - D' Fudy,
m—oo {D'u; >0} {D'u; >0}

(6.6) lim ¢,V D*up; - D' Fu,dy = / ¢V D¥uy; - DR, dy.
m—oo {Dlum’>0} {Dlupi>0}

3.20ne has
_/ (bVDkui . le’fudy + / ¢VDkupi . Dl*kupdy
{D!u; >0} {Dlu,; >0}
T / ¢(VD*u; - D'y — V DFuy, - D' Fuy,)dy +
{Dlupi>0}
/(X{Dlupi>0} - X{Dlul>0})¢VDkuZ . Dl—k‘udy

—/X{Dzupi>o}¢VDkupi (D" — Dl_kup)dy—I—
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(6.7) / (X{Dtuyi>0) — X{Dlur>0}) OV D*u; - D™ udy.

By Holder inequality, one has

| [ XV D 0 = VD ) - D udy
(6.8) < (Y D¥u; — VD up) || £ by ot 2wy |1 D' | oo (b ot 2 (rvy)
| /X{Dzupo}qﬁVDkum (D' *u — D"Fu,)dy|

< N6V D il oo (5, poswr2 ey [ D 1 = D' ™* || 1 oy o2 vy
(69) S CHDliku — Dlikup"Ll(bl7b2;wl,2(RN)),
where(' is a positive constant independentofAbove a use of Step 1 has been made. Using
the properties of the approximating sequeng®btained in Step 1 above, agoes tooo, the

left sides of [(6.B)-[(6/9) go t0. Hence, the first and second terms in the right sidg of (6.7) go to
0.

3.3Set(,; = {D'u,; > 0} andQ); = {D'u; > 0}. Then

/(X{Dlum>0} - X{Dlui>0})¢VDkUi . Dl_kudy
49 - /XQPWQWVD%" - D' Fudy — /XﬂgiinQSVDk’ui - D Fudy.

Lety € Q¢ If Dwu;(y) < 0, then by construction of,,; See Step 1, as goes tooo,
X{Dluy>03(4) 90€S 100. If y € {D'u; = 0}°, thenB(y,¢) C {D'u; = 0} for somee > 0
sufficiently small. Fop large,y,, = 1 on B(y, €). Hence,D'uy,;(y) = D'u;(y) = 0. Therefore,
asp goes 100, xq,,o: CONVerges a.e. 0. Proceeding similarIyXQszi converges a.e. to.
Moreover, by Step 29V D*u; - D'=*u € L*(IRYN x (b1, bs)). Then by dominated convergence
theorem, up to a subsequence,pagoes toco, the two integrals in the right side df (6]10)
converge td). And so, up to a subsequence pagoes tooo,

lim (X{Dlum'>0} - X{Dlui>0})¢kau’i : DlikUdl/ =0.

p—00

3.4 Combining the convergence in Steps 3.2-3.3, and u§ing (6.7), one obtains, up to a subse-
guence, ap goes toco,

p—00

(6.11) lim [— / ¢V D*u; - D' Fudy + / ¢V DFuy; - D Fu,dy] = 0.
{Dlu;>0} {Dlupi>0}

3.5 Combining the convergence in (.8)-(6.6) of Step 3.1 and (6.11) in Step 3.4, and using
(6.), one obtains, up to a subsequencerapes tox first and therp goes tooo second,

(6.12) lim [ ¢, DXwidpf i, piryy = 0.

m—00
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4. Proceeding as in Steps 1-3 above;f%lu and i pi,, pi-k,y, ONE Obtains, up to a

iD= Fu}
subsequence,
(6.13) Tim [ ¢, D uwidpi i, iy = 0,
(6.14) lim /¢¢kauidﬂ{Dlui,leu} =0.

5. (6.12)-[6.14) yield Partl) of the theorem.
Proof of (2)

1. Using Leibniz formula yields

(6.15) D'(usu) = CyD*u; D" *u,

k<l

where(C',; is given by

! l! In!
il — k) al(ls — E)! &l — k)l
Let0 < k < I. Setv = D'u;. Then using the regularity of andu;, and Theorerp 3|1 with
(v,U) of Theorenj 3.1 corresponding (®'u;, D'~*) of this step, and the fact that),, D*«;

is Lipschitz continuous function with compact supportid’ x (¢;,t,), one obtains, up to a
subsequence, asgoes ta),

(6.16) Cr =

/ ¢¢kauidu?v7Dl—ku}

1
(6.17) = lim / ¢, DFu; Dy - Vo—X{o<o<ardedr.

Using Theorerh 3|1 witkw, U) of Theorenj 3] corresponding t®'u;, D' (u;u)) of this step,
the fact thaty),,, is Lipschitz continuous function with compact supportif x (¢4, ), (6.15),

and [6.17), one obtains

+
/ OV, i)y
1
_ : l
= i [ 6, D) - Vo xgocpcnydadr

1
_ k, ik
= r%/ Z Cro,,D"u; D" " - Vvax{o@m}cmd?

li
o —
0<k<I

1
= Z Chi lirr%]/gbmekuiDl_ku-VU—X{0<U<a}dde
a— «

0<k<I
(6.18) = Z Ckl/ﬁmekUz'dﬂ{t;,leu}'
0<k<l

Similarly, one obtains
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(6.19) [ 0ty = 3 Cua [ 0, D i ey
0<k<lI

(620) /qbwmdlu’{v,Dl(ulu)} = Z Ckl/¢¢kauid/ﬁ{v,leu}‘
0<k<lI

Then using[(6.18)-(6.20) and P4(ft) of the theorem yields Pa(R) of the theorem. This
completes the proof of Theor§m B4

7. PROPERTIES OF THE MEASURES OF SECTIONS [3{8 FOR SOME CLASS OF
GENERATORS AND A SECOND SET OF APPLICATIONS

In this section, further properties of the measurggj}, Figy iy andyy, , for special classes
of generators are obtained. Throughout this sectos 3 andv,,, m > 1, corresponds to the
sequence of functions defined®® by ¢, (z) = (%), wherey € C>°(IR?) and is such that

Y(x) =1for|z| < 1,¢(xz) =0for|z| > 2,and0 < @Zl(x) < 1forall z € IR?. Also throughout

this section, the topological notions of interior of a subsedf IR™, open, compact, etc are

with respect to the canonical topology @ti”. Moreover, throughout this section, the notation
y=(z,7) = (y1,- - ,ys) for the elements oR?® x (¢,,,) will also be used. The main results

of this section correspond to Theoremg 7.1 7.2. By an appropriate adaptation of the proofs

below, one also obtains Theorems|7.1 7.2\or 2.

Theorem 7.1.Let N = 3. Let0 < t; < ty. Letu € C(IRY x (t1,12); IRY) be such that
div u = 0 and the projection intdR”" of the support of: is compact. Letv = curl u. Let
1€ NV, Leti € {1,2,3}. Leto € C.(t1,t,). Then

(1)

/ DU Dt 01 oy = O / A Do, Dy = O / Odipio, Doy = O-
2

+ _ — _ —
[ 6070 =0 [ b1y = 0 [ G010y =
Above,pa’U}, fig, oy @Nd g, 1y denote the measures dR?Y x (t1,t,) given by Theorem

with (v, U) of Theoren 3]1 corresponding (®'w;, D' (w,u)) resp. (D'w;, D' (uw)) of this
theorem.

Proof of Theorem[7.1. If v = 0, the result is obvious. Hence, throughout this proof it
is assumed that is not identically0. Let! € INV. Let¢ € Ce(t1,t2). Let K, denote the
projection intolRY of the support of.. Then the projection intdR” of the support ofu; is
compact; = 1,2,3. SetK = K, x spt¢). By assumptionk is compact.

Proof of Part (1)Proceeding as in the proof of Pg2) of Theorenj 6.1, one obtains

(71) /(ﬁwmdMErDlwi,Dl(wiu)} = Z Ckl/qbmekwid,u?Dlwi’Dlku}a

0<k<l

whereC),; are given b6). Sinck|, is compact, the measurég; .., s, are of compact
support included in the compact €t See Theorem 3.1. Taking so large that),, = 1 on
K., (7.7) yields
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(7.2) /gbdur{i_Dlwi,Dl(wu)} = Z Chi /qukwidﬂ’?—Dlwi’leu}‘
0<k<l
Letk,! € INY be such that < k < [. By definition ofw, one has spt D*w;) \ spt (D' *u)
is a subset of spt D*w;) \spt (D' "*w). Hence, one obtains as in Step 2 of the proof of Theorem
6.1, spt(D*w;) \ spt.(D'"*u) is either empty or a subset §D'w; = 0}°. Therefore, one can
apply Theorem 5.19 witko, o, U) of Theoren 5.19 corresponding t®*w;, D'w;, D'*u) of
this step, and obtain

(7.3) [ oD il ey =0
Then combining[(7]1)-(7]3) yields

+ _
/qbdu{Dlwi’Dl(wiu)} - O,

which corresponds to the first statement of Rajtof the theorem. Reasoning as above for
I Dl Dl (i)} andyigpi,,, piw.w)y Yields the second and third statements of RBrof the theo-
rem.

Proof of Part (2)The case = 1 will be studied. The proofs foi = 2 andi = 3 can be
obtained by an appropriate adaptation of the method introduced here.

By the regularity ofu, w; € C*(IR? x (t1,t,);IR). Moreover, since the projection of the
support ofu into IRY is compact, the projection of the supportafinto IRY is compact. Letd
be a positive constant such thatBnw = w; + A > « > 0 for some positivev. The method of
proof consists of building a vector functi@h = (G, Go, G3)' € C*(IR? x (t1,t2); IR?) such
that

(7.4) div G =0,
(7.5 [ oD @Gy, =0
(76) /¢dluzrDlw1,Dl(w1u)} _/¢d’u{+Dlw1,Dl(u1w)} :/¢d’u{+Dlwlle(wG)}'

Here,e;, j = 1,2, 3 denote the canonical basisIBf. Using Theorerh 5.19 shows that

(77) /qbd'uz_Dlwth(ﬁlG)} = /¢dluz_Dlwl7Dl(w1G)} =0.

Here, a use of the fact th§t¢du{+DlwthG} = 0; See Step 4 below. Now using Pét) of the
theorem,[(7.6), andl (7.7), one concludes that

(7.8) /qbd'u?_Dlwth(uw)} =0,

which corresponds to the first statement in @af the theorem for the cage= 1. Proceeding
similarly with appropriate adaptations, one obtains the second and third statement&ipdPart

the theorem for the case= 1. As can be seen below, the proof of (7.4)-[7.6) relies on the basic
properties of the measures developed in the previous sections and the crucial fact that the first
component of the difference of the (convective) vecigr and the (stretching) vectarw is 0.
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1. Let hy, hy € C*°(IR?) be such that

(7.9) Dohy + Oshy = 0.
Set
1 1
(710) G2 = E(wﬂ@ — UiWo + hg), G3 = E(wlug — w3 + hg)

G, will be determined so thalt (1.4)-(7.6) are satisfi¢d.|(7.4) requiresitidat = —0,G> —
0:G3. HenceG, is of the form

(711) Gl(x,T) = —/ (82G2+agGg)(Z,xg,mg,T)dZ+§<CZ,IE2,$3,T>,
whereq is a constant anglis a function inC>(IR? x (¢, t,); IR) that are arbitrary. Defing by
g(z,7) = gla, ze, 3, 7) for every(z,7) € R3 x (t1,1s).
Setg; = fa”“( hGo + 03G3)(z, 29, x3,7)dz. Let 'U’{+Dlw1 D)) be the measure associated
with the pair(D'w:, D'(wG)) by Theoren 3]1. By Paffl) of Theorenj 3.3,
{D'w1>0}

= — /{Dl 0 Qs(al(Dl(UN}Gl)) + 62(DZ(U~JG2)) + 83(Dl(wG3)))dIdT

= Dt )+ D s )

(712) +83(Dl (W1U3 — U1W3)))dﬂfd7’.

Here, a use of the fact thath, + 03hs = 0 has been made. Also, by P&ti) of Theorem
8.3,

+ +
/¢d'u{Dlw1,Dl(w1u)} _/¢d“{Dlw1,Dl(ulw)}

= - / div(¢ D' (wiu))dzdr + / div(¢ D' (uyw))dzdr
{Dlwy >0} {Dlwy >0}
= —/ div(¢ D' (wiu — wyw))dadr
{Dlw; >0}
(7.13) = —/ l $(Do( D' (wrtiy — urws)) + d5( D' (wrug — uyws)))dwdr.
{D'w1>0}
Hence, using (7.12)-(7.13), it is clear that if one can sejet that

(7.14) /{ o Doty — 1)) =0,

then the left sides of (7.12)-(7]13) are equal. That s,

(715) /¢d'u’:{‘_Dlw1,Dl(w1u)} o /QSd'u?—Dlwl,Dl(ulw)} - /qsdu?Dlwth(u?G)}'
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2. Setv = D'w;. Setl'} = 9{v > 0} \ I, wherels , is the singular set corresponding
to v mtroduced in Subsectl- n 3.1. Pa(® and(4) of Theoren@ show that the measures
u{v’Dl(ww)} u{wl(uw)}, andu{wl(wc,)} are concentrated drj” and thal"; (= d{v > 0}\I7; )
is aC>—hypersurface. Hence, without loss of generality, one may assumg;thas empty.

Sincel’} is C>°-regular, there exist an open neighborhalddof I'}” and aC>°-function F’
defined ori/ such that for aly € U, V... F'(y) # 0, and

(7.16) Iy ={yeU| F(y) =0}
(7.17) UN{v>0}={yel| F(y) <0}.

Then the unit exterior normal vecterto T’} is given byn(y) = =% Here and below, one

uses the notatiorV, ;o = (0.,¢, Or, ¢, Ous 0, Opp)* for anyp € CH(IR? x (t4,t2)). By Part(1)
of Theorenj 3.3 and Paft) of Theorenj 3.4,

/ oD @G,y =~ [ 90Dty — g1)drdr
{v>0}

(7.18) = oD'(w(g — g1))mdH".

ry
Assume that; F = 0 onT';. Then the first component; of the unit exterior normal vector
nto'f (=T \ Ty ,)isidentically0 onI'}. Then one has

(7.19) | oDt gmart =

Then using[(7.18) andl (7.]19), the left sides[of (V.12)-(7.13) are equal. HEnge, (7.6) is satisfied
for every G satisfying (7.1ID) and (7.11) with and ¢ arbitrary. Then reasoning as in Step 4
below, one obtains

+ _
/qbdu{Dl‘Ulle(ulw)} =0.

which corresponds to the first statement of Rayof the theorem for the case= 1.
Now assume thall, F # 0onT}. Setl'* = I n{o,F # 0}. Lety© = (2\% 20 29 70 ¢
I'*. Sincel'} is C*—regular, there exist a coordinate system associated with a basis formed of
orthogonal vectors with unit length, still denotéd , x5, 25, 7), an open neighborhodd® of
y©, an open subsat® of IR? x (ty,t,), and aC>®-regular functionf, defined onV® such
that

UO NI = {(fo(x2, 3, T), X2, 23, T)| (T2, 23, T) € V(O)}
0) N {U > 0} = {(.Tl,l'g,xg,T) c Z/{(O)l T < fo(l‘Q,xg,T)}

Using the fact that the projection infR? of the support ofv, is compact; See the beginning
of the proof, one can fing¥) € I't, j = 1,--- ,p such that forj = 1,--- , p, denotingl/""),
]3(1'), and f; the corresponding open sets and functions satisfying the properties above, one has
It cu_uv.

Let3; € C>*(R%R),j =0,---,p be such that

1o0<p; <1

(2)>%_3; = LonRY,

AJMAA Vol. 18(2021), No. 2, Art. 21, 126 pp. AIMAA


https://ajmaa.org

GLOBAL REGULARITY OF THE THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 91

(3) spt3,) is a compact subset 6f7), j = 1,--- ,pand spt3,) C R* \ I'*.
Then using the notatiofx, =5, x3,7) = (x1, 2'),

(7.20) / oD (wg)nidHY = / B oD (wg)n dHY = Z
where
o 1/~ a1 o] / /
(7.21) I; = o ¢(7)(8; D' (wg )!VmFl)(fJ( @), &) (L + [V fi(a)[?)?da’.
Hence
(7.22) / Doty g pmat =321, - / REICTARES

Denote the projection of a subsetof RY x (ty,t,) into (¢1,ty) by pr,(E). If ¢ = 0
on prt(li“+) it is clear that the left side 02) 8. Hence, it is assumed that = 0
on pr(I'*). There are five cases: (1)= 0; (2) fﬁ ¢pD (wg1)nidHYN = 0; ()1 # 0,
Jor @D (@g1)mdHN # 0, 0wy # 0 onT*, andg # 0 onpry({dwy # 0} NTH); (4) 1 #0,
et @D (Wg1)ndHN # 0, anddf'wr = 0 onT+; and (B)l # 0, [r.4 @D (wgr)ndHN # 0,
ow; £ 0onTt, andy = 0 onpr,({0'wy # 0} NIH).
Cases (1) and (2) will be studied below and in Step 4. Case (3) will be studied in Steps 3 and

4. Case (4) will be studied in Step 5. In Step 6, Case (5) will be studied.
If [ =0, then by definition otb,

(7.23)
6D ib(g — g1))mdHY = / b(wr + A)(g — g)mdHN = A / &g — g ymdH".
s r ri

Hence, it is clear that one can bugduch that

(7.24) dgnidHY = / dginidHY .
it ¥

(7.23)-[7.24) show that the integral in (7]22)0is Then reasoning as in Step 4 below, one
obtains

+ _
/¢dM{D’w1aDl(u1w)} -

which corresponds to the first statement of RPayof the theorem for the case= 1.
It frs ¢D (g, )n dHYN = 0, then one takeg = 0. Then

(7.25) ¢(g — gr)mdH" =

rf
Then reasoning as in Step 4 below, one obtains

/qﬁd#?D’wlaDl(uw)} =0.
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which corresponds to the first statement of Rayof the theorem for the case= 1.

3. Inthis step Case (3) will be studied. Thus, itis assumed ti#at and . ¢D (wgy )nidHN #
0. the functiong will be build to satisfy

(7.26) ¢D'(ib(g — g1))mdH™ =0
rf
in the case wheré'w, # 0 onT+ and¢ # 0 on pr,({9"'w; # 0} NTF). In this case, it is
clear thatl/| > [;. In Step 4, the proof fof = 1 of Part(2) of the theorem in this case will be
concluded.
Recall thaty = g(a, =2, x3, 7) With a a constant. By Leibniz formula, one has

D'(ig) = 0705 (' g)
= Co 00 wdpdig+ Y Cp 0520800 woy 208" g + C, 08 050} g

0<r<s
(7.27) = 8%1@3523539_{_ Z C’r,58§"28§38{1w@?‘”@?‘”g,
0<r<s

onI'}. Above,s = (l2,13), r = (r2,73), andC, , are the corresponding coefficients in Leibniz
Formula; See[(6.16). Also above, a use of the fact thgt 0 and so onl'}: 9292w =
D'w = D'w; = 0, has been made.

Leth = h(%g,ﬂfg) S COO(IR2; IR) andg = §(a,a:2,x3, 7') € COO(IR2 X (tl,tz); IR) Then take
g to be the function

(728) g(a,.TQ,[Eg,T) = h(.%'g,$3)§(@,$271'3,7')-
Using Leibniz formula, one has

(7.29) 030 (hg) = C) R Ihg + Y CL 08 08 hdy 05§
0<r<s

0y 20 (hg)
(7.30) = G 08T0b g+ Y Ol TR T R Ol g

0<r'<s,

wheres, = (I — r9,l3 — r3). Using (7.28)1(7.30) in (7.27) yields

D'(wg) = 0505 (07 wg)
= OLwOROPhG + 0 Y Cp 0RO T hOR 05

0<r<s
+ ) CL 0500 (0RO hy
0<r<s
(7.31) + Z 07,,/7&82277"277“/2 aésfrgfré hagé aglsg]
o<r'<s,
Now let i be such that
(7.32) h(zq, 23) = BeP2™2ePs%s
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whereB # 0, B, > 0, and B3 > 0 will be made precise below. Plugging ttisn (7.31), one
obtains

D'(ig) = 9y 05 (9 vg)
= BBEBge”ePm[0ig + (00 Y | Cl By By 0505

0<r<s
+ 3 CuBy By Opopata(G+ Y. Ch, By 2By 0k 05 ).
0<r<s 0<r’'<sp
(7.33)
Now set
0 =0 Y C BBy 00+ > CroBy" By 0520501 b(g
0<r<s o<r<s
(7.34)  + Y Ol B, B;"0,05)

0<r’'<sr
Let B; be a number to be determined below. Taking

- B:BY’

in (7.32) and usind (7.33) and (7]34), one obtains

D'(ig) = 0595 (9} wg)
= BB}BpeP e (010G + )
(7.36) = BiePmeP (01w + 0).
Using [7.36) and(7.21), one obtains for ghg {1,--- , p},

(7.35)

L= [ o), ) S () )0+ Va0

Vo) ! Vo F
Baxa B3a:3 I~ ~
= B o o(7)(B;e (0w +9)|va|
(7.37) X (1 + |Varf; (@)} 2da’!
By the beginning of this step, one assumed tiab, is not identically0 on ' and¢ #
0 on pr(({d'w; # 0} NT*). Using the regularity of, F, ws, and 3;, the construction
of the partition of unity3; and the definition of*; See Step 2 above; shows that for some
jo € {1,---,p}, one has either (1)"'w; > 0 on some open s&d C spt(3;,) N {0 F > 0}
containing anV —dimensional submanifold df* and¢ > 0 on an open subinterval of g©)
andO Nspt(3;) = @ forany;j € {0,---,p} with j # jo; or (2) d'w; > 0 on some open set
O C spt(3;,) N {01 F < 0} containing anN —dimensional submanifold df* and¢ > 0 on
an open subinterval of gIO) andO N spt(3,) = () for anyj € {0,---,p} with j # jo; or
(3) 0“w; < 0 on some open se&d C spt(3;,) N {0, F > 0} containing anN —dimensional
submanifold of "+ and¢ > 0 on an open subinterval of g) and© N spt(3;) = () for any
j € {0,---,p}with j # jo; or (4) 9w, < 0 on some open s&d C spt(3;,) N{F < 0}

)(f5(a), ')
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containing anV —dimensional submanifold df* and¢é > 0 on an open subinterval of pO),
or any of the above four possibilities with> 0 replaced by) < 0; or none of the above.

If none of the 8 cases invoked above is true, then necesseeily) on pr. ({0 w, # 0}NT)
ord"'w, = 0 onI'*. Recall that by Step 4+ = T'; N {0, F # 0}. However, this contradicts
the assumptions made gnandd''w, above. Hence, this 9th case cannot happen and so the
only possibilities are the 8 cases invoked above.

Now assume that Case (1) is true; thatisw, > 0 on some open s€ C spt(3;,)N{0F >
0} containing anN —dimensional submanifold df+ and¢ > 0 on an open subinterval of
pr,(0) andO Nspi(3,;) = P for anyj € {0,---,p} with j # jo. The other cases can be
deduced by appropriately adapting the reasoning developed below.

Forj =1,--- ,pwith j # j, set

O F
_ eB2x2 o Bsws ah bg + 0
| o o(1)(5; ( )yvth!
X (14 |V f;(2")[})2da.
Then selecg so thatg > ¢ > 0 on the projection intdR? x (¢;,,) of O with ¢ a constant
and for B, and B; large, one has

)(fi(2), ')

p
(7.38) > Y o
Jj=1,j#jo
where
B= [ or)(ePemmeP s i + )2 (g (), o)
VO) Vi F|
(7.39) X (14 |V (")} 2dx’.

Above,dl i = 8wy if I, # 0 andd & = w, + A if [, = 0. Letg be given by[(7.28) witly the
function constructed above with the projection of its support and those of its partial derivatives
into IR? equallR? and & given by [7.32), where3 is given by [(7.35) withB, and B; large
enough to satisfy] (7.38) anfl, # 0 is determined below. Now using thi§, (7137), (71.39), and
(7.22) with the above construction, one obtains

(7.40) [ ontate — gmar® —Blzf / 6D (dgy )y dH.
Since by.)zj , I} # 0, one can take

(7.41) Bi=—— / ¢ D (@ g )nidHY .

Jlj

Then using[(7.40) yields the first equality [n (7.42) below

(7.42) / D! (i5(g — g1))mdH™ =0, /{ | 90Dty — )z =0

Using (7.18) and the first equality in (7142), yields the second equalify in|(7.42).
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4. In this step, the proof of Pa(R) of the theorem in the following cases will be concluded:
Q)1 =0;(?) frj ¢ D (g, )nidHYN = 0; and (3)I # 0, frt ¢D (wgy)nidHN # 0, 0wy # 0
onI'*, and¢ # 0 on {9"w;, # 0} NTT.

In case (1), using (7.24) and (7]18) of Step 2 yields (7.14) of Step 1. In case (2),[usirg (7.25)

and [7.18) of Step 2 yields (7.14) of Step 1. In case [3), {7.42) of Step 3 above yields (7.14) of
Step 1. Hence by Step 1, (7]15) is satisfied, and so, one has

(743) /¢d'u’:{‘_Dlw1,Dl(w1u)} o /QSd'u?—Dlwl,Dl(quw)} - /gﬁdﬂ?Dlwth(ijG)}'

By Part(1) of the theorem, one has

(7.44) /qﬁdufDlwth(wlu)} =0.

Now it will be proved that

(7.45) / Sl i piocyy = -

By definition ofw and the properties of the above measures, one has

_ +
(7.46) /del‘?plwl,pl(wc)} _/qbd#j{’—Dlwl,Dl(le)}+/¢du{Dlw17Dl(AG)}‘

By the properties af)y, its support inz is compact; See the beginning of the proof. kebe
so large that),, = 1 on this compact. Then using P4t of Theorenj 3.3, one obtains

+ _ +
/¢dﬂ{Dlw1,Dl(AG)} = /¢¢mdu{Dlw1,Dl(AG)}

(7.47) = - /{ - div(¢e,, D'(AG))dy = — / A¢div(D'G)dy = 0.

{D'w; >0}

Here, a use of the fact that di¥v = 0 has been made.

Now the functionsh, and h; will be selected so that for each € IN? with £ < [, the
projection of the support oD*G into IR? is IR3. Leta;,a; > 0 andas < 0 be such that
a; +x1 > 0,a2 + 22 > 0,andas + z3 < 0 for all z € spt,(w;). Leta; anday be positive
numbers. Set

(748) h2 — 6041((1,1-|-$1)-i-az(az-i-mg)—ozg((13—}-%3)7 h3 — hg.

Thendyhy 4 dshs = ashy — ashs = 0. Thus,h, andhs satisfy [7.9) of Step 1. Let € IN?
be sucht < [. Fork = 0, using the fact that sptu) is compact and the regularity af one
obtains fora; andas large,

1
E((wﬂ@ — wwa) + hy) >0

forall (z,7) € IR? x (t1,t3). Fork # 0, one has
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1 h
DFGy = Dk(a(wm — uyws)) + Dk(g)
1 h 1
(7:49) = DGl —wisa)) +afiaft (0o T 30 Coul"heD (),

whereC,., where introduced i (6.16). Fdr even, using the fact that spt) is compact,
and ) one obtains far, anda, large, D*Gy(x,7) > 0 for all (z,7) € R3 x (t1,1s).
For k3 odd, using the fact that spt:) is compact, and (7.49) one obtains farandas large,
D*Gy(z,7) < 0forall (z,7) € R3 x (t1,t,). Therefore, the above shows that foranda,
sufficiently large, one haB*Gy(x, 7) # 0 for all (z,7) € IR? x (t1,t,) and for allk € IN® with
k < l. Thus, with the above choice of the parameters, the projection of the supgitointo
IR? is IR? for all £ € IN® with & < [. This choice ofG is the one that will be used throughout
the rest of the proof.

Now proceeding as in the proof of P4tf) of the theorem with appropriate adaptations with
(I,wq,u) of Part(1) of the theorem replaced Wy, w,, G) of this step, one obtains

+ —
(7.50) / S pi, proncry = -
Then combining[(7.46)| (7.47), anld (7150), one obtains

(751) /deM?Dzwth(ﬁ,G)} = 07
which corresponds t¢ (7.45). Now combinifng (7.48), (V.44), and|7.51), one obtains

(7.52) / O Dy i (uryy = O

which corresponds to the first statement in Rajtof the theorem for = 1 in the following
cases: (1) = 0; (2) [r+ dD'(wg1)nidH™ = 0; and (3)1 # 0, [ ¢D'(wgi)mdHY # 0,
oMwi # 0onlt, andg # 0 on pr({0"w, # 0} NT*). Proceeding as above for the measure
I Dl Dl () with appropriate adaptations, one obtains the second statement {2 Rarthe
theorem for: = 1 in Cases (1)-(3) above. Now using P&2} of Theorenj 3.1 yields the third
statement in Pai2) of the theorem for = 1 in Cases (1)-(3) above. In Step 5, the proof of
Part(2) of the theorem foi = 1 in the case (4) will be given.

5. In this step, the proof of Pa(®) of the theorem foi = 1 in the case (4) where # 0,
Jrs D' (wgy )nidHN # 0, andd!'w, = 0 onT* will be given. By definitiong = wy + A >
o > 0 on K. Hence/; cannot be). Sincedw = 0 onI'* andw = w; + A > a > 0, one

has necessaril§@w # 0 on Tt for some nonnegative integer andd’«w = 0 on I'* for all
m<r <lI.

5.1Let GG, andGs be the functions given by (7.1L0). Lét; be the function given by (7.11).
Let m be the nonnegative integer introduced above.ebe the function given by

(7.53) él(l’,T) =Gy(z,7) + xlf*mgg(b, T, T3,T),

whereb is a constant ang, is a function inC>*(IR? x (t,,);R). Defineg, by go(z,7) =
Ga(b, z9, 3, 7) for every(z, 7) € R? x (t1,t5). In this step, the function, is built so that
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(7.54) / ¢Dl(wé1)dﬂ{+mm} = 0.

Proceeding as in the proof ¢f (7]22) of Step 2, one obtains

(7.55) / dD' (w(g + 2~ Ny dHN Z[- ¢D (g yn dHY,
Ty s
where
OF
(7.56) I = | &(r)(B;D'(W(g + 2} " g2)) o) (f5(2), &) (L + [V f(2)[2)2da’.

y) |vth|

Then using the fact th@™w # 0 onT'* anddjd = 0 on [+ for allm < r < [; and the fact
thatg andg, are independent af;, one has o™

O (w(g + xY " g2)) = O (g) + Oy (Dl "gs)
— allwg—i—ﬁll(wxlf ™) go —811(10:13’11 ") go
= g2 Y Co05wd) i

0<s<ly
—= 92 Z Oleafﬁ)ail_s.Tlf_m
0<s<m
(757) = gng,h@’l"QD(ll — m)‘

Sinced™ # 0 onT* and¢ # 0 on pr,({9m™@w # 0} NI'), one can proceed as in Step 3
with appropriate adaptations and buiidto satisfy

(7.58) oD (w(g + 21" g2 — g1))mdH" =

F+

By Part(1) of Theorenj 33 and Paft) of Theorem 3.]4,

[ o0 @G, = /{ R A
v>0
(7.59) = / oD (g + 2™ gy — 1)) dHY .

Then using[(7.59) and (7.58), one obtains (V.54); that is,

(7.60) / ¢Dl(wél)du{+Dlwm} =0.

5.2 Here, one proceeds as in Step 1. Getlenote the vector of componerts, G, andGs.
By Part(1) of Theorenj 33,
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[ i iy =~ [, oD @G

= _/{Dl ) B0 (DY WG)) + Bs(D'(WGs)) + O5(DH(WGs3)))dxdr

— —/{ }¢(81(Dl(u~;(g + $111—mg2 _ 91))) + 82<D1<w1u2 B u1w2))
D'wy1>0

(7.61) +05( DY (wyug — wyws)))dxdr.
Here, a use of the fact thath, + 0shs = 0 has been made. Also, by P&t) of Theorenj 3.3,

+ +
/(bd'u{Dlwlng(wlu)} _/¢du{Dlw1,Dl(u1w)}

= —/ div(¢Dl(w1u))dxdT+/ div(¢ D' (uyw))dxdr
{D'w; >0}

{Dlwl>0}
= —/ div(¢ D' (wiu — wyw))dadr
{Dlw1>0}
(762) = —/ ¢(62<DI(M1UQ - Uﬂ«dg)) + 83(Dl(w1u3 — U1W3)))dl’d7.
{D'w1>0}

Also, by Part(1) of Theorenj 3.3,

(7.63) / DD (DG )1, 0y = — / 001(D'(i(g + 25" gy — g1)))dadlr.

{Dlwl >0}

Hence, using (7.60}-(7.63), one obtains

+ + _ +
(7.64) /gbd’u{Dlwl,Dl(wlu)} B /¢du{Dlwlle(u1w)} - /¢du{Dl‘*’lle(ﬁ’é)}'

5.31In this step it will be proved that

+ —
(7.65) / I e piacyy = O

By definition of G andG and the properties of these measures, one has

+ — + +
(7.66) /(bd'“{plwl,Dl(wé)} _/¢du{Dlwlle(wG)}+/¢d'u{Dlw1,Dl(7Ilell_mggel)}.

The calculation in[(7.57) shows thaf (wa "™ gs) = Chuyy (I — m)!07™g2. Hence using
Leibniz formula and the properties of the above measures one has,

@67 [ ol gy = Coali=m Y oy [ oD0adty i
0<r<i

where¥ = (g,,0,0)!, 1 = (0,1,13), C,; are given by|(6.16). Sincg € C(IR? x (t1,t2); IR)

and g, is independent ofc;, ¥ € C™(IR?® x ({1,t3); IR*) and div ¥ = 0. Moreover, by

AJMAA Vol. 18(2021), No. 2, Art. 21, 126 pp. AIMAA


https://ajmaa.org

GLOBAL REGULARITY OF THE THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 99

construction ofy,; See Step 5.1 above, one can select it so that the projection of the support of
D'V into IR? is equal taR? for all I' = (0,1, 15) € IN®.

Let0 < r < [. Sets = (m,re,r3) thens < I. If s # 0, thenD"9]"w = D*w = D*w; and
D'=*D*i = D = D'w,. Then one can apply Theorém 5.19 with, ¢, U) of Theorenj 5.119
replaced by D*w, D'w, Df—’“\lf) and then obtains

(7.68) /¢DT5TIDCZM?DZ%D5_W} =0.
If s =0, then by definition ofp,

(7.69) / OOy = / dwrdil gy A / D

Using the fact that the projection of the supportgfinto IR? is compact and the fact already
established above that the projection of the suppo@F into IR? is equal tolR?, one can
n{ 5.1

apply Theore9 witlw, o, U) of Theore 9 replaced by, D'w;, D'¥). One then
obtains

(7.70) /qbwld,u?plwhDi\y} =0.

Now proceeding as in the proof ¢f (7]47) of Step 4, one obtains

(7.71) / il prgy = O
Using (7.69){(7.7[1), one obtains

(7.72) / OD O Wdpt iy, =0
Then combining[(7.67) (7.72), ard (7168) yields

+ J—
(7.73) /¢d'u{Dlw1,Dl(zDa:l11_mg261)} =0

Now by (7.51) of Step 4, one obtains

(774) /¢d'u?Dlw1,Dl(ﬁ;G)} =0,
Combining [[7.6p),[(7.73), and (7]74), one obtajns ([7.65); that is,

+ _
(7.75) / TR

5.4 By Part(1) of the theorem, one has

(7.76) /¢dﬁ‘{+plw1,pz(w1u)} =0.
Combining [(7.64),[(7.75), and (7]76), one obtains
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(7.77) / O i, Di(uyeryy = O

which corresponds to the first statement in Raytof the theorem foi = 1 in the case where

[ #0, frj D' (g1 )nydHN # 0, andd*w, = 0 onT*. Proceeding as above for the measure
I Dl D)) with appropriate adaptations, one obtains the second statement i(2Paft
the theorem foi = 1 in the above case. Now using P&2) of Theoreni 31 yields the third
statement in Pa(R) of the theorem fof = 1 in the above case. This completes the proof of Part
(2) of the theorem fo¥ = 1 in the case wherg+ 0, [+ ¢D'(Wg1)nidH" # 0, andd!'w, =0

onl+.

6. Here, Case (5) will be studied. Case (5) corresponds=o0, frt ¢ D (g, )nidHN # 0,
oMwy # 0onTH, andg = 0 on pri({0%w; # 0} NTF). Recall that in Case (5) it is also
assumed thap # 0 onT+; See Step 2 above. Singe= 0 on pry({9"'w; # 0} NI'T), one

deduces that is not identically0 only onpr,({0"w, = 0}. Then proceeding as in Step 5 above
with appropriate adaptations, one obtains the proof for this case.

7. Steps 2-6 yield the proof of P&{2) of the theorem foi = 1. Proceeding as in Steps 1-6
above fori = 2 andi = 3 with appropriate adaptations, one obtains the three statements of Part
(2) of the theorem fo¥ = 2 andi = 3. This completes the proof of the theorem.

Theorem 7.2.Let N = 3. Let0 < t; < ty. Letu € C(IRY x (t1,12); IRY) be such that
divu = 0 and for eachs € INY, D%y € C®((ty,t5); L'(IRV))V. Letw = curl u. Letl € NV,
Leti € {1,2,3}. Let¢ € C.(t1,t2). Then, up to a subsequence,

(1)
lim / Vi iy, propyy = 0> M / PVm b i, iy = 05
hm /mb du{Dlw, Dl(ws)} = 0-

(2)

lim /gzﬁ@/)mdu?[)lw_ Dl(usw)} — 0, %E%O/mbmdﬂ{_pzwivpl(uiw)} =0,
e / DU di D, D (i)} = -

Above,u{v Uy Moy andy, 7y denote the measures @Y x (t1,t5) given by Theore@ 1
with (v, U) of Theoren 3]1 corresponding (®'w;, D'(u;w)) of this theorem.

Proof of Theorem[7.2.Letl € INV. Leti € {1,2,3}. Let$ € C.(t;,ts). Leth, < by be
such that sgtp) C [by, b2] C (t1,t2).

Proof of Part (1)

1. By assumption, for each € INY, D%u € O=((t,t,); L*(RY))N. Hence, by Sobolev
embeddingsy € C™((ty,ty); W™ ¢(IRN))N for all integersm’ > 0 and allg > 1. Us-
ing the regularity ofu and its divergence-free property, one can find a potential vecter
C®(RN x (t,t5); IRY) such thatu = curl ¥, —A¥ = curl u, and div¥ = 0. Now set
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u, = curl (¢, ¥), wherey,, was introduced at the beginning of this section. By the regu-
larity of u and the properties af,, u, € C*(R" x (t1,t,);IR") and for eachs € INV,
Dsu, € C®((t1,t2); LY(IRM))N for all p > 1. Moreover, for each integer > 1, the projec-
tion of the support ofs, into IRY is compact. Denote this projection l#y,. Letw, denote
the curl ofu,. Letw,; resp. w,;, j = 1,2,3 denote the components af, resp. w,. Then

wp = Yw + Vo, x u— A ¥ + (V- V)Vy, — (Vip, - V)U. Moreover,D*w, resp. D*u,
converges irC™" ([a, b]; W™ 4(IRV))N to D*w resp. D*u whenp goes toso for all s € INV,

all integersn’, m” > 0andallg > 1,and allt; < a < b < ts.

2. Setv; = D'w; anduy,; = D'w,,;. Setl’)” = 0{v; > 0}\T, , andl'); = 0{v,; > O}\va e
wherel’;, resp.I'; . is the singular set correspondingztpresp.vpl introduced in Subsec-
tion Let,uzr Di(wysu,)) P€ the measure corresponding to the 0ajr, D' (wy;u,)) obtained

by applying Theorel By Par(g) and (4) of Theoren.4 the measure, 1., i
concentrated on theé>-hypersurfacd™; and the measur@{vm_ is concentrated on the

("inu)}
C>-hypersurfacé';;;. By Part(1) of Theorenj 3.3,
(778) /gbwmdﬂ?vi,Dl(wiu)} = _/¢X{v,>0}dlv(¢le(wlu))dya
(7.79) / S / DX o0y AV (1 D ity .

Takingm' > p, one may replace,,, in (7.79) by the function identically equal 1o By Part
(1) of Theoren{ 7.[L withu of Theoren] 7.]L corresponding tg of this proof, one obtains for
anym > p,

(780) \/gbwmduzrDlwpile(wmup)} - /V(bduzrDlwpile(Wpi“p)} - O

It will be proved that, up to a subsequence,

(7.81) hm /¢1/1 du{v Dl (wsu)} = 0.

3. Letm > p. Using [7.78){(7.80), one obtains

/ OVt Dt i)
- / ¢¢md“{+Dlwi,Dl<wiu>} - / Wmdu{*]gzwm,m(wmup)}
= [ X v D )y + [ Xy O, D )y
= —/abx{woﬁwm-Dl(wiu)dy+/¢x{vm>0}wm~Dl(wpiup)dy

- /¢X{v1>0}¢mdlv Dl<wlu)dy + /¢X{vpi>0}wmdiv Dl(wpiup)dy'

Hence,
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[ Pl ooy =~ / | Xt V) - Do
/ / X o0y V(=) - D (it
m t1
- / / ¢(X{vi>0} - X{vm>0})wmdiv Dl<wiu)dxd7-
t1 RN

to
(7.82) —/ / ¢X{vpi>0}wmdiV(Dl(wiu) — DNwpiuy,))dzdr.
t1 RN

4. By assumption, for each ¢ INY, Dsu € C*((t1,t,); L*(IRN))N. Hence, by Sobolev
embeddings and Leibniz formuld@ (w;u) € LY(IRN x (t1,t))Y, div(DY(w;u)) € LYIRYN x
(tl,tg)), Dl(wpiup) S Ll(RN X (tl,tQ))N, and di\(Dl(wm-up)) € Ll(IR,N X (tl,tg)). Here a
use of the regularity o’ given by the regularity ofi, and the properties af,, has been made.

Now the first and second integral |n (7182) satisfy

L o Vo) - Deddadr] < LIV6ls, [ D il
[ ot DU D pun)dtr] < V6l [ 16D

By the L' integrability established at the beginning of this step, the right sides of the last two
inequalities above converge @@asm goes toco, and so do the left sides. Thereforeagoes
to oo, the first and second integral jn (7182) gdito

As m goes tooo,

(X {u;>0y — X{vpi>0})wmdiv DY (w;u) — (X v, 501 — X{upi>o})diV D' (wiu),

DX (50} ¥ dIV(D' (witr) — D' (wpitty)) = DX (501 dV(D' (winr) — D' (wpitty)),
|O(X w507 = X{opi=01) VIV D' (wit))| < [O(X i 50) = X{opim0p) AV D' (wiu)],

(DX (o503 U AV (D' (witt) — D' (wpitsy))] < |9 (u,,50,0V(D' (wi) — D' (wpiy))]-

By the L! integrability established at the beginning of this step, the functions in the right
sides of the last two inequalities above areli{IRY x (¢,t,)). Therefore, by convergence
dominated theorem, as goes tooo, the third resp. fourth integral if (7.82) converges to

(7.83) — /¢(X{vi>0} — X{vm>o})diV Dl(wiu)dy

(7.84) resp. — / DX o501 AIV (D' (win) — D' (wpiwy))dy.
5. Now p will be let go toco. SetQ); = {v; > 0} and2,; = {v,; > 0}. Then one writes,
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/¢(X{vi>0} - X{vm.>0})div Dl(wiu)dy

(7.85) = /¢X9im;idiV D’(wiU)dy—/cbXmegdiV D (wju)dy.

Lety € Q¢ If D'w,(y) < 0, then by construction of,; See Step 1, ag goes tooo,
X{Dlwy;>01(y) g0€s 100. If y € {D'w; = 0}°, thenB(y,¢) C {D'w; = 0}° for somee > 0
sufficiently small. Fop large,¢,, = 1 on B(y, ¢). Hence,D'w,,(y) = D'w;(y) = 0. Therefore,
asp goes t0oo, X o CONVerges a.e. . Proceeding similarlyxﬂm% converges a.e. to

0. Moreover, both integrands i85) are boundeddiy D!(w;u)|. By the L! integrability
obtained at the beginning of Step 4, this function isii{IRY x (t1,t,); R). Therefore, by
dominated convergence theorem, up to a subsequenogoes toco, both integrals in the right

side of [7.85) go td.
Using Leibniz formula,

/ X sy AV( D! wite) — D' (i) )y

= Z Ckl/¢x{ypi>0}div(DkwiDlku—Dkwpileup)dy

0<k<l

= > Cu / X (uy0y (VD w; - D'™Fu — V DFw,i - Dy )dy

0<k<1
0<k<l
(7.86) V D wy; - (D™*u — D)) dy,

whereC}; are the coefficients given if (6]16). Here, a use of the fact that dathd «, are
divergence-free has been made. The last integralin|(7.86) is bounded by

S Cuu [ 619 (D, = Dunl|D*ul + [V D |+~ D 4uy iy
0<k<I

< Y Culldllzon IV (DFw; = DFwpi)ll 1oy sz D' 5l oo oy s mvy) +
0<k<I

(7.87) IV D wpill oo by posrr ey |1 D'~ 1 = DMy 1y s amvy))

whereq > 1 and¢’ its conjugate; that is}i + ql = 1. By the regularity of, and the convergence
obtained at the end of Step IV D*wyil . 4, 4,.1.4/ ) IS bounded by a constant independent
of p, || D% ull 114, 4.2 (mvy) 18 finite independent of, and||V (D w; — D wyi) || 21 (5, ;20N Y)
and||D'*u — D"Fuw, || 115, p,.00(r)) CONVErge td) asp goes taco. Hence, ap goes toxo, the
integral in the right side of (7.87) convergesitcand so does the integral in the left side. Then
the integral in[(7.86) converges o

6. Combining the convergence asgoes toco of the third resp. fourth integral ifi (7.82) to
the integral in[(7.83) resp[ (7.B4) obtained in Step 4, and the convergence up to a subsequence
asp goes toco of the integrals in[(7.85) andl (7.86) obtained in Step 5, one concludes that up
to a subsequence, asgoes toco first andp goes tooe second, the third resp. fourth integral
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in (7.82) converges t0. The first half of Step 4 shows that as goes tooo, the first and
second integrals iff (7.82) go tb Combining these convergence, one concludes that, up to a
subsequence, the integral jn (7.82) convergés that is,

lim S}, piioyy = 0

m—oo IRNX(tl,tQ)

This completes the proof of the first statement in Part (1) of the theorem. Proceeding as above
for the measur@ ., i, with appropriate adaptations, one obtains the second statement in
Part (1) of the theorem. Now using P&2) of Theorenij 3.11 yields the third statement in Part (1)
of the theorem.

Proof of Part (2)

1. Here, the notations in the proof of Part (1) of the theorem will be used/.%etD,(u o)}
be the measure corresponding to the pajy, D' (u,w,)) obtained by applying Theorem B8.1.
By Parts(2) and (4) of Theore , the measuu-‘{ is concentrated on thé>-

vi, Dt (uw)}
hypersurfacd™;” and the measurg, is concentrated on tr‘@*"o-hypersurfacd“;i.

i» D! (upiwp) }

By Part(1) of Theoren 3.3,
(7.88) [ Stniity i = = [ X, D )i,
(7.89) /gb@[)m,duampl(w%)} = —/¢X{vpi>0}div(@/)m,Dl(upiwp))dy.

Takingm' > p, one may replace,,, in (7.89) by the function identically equal 1o By Part
(2) of Theoren{ 7.1 withu of Theoren] 7.]L corresponding tg of this proof, one obtains for
anym > p,

(790) /gb#}mdﬂ?DlwpiaDl(upiwp)} - /QSdN?DlwpiaDl(upiwp)} =0.
It will be proved that, up to a subsequence,
(7.91) T}LLI%O / W’”d“?wﬂ(uiw)} =0.

2. Letm > p. Using [7.88){(7.90), one obtains

/ OVt D)
- / Vi i, Dt )y ~ / OVm Dt Dt i)}
= [ o8V, D))y + [ Oy OV, D i)y
= —/¢X{vi>0}v¢m‘Dl(uiw)dy‘i‘/GﬁX{%p()}Viﬁm'Dl(upiwp)dy

_/¢X{vi>0}¢mdiv Dl(uiw)d%/¢X{vm>o}¢mdiV Dl(upiwp)dy-

Hence,
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[ Pttt iy =~ / [ Xt V) D)o
/ / ¢X{vm>0}vw( ) - (uplwp)dxdT
m t1
_/ / ¢(X{vi>0} _X{vm>0})wmdiv Dl<uiw)dxd7-
t1 RN

to
(7.92) —/ / ¢X{vpi>0}wmdiV(Dl(uiw) — D' upiw,))dzdr.
t1 RN

3. By assumption, for each € INY, D*u € C*°((t1,t,); L'(IRV))". Hence, by Sobolev
embeddings and Leibniz formuld@ (v;w) € LY (RN x (t1,t))Y, div(D'(u;w)) € LYIRYN x
(tl,tg)), Dl(upiwp) S Ll(RN X (tl,tQ))N, and di\(Dl(Um’wp)) € Ll(IR,N X (tl,tg)). Here a
use of the regularity o’ given by the regularity ofi, and the properties af,, has been made.

Now the first and second integral |n (7]92) satisfy

L s VoE) - Duwhdadr] < LIV6lis, [ 160wl
[ ot D) D)t < V6l [ 16D

By the L' integrability established at the beginning of this step, the right sides of the last two
inequalities above converge @@asm goes toco, and so do the left sides. Thereforeagoes
to oo, the first and second integral jn (7]92) gdito

As m goes tooo,

(X {u;>0y — X{vpi>0})wmdiv D' (uw) — (X (v, 501 — X{upi>o})diV D' (uw),

DX (50} ¥ dV(D' (1) — D' (i) = DX (4,501 dV(D' (uw) — D' (upicoy)),
|O(X 0507 = X{opi =01 VAV D' (1wi0)] < [O(X iy 50) = X{opim0p) AV D (uiw)],

[OX (503 UV (D' (wiw) — D' (wpiwp))| < [9x(u,,50,0V(D' (uiww) — D' (upiewy))|.

By the L! integrability established at the beginning of this step, the functions in the right
sides of the last two inequalities above areli{IRY x (¢,t,)). Therefore, by convergence
dominated theorem, as goes tooo, the third resp. fourth integral if (7.92) converges to

(7.93) — /¢(X{vi>0} — X{vm>o})diV Dl(uiw)dy

(7.94) resp. — / DX o501 AV (D' (wiw) — D (upiwy))dy.
4. Now p will be let go toco. Set(); = {v; > 0} and2,; = {v,; > 0}. Then one writes,
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/¢(X{vi>0} - X{vm.>0})div Dl(uiw)dy

(7.95) = /¢X9im;idiV D’(uiw)dy—/cbx%mgdiv D (uw)dy.

Lety € Q¢. If D'w,(y) < 0, then by construction af,,; See Step 1 of the proof of Part (1),
asp goes t0oo, X(pu,,, -0} (¥) 9oes ta). If y € {D'w; = 0}°, thenB(y, ¢) C {D'w; = 0}° for
somee > 0 sufficiently small. Fop large,), = 1 onB(y, €). Hence,D'w,;(y) = D'w;(y) = 0.
Therefore, ap goes toxo, Xq,.noe CONVerges a.e. Proceeding similarlwﬂm% converges

a.e. to0. Moreover, both integrands i95) are boundedddy D'(u,w)|. By the L' integra-
bility obtained at the beginning of Step 3, this function isi(IRY x (t1,%,); R). Therefore,
by dominated convergence theorem, up to a subsequencgaes tooco, both integrals in the

right side of [7.95) go td.
Using Leibniz formula,

/ X o0y AV D! (1130) — D (1) )y

= Z Ckl/¢x{ypi>0}div(DkuiDlkw—DkupiDlkwp)dy

0<k<l

= > Cu / X (uy0y (VD ;- D™ w — V Dy - D' ey )dy

0<k<lI

= > Cu / OX {50 (V(D*u; — DMupi) - D'™hw +

0<k<l
(7.96) V D*uy; - (D' *w — D' w,))dy,

whereCy; are the coefficients given ifi (6]16). Here, a use of the fact thatbahdw, are
divergence-free has been made. The last integralin|(7.96) is bounded by

> Cu / |6 (IV (D*u; = D*up) || D™ wl + [V D*up| [ D' w — D', |)dy

0<k<l

< Y Culldllz i (IV(DFus — D¥uupi) | oy sz ey |1 D0 | oo oy et vy +
0<k<lI

(797) HkaupiHLOO(bLbQ;Lq/(IRN)) ”Dlikw - DlikprLl(bl,bQ;Lq(]RN)))

whereq > 1 and¢’ its conjugate; that is}i + ql = 1. By the regularity of, and the convergence
obtained at the end of Step 1 of the proof of Part (3] D" wyl| 1« 4, 4,1 (mav)) iS bounded by a
constant independent of || D'*w|| 11y, 4,. ) 18 finite independent gf, and ||V (D*u; —
DFuyi) | 11 by oszamvyy @Nd | D Fw — D Fwp || 11 g, pyezemavy) CONVErge td) asp goes tooo.
Hence, a® goes toco, the integral in the right side of (7.97) converged)t@nd so does the
integral in the left side. Then the integral jn (7.96) convergds to

5. Combining the convergence asgoes toco of the third resp. fourth integral ifi (7.92) to
the integral in[(7.93) resp[ (7.p4) obtained in Step 3, and the convergence up to a subsequence
asp goes toco of the integrals in[(7.95) andl (7)96) obtained in Step 4, one concludes that up
to a subsequence, asgoes toco first andp goes tooo second, the third resp. fourth integral
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in (7.92) converges t0. The first half of Step 3 shows that as goes tooo, the first and
second integrals i (7.92) go tb Combining these convergence, one concludes that, up to a
subsequence, the integral jn (7.92) convergés tbat is,

: + —
(798) nlbllnoo RN x(t.2) gb,ébmd:u{ui,Dl(uiw)} =0.

This completes the proof of the first statement in Part (2) of the theorem. Proceeding as above
for the mMeasur@., i, with appropriate adaptations, one obtains the second statement in
Part (2) of the theorem. Now using P&2) of Theorenij 3.11 yields the third statement in Part (2)
of the theorem. The proof of Theor¢m[7.2 is now compleged.

8. APPLICATIONS OF THE MEASURE THEORY OF SECTIONS [3{ATO THE
NAVIER -STOKES EQUATIONS IN SPACE DIMENSION 3

The Navier-Stokes equations correspond to the system

(8.1) Ou+ (u-Vu—vAu+Vp=0 inIR*x (0,7),
(8.2) divu=0 inR®x (0,7)
complemented with the initial condition

(8.3) u(-,0) = uo(-) in IR?,

whereu, is a divergence-free vector field, that is; diy = 0 in IR?. Aboveu = u(x,t)
denotes the velocity field at the pointe IR* and at time € (0, 7)) with T > 0 andp = p(z, t)
denotes the pressure whiledenotes the kinematic viscosity.

The only global solution known to exist for general initial data is the weak solution of Leray
[7,18]; Consult for instance [9, 10]. The existence and uniqueness of a smooth solution to the
Navier-Stokes system on a short time interval is known; Consult for instarice [9, 10] where more
information about available results and references is given.

In this section, the measure theory of Sectipfi§ 3-7 to prove the existence, regularity and
uniqueness of global solutions of the Navier-Stokes equatiofi$®iwhen the initial velocity
ug € Wo(IR3)? for all integersy > 0 and divu, = 0 is applied.

In Sectior{ 8.1, the vorticity-stream formulation of Navier-Stokes equations and the local ex-
istence and regularity results for Navier-Stokes equation$ (8.1)-(8.3) are given. In $egtion 8.2,
based on the measure theory[0fl[12] and Secf{igfis 3-7, measres,, andv,,, i = 1,2,3,

v; = D'w;, andl is any3—multi-index of nonnegative integers, associated with the vorticity-
stream formulation of Navier-Stokes equations are constructed. Hetegurl u. Some basic
characterizations of the measuregs, v, , andv,,, i = 1,2,3 are then obtained. In Section

[8.3, some basic properties of the measures associated with the convective terms in the vorticity-
stream formulation of the Navier-Stokes equations are obtained. In Sgctjon 8.4, some basic
properties of the measures associated with the stretching terms in the vorticity-stream formula-
tion of the Navier-Stokes equations are obtained. In Section 8.5, further characterizations of the
measures; , v, , andv,,, i = 1,2, 3 are given. In Sectio@.G, based on the above characteriza-
tions and properties of these measures, global estimates of solutions of Navier-Stokes equations
and their partial derivatives are obtained. In Sedfiof 8.7, the proof of the existence, the global
regularity, and the uniqueness of global solutions of the Navier-Stokes equations are given. Fi-
nally, in Sectior 8.8, it will be proved that the measure theory introduced and developed in [12]
and Section§|B}7 of this paper cannot be applied to obtain corresponding global estimates to
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those obtained in Sectign 2 for the full space case, in the periodic case. In other words, the
global estimates obtained in Sectjgn 2 for the full space case are not true in the periodic case.

8.1. Vorticity-stream formulation of Navier-Stokes equations.

8.1.1. Short time existence theorem and local regularity properties of solutions of Navier-Stokes
equations.Taking the divergence of Navier-Stokes equatipng (2.1) yields

(8.4) ~Ap=div U,

whereU is the vector of components d;u), ¢ = 1,2, 3. The following short time existence
theorem holds.

Theorem 8.1. Letuy, € W%!(IR?)3 for all integersq > 0 with div vy = 0. Then there exists
T, > 0 such that there exists a unique solutiorand a unique, up to an additive constant,
pressure fielg satisfying Navier-Stokes equatiofs {2[1){2.3) and the following: fof adi
(0,7,), u € C=([0, T); WeL(IR?))? and Vp € C*([0,T]; W1(IR?))? for all integersq > 0.

In particular, for all 7 € (0,7,.), u € C=(IR? x [0,7])% andp € C=(IR? x [0,T]). Moreover,
the energy equalities in Parts (2)-(4) of Theorem 2.1 hold fosad [0,T), for all ¢ € [s, T7,
and forallT € (0,7,).

The proof of this short time existence theorem can be deduced from a combination of the
method used to establish the existence of a weak solution [7, 8] together with Sobolev embed-
dings; Consult for instancel[9, 1.0] for further references and review of Navier-Stokes equations.

Remark8.2 LetT € (0,7,). Theorenj 81 and Sobolev embeddings show that) satisfies
all of the properties stated in P4tt) of Theorenj 2.]1 o0, 7.

8.1.2. Vorticity-stream formulation of Navier-Stokes equatiohst v, € W%!(IR?)3 for all
integersq > 0 with div uy = 0. Assume thatf = 0. LetT € (0,7,). Letwy = curl uy.

Then using Theorern 8.1, the primitive formulation of Navier-Stokes equatfions (2.1)-(2.3) is
equivalent to the following vorticity-stream formulation

(8.5) Ow~+ (u-Vw — (w-V)u—vAw =0 inIR* x (0,7)
(86) W|t:0 =wp In ]RB,

with v = curl ¥ and div ¥ = 0, with ¥ a potential vector satisfying AV = w. Here,

w = curl u is the vector ofR? of component®,us — dsus, Osu; — Oyus, anddus — Oou;.

8.2. Constructions and characterizations of measures associated with Navier-Stokes equa-
tions.

Theorem 8.3. (N = 3) Letu and7, be the solution and time parameter given by Thedrein 8.1.
Letw = curl u. Lett,,t, € [0,T,) with ¢, < t,. Letl € IN>. Leti € {1,2,3}. Sety; = D'w;.
Let7; be defined by

(8.7) Ti(w) = v;0w + (D' (w;u) — DY (u;w) — vV;) - Vaw,

for any Lipschitz functiom € C(IR? x (¢,,);R). Then
(1) For any realy and any compact sét of IR3 x (1, t5),
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1 1
/ |v;0pv;|—dxdr < C, | D (wiu) - V| —dxdr < C,
{lvi—r|<a}nK Q {lvi—v|<a}nK o

1 1
/ | DY (uw) - Vog|—dzdr < C, / Vv |*=dxdr < C,
{lvi—y|<a}nK Q {lvi—y|<a}nK o

where('is a positive constant independentof (0, 1).
(2) The estimates in (1) yield for any compact 5edf IR? x (1, ts),

1 1
/ To(vs)| Sdwdr < €, and fory = 0, / To(w)| S dadr < C.
{lvi—vl<a}nK a o

{|vi|<a}nK

whereC' is a positive constant independentot (0, 1).
(3) The estimates in (2) show that, up to a subsequence, gmes to0, the following weak
convergence in the sense of measures, holds

1, 1

X{0<vi<a}z(vi)a — Vi X{—a<vi<0}z(vi)a — Vs

1
X{|v1;\<a}7;(vi)_ — Vs

wherev;, v, , andv,, are measures ofR® x (t,1,) concentrated respectively é{v; > 0},
Hv; < 0} and&{v, > 0} U d{v; < 0}, which are also Radon measures. Moreover,

— 7t -
Uy, = Vy, TV,

Proof of Theorem[8.3. The following notations will be used. For a functiane C*(IR? x
(t1,t2); IR) and for a vector field” € C1(IR? x (ty,t2); RY),

Vi = (Op,w, Op,w, Oy, dw)’, div,,V = 0,, Vi + 05, Vo + 05, V5 + O,V

Leti € {1,2,3}. Setv; = D'w,. Then by Theorer 81 € C=(IR® x (t,,,); IR?) and so
v; € COO(IRB X (tl,tg),IR)

Proof of (1)

1. SetU = (0,0, 0,v;)". Then takingv;, U, V) in place of(v, U, V) in Part(1) of Theorem
[3.1, yields the first estimate in Pél}y of Theorenj 8..

2. SetU = (DYw;u),0)". Then taking(v;, U, V,;) in place of (v, U, V) in Part(1) of
Theorenj 3.]1, yields the second estimate in(@adf Theoren 8.5.

3. SetU = (D'(uw),0)!. Then taking(v;, U, V) in place of (v, U, V) in Part(1) of
Theorenj 3.]1, yields the third estimate in Raybf Theorenj 8.3.

4. SetU = (Vu;,0)". Then taking(v;, U, V) in place of(v, U, V) in Part(1) of Theorem
[3.1, yields the fourth estimate in P@r}of Theorenj 8.3.

5. Steps 1-4 yield the proof of P&(t) of Theorenj 8 3.

Proof of (2)
SetU = (D!(w;u) — D' (u;w) — vVu;, v;)t. Using the regularity ofi one hasi/ € C>(IR3 x
(t1,t2); R"). Thentakingv;, U, V) in place of(v, U, V) in Part(1) of Theorenj 3./, and using
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the fact thafl; (v;) = U -V, ,v;, yields the first estimate in P42} of Theorenj 8.8. Taking = 0
in the first estimate in P4@&) of Theorenj 8.3, yields the second estimate in[®2adf Theorem
B.3.

Proof of (3)

The proof of the weak convergence in P@}is a direct consequence of the fact that for any
sequence of functions bounded/if) ., one can extract a subsequence converging weakly in the
sense of measures to a Radon measure. The weak convergencé®) Weldsv,, = v} +v, .

This completes the proof of Theor¢m[8i3.

Theorem 8.4. (N = 3) Letu and7, be the solution and time parameter given by Thedrein 8.1.
Letw = curl u. Lett,,t, € [0,T,) with ¢, < t,. Letl € IN°. Leti € {1,2,3}. Sety; = D'w;.
Let7; be defined by (8] 7). Let be any Lipschitz function i, (IR* x (¢1,¢,), R). Then

(1)

/apduz_ = —/ T:(¢)dxdT
{v¢>0}
(2)

/(pduvi :/ Ti(p)dxdr
{Ui<0}
3

to
/gpduvi = —/ Ti(p)s(v;)dxdT
t1 R3

Proof of Theorem. The proof of Theore3 will be followed. Le&tY’, j = 1,2,3
denote the sequence of functions introduced in the proof of Theorem 3.3.

Leti € {1,2,3}. Sety; = D'w;. Then by Theorer 8% € C=(IR* x (t;,t,); R*) and
sov; € C®(IR? x (ty,t3);R). SetU = (DY w;u) — DY(uw) — vV, v;)t. Then using the
regularity ofu one hasl/ € C*(IR? x (¢,1,); IR*). Moreover,

for any Lipschitz functionp € C.(IR3 x (t1,t3), IR). Using Navier-Stokes equatio.5) yields
(89) diVmU = (3tDlwi + div (Dl ((.UZU) — Dl(ulw)) — I/ADZLUZ' =0.

Proof of (1)
Let ¢ be any Lipschitz function i, (IR? x (¢, 1,),IR). Sincey is of compact support and
ngGg) (v;) € WHL(IR3 x (t1,1,))%, one has

to
0 = / div, ¢ (pUGP (v;))dxdr
t1 IRB

to . .
= / / divat(ng)Gg)(vi)dxdT—i—/ mgpdwdr
t1 R3

{0<v;<a} o

Then
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. ) t2
(8.10) / mg@dzcﬁ = — / div, (0U)GP (v;)dxdr.
{0<v;<a} « t1 JIR3

As a — 0, GY)(v;) converges everywhere 1g,, -;. Now |div(oU)GE (v;)] < |div(pU)).
Using the regularity o/, div, ;(¢U) is in L'(IR? x (¢1,t2)). Therefore using convergence
dominated theorem, up to a subsequence, as0

to to
(8.11) lim/ / divx7t(goU)G82)(vi)dxdT:/ / div 1 (0U) Xy, 501dzdT.
t1 R3 t1 JIR3 ¢

a—0

Hence using (8]8) (8.10)-(8.]11), and A@}xof Theorenj 8.8 yields, up to a subsequence, as

a—0

(8.12) / pdvi = lim U Vasti

a=0 Jro<v;<a} aQ

to
odrdr = —/ dive (U)X ;>0 dxdT.
t1 R3

Now

to to
/ / divx,t(QOU)X{Ui>0}dIdT = / / gOdiVx’tUX{w>0}dxdT
t1 R3 th R3 )

to
(8.13) +/ / U Vi toX{u>opdedT.
t1 R3

Then [8.9), and (8.12)-(8.1.3) yield

/gpdyji = lim mgpdwdT = —/ Ti(p)dxdr,
{'L)Z'>0}

a—0 {0<v;<a} @

which corresponds to P&it) of Theorenj 8.4. Here, the operathrwas introduced ir (8]7).

Proof of (2)-(3)
Taking G resp. G in place of G’ and proceeding as in the proof of P&t} yields the
proof of Part(2) resp. Par{3) of the theorem. This completes the proof of Theofem §.4.

8.3. Properties of the measures associated with the convective term in Navier-Stokes equa-
tions. Let ¢y € C(IRY) be such that)(z) = 1 for |z| < 1, ¢(z) = 0 for |z| > 2, and
0 < (z) < 1forallx € RY. Then defina),,, m > 1, by, (x) = ¥ (Z).

m

Theorem 8.5. (V. = 3) Letw and 7, be the solution and time parameter given by Theorem
B.1. Letw = curl u. Lett,t, € [0,T,) witht; < t,. Letl € IN*. Leti € {1,2,3}. Let
¢ € C.(t1,t3). Then, up to a subsequence;as— oo

nli_lgo/qﬁd)mdu?Dlwi,Dl(wiu)} - 07 ,n%i_lgo/gbﬂ)mdu{_Dlwi,Dl(wiu)} - 07
Wlbigl)o/¢¢md#{1)lwi,pl(wiu)} = 0.

Proof of Theorem|[8.5.Leti € {1,2,3}. Then using Theorefn 8.1, one has:e C*°(IR?® x
[t1,t2];R), u € C®°(IR? x [t1,t,]; IR?) with div v = 0, and for anys € IN?, Dw; €
C>([ty, t2]; LN(IR?)) and Dsu € C°°([t1,to]; L'(IR?))3. Hence, the assumptions of Part (1)
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of Theoren} 7.2 witHw;, u) of Theoren} 7. corresponding t;, v) of this proof, are satisfied.
Therefore, one can apply P4tt) of Theorenj 7. and obtain the convergence in Thegrein 8.5.
This completes the proof of Theor¢gm8ib.

8.4. Properties of the measures associated with the stretching term in Navier-Stokes equa-
tions.

Theorem 8.6. Letu and 7. be the solution and time parameter given by Thedrern 8.1. Let
w = curl u. Letty,ty € [0,7,) witht, < t,. Letl € IN®. Leti € {1,2,3}. Letg € C,(t1,1s).
Then, up to a subsequence,

lim / S iy, pi(ugeyy = 05 Jim / PVl pros, Dty = O

m—00

lim /¢wmdﬂ{Dlwz',Dl(uiw)} =0.

m—0o0

Proof of Theorem[8.6. Using Theorenj 8|1, one hast € C=(IR® x [t1,t,]; R?) with
div « = 0, and for anys € IN?, Dsu € C*®([t,t,]; L' (IR?))?. Hence, the assumptions of
Part (2) of Theorer 7]2 with of Theorenj 7.2 corresponding toof this proof, are satisfied.
Therefore, one can apply Part (2) of Theolen 7.2 and obtain the convergence in Thegrem 8.6.
This completes the proof of Theor¢m8i6.

8.5. Characterizations of the measures associated with Navier-Stokes equations.

Theorem 8.7. (N = 3) Letw and T, be the solution and time parameter given by Thedrein 8.1.
Lett,,t, € [0,7,) with ¢, < t,. Letw = curl u. Letl € IN°. Leti € {1,2,3} andv; = D'w;.
Then the following holds.

1)

Vvt = at[viX{vi>0}] + div [X{U,->o}(Dl(WiU> - Dl(uiw) — vVv;)]
in M(]R,d X (tl,tg)),
Vi, = =0 iX(,<0y) — IV [X (o, <0y (D' (win) — D' (uiw) — vVv;)]
in M(IR? x (t1,t,)),
Ve, = OyJvi| + div [sg(v;) (D (wiu) — D' (ww) — vV;)]
in M(]R3 X (tl, tg))
(2) For any nonnegative function € C!(t;,t,), the measures;, v, , andv,,, satisfy, up to
a subsequence, as — oo,

limsup/@bm(bdu; <0, limsup/z/zmgbdl/;_ <0,

m—00 m—00

lim sup/wmaﬁduvi <0.

m—00

Proof of Theorem([8.7.Leti € {1,2,3}. Setv; = D'w;.
Proof of (1)
1. Part(1) of Theorenj 8.4, yields for any Lipschitz functigne C.(IRY x (t,%,),R),
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(8.14) /gpdl/:[b_ = —/ T;(¢)dzdr
{”L)i>0}

In particular, Eq. [(8.14) holds for any € D(IR? x (t1,t,)). Thus, by definition of7;; See
(8.7), one obtains

(8.15) v, = Ou(ViX(u>0y) + AV[X [y n0) (D' (witr) — D' (uiw) —vVu;)]  in D'(IR? X (ty, 1)).
Sincev;, is a measure, Ed|. (815) holdsM (IR? x (¢4, ,)). This yields the first equality in
Part(2).
2. Part(2) of Theorenj 8.4, yields for any Lipschitz functigne C.(IRY x (t1,%,), R),

(8.16) /apdu; :/ Ti(p)dxdr.
{Ui<0}

In particular, Eq. [(8.16) holds for any € D(IR? x (t,t,)). Thus, by definition of7;; See
(8.7), one obtains

vy, = = 00X u,501) — dV[x (<0 (D' (wint) — D' (wiw) — vVv;)]
(8.17) in D'(IR? x (t1,t3)).
Sincev,, is a measure, Eq. (8L7) holdsM (IR® x (t1,,)). This yields the second equality
in Part(1).
3. Part(3) of Theorenj 8.14, yields for any Lipschitz functigne C.(IRY x (t1,%2), R),

to
(8.18) /apduvi = —/ T;(p)sy(v;)dxdr.
t1 R3

In particular, Eq. 8) holds for any € D(IR?® x (t1,t5)). Thus, by definition ofZ;; See
(8.1), one obtains

Ve, = O0y(v;89(1;)) + div[sg(v;) (D (wiu) — D' (uw) — vV;)]
(8.19) in D'(IR? x (t1,t5)).
Sincev,, is a measure, Eq9) holds.M (IR? x (t1,t)). This yields the third equality
in Part(1), and thus, completes the proof of Pélr} of the theorem.
Proof of (2)
a. Proof of the first inequality

1. Let ¢ € CX(t1,t5) with ¢ > 0. Using Part(3) of Theoren{ 8.3, one has, up to a subse-
quence, as — 0,
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to 1
/¢m¢duj = lim [/ Vi@ = ViO4UiX {0 <y <oy dTAT +
i a—0 t R3 Q i
. L !
| [ 6non (Do) - Dlww)) - Vorx ey coydodr
t1 IRS (0%
to 1
(8.20) —u/ / wmqﬁ—\Vvi\2x{0<vi<a}d:cdr].
t1 R3 (8%

2. In this step, it will be proved that, up to a subsequence; as 0,

to 1
(8.21) lim / V1 @—0i010i X {o<vs<aydrdT = 0.
t1 ]:RB (8]

a—0
2.10n{0 < v; < a}, one has{1v;| < 1, and so

1
|¢m¢avﬁtvz‘>{{o<w<a}| < U Bl0il X o<, <ay < Vim®lOrvil.

By Theoren] 8 1,D°u € C([t1,t.); L' (IR?))? for everys € IN?. In particular,y,,¢dv; €
L' (IR3 x (t4,12)). This function is obviously independent of

2.2Lety € IR? x (t1,t2). If v;(y) # 0, then|v;(y)| > n > 0 for some positive numbey.
Then for all0 < a < n one hasi(y,,d%dviX g<p;<a1)(y) = 0. If v;(y) = 0, then by definition
of the function, one has(v,,¢% 0,viX {9<y,;<a3)(¥) = 0. Then one concludes that as— 0,
V=01 005X (0<v, <o) CONVETGeS 10, everywhere ifRY x (ty,1,).

2.3 Combining Steps 2.1 and 2.2 above, one can use dominated convergence theorem to
obtain, up to a subsequence as- 0, the convergence ifi (8.21).

3. Using Part(1) of Theorenj 3.3, yields, up to a subsequencey as 0,

. b2 1
(822) }vli%/t RS wm¢aDl ((.U,LU) ’ vviX{0<vi<a}dxdT = /¢wmduj{Dlwi,Dl(wiu)}7
1
and
to 1 .
©23) tim [ [ 007D ) Topocscardadr = [ il
1

to 1
(8.24) ti [ [ 602 1V PN oot = [ it o
t1 R3

Then using[(8.20)[ (8.21), and (8]22)-(8.24), one obtains

/¢m¢d7/; = /¢¢mdufDlwth(wiu)} _/¢¢mduj{‘rDlwth(uiw)}
~ [ it gy

> (), one obtains

Now using the fact that{,,, ¢,y =
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(825) /djm(bdyjz < /Qﬁwmd’u?Dlwi,Dl(wiu)} - /gm/}md'uzrDlwi,Dl(uiw)}‘

4. Using Theorem 815, shows that, up to a subsequence,grzes tox,

5. Using Theorem 8]6, shows that, up to a subsequence,grses toco,

(8.27) %E@/gb@/}mdu?ﬂwiﬂl(uiw)} = 0.

6. Then [8.25){(8.27) show that, up to a subsequence; as oo,

lim sup / zbmgbduji <0,

m—0o0

for any nonnegative € C!(t,,t,). This completes the proof of the first inequality in P@}
of the theorem.

b. Proof of the second inequality

1. Let ¢ € CX(t1,t5) With ¢ > 0. Using Part(3) of Theoren{ 8.3, one has, up to a subse-
quence, as&x — 0,

to 1
/wm(ﬁdl/v_ = lim [/ wmgb—viatvix{_a@_@}d:ch +
7 a—0 t R3 % 7
to 1
/ wmqb_(Dl(wlu) - Dl(ulw)) ’ vviX{—a<vi<0}dxdT
t1 R3 (8}
to 1 )
(8.28) —V/ / V&= VUil "X {_qcvs <oy drdT].
t1 RS a

2. Proceeding as in Step 2 of the proof of the first inequality in 23rof the theorem given
above, one obtains up to a subsequence, as0,

to 1
(8.29) lim / Vi @—0i00i X _qcv;<ordrdT = 0.
t R3 (6]

a—0

3. Using Part(1) of Theorenj 3.3, yields, up to a subsequencey as 0,

‘ l2 1 _
(830) hi%/ ¢m¢—Dl(%’U) ’ vvix{—a<vi<0}d:€d7 - /(ﬁwmdu{Dlwi,Dl(wiu)}?
« t1 R3 v

to 1
@30) lim [ [ 00D ) Vo e codedr = [ i, pi

to 1
(8.32) i [ [ 0,02 V0P cucopdidr = [ 60 g
t1 R3

a—0
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Then using[(8.28)-(8.32), one obtains

/77Z)m¢d]/; = /Qﬁ/}md:u{_Dlwth(wiu)} _/gbl/}md’u{_Dlwth(uiw)}
_/¢wmd’u{_Dlwi,VDlwi}'

Now using the fact tham{‘Dl > 0, one obtains

w;, VDlw;}

(833) /Q/ngbdy; < /gm/}md’u{Dlwi,Dl(wiu)} N /gm/}md'u{Dlwi,Dl(uiw)}‘

4. Using Theorem 8]5, shows that, up to a subsequenae,grses toso,

(8.34) hm /(bw d/L{D,w Dl(wiu)) = 0.

5. Using Theorem 8]6, shows that, up to a subsequence,grses toxo,

(8.35) hm /(;51/1 dM{Dlw D)} = = 0.

6. Then [8.38){(8.35) show that, up to a subsequence; as oo,

limsup/wmwiyvi <0,

m—00

for any nonnegative € C!(t,,t,). This completes the proof of the second inequality in Part
(2) of the theorem.

c. Proof of the third inequality

1. Using Part(3) of Theorenj 8.3 showing thai, = v} + v, and the proofs of the first and
second inequalities obtained above, one obtains, up to a subsequemnce; as,

iimsup [ v, 0dp, <0

m—00

for any nonnegative € C!(t,,t,). This yields the proof of the third inequality in P48#) of
the theorem and completes the proof of Raytand thus, the proof of Theor§m B¥.

8.6. Fundamental estimates of solutions of Navier-Stokes equations and their partial deriv-
atives in space dimension 3.

Theorem 8.8. (N = 3) Letw andT,. be the solution and time parameter given by Thedrein 8.1.
Lett,, t, € [0,T,) witht; < t,. Letw = curl u. Letl € IN’. Leti € {1,2,3} andv; = D'w;.
Thenforall0 < s <t <1T,,

(1)

/ Dlw;(x, t)dx < / D'w;(x, s)dzx.
{Dlwi(-,t)>0} {Dlwi("s)>0}

(2)

AJMAA Vol. 18(2021), No. 2, Art. 21, 126 pp. AIMAA


https://ajmaa.org

GLOBAL REGULARITY OF THE THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 117

/{Dl . O}(—Dlwi)(a:,t)dxg/ (= Dloi)(z, 5)da.
w;i(t)<

{Dlw;(-,5)<0}

3)

/|Dlwi|(:p,t)dx§/ |D'w;|(z, s)dz.
R3

]12{3

Proof of Theorem([8.8.Leti € {1,2,3}. Sety; = D'w;.
Proof of (1)

1. By Theoren] 81,D°u € C™([t,t5]; L' (IR?))? for everys € IN®. In particular,v; €
C*([t1, t2); L*(IR?)). Using the regularity ob; andy,,~,, one obtains

(8.36) O(ViX (o, 50y) = OiViX (o505 IN M(IR X (t1, 1))

Moreover, by the above regularithv;x,,~q; € L'(IR? x (t1,1,)) and so the equality (8.6)
holds a.e. inlR* x (t,t,). The above regularity also shows th@g, [0,vix (0| (¢, t)dz €
LY (ty,t2).

2. Let¢ € Cl(t,t2). Using Step 1 and the definition af,,, [$v,,0,(vix{y,50y)] <
|p0yvi| and@dyv; € L'(IR® x (t1,t,)). Moreover, asn — 0o, ¢1,,,0;(viX,,0;) CONVErges
to 0, (viX(y,>0y) @-€. INIR? x (t1,1,). Therefore, using convergence dominated theorem and
Step 1 above, up to a subsequencenas: oo,

to to
(8.37) lim/ / gb@bm@t(vix{vpo})dxdt:/ ng/ Vi X (v, >0y dxdt.
m—oo [, R3 t1 R3

3. Let ¢ € Ci(t1,t2). Using the regularity in Step 10,6v,,viX (501 < [0i¢vs| and
dpv; € L'(IR* x (t1,12)). By definition ofy,,, asm — oo, 0;¢,,viX(,,=0y CONVErges to
D PViX {0,501 @-€. inIR3 x (t1,t5). Therefore, using convergence dominated theorem, up to a
subsequence, as — oo,

to )
(838) lim / at(b’l/}mUiX{Ui>0}d$dt = / aﬂﬁ / UiX{Ui>0}dIdt.
mTeo R3 t R3

t1

4. Since

to [
/ / ¢wm3t(vix{w>0})da:d7 = —/ / at¢¢mUiX{vi>0}dxd7',
t1 R3 t1 R3

one obtains using Steps 2 and 3,

to t2
(839) / ¢/ atUiX{Ui>0}dl’dt = —/ aﬂb/ 'UiX{Ui>0}dl'dt.
t1 R3 t1 R3
(8:39) yields
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to d
(8.40) / ¢/ atvix{vi>0}dxdt =< E[/ UiX{vi>0}d:C]7 ¢ >,
t1 R3 R3

forany¢ € C°(ty,t,). Hence, one deduces from (8.40) that

d .
(841) %[/ viX{vi>O}d'x] = / 8tvix{vi>0}dx N ’D’(tl, tz)
R3 R3
By Step 1,
/ éhvix{vpo}dx € Ll (tl, t2)
R3

Hence,[(8.411) shows that

d
%[/IR?’ UiX{vi>0}dl'] € Ll(tl,tg)

and that[(8.41) holds a.e. ¢t t2). Then using the fact that by Step 1,

/ ’UiX{Uz_>0}d(L’ - Ll (tl,tg),
R3

one concludes that

/ ViX {v,>0ydT € Wty t).
IR3

Therefore, by the properties of the Sobolev space! (¢,,t,), the functiong defined by,

9= / ViX v 014 € C([t, a]),
RS

and is absolutely continuous @n, t;]. Moreover, for allt; < s <t < t5, one has
td
90) =) = [ (1] oxpondidr
s R3
t
(8.42) _ / [ / (@i o), T)dedr
s R

5. By Step 1 aboved; (vix(,,-0;) € L'(IR® X (t1,1,)). Hence, using Pa(t) of Theoreni 8.7,

div[x{vpo}(Dl(wiu) — DZ(UZU)) — VV’UZ'H € M(IR3 X (tl, tg))
Then using again Pafl) of Theorenj 8.J7, one obtains
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/ oot

to
= / / ¢¢mat<viX{vi>0})dIdT
t1 R3
+ < diV[X{UPU}(DZ(wZ-u) — DY (ww) — vV, 90, >

to
= - / / at¢meiX{vi>0}dde
t1 R3

(8.43) —% /t 2 /]R3 ¢[X{vi>g}(Dl(Wz‘“) — DY(ww) — vV;)] - Vo (= )dadr.

x
m
6. Letp € Cl(ty,t,). By the properties of),

e
E| /tl /]]:{3 ¢[X{vl>0}<Dl(w1U) - Dl(uZW) — VVUZ')] . VQﬁ(%)dwdﬂ

to
(8.44) < ¢ / |p)| / | D (wsu) — DY (uw) — vVv;|dzdr
m t1 R3

whereC is a positive constant independentof By Theoren 8[LD%u is in C>([t1, to); L' (IR?))?
for everys € IN?, and so in particularVv; € L'(IR® x (¢;,t))3. Moreover, using Leibniz
formula, Sobolev embeddings, and Holder inequality, one Ha$w,u) and D'(u,w) are in
LY(IR? x (t1,t2))*. Therefore, the right side in (8.44) goesitasm goes taco.

7.Letgp € C(t4,t5). Steps 3, 5, and 6 yield, up to a subsequence; as o,

t2
lim ¢wmdy1—; = - / 8t¢ / ’UiX{vi>O}dxdt
m—o00 4 R3
to d
t1 R3

8. On the other hand, P&a®) of Theorenj 8.7, shows that the left side[of (8.45) is non-positive
for all nonnegative functions € C.(ty,t5).
Then one deduces using Schwartz lemma on nonnegative distributions that

d

(8.46) —[/ ViX (o0 (T, t)dx] <0 In M(ty, t2).
dt” s ‘

Now since by Step 4,

d
%[/}R3 ViX {u,>0pdT] = /133 DViX {01 dT € L' (t1,t2),

one concludes using (8}46) that

d
(8.47) E[/IR?’ ViX {03 (T, t)dx] = /11{3 IViX(w>opdr <0 a.e. on(ty, ta).

9. Using (8.42) and (8.47), one concludes that forak s < ¢t < ¢,, one has
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(8.48) o)~ 9(5) = [ 1] @vixquayar)deldr <o

10. Steps 1-9 hold for an§ < t; < t, < T,.. Therefore, Step 9 yields P4ft) of the theorem.
Proof of (2)

1. Proceeding as in Step 1 of the proof of Pék} of the theorem, one concludes that
at(UiX{vi<0}) = atUiX{vi<0} € LI(IR?) X (tl, tz)) andeR3 \8tvix{vi<0}](x, t)dill' € Ll (tl, tg)

2. Let ¢ € Cl(t1,t5). Proceeding as in Step 2 of the proof of Pt of the theorem, one
concludes that, up to a subsequencenas: oo,

to )
®49)  lm [ [ o dendedi= [0 [ B, cdudt
m—0oo t1 R3 t1 R3

3. Let¢ € Cl(t1,t2). Proceeding as in Step 3 of the proof of Pt of the theorem, one
concludes that, up to a subsequencenas> oo,

to [)
(8.50) lim / / Ot PP ViX gy, <oy ddt :/ 8@/‘ ViX {w;<opddt.
m=eeJty JIR3 t R3

4. Proceeding as in Step 4 of the proof of Rdntof the theorem, one concludes that,

d
(851) %[/]R?) 'U,L'X{vi<0}d$] = /]R3 8tUiX{vi<0}d.Z' € L1<t1,t2).

By Step 1, [zs ViX{y<0pdz € L'(t1,t2), and S0, [i.s vix(y,<opdr € W (L1, ). Then, by
the properties of the Sobolev spdé&-' (¢, t,), the functiong defined by,

g= / (—0)x oy € C((tr,13])
R3

and is absolutely continuous @R, t;]. Moreover, for allt; < s < ¢t < t5, one has

o) =95 = [ (G o
852) = [ @d=0xpco) o el

5. By Step 1 above); (vix <o) € L' (IR? x (11, 12)). Hence, using Paft) of Theoren} 87,

diV[X{UKO}(Dl(wZ»u) — D' ww) — vV;)] € M(IR? x (ty,t5)).
Then using again Pafl) of Theorenj 8.J7, one obtains
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/ oY, dv,.

to
= —/ / OV O (ViX gy, <0y )dzdT
t1 R3
— < div[x{vi@}(Dl(u)iu) — DM uw) — vV, ¢, >

to
= / 8t¢¢mviX{vi<0}d$dT
t1 R3

1 [
(8.53) +— /t /]R 3¢[X{vi<0}(Dl(wiu) — DY (uw) — vV;)] - w(%)dxdr.

6. Let ¢ € Cl(t1,t5). Proceeding as in Step 6 of the proof of Pt of the theorem, one
concludes that the second term in the right sidg of (8.53) goésaton goes toco. Hence,
using [8.5B8) and Step 3, up to a subsequence; as co,

to d
(854 Jim [ ovnavy = [To 51 (=oxga e il

7. On the other hand, P&a®) of Theorenj 8.7, shows that the left side[of (8.54) is non-positive
for all nonnegative functiong € C.(t1,t2). Then proceeding as in Steps 7-8 of the proof of
Part(1) of the theorem, one obtains using Schwartz lemma on nonnegative distributions that

d .
(855) %[/ (_Ul)X{UZ<0}(x7t)dx] <0 M<t17t2)'
R3
Now since by Step 4,

d
E[/IRS(—%)X{MO}W] =/ O (—vi) X {u<opd € L (11, 1),

one concludes using (8/55) that

d
(8.56) %[/ (=0i) X v, <0y (7, t)dz] = 9 (—vi) X p<opdr < 0 a.e. on(ty, ta).
R3 R3

8. Using (8.52) and (8.56), one concludes that forak s < ¢t < ¢,, one has

857) o)~ 966) = [ 1] (@=v)xqucop)r)dlir <0

9. Steps 1-8 hold for any < t; < t, < T,.. Therefore, Step 8 yields Pd#) of the theorem.

Proof of (3)
Using Partg1) and(2) of the theorem yields Pa(B) of the theorem. The proof of Theorem
[8.8 is now completedy
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8.7. Proof of Theorem[2.]. 1.Part(3) of Theoren] 8.8 shows that for= 1, 2,3 and for all
€ (0,7;)

(8.58) / | Dhsi| (&, £)dz < / | Dhor| (),
R3 R3

for anyl € IN®. Hence, one obtains

(8.59) D' (-, O)llwramsy < |D'wollwiams),

for all 1 € IN*. Now by Sobolev embeddings, one obtains

(8.60) ID'w (-, )| Lagrs) < ClID'w(-, ) lwrrrsy < Cf| Dlwollwrams),

forall I € IN*, and for alll < ¢ < 3/2. Here,C' is a positive constant independenttof’., v,
andw,. Using [8.60) and Calderon-Zygmund inequality, one obtains

(8.61) ID'Vu(, )|l Lams) < C|D'w(-, 1) ams) < C|| D'wollwams),

forall I € IN®, and for alll < ¢ < 3/2. Here,C' is a positive constant independenttof’., v,
andwy.
Using (8.61) and Sobolev embeddings, one obtains

(862) HVU(, t)HWm,q(]RS) < CHWOHW’”Jle(IRS)v

for all integerm and alll < ¢ < 3/2. Here,C' is a positive constant independenttof’., v,
andwy.

Let m be a nonnegative integer and $2 < ¢ < co. Letg = ¢ — £. Then by using[(8.62),
Sobolev embeddings, and Holder inequality, one obtains for alk < 7,

3/(2q)
I9uC Dllwmagms) < IV, 1% |V I

(8.63) S C||WOHW77L+4,1(R3 S C(m,wo),

whereC(m, wg) = Cllwol|wm+a1(r3), andC is a positive constant independenttpf’., v, and
wo- Thenitis clear tha€’'(m,w,) is independent of and7,. (andv if w is independent of).
The stream equatior AV = w and classical elliptic regularity show that= curl ¥ satis-
fies:||u(-,t)||wrams) < Cllw(-,t)||Lers) forall 1 < ¢ < 3/2. Here,C'is a positive constant in-
dependent of, T;., v, andw,. Then by Sobolev embeddings;(-, t)|| zrr3) < Cllw(-,t)|| am3)
forallg <p<3q/(3—¢q)foralll <q<3/2.
Let1 < ¢ < 3. Then by the above and Sobolev’s inequality,

(8.64) e, )0 sy < T, 0oy < C(0,0),

where— 5 —1,C(0,wp) = C|lwollw41(rs), andC'is a positive constant independent of,
v, andwo Then it is clear thaf’(0, wy) is independent of and7,. (andv if wy is independent
of v).

2. Lets € IN* with |s| > 1 and letl < ¢ < oc. Using Eq. [(8.4),[(8.62)-(8.64), and classical
elliptic theory, one concludes that
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(865) ||Dsp<,t)HLq(1RS) < C’(k,wg)2,

for some integek > 0 depending ons| andq. Here,C'(k, wy) was introduced in Step 1 above
and is independent of 7, (andv if wy is independent of).

3. Let! € IN®. Applying the operatoD' to Eq. [2.1) yields

(8.66) 0,D'v — vAD'vw = —D'[(u - V)u] — VD'p in IR x (0,T,.).

Let1 < ¢ < oo. Using the regularity op obtained in Step 2, the regularity ofobtained in
Step 1, Leibniz formula and Holder inequality, and classical regularity of the heat equation, one
obtains

©67) D t) i) < Clhr,wo)’s D'l 8)] Loy < Clka,wo)?

for some integeré,, k; > 0 depending orj/| andq. Here,C(k;,wo) and C(ka, wy) were
introduced in Step 1 above and are independentold, (andv if w, is independent of).

4. Lets € IN* with |s| > 1 and letl < ¢ < co. Using Eq. [(8.1), the regularity of obtained
in Steps 1 and 3, and classical elliptic theory, one concludes that

(868) H@tDSp(,t)HLq(IRs) < C(k,u)o)z,

for some integek > 0 depending ons| andq. Here,C'(k,wq) was introduced in Step 1 above
and is independent efand7,. (andv if wq is independent of).

5. Let! € IN®. Applying the operatod), D' to Eq. [2.1) yields

(8.69) 0,(0,D'u) — vAO,D'u = —0,D'[(u- V)u] — VO,D'p inR® x (0,T}).

Let1 < ¢ < oo. Using the regularity op obtained in Step 4, the regularity afobtained
in Steps 1 and 3, Leibniz formula and Holder inequality, and classical regularity of the heat
equation, one obtains

(870) ||at2Dlu<7t)||Lq(IR3) < C<k7w0)2a

for some integek > 0 depending onl| andq. Here,C'(k,w,) was introduced in Step 1 above
and is independent efand7,. (andv if wg is independent of).

6. Letl, s € IN* with |s| > 1. Let1 < ¢ < co. Repeating the process in Steps 1-5dpP',

93 D', - - -, one obtains for any nonnegative integers-,
(871) ||8[1Dlu(-,t)||Lq(R3) < C(k’l,wO)Z,
(872) H@[QDSp(,t)HLq(]Rs) < C(k’g,&)o)2,

for some integek; > 0 depending onl|, ¢, andry, andk, > 0 depending ons|, ¢, andrs.
Above, C'(ky,wo) andC'(ks, wq) were introduced in Step 1 above. By Step 1, b6, wo)
andC/(ky,w) are independent afand7,. (andv if wy is independent of).

7. Step 6 and Sobolev embeddings show that for all integers 0 and all1 < ¢ < oo,

u € C*([0,T,]; W™I(IR*))3, and Vp € C*°([0, T,]; W™4(IR*))3.
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Moreover,

we C°(R? x [0,T3])?, and p € C=(IR® x [0, T}]).

8. The above regularity shows that, in particular,

u(-, T,) € W™I(IR%)
for all integersm > 0 and allg > 1. Moreover, using Eq.[ (22) and the above regularity, one
has

div u(-,7;.) = 0.

Therefore, using Theorefn 8.1 with the initial conditias{-) = (-, 7,), one obtains a new
interval [T, T") on which the conclusions of Theorém 8.1 hold and consequently R¢mark 8.2
holds. Then proceeding as in the proofs of Theorem$ 8]3-8.8, one obtains all of the results of
these theorems on the interVa}., 77)).

9. Repeating Steps 1-8 with the new interV|l, 7)), one obtains yet another new interval
[T, T)") on which all of the results of Theorerns B.1 (and consequently Rgmark 8.2), Theorems

YT

[8.3[8.8 are true. Then continuing this process, one concludes that the results of THeofems 8.1

(and consequently Remdrk B.2), Theor¢mg|8.8-8.8 are trye, @h for all 7’ > 0. Then one
obtains Theorern 2.1. The proof of Theorem 2.1 is now complated.

The proof above shows the following.

Theorem 8.9.Letrv > 0. Letuy be an initial velocity field such that divy, = 0 andug €
We1(IR?)3 for all integersq > 0. Let(u, p) be the corresponding solution obtained in Theorem
[2.1. Letm, ry, 72,73, 74 De @any nonnegative integers and lex ¢ < co. Then

[ullers (o,00ymmagrays < C(ki,wo)?,
VPl era (jo,00)wma(r3y)s < C(ka,wo)?,
and

[ullors @Rz xo,00n2 < C(ks,wo)?,
VDl crarax 0,002 < C(ka, wo)?,

for some integek; > 0 depending onn andrq, k; > 0 depending onn andry, k3 > 0
depending oms, andk, > 0 depending omy. Fori = 1,--- 4, C(k;,wo) = Cllwol[yki+a1 (R
and (' is a positive constant independenttpf’, andwy.

8.8. The measure theory of Section§|B}7 cannot be applied to Navier Stokes equations
or Euler equations in the periodic case.The so-called "2+1/2" dimensional flows consists
of solving Euler equations in two dimensions for= (u;,us); See for instance [9, 10] for
references and more on this:

Opu; 4+ div (uzu) + 0;p = 0 InIR? x (0,00), i = 1,2
divu =0 in R?® x (0,00)

and then solve a transport equation o= u;

(8.73) Oyw + div (wu) = 0in IR? x (0,00), w(-,0) = wp in R?
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andw, wy are independent afs.

Based on a work by DiPerna and Lions; See [9], it was shown that smooth global solution
to a particular "2+1/2" dimensional Euler equations flows cannot be estimatdd- for
1 < p < oo, On any time interval0, n) if the initial data is only assumed to be bounded in
Wr. The first two components,,u, in the example showing this, consist of a stationary
and periodic (in space) solution of Euler equations in two dimensions and the third component
consists of a periodic solutian of Eq. (8.73) {13 = w) corresponding ta;, u, and a periodic
initial datawy.

Another example corresponds to the DiPerna-Majda explicit solution
u(z,y,2,t) = (f(y),0,9(x — tf(y))) to the 3D Euler equations (with zero pressure), where f
and g are periodic solutions; for exampfé;) = g(x) = sin z, which gives an example of a
smooth periodic solution to Euler equations in which the vorticity increases linearly in time.

It will be shown below that the measure theory introduced and developed in [12] and Sections
[3{7 of this paper and then applied to the Navier-Stokes equations in §8 above and [13] and to
the Euler equations in [14]-[15] cannot be applied in the periodic case.

Assume thaiR? is replaced by a bounded”> domain. Letu and7; be the solution and
time parameter given by the counterpart of Theofem 8.1 for the bounded case,, thet
[0, T,) with t; < t,. 1 € IN®. By Sobolev embedding®'u € C([ty, ts]; W"9(Q2))? with ¢ > 1.

In order to obtain the counterparts of Theor¢gms 8.5 and 8.6 for the bounded case, one needs
to prove the counterparts of Theoremg 6.1[anfl 7.2 for the bounded case. However, the proofs of
these theorems require the building of sequeniges C*(Q2 x (1, t5); IR?) that are divergence-
free approximating sequencesBfu in L(t,,t,; W14(£2))? such that for each integer> 1,
the projection of the support af, into 2 is compact. Such constructions are not possible
unlessDu € C([t1, t5]; Wy (Q))?. However, the conditio'u € C/([ty, t,]; W, 4())? is not
satisfied in general.

By reasoning as above on a typical cell in the periodic case, one obtains the same conclusions
as above for the periodic case. The discussion above also shows that, in particular, the global
estimates obtained in Section8.6 above for the full space case are not true for the periodic case.
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