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ABSTRACT. Using monotonic properties of nonoscillatory solutions, we obtain new oscillatory
criteria for the second-order non-canonical difference equation with retarded argument

A(u(0)An(e)) + ¢()n(a(£)) = 0.
Our oscillation results improve and extend the earlier ones. Examples illustrating the results are
provided.
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1. INTRODUCTION

This paper deals with the second-order non-canonical retarded difference equations of the
form
A(p(O)An(£)) + o(O)n(o () = 0, £ = Lo > 0, (E)
where/, is a positive integer anfie N(¢y) = {¢g, b0 + 1, ..., },
(Hy) {p(0)} and{¢(¢)} are positive real sequences with

[e.e]

1
(11) Q(go) = ézz% @ < oQ;

(Hy) {o(¢)} is a monotone increasing sequence of integers a(ith < ¢ — 1 for ¢ > /.

By a solution of( F), we mean a real sequenfg¢) } which is defined and satisfiég’) for all
¢ > {y. A nontrivial solution of(E) is said to bevscillatory if it is neither eventually negative
nor eventually positive, otherwise, iti@noscillatory. Equation(E) is called oscillatory if all
its solutions are oscillatory. We say thd) is in non-canonical form if (1]1) holds.

Oscillatory and asymptotic behavior of solutions of various types of difference equations are
discussed over the past few decades. A large amount of papers and monographs have been
devoted to this problem, see for example[[1, 2,14,16, 8, 9| 18, 16, 15, 10| 11,5, 7, 3] and the
references cited therein. There is a significant difference in the structure of nonoscillatory (say
positive) solutions between canonical and non-canonical equations. It is well known that the
first difference of any positive solutiofy(¢)} of canonical equations is of one sign eventually
where as non-canonical one both sign possibilities of the first difference of any positive solution
have to be treated. These type of equations are studied in the literature (se€ [12, 13, 17]) by
extending known results for canonical equations.

Very recently in[[7], the authors extended the technique of Koplatadze [8] to half-linear sec-
ond order delay differential equations. The objective of this paper is to obtain new difference
inequalities that lead to new monotonicity properties of solutions, which are applied to obtain
new oscillatory criteria for delay difference equations in non-canonical form. The obtained
results would improve and complement to those obtained for linear equations reported in the
literature.

2. BAsIC LEMMAS

From a discrete lemma of Kiguradze [1], the set of positive solutioig&phas the following
structure.

Lemma 2.1. Let{n(¢)} be an eventually positive solution @f'). Then{n(¢)} satisfies one of
the following conditions:

(S1) + p(0)An(€) >0, A(u(€)An()) <0,

(S:) + p(0)An(e) <0, A(u(f)An(L)) <0,
forall ¢ > ¢, > (.

Lemma 2.2. If

(2.1) > QL+ 1)¢(l) = oo,

{=Ly
then the positive solutiofy)(¢)} of (E) satisfieS.), and

(i) limg—.oo (€) = 0;
(i) n(f) + p(O)QE)An(L) > 0;
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(iii) {g((i } is eventually increasing.

Proof. Let {n(¢)} be an eventually positive solution ¢f) satisfying conditions;) for ¢ >
¢y > £y Summing up E) from ¢; to oo, we obtain

p(ln)An(ty) > Z¢

{=t

Since{n(¢)} is positive and increasing, there exists a positive constastch that)(¢) > M
andn(o(¢)) > M eventually. Hence, we have

p()An(l) > M ¢(0) = MY QL+ 1)¢(¢)

=01 {=01
which contradicts[(2]1), and we conclude that/()} satisfies(S,). Therefore, there exists a
finite limit lim,_ . n(¢) = K.
We claim thatx = 0. If not, thenn(¢) > K > 0. Summing up(E) from ¢, to ¢ — 1, we get

—1
0> K> 6(s)

s=01

Summing up again from; to co, we get

n(h) > Ky ﬁ i $(s) =K Y Ql+1)¢(¢) = oo.

{=01

This contradictd< > 0, which proves part (i).
To prove part (ii) we proceed as follows: The monotonicity«f) An(¢) implies that

a0 > 3 IR S Ay L

11(s) -y p(s)
= —Q(O)u(l)An(e),

which proves part (ii).
Next, we verify part (iii). Indeed, in view of part(ii), we have
A (10N _ OpO)AnE) +0l0)
Q(e) QOQL+1T) -
which proves part (iii). The proof of the lemma is complage.

Remark 2.1. In the above results, we do not assume téj is retarded or advanced argument.

3. OSCILLATION RESULTS

In this section, first we will establish new monotonic properties for solutiorig'pfrom the
class(S.), and then we obtain new oscillation criteria {dr).

Lemma 3.1. Let (2.7) holds. Assume that there exists & 0 such that
(3.1) min {o(OQ*(C+ 1)p(0), ()L + 1)QUL+2)p(l + 1)} >0

eventually. If{n(¢ )} is a positive solution ofE), then
(i) {575(—@} is decreasing;

(“) limy_o 9‘3(2) = 0
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(i) { g9~ a5 } s increasing.

Proof. Let {n(¢)} be an eventually positive solution ¢f). Then [2.1) implies tha{n(¢)}
satisfieqS,) for ¢ > ¢1 > ¢y.
Summing up ) from ¢, to ¢ — 1, we get

/-1

—u(OAN(0) = —p(t)An(h) + Y é(s)n(o(s))

s=0

> —pu(l)An(l) + (¢ Zqﬁ

s={

which, in view of [3.1), leads to
/-1

— w(O)AD(0) > —p(l)An(ly) +on(0) >

s=01

= —u(ly)An(ty) + dn(¢ ZA< Qs +2) Q(Sl+ 1))

= —pu(t)An(ty) + én(0) (Q(gi 1) Q(fllJr 1))

1
(s +1)Qs+ 1)Q(s + 2)

on(f)
(3.2) = QU1
where we have useg /) — 0 as/ — co. Hence
n0\ _ @ (ﬁ)An( ) — n(OAQ(0))
&9 2(Gw) - womrn
By Mean-value Theorem, we have
—5_20)

(3.4) A(Q(0) > OE)

Using (3.4) in[(3.B) and, in view of (3.2), we get

20\ _ [0+ Du(®)An(t) + n(6)
A (W)) L T (S VR

That |s,§;75 is decreasing, and therefore there exists_. ., - Qé( =k >0.

We cla|m thatk = 0. Indeed, ifk > 0, thenn(¢) > kQ°(¢) > 0 eventually. Now define the
auxiliary sequence

2(0) = (O)QOA(E) +n(0)Q°(0).
Based on Lemmfa 3.2, it is obvious th4t) > 0 and
Az(f) = A(p(O)An()Q (0 +1) + p(6)An(6)AQ(6))
(3.5) +Q70(0 4+ 1)An(l) + n(O)A(Q7°(0)).
By Mean-value Theorem

1-6 _<1_6) —d
(3.6) AQT0) 2 = T+ )
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and

(3.7) A(Q70(0)) < LQ*"S(K +1).

(6
Using (3.6) and[(3]7) if (3]5) yields
Az(0) < —p(On(a(@)Q 20+ 1)+ 6An)Q° (L4 1) + 5@9—1—5@ +1)

- p(f)
—on(H)Q (¢ + 1) 5 1(0) 4-1-s
< +0AR)Q°(L+1)+0—=0 (+1
Oy OAIORTER R gD
(3.8) = SAROQO(L+1).
Sincen(¢) > kQ2(¢) > kQ°(¢ + 1) and using[(312), we get fror (3.8) that
—ké®
Az(l) < ———— < 0.
A= s Du
Summing up the last inequality frof to ¢ — 1, we obtain
(-1 /-1 Q(s)
1 dv
2(0)) > k6 — > ké? / —
(&) s:zel wu(s)Qs + 1) S:Zh Q(s41) U
k52lnﬁﬂoo as { — oo
Q(¢)
which is a contradiction. Thus
i 1O

oo O(0)
Finally, we prove part (iii). Equatiofi’) can be rewritten in the equivalent form
(3.9) AQUO (O An(E) +n(0) + Q€ + 1) ()n(o(£)) = 0.
Summing up[(39) frond to oo and taking into account the fact t% is increasing, we get

QOO +0(0) = Y Qs +1)é(s)n(o(s)

e}

> 30(s + Dols)n(s)
> %;msmmw
> %ZQ( +1)6(s)

that is
(3.10) Q(Ou)An(l) + (L =3d)n(¢) = 0.
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Now

(3.11) A ( n(¢) ) _ (0 AR(0) — (AR (1))

Q1=9(¢) Q9090 4 1)
By Mean-value Theorem

(312) —A@(0) =

Using (3.12) in[(3.1}1) and, in view df (3.]L0), we obtain

n(0) Q) u(l)An(l) + (1 —6)n(l)
& (sﬂw)) OO IS

The proof of the lemma is completg.

Remark 3.1. Based on the above lemma, it is obvious that

n() | . . n(0) o .
{95(6)} 1s decreasing and {Ql—‘;(é) 18 increasing,

which immediately gives the following oscillatory criterion.

Theorem 3.2. Assume tha2.1l) and (3.1) hold. If

(3.13) o> %,
then(F) is oscillatory.

Proof. Assume, for the sake of contradiction, thaft(¢)} is an eventually positive solution
of (E). Then{n(¢)} satisfies eithefS;) or (S,). In view of condition [2.11),{n(¢)} satisfies
condition(S,). From Lemma 31, we see that (3.2) implies

—QOu(O)AN(0) = =L+ () An(l) = on(C)
and from [3.ID), we have
(1= 8)n(€) = dn(?),

ie.,

<t
-2

which contradictg (3.13). The proof of the theorem is complete.

If § < 3, then one can improve the results given in Lenima 3.1. Sié is decreasing,
there exists a constant> 1 such that

Qo (0))
>
Q@) =@
we introduce the constant > ¢ as follows
)
(3.14) 01 = T
Lemma 3.3. Assume thaf2.1)and (3.3) hold. If {n(¢)} is a positive solution ofE), then
(3.15) 51(0) + QO u(0) An ) < 0.
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Proof. Let {n(¢)} be an eventually positive solution 0F). In view of (2.1) of Lemma 2.2, it
satisfies conditioriS,) for all ¢ > ¢, > /.

Summing up(E) from ¢, to ¢ — 1 and using the fact thgt* } is decreasing, we get

—u(O)dn(e) > —u(&)An(&)Jrid)(s)”(S)Q (7(s)

= 95(8)
> —p(l)An(l) + Ja’2(s +1)
60/577(5) — Q(s+1)
> —p(t)An(t) + Q5 (0) = p(s)2(s+1)
_ 504%(@ — [ dv
> —pu(l)An(t) + (1) SZ;/QS“) 020
5177@)96 1(€)+51 n(€)

= —p(b)An(f) —

0 Q(6)
Sincegits — 0 ast — oo, we obtain
—QOu)An(t) = d1n(6).

The proof of the lemma is completg.

Now we are ready to present the main results of this section.
Theorem 3.4. Assume tha2.7), (3.7)and (3.14)hold. If

/—1 1-4§
(3.16) lim inf O(s)Us +1) > L

) e

s=o (L)

then(F) is oscillatory.

Proof. Assume, for the sake of contradiction, thdf) has an eventually positive solution
{n(¢)}. Condition [2.1) implies tha{n(¢)} satisfies conditior(.S.). Consider the auxiliary
sequence

w(l) = QO ) An(e) + n(f).
It follows from Lemmd 2.P (ii) thatv(¢) > 0, and furthermore
(3.17) Aw(l) = A(u(O)An(€))QE + 1) = =p(O)QUE + L)n(o(¢)).
On the other hand, sinc{q%%} is decreasing, then fror (3]15) we have

QO ) An(l) + o1n(f) < 0.
Thus

w(l) < (1 —3d1)n(0).
Using the last inequality intd (3.17), we see that(¢)} is a positive solution of
PO+ 1)
1 -6,

This is a contradiction since by Theorem 2.1[0f/[14], conditjon (3.16) implies[thaf (3.18) has no
positive solution. The proof of the theorem is complate.

(3.18) Aw(l) + w(o(£)) <0.
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Corollary 3.5. Assume tha2.1), (3.1)and (3.14)hold. Ifo(¢) = ¢ — 7, wherer > 1is an
integer such that

-1

T+1
lim inf d(s)Qs+1) > (1 —461) (T :_ 1) ;

then(F) is oscillatory.

Proof. The proof follows by applying Theorem 6.1.1 0f [2] instead of Theorem 2.1 of [14]. The
proof of the corollary is completa

Theorem 3.6.If

s=/g s=o(s)

o(£)—1 -1
lim sup{ma(f)) S o)+ Y Qs+ 10(s)

(3.19) +§2(0';(£)) 2_; Qs + 1)¢(S)Q(U(s))} > 1,

then(F) is oscillatory.

Proof. Assume, for the sake of contradiction, tHat¢)} is an eventually positive solution of
(E). It follows from (3.19), that there exists a constatt> 0 such that

o(0)—1 -1
lim sup{sz(a(e)) ST s+ D0 Qs+ 1)os)

s={o s=o(s)

1 oo
(3.20) EEO) Zg Qs + 1)¢(S)Q(J(s))} > M.

We claim that[(3.20) implieg (2.1). Indeed, if not, theij~, Q(/+ 1)$(¢) < oo, which means
that there exists an integér > ¢, > ¢, such that

= M
(3.21) ga(£+ Do(0) < =

That s, for¢ > ¢,

o(0)—1 £—1 o(0)—1
Qo) Y d(s) = Qo(0) > é(s) +Qa(0) o(s)
s={y s=/{1 s=/
Li—1 o(f)—1
< Qo) D dls)+ D> Qs)p(s)
s=lx 5=V,
la—1
< 0(o(0) Y 6(9) + ¢
s={
Hence, for? > ¢,
/-1 /-1 M
Qs+ 1ols) < Y QAs)ls) < T
s=o(l) s=o(f)
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On the other hand, fof > ¢,

1
(o (0))

Considering the above inequalities, we see that

S0 + Do(s)Ao(s) < 3 0s + 1els) < %
s=/ s={

o(£)—1 -1
Jim sup {Q(J(f)) > dls) + Qs +1)¢(s)
M
77

which contradicts[(3.20), and therefofe {2.1) holds. Thwpg)} satisfies the conclusions of
Lemmg 2.2. Simple calculation shows tli&t) can be rewritten as follows

AQUOOAN(L) +n(0) + 2+ 1)p(O)n(a(£)) = 0.

Summing up the last equation frofrio co, we have
(3.22) QOO ANE) +1(0) =Y Qs+ 1)d(s)n(o(s)).
s=/

On the other hand, summing up @) from ¢; to ¢ — 1, we get

-1

(3.23) — w(OAn(0) = Y ¢(s)n(als)).
s={1
Using (3.23) in|[(3.22), we obtain
/—1 00
n(0) > Q)Y ¢(s)n(o(s)) + Y Qs + 1)d(s)n(o(s)).
s=0 s=0
Hence
o(f)—1 /—1
n(o(0)) > Qa(t)) D dls)nlals)) + Qs + L)p(s)n(a(s))
s=/01 s=o(¥)
(3.24) +> Q(s+ 1)d(s)n(o(s)).
s=/{

Using that{n(¢)} is decreasing anfly(¢)/Q(¢)} is increasing, we obtain

n(o(0)) " —
- > 200(0) Y bs)+ Y Qs + Do(s)

s=l s=o (L)

1 o, ¢]
+%@§%mwww}

Takinglim sup asn — oo on both sides of the last inequality we get a contradiction. The proof
of the theorem is completq.
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4. EXAMPLES
In this section, we illustrate the importance of the obtained results via some examples.

Example 4.1. Consider the second-order retarded difference equation
(4.2) AL+ DARW) + A+ 1)n(l—2) =0, ¢ > 1,
where) > 0.

Hereg(() =0 —2,Q(0) = 3,6 = X\, anda = 1.
So4d; = 25 and the conditior{(3.17) becomes

-1
1 1—2\ 8
lim inf A 1 =2\ —

which will be satisfied ifA > % Hence [(4.11) is oscillatory iA > % by Theore and by
Corollary ifA > 1.
Example 4.2. Consider the second-order retarded difference equation
(4.2) AL+ 1)An0) + Mn([¢/2]) =0, £ > 2,
where[(/2] is a greatest integer function and> 0.
Here,o(¢) = [¢/2], Q(¢) = 7,6 = 2, ando = 2.

i

S04, = 22/3 (1(3/2?}%) and the conditior[ (3.16) becomes

-1 1 -1 \
lim inf A ( ) > lim inf A= lim 7 [0 —[¢/2]]

l— 1 {—o00 {—00
g N+ s=1t/2)
2)\25X
Z é > 1 _ % 1

and this is true fon > % Therefore by Theore@A the equatipn [4.2) is oscillatovy i
and oscillatory by Theoren 3.2 > 2.

1
2

Remark 4.1. In this paper by establishing new monotonic properties of nonoscillatory solution
of (E), we present new oscillation criteria f0F). Employing the results in [12, 13], we see

that the solutions of (4.1) and (4.2) are either oscillatory or tend to zero asymptotically. Further
both the examples are non-canonical type, the results obtained in[4,19, 5,7, 17, 3] cannot be
applicable. So our results improve and complement to that reported in [4,/9,/ 12/ 13,5,17, 17, 3].
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