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ABSTRACT. This paper considers two independent general class of nonlinear contractive maps
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ness or compactness. For computational purposes, the performance estimates and the sensitivity
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ators with prior degenerate and the conditions are strictly larger class when compare with others
in the literature.
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1. I NTRODUCTION

Several generalizations of Banach’s contraction map [2] given by

(1.1) d(Tx, Ty) ≤ αd(x, y)

for x, y ∈ X, X a metric space andα ∈ (0, 1) have been obtained in many ways to study the
existence properties of nonlinear operators, for example, see [4, 24]. Many of these general-
izations have been unified in the sense that ifψ : [0,∞) → [0,∞) is nondecreasing and upper
semi-continuous function from the right, the mapT satisfying

(1.2) d(Tx, Ty) ≤ ψ(η); η ∈ [0,∞)

is a nonlinear contractive condition. The condition (1.2) is the result of Boyd and Wong [10] if
ψ(η) < η whereη = d(x, y). In [19], it is proved that ifψ(η) = α(η)η, whereα : (0,∞) →
[0, 1) is a decreasing function, then the mapT satisfying (1.2) also has a unique fixed point. A
similar result, whereα(ηn) → 1 whenηn → 0, can be found in [3]. The result of Reich [21]
followed from the Banach’s contraction map, ifα(η) = 1− ϕ(η)

η
, whereϕ : [0,∞) → [0,∞) is

lower semi-continuous function for whichφ(0) = 0, thenα(η) is increasing in[0, 1). Condition
(1.2) is also related to the weakly contractive map defined by Alber and Guerre-Delabriere [1]
if there is a nondecreasing and lower semi-continuous functionϕ for whichψ(η) = η − ϕ(η),
whereη = d(x, y). See also [12, 29] for related literature. Going by the work of Rhoades [25],
one can easily deduce that the functionα(η) = 1− η−ϕ(η)

η
with ϕ(η) < η is similar to the result

of Rakotch [19]. It is also evident that ifψ : [0,∞)2 → [0,∞) is semi-continuous function
such that the mapT satisfies the inequality

(1.3) d(Tx, Ty) ≤ ψ(η, ω),

where(η, ω) ∈ [0,∞)2, then the contractive type conditions of Kannan [18] and Chattajea [11]
are embedded in the condition (1.3) ifψ(η, ω) = a(η + ω) for a ∈ (0, 1

2
). Both inequalities

(1.2) and (1.3) are related in such a way that ifω = 0, thenψ(η, 0) = ψ(η) for all η ∈ [0,∞).
Let % : [0,∞) → [0,∞) be a continuous and nondecreasing function with%(0) = 0 and
ψ : [0,∞)i → [0,∞), i = 1(1)5, be a continuous function for which

(1.4) % (d(Tx, Ty)) ≤ ψ(τ); τ ∈ [0,∞)i, with % > ψ.

and a weakly form as:

(1.5) % (d(Tx, Ty)) ≤ % (τ)− ϕ(τ); τ ∈ [0,∞)i.

or as:

(1.6) % (d(Tx, Ty)) ≤ α (τ)ϕ(τ); τ ∈ [0,∞)i, α ∈ F.

A vast amount of literature can be obtained from (1.4)-(1.6); for few recent papers in this regard,
see [9, 17, 26, 28]. The efficacy for some of these conditions does not perform effectively as
expected from the numerical view. So, this paper aims to introduce two independent nonlinear
contractive conditions to study the existence properties as well as the effectiveness of nonlinear
operators.

2. PRELIMINARIES

Definition 2.1. [8] A metric spaceX is said to be metric convex if for eachx, y ∈ X there is a
z 6= x, y for which

d(x, y) = d(x, z) + d(z, y)
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Lemma 2.1. [10] LetX be a convex metric space andT : X → X be a self map satisfying

d(Tx, Ty) ≤ ψ(d(x, y)), for x, y ∈ X.
Letψ(η) = sup{d(Tx, Ty) : x, y ∈ X, η = d(x, y)}. Then,

I. s ≥ 0, t ≥ 0 andη = s+ t <∞ impliesψ(η) ≤ ψ(s) + ψ(t);
II. ψ(η) is upper semi-continuous from the right of[0,∞).

The following definitions generalize some nonlinear contractive conditions in the literature.

Definition 2.2. LetX be a metrical convex space. The mapT : X −→ X is called a general
nonlinear contractive map (first kind) if there iss, t ∈ [0,∞) such that

(2.1) d(Tx, Ty) ≤ ψ(s) + ψ(t), for x, y ∈ X,
whereψ : [0,∞) → [0,∞) is upper semi-continuous function.

Further, sinceψ is continuous at the origin, for anyψ1, ψ2 ∈ Ψ ands, t, η ∈ [0,∞) with
η = s+ t, there existsψ = ψ1 + ψ2 ∈ Ψ such thatψ(η) ≤ ψ1(s) + ψ2(t).
In view of this, another contractive condition is defined as follow:

Definition 2.3. LetX be a metrical convex space. The mapT : X −→ X is called a general
nonlinear contractive map (second kind) if there iss, t ∈ [0,∞) such that

(2.2) d(Tx, Ty) ≤ ψ1(s) + ψ2(t), for x, y ∈ X,
whereψ is upper semi-continuous function.

The goal of Definitions 2.2 and 2.3 is to ensure that no term is lost in the process of approxi-
mating nonlinear operators with prior degenerate.

Remark 2.1. Observe that by combining conditions (1.4) and (2.1)(or (2.2)), there results

% (d(Tx, Ty)) ≤ ψ(s) + ψ(t); s, t ∈ [0,∞),

or
% (d(Tx, Ty)) ≤ ψ1(s) + ψ2(t), s, t ∈ [0,∞),

with % > ψ, ψ1, ψ2, where% is an altering distance. Each of these conditions is more general
than the results in [28].

Remark 2.2. If s = t in Definition 2.3, then condition (2.2) is similar to (1.2). Ifs 6= t,
then fewer conditions that are facilitated by an operator satisfying Zamfirescu type condition in
[5, 22, 23, 27] are embedded in condition (2.2) ifψ1(s) = αs andψ2(t) = βt with α + β < 1.
For instance, (i)ψ1(d(x, y)) = αd(x, y) andψ2(d(y, Tx)) = Ld(y, Tx) with α + L < 1; (ii)
ψ1(d(x, y)) = αd(x, y) andψ2(d(x, Tx)) = 2αd(x, Tx) with α < 1

3
; and (iii) ψ1(d(x, y)) =

αd(x, y) andψ2(d(x, Tx)) = ϕ(d(x, Tx)) with α < 1.
(iv) More so, the mapT satisfying the Reich operator in [21], fora, b, c ∈ R+ with a+b+c < 1
may be redefined as

d(Tx, Ty) ≤ a+ b

1− c
d(x, y) +

b+ c

1− c
d(y, Tx)

This inequality is related to the form (2.2) whenα =
a+ b

1− c
andβ =

a+ b

1− c
.

(v) The map satisfying the Ciric [14] type conditions could also be embedded in the form (2.2).
(vi) The rational type contraction map defined in [15] is also related to the form (2.2) by letting

ψ1(d(x, y)) = αd(x, y) andψ2(t) = βt, wheret =
d(y, Ty)(1 + d(x, Tx))

1 + d(x, y)
with α+ β < 1.
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Motivated by the above general nonlinear contractive conditions (2.1) and (2.2), this paper
presents a class for each of the general conditions as follows:

Definition 2.4. Let X be a metrical convex space andT : X → X. The mapT is called a
general(αi, ϕ)-weak contractive map, first and second kinds respectively, if it satisfies

d(Tx, Ty) ≤ α1(s)ϕ(s) + α2(t)ϕ(t)(2.3)

and

d(Tx, Ty) ≤ α1(s)ϕ1(s) + α2(t)ϕ2(t)(2.4)

for x, y ∈ X, whereϕ, ϕ1 andϕ2 are lower semi-continuous and nondecreasing functions and
α1, α2 ∈ F =

{
αi|αi : [0,∞) → [0, 1

2
), i = 1, 2

}
with the imposition thatαi(un) → 1

2
implies

un → 0.

Condition (2.3) is obviously a Geraghty contraction [3] ift = 0, α1 = α andϕ(s) = s.

Definition 2.5. Let X be a metrical convex space andT : X → X. The mapT is a general
weakly contractive map, first and second kinds, respectively, if it satisfies

d(Tx, Ty) ≤ s− ϕ(s) + t− ϕ(t)(2.5)

d(Tx, Ty) ≤ s− ϕ1(s) + t− ϕ2(t)(2.6)

for x, y ∈ X ands, t ∈ [0,∞), whereϕ, ϕ1 andϕ2 are lower semi-continuous and nondecreas-
ing function.

Observe that the condition (2.5) is obtained by takingψ(ξ) = ξ − ϕ(ξ), for ξ ∈ [0,∞).
A similitude of conditions (2.3), (2.4), (2.5) and (2.6) follows from Remark 2.1.
Without preconceiving, it is worthwhile stating that ifX is star-shaped, the conditions (2.5) and
(2.6) may not be applicable. A counter example is given as follow:

Example 2.1. Consider the M-shapedX = {(0, 0), (1, 4), (2, 1), (3, 4), (4, 0)} furnished with
the metric given by

d(x, 0) =

 x, x 6= 0,

0, x = 0

andT : X → X defined byT (x1, x2) =

{
(x1, x2), x1 ≤ x2,
(2, x2), x1 > x2

, withϕ(t) = 1
2
t.

Condition (2.5) (or (2.6)) is not applicable since for(1, 2), (3, 2) ∈ X, the line segment
joining (1, 2) and (3, 2) lies on the region not inX. On the other hand, if we consider the
metrical convex hull ofX (denoted bycoX), then any two points incoX has a line segment
contained incoX, and in turn, inequality (2.5) (or (2.6)) is applicable.
The following useful definitions can be found in [5, 23].

Definition 2.6. Let T : X → X, ε > 0, x0 ∈ X. An elementx0 is called anε−fixed point of
T provided that

d(Tx0, x0) < ε

The set of allε-fixed points ofFε(T ) = {x ∈ X : X is anε− fixed point of T}. Any mapT is
said to have anε−fixed point property ifFε(T ) 6= ∅.
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Lemma 2.2. Let (X, d) be a metric space andT : X → X be a self map such thatT is
asymptotically regular, that is

d(T nx, T n+1x) → 0 asn→∞,

for all x ∈ X. ThenT has theε-fixed point property.

Definition 2.7. Let S, T : X → X haveε−fixed point property. The mapS is called an
approximate operator ofT if there existsρ > 0 such that

d(Sx, Tx) ≤ ρ, ∀ x ∈ X

In view of Definition 2.7, ifp andq are theε−fixed points ofS andT , respectively, then the
following estimate holds

d(p, q) ≤ φ(ρ), ∀ p, q ∈ Fε(T ).

In this case, the diameter ofFε(T ) is given by

δ(Fε(T )) ≤ φ(2ε),

whereδ(Fε(T )) = sup {d(p, q) : p, q ∈ Fε(T )}.

3. M AIN RESULTS

In this section, some existence properties of nonlinear operator are proved with the imposition
of conditions (2.3), (2.5) and (2.6) for few independent inputs and their performance estimates
are obtained. The following result is a general nonlinear contractive Geraghty-type.

Theorem 3.1.LetC be a convex subset ofX andT : C → C is a map satisfying(2.3)for which
s = d(x, y) andt = d(x, Tx), wherex, y ∈ C andα1, α2 ∈ F . Then,T has approximate fixed
point. Moreover, ifS is the approximate operator ofT andu, v ∈ Fε(T ) are the approximate
fixed points ofS, T , respectively. Then, the estimate

(3.1) δ(Fε(T )) ≤
(a

2
+ 2)ε

1− a
2

, for ε > 0, a ∈ (0, 1)

holds.

Proof. Selectx0 ∈ X and letxn be a sequence defined byxn = T nx0. By the condition of the
theorem, there gives

d(xn, xn+1) = d
(
T nx0, T

n+1x0

)
≤ α1

(
d(T n−1x0, T

nx0)
)
ϕ
(
d
(
T n−1x0, T

nx0

))
+ α2

(
d(T n−1x0, T

nx0)
)
ϕ
(
d
(
T n−1x0, T

nx0

))
=
[
α1

(
d(T n−1x0, T

nx0)
)

+ α2

(
d(T n−1x0, T

nx0)
)]
ϕ
(
d
(
T n−1x0, T

nx0

))
Sinceα1, α2 ∈ F , this last inequality reduces to

d
(
T nx0, T

n+1x0

)
≤ ϕ

(
d
(
T n−1x0, T

nx0

))
By the property ofϕ, ϕn → 0 asn→∞. Thus, by Lemma 2.2, we have

lim
n→∞

d
(
T nx0, T

n+1x0

)
→ 0

Hence,T has approximate fixed point.
More so, letu, v ∈ X and defineu ≈ Su andv ≈ Tv. Let ρ > 0 and consider the particular
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caseϕ(ξ) = aξ for a ∈ (0, 1) andξ ∈ [0,∞). By condition of the theorem and Definition 2.6
and 2.7, there results

d(u, v) ≤ d(Su, Sv) + ρ

≤ α1(d(u, v))ϕ(d(u, v)) + α2(d(u, v))ϕ(d(u, Su)) + ρ

=
a

2
d(u, v) +

a

2
ε+ ρ

This implies

d(u, v) ≤
a
2
ε+ ρ

1− a
2

By takingφ(ρ) =
a
2
ε+ρ

1−a
2

, we have

δ(Fε(T )) ≤
(a

2
+ 2)ε

1− a
2

, for ε > 0.

As required.

The following result is nonlinear contractive map of rational-type.

Theorem 3.2. Let C be a convex subset ofX andT : C → C is a map satisfying(2.5) for

whichs = d(x, y) andt =
d(y, Ty)(1 + d(x, Tx))

1 + d(x, y)
, wherex, y ∈ C ands, t ∈ [0,∞). Then,T

has approximate fixed point. Moreover, ifS is the approximate operator ofT andu, v ∈ Fε(T )
are the approximate fixed points ofS, T , respectively. Then, the estimate

(3.2) δ(Fε(T )) ≤ 2ε

a
, for ε > 0, a ∈ (0, 1)

holds.

Proof. Selectx0 ∈ X and letxn be a Picard sequence such thatxn = T nx0. By the condition
of the theorem, there gives

d(xn, xn+1) = d
(
T nx0, T

n+1x0

)
≤ d

(
T n−1x0, T

nx0

)
− ϕ

(
d
(
T n−1x0, T

nx0

))
+
d(T nx0, T

n+1x0) (1 + d(T n−1x0, T
nx0))

1 + d(T n−1x0, T nx0)

− ϕ

(
d(T nx0, T

n+1x0) (1 + d(T n−1x0, T
nx0))

1 + d(T n−1x0, T nx0)

)
= d

(
T n−1x0, T

nx0

)
− ϕ

(
d(T n−1x0, T

nx0)
)

+ d(T nx0, T
n+1x0)− ϕ

(
d(T nx0, T

n+1x0)
)

Solving further, we obtain

ϕ
(
d
(
T nx0, T

n+1x0

))
≤ d

(
T n−1x0, T

nx0

)
− ϕ

(
d
(
T n−1x0, T

nx0

))
Let ln = d(T n−1x0, T

nx0) and consider the antiderivativeΓ defined by

Γ(ζ) =

∫
1

ϕ(ξ)
dξ

Sinceϕ(ln) < ln, then forϕ(ln+1) ≥ ϕ(ζ), whereϕ(ln) ≤ ζ ≤ ln, we have

Γ(ln)− Γ(ϕ(ln)) =

∫ ln

ϕ(ln)

dξ

ϕ(ξ)
=
ln − ϕ(ln)

ϕ(ζ)
≥ ln − ϕ(ln)

ϕ(ln+1)
≥ 1
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Thus,

Γ(ln)− Γ(ϕ(ln)) ≥ 1 ⇒ Γ(ϕ(ln)) ≤ Γ(ln)− 1 ≤ · · · ≤ Γ(l0)− (n+ 1)

This implies

(3.3) ϕ(ln) ≤ Γ−1(Γ(l0)− (n+ 1))

Let χ(ς) = Γ−1(Γ(l0) − (n + 1)). By hypothesis,ϕ is nondecreasing implies that bothΓ and
Γ−1 are increasing functions, hence,χ is nonincreasing. For fixedΓ(l0), it follows that

lim
ς→∞

χ(ς) = 0

From inequality (3.3),ϕ(ln) ≤ 0 and by hypothesis onϕ, we haveϕ(ln) = 0.
Therefore,

lim
n→∞

ln+1 = lim
n→∞

d
(
T nx0, T

n+1x0

)
→ 0

which implies thatT has approximate fixed point.
More so, letu, v ∈ C and defineu ≈ Su andv ≈ Tv. Due to the general nature ofϕwhich may
be difficult to analyze, we suppose, in particular, thatϕ(ξ) = aξ for a ∈ (0, 1) andξ ∈ [0,∞).
Forρ > 0, using condition of the theorem and Definition 2.6 and 2.7, this gives

d(u, v) ≤ d(Su, Sv) + ρ

≤ d(u, v)− ϕ(d(u, v)) +
d(v, Sv)(1 + d(u, Tu))

1 + d(u, v)
− ϕ

(
d(v, Sv)(1 + d(u, Tu))

1 + d(u, v)

)
+ ρ

≤ (1− a)d(u, v) + (1− a)
ε(1 + ε)

1 + d(u, v)
+ ρ

This further implies

(3.4) ad2(u, v)− (ρ− a)d(u, v)− [ε(1− a)(1 + ε) + ρ] ≤ 0

Let e = d(u, v) ≥ 0 andρ ≤ h = ε(1− a)(1 + ε) + ρ such thatae2 − (ρ− a)e− ρ = 0.
Then,

e =
ρ− a±

√
(ρ− a)2 + 4aρ

2a
=

(ρ− a)± (ρ+ a)

2a
.

Using this in (3.4), we have

(ae− ρ)(e+ 1) ≤ 0

Sincee+ 1 > 0, thene− ρ

a
≤ 0. Hence,

d(u, v) ≤ ρ

a
, for ρ > 0, a ∈ (0, 1).

Lettingφ(ρ) =
ρ

a
, by Definition 2.7, we obtain

δ(Fε(T )) ≤ 2ε

a
, for ε > 0, a ∈ (0, 1).

It is not difficult to see that ifε→ 0, there is sufficiently smallδ for all a ∈ (0, 1).

Remark 3.1. If T : C → C satisfies (2.6) fors = d(x, y) andt =
d(y, Ty)(1 + d(x, Tx))

1 + d(x, y)
,

thenT has approximate fixed point since bothϕ1 andϕ2 belong to the same family.
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Theorem 3.3.LetC be a convex subset ofX andT : C → C is a map satisfying(2.5)for which
s = d(x, y) and t = d(x, Tx), wherex, y ∈ X and s, t ∈ [0,∞). Then,T has approximate
fixed point. Furthermore, ifS is the approximate operator ofT and u, v ∈ Fε(T ) are the
approximate fixed points ofS, T , respectively. Then, the following estimate holds:

(3.5) δ(Fε(T )) ≤ (3− a)ε

a
, for ε > 0.

Proof. Selectx0 ∈ X and letxn be a Picard sequence such thatxn = T nx0. Then,

d(xn, xn+1) = d
(
T nx0, T

n+1x0

)
≤ d

(
T n−1x0, T

nx0

)
− ϕ

(
d
(
T n−1x0, T

nx0

))
+ d

(
T n−1x0, T (T n−1x0)

)
− ϕ

(
d
(
T n−1x0, T (T n−1x0)

))
= 2d

(
T n−1x0, T

nx0

)
− 2ϕ

(
d
(
T n−1x0, T

nx0

))
This further implies that

(3.6) d
(
T nx0, T

n+1x0

)
≤ d

(
T n−1x0, T

nx0

)
− ϕ2

(
d
(
T n−1x0, T

nx0

))
≤ d

(
T n−1x0, T

nx0

)
Sinced (T nx0, T

n+1x0) ≤ d (T n−1x0, T
nx0), then d (T nx0, T

n+1x0) is a non-increasing and
non-negative sequence. Letι be a non-negative real number for which

ι = lim
n→∞

d
(
T nx0, T

n+1x0

)
= lim

n→∞
d
(
T n−1x0, T

nx0

)
,

By inequality (3.6), we have

ι ≤ ι− ϕ2 (ι)

This implies thatϕ2 (ι) ≤ 0 ⇒ ϕ (ι) ≤ 0. By the hypothesis onϕ, ϕ (ι) = 0, and thus,

ι = lim
n→∞

d
(
T nx0, T

n+1x0

)
→ 0

Therefore,T has approximate fixed point.
Furthermore, letu, v ∈ X and defineu ≈ Su andv ≈ Tv. Letρ > 0 and consider the particular
caseϕ(ξ) = aξ for a ∈ (0, 1) andξ ∈ [0,∞), by condition of the theorem and Definition 2.6
and 2.7, there results

d(u, v) ≤ d(Su, Sv) + ρ

≤ d(u, v)− ϕ(d(u, v)) + d(u, Su)− ϕ(d(u, Su)) + ρ

= (1− a) [d(u, v) + ε] + ρ

This implies

d(u, v) ≤
ε+ ρ

∑
r≥0 a

r∑
r≥0 a

r − 1

By takingφ(ρ) =
ε+ ρ

∑
r≥0 a

r∑
r≥0 a

r − 1
, we have that

δ(Fε(T )) ≤ (3− a)ε

a
, for ε > 0.

It is easily seen thatδ → 0 asε→ 0.

Theorem 3.4.LetC be a convex subset ofX andT : C → C is a map satisfying(2.6)for which
s = d(x, y) and t = d(x, Tx), wherex, y ∈ X and s, t ∈ [0,∞). Then,T has approximate
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fixed point. Furthermore, ifS is the approximate operator ofT and u, v ∈ Fε(T ) are the
approximate fixed points ofS, T , respectively. Then, the following estimate holds:

(3.7) δ(Fε(T )) ≤ (3− b)ε

a
, for ε > 0, 0 < a, b < 1.

Proof. Selectx0 ∈ X and letxn be a Picard sequence such thatxn = T nx0. If ϕ1, ϕ2 ∈ Φ for
which (ϕ1 + ϕ2)t = ϕ(t), t ∈ [0,∞), then,

d(xn, xn+1) = d
(
T nx0, T

n+1x0

)
≤ d

(
T n−1x0, T

nx0

)
− ϕ1

(
d
(
T n−1x0, T

nx0

))
+ d

(
T n−1x0, T (T n−1x0)

)
− ϕ2

(
d
(
T n−1x0, T (T n−1x0)

))
= 2d

(
T n−1x0, T

nx0

)
− ϕ

(
d
(
T n−1x0, T

nx0

))
That is,

(3.8) d
(
T nx0, T

n+1x0

)
≤ 2d

(
T n−1x0, T

nx0

)
− ϕ

(
d
(
T n−1x0, T

nx0

))
Let ln+1 = d (T nx0, T

n+1x0) andζ ∈ [2ln, ln+1] for ϕ(ln) ≥ ϕ(ζ), then

Γ(2ln)− Γ(ln+1) =

∫ 2ln

ln+1

dζ

ϕ(ζ)
=

2ln − ln+1

ϕ(ζ)
≥ 2ln − ln+1

ϕ(ln)
≥ 1

This implies

Γ(2ln)− Γ(ln+1) ≥ 1 ⇒ Γ(ln+1) ≤ Γ(2ln)− 1 ≤ · · · ≤ Γ(2l0)− (n+ 1)

That is,
ln ≤ Γ−1(Γ(2l0)− n)

Let χ(ς) = Γ−1(Γ(2l0) − n). Sinceϕ is nondecreasing, then bothΓ andΓ−1 are increasing
functions imply thatχ is nonincreasing. For fixedΓ(2l0), it follows that

lim
ς→∞

χ(ς) = 0

Hence,ln ≤ 0 implies thatln = 0.
Therefore,

lim
n→∞

ln+1 = lim
n→∞

d
(
T nx0, T

n+1x0

)
→ 0.

Furthermore, letu, v ∈ X and defineu ≈ Su andv ≈ Tv. Letρ > 0 and consider the particular
case whereϕ1(ξ) = aξ andϕ2(µ) = bµ for a, b ∈ (0, 1) andξ, µ ∈ [0,∞).
So,

d(u, v) ≤ d(Su, Sv) + ρ

≤ d(u, v)− ϕ1(d(u, v)) + d(u, Su)− ϕ2(d(u, Su)) + ρ

= (1− a)d(u, v) + (1− b)ε+ ρ

This gives

d(u, v) ≤ (1− b)ε+ ρ

a

By lettingφ(ρ) =
(1− b)ε+ ρ

a
, we have that

δ(Fε(T )) ≤ (3− b)ε

a
, for ε > 0, a, b ∈ (0, 1).

It is obvious thatδ → 0 asε→ 0.
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Theorem 3.5.LetC be a convex subset ofX andT : C → C is a map satisfying(2.5)for which
s = d(x, y) andt = d(y, Tx), wherex, y ∈ X ands, t ∈ [0,∞). ThenT has approximate fixed
point. Furthermore, ifS is the approximate operator ofT andu, v ∈ Fε(T ) are the approximate
fixed points ofS, T , respectively. Then, the estimate

(3.9) δ(Fε(T )) ≤ (3− a)ε

2a− 1
, for ε > 0,

1

2
< a < 1.

holds.

Proof. Selectx0 ∈ X and letxn be a Picard sequence such thatxn = T nx0. Then,

d(xn, xn+1) = d
(
T nx0, T

n+1x0

)
≤ d

(
T n−1x0, T

nx0

)
− ϕ

(
d
(
T n−1x0, T

nx0

))
− d

(
T nx0, T (T n−1x0)

)
− ϕ

(
d
(
T nx0, T (T n−1x0)

))
= d

(
T n−1x0, T

nx0

)
− ϕ

(
d
(
T n−1x0, T

nx0

))
≤ d

(
T n−1x0, T

nx0

)
This means thatd (T nx0, T

n+1x0) is non-increasing and non-negative sequence. Letl ≥ 0 be a
real number such that

l = lim
n→∞

d
(
T nx0, T

n+1x0

)
= lim

n→∞
d
(
T n−1x0, T

nx0

)
,

Then,
l ≤ l − ϕ (l)

This givesϕ (l) ≤ 0. By the hypothesis onϕ, ϕ (l) = 0. This implies that

l = lim
n→∞

d
(
T nx0, T

n+1x0

)
→ 0

Therefore,T has approximate fixed point.
Furthermore, letu, v ∈ X and defineu ≈ Su and v ≈ Tv. Suppose, in particular, that
ϕ(ξ) = aξ for a ∈ (0, 1) and ξ ∈ [0,∞). For ρ, using the condition of the theorem and
Definition 2.6 and 2.7, there results

d(u, v) ≤ d(Su, Sv) + ρ

≤ d(u, v)− ϕ(d(u, v)) + d(v, Su)− ϕ(d(v, Su)) + ρ

≤ 2 (d(u, v)− ϕ(d(u, v))) + d(u, Su)− ϕ(d(u, Su)) + ρ

= 2 (d(u, v)− ϕ(d(u, v))) + ε− ϕ(ε) + ρ

= 2(1− a)d(u, v) + (1− a)ε+ ρ

By resolving, this gives

d(u, v) ≤
ε+ ρ

∑
r≥0 a

r∑
r≥0 a

r − 2
.

This is only valid fora ∈ (1
2
, 1). Lettingφ(ρ) =

ε+ ρ
∑

r≥0 a
r∑

r≥0 a
r − 2

, the diameter of the setFε(T )

is obtained as:

δ(Fε(T )) ≤ (3− a)ε

2a− 1
, for ε > 0 anda ∈ (

1

2
, 1).
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Theorem 3.6.LetC be a convex subset ofX andT : C → C is a map satisfying(2.6)for which
s = d(x, y) andt = d(y, Tx), wherex, y ∈ X ands, t ∈ [0,∞). ThenT has approximate fixed
point. Furthermore, ifS is the approximate operator ofT andu, v ∈ Fε(T ) are the approximate
fixed points ofS, T , respectively. Then, the estimate

(3.10) δ(Fε(T )) ≤ (3− b)ε

a+ b− 1
, for ε > 0,

1

2
< a, b < 1.

holds.

The proof is similar to the proof of Theorem 3.5.

Remark 3.2. a. Observe that ifa = 1 in the estimates (3.1), (3.2), (3.5) and (3.9), then
the right hand inequalities of the estimates do not exceed2ε, that is,φ(2ε) ≤ 2ε. This
is not a mere coincident, the number2ε is the least of the estimates. Similarly for the
estimates (3.7) and (3.10) whena = b = 1.

b. A similar estimate could be obtained for the functionsϕ(t) =
t

t+ 1
andϕ(t) = c(et−1)

if a = 1−α(t), whereα(t) =
1

t+ 1
, for t ≥ 0 anda = 1−c, for c ∈ (0, 1), respectively.

Remark 3.3. If q is an approximate fixed point ofT in Theorem 3.2, 3.3 and 3.4, the error
estimate

en ≤ Γ−1 (Γ(e0 − (n− 1)) , for n ≥ 1.

holds, whereΓ(t) =
∫

dt
ϕ(t)

andΓ−1 is its inverse. This is similar to the estimate contained in
([1], Theorem 3.1).

We present the error estimates of Theorem 3.1, 3.5 and 3.6 in the following Theorems:

Theorem 3.7.LetT : C → C be a map satisfying(2.3)for whichs = d(x, y) andt = d(x, Tx)
withFε(T ) 6= ∅. Then the Picard iterative process converges to theε-fixed pointq of T with the
following estimate:

en ≤
ϕn(e0)

2n

holds.

Proof. SinceT satisfies condition (2.3) fors = d(x, y) andt = d(x, Tx) with Fε(T ) 6= ∅. By
Theorem 3.1T has aε-fixed pointq, say. Selectx0 ∈ C and letxn be a Picard sequence, for
q ∈ Fε(T ), we have

d(xn, q) = d(Txn−1, T q)

≤ α1(d(xn−1, q))ϕ(d(xn−1, q)) + α2(d(xn−1, xn))ϕ(d(xn−1, xn))

SinceT is asymptotic regular,d(xn−1, xn) → 0 implies thatϕ(d(xn−1, xn)) → 0 asn → ∞.
Forα1 ∈ F , this gives

d(xn, q) ≤
1

2
ϕ(d(xn−1, q))

By letting en = d(q, xn), we have

en ≤
1

2
ϕ(en−1) ≤

1

22
ϕ2(en−2) ≤ · · · ≤ 1

2n
ϕn(e0)

For obvious reason,en is a non-increasing sequence. So, it converges toe, say, and by the
hypothesis onϕ, e = 0.
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Remark 3.4. If t = 0 in Theorem 3.7 andα ∈ F in the sense of Geraghty-type condition, then
the error estimateen ≤ ϕn(e0). Clearly,

1

2n
ϕn(e0) ≤ ϕn(e0).

Theorem 3.8.LetT : C → C be a map satisfying(2.5)for whichs = d(x, y) andt = d(y, Tx)
withFε(T ) 6= ∅. Then the Picard iterative process converges to theε-fixed pointq of T with the
following estimate:

en ≤ 2Γ−1
[
Γ(
ne0

2
)− (n− 1)

]
holds, whereΓ(t) =

∫
dt

ϕ(t)
andΓ−1 is its inverse function.

Proof. SinceT satisfies condition (2.5) fors = d(x, y) andt = d(y, Tx) with Fε(T ) 6= ∅. By
Theorem 3.3T has aε-fixed pointq, say. Selectx0 ∈ C and letxn be a Picard sequence, for
q ∈ Fε(T ), we have

d(xn, q) = d(Txn−1, T q)

≤ d(xn−1, q)− ϕ(d(xn−1, q)) + d(q, Txn−1)− ϕ(d(q, Txn−1))

= d(xn−1, q)− ϕ(d(xn−1, q)) + d(q, xn)− ϕ(d(q, xn))

≤ 2d(xn−1, q)− 2ϕ(d(xn−1, q)) + d(xn−1, xn)− ϕ(d(xn−1, xn))

SinceT is asymptotic regular,d(xn−1, xn)− ϕ(d(xn−1, xn)) → 0 asn→∞. Thus,

d(q, xn)

2
≤ d(xn−1, q)− ϕ(d(xn−1, q))

Let en = d(q, xn) be the estimate at eachn-th step so that

ϕ(en−1) ≤ en−1 −
1

2
en

This impliesen is a non-increasing sequence. Therefore, it converges toe, say, for which
ϕ(e) ≤ 0. By the hypothesis onϕ, e = 0.
More so, if there existsζ ∈ [ en

2
, en−1] such thatϕ(en) ≥ ϕ(ζ) for eachn, then

Γ(en−1)− Γ(
en

2
) =

∫ en−1

en
2

dt

ϕ(t)
=
en−1 − 1

2
en

ϕ(ζ)
≥
en−1 − 1

2
en

ϕ(en)
≥ 1

Further, this gives

Γ(
en

2
) ≤ Γ(en−1)− 1 ≤ Γ(

3en−2

2
)− 2 ≤ Γ(2en−3)− 3 ≤ · · · ≤ Γ(

ne0
2

)− (n− 1).

By transitivity, we have the estimate

en ≤ 2Γ−1
[
Γ(
ne0

2
)− (n− 1)

]

Theorem 3.9.LetT : C → C be a map satisfying(2.6)for whichs = d(x, y) andt = d(y, Tx)
withFε(T ) 6= ∅. Then the Picard iterative process converges to theε-fixed pointq of T with the
following estimate:

en ≤ Γ−1 (Γ(2e0)− (n− 1))

holds, whereΓ(t) =
∫

dt
ϕ(t)

andΓ−1 is its inverse function.

The proof is immediate and it is left.
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Corollary 3.10. LetC be a convex subset ofX andT : C → C is a map satisfying

(3.11) d(Tx, Ty) ≤ αd(x, y) + β
d(y, Ty)(1 + d(x, Tx))

1 + d(x, y)
, for x, y ∈ X

with α + β < 1. Then,T has approximate fixed point. Furthermore, ifS is the approximate
operatorT andp, q ∈ Fε(T ) are the approximate fixed points ofS, T , respectively. Then, the
estimate

δ(Fε) ≤ 2ε(1− α)−1 for ε > 0, α+ β < 1

holds.

Corollary 3.11. LetT : C → C be a map satisfying

(3.12) d(Tx, Ty) ≤ αd(x, y) + βd(x, Tx), for x, y ∈ X

with α + β < 1. Then,T has approximate fixed point. Furthermore, ifS is the approximate
operatorT andp, q ∈ Fε(T ) are the approximate fixed points ofS, T , respectively. Then, the
estimate

δ(Fε) ≤
(β + 2)ε

1− α
for ε > 0, α+ β < 1

holds.

Proof. Selectx0 ∈ X and letxn be a Picard sequence such thatxn = T nx0. By letting
s− ϕ1(s) = (1− a)s with a = 1− α andt− ϕ2(t) = (1− b)t with b = 1− β in Theorem 3.3.
The proof follows.

Corollary 3.12. LetC be a convex subset ofX andT : C → C is a map satisfying

(3.13) d(Tx, Ty) ≤ αd(x, y) + βd(y, Tx), for x, y ∈ X

with α + β < 1. Then,T has approximate fixed point. Furthermore, ifS is the approximate
operatorT andp, q ∈ Fε(T ) are the approximate fixed points ofS, T , respectively. Then, the
estimate

δ(Fε) ≤
(β + 2)ε

1− α− β
for ε > 0, α+ β < 1

holds.

The proof is obvious by the application of Theorem 3.5.

Remark 3.5. i. Corollary 3.12 is similar to the result in [23].
ii. The error estimates for Corollary 3.10, 3.11 and 3.12 are, respectively,

en ≤ αneo, en ≤
(
α+ β

1− β

)n

eo anden ≤
(

α

1− β

)n

eo.

Here, the asymptotic error constants are easily accessible unlike estimations of the formΓ−1(·)
which are inexplicable.

4. EXAMPLES AND PROBLEMS

Example 4.1. Let X = [0, 1] be endowed with the usual metricd(x, y) = |x− y| and let
T : X → X be defined by the nonlinear operatorTx = ln(1 + x). Then,T satisfies the
hypotheses of Theorems 3.1, 3.3 and 3.4 with fixed pointq = 0.
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Firstly, observe that the associated functiony(x) = x − Tx is degenerate of order one, since
y(0) = 0, y′(0) = 0 andy′′(0) 6= 0.

Let x, y ∈ [0, 1] with x > y and considerTz = ln(1 + z) =
∑

k≥1 (−1)k+1 z
k

k
for all z ∈ [0, 1],

then

Tx− Ty = x− y − (x2 − y2)

2
+

(x3 − y3)

3
− (x4 − y4)

4
+

(x5 − y5)

5
+ · · ·

Sincex > y, bothxp− yp ≥ (x− y)p and(x− y)p ≥ (x− y)p+1 hold forp > 1, and imply that

(x− y)p+1

p+ 1
− (x− y)p

p
≥ (xp+1 − yp+1)

p+ 1
− (xp − yp)

p
.

Thus,

Tx− Ty ≤ x− y − (x− y)2

2
+

(x− y)3

3
− (x− y)4

4
+

(x− y)5

5
− (x− y)6

6
+ · · ·

(4.1)

= x− y − (x− y)2 +
(x− y)2

2
+

(x− y)3

3
+ · · · −

[
(x− y)4

2
+

(x− y)6

3
+ · · ·

]
≤ x− y − (x− y)2 + (1− λ(x, y))

[
(x− y)2

2
+

(x− y)3

3
+ · · ·

]
≤ x− y − (x− y)2 + (1− λ(x, y))

(
∞∑

k=1

|x|k

k
− x

)
,

for x > x− y, whereλ(x, y) = min
{
(x− y)k : k = 1, 2, 3, . . .

}
< 1.

Hence, we have

d(Tx, Ty) ≤ |x− y| − |x− y|2 + (1− λ)

∣∣∣∣∣x−
∞∑

k=1

|x|k

k

∣∣∣∣∣
≡ s− ϕ1(s) + t− ϕ2(t)

whereϕ1(s) ≡ s2 andϕ2(t) ≡ λt, for s = d(x, y) andt = d(x, Tx) (See Theorem 3.4).
This implies thatT is a general nonlinear contractive map (2.6) and for any initial seedx0 ∈
[0, 1], the sequencexn = ln(1 + xn−1) converges to the fixed pointq = 0.
More so, from inequality (4.1),T is a general nonlinear contractive map (2.3) deduced as:

d(Tx, Ty) ≤
(

1− |x− y|
2

)
|x− y|+ 1

2
(1−

∞∑
k=1

|x|k

k
)

∣∣∣∣∣x−
∞∑

k=1

|x|k

k

∣∣∣∣∣
≡ α1(s)ϕ(s) + α2(t)ϕ(t)

whereα1(s) = 1−s
2

, α2(t) = 1−t
2

, ϕ(s) ≡ s, ϕ(t) ≡ t, for s = d(x, y) andt = d(x, Tx) (See
Theorem 3.1). Sinceα1, α2 ∈ F , it is easily seen thatα1(sn), α2(tn) → 1

2
assn, tn → 0.

Remark 4.1. Similarly, Example 4.1 also satisfies the hypothesis of Theorem 3.3 withϕ(s) =
1

2
s2 andϕ(t) =

1

2
t, for s = d(x, y) andt = d(x, Tx).

Remark 4.2. If x ≤ y, the results are also valid for the inputss = d(x, y) andt = d(y, Ty).

In Example 4.1, the error rates for Theorems 3.1, 3.3 and 3.4 are presented in Table 4 with
initial seedx0 = 1

4
. Results in Table 4 show that the sequencexn in Theorem 3.1 compares

favourably to the fixed pointq = 0 than the Theorems 3.3 and 3.4.
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Table 4.1: Comparison of error rates for Example 4.1

Theorem 3.1 Theorem 3.3 Theorem 3.4
n generations (Also see Theorem 3.7)(Also see Remark 3.3)(Also see Remark 3.3)

25 2.6469× 10−23 6.2500× 10−2 3.5714× 10−2

50 7.0065× 10−46 3.5088× 10−2 1.8868× 10−2

100 4.9091× 10−91 1.8690× 10−2 9.7087× 10−3

200 2.4099× 10−181 9.6000× 10−4 4.9261× 10−3

Example 4.2.Consider the logistic mapTx = θx(1− x), whereθ ∈ (0,∞) andx ∈ R which
is often used in the study of chaotic phenomenon, see[16]. Here, we are interested in the set
of points in the interval[0, 1] ⊂ R. For this reason, the the numberθ lies in (0, 4]. Now, let
T : [0, 1] → [0, 1] be given byTx = 2x(1− x) and be furnished with the metric defined by

d(x, y) =

 x+ y, x 6= y,

0, x = y

with ϕ(η) = 1
5
η, ϕ1(s) = 1

3
s andϕ2(t) = 1

2
t.

Example 4.2 satisfies all the hypotheses of Theorems 3.1, 3.2, 3.3, 3.4 and 3.5. However,
Example 4.2 does not satisfy the following weakly contractive maps:

i. d(Tx, Ty) ≤ η − ϕ(η) for η = d(x, y);

ii. d(Tx, Ty) ≤ η + ω

2
− ϕ(η, ω) for η = d(x, Tx) andω = d(y, Ty); and

iii. d(Tx, Ty) ≤ η + ω

2
− ϕ(η, ω) for η = d(x, Ty) andω = d(y, Tx).

with ϕ(η, ω) = 1
5
(η + ω). Conditions i. and iii. can be seen in [1, 24] and [12], respectively.

Problem 1. Are conditions(2.3)and (2.4)equivalent fort = d(x, y) ands = d(x, Tx)?

Problem 2. Are conditions(2.5)and (2.6)equivalent fort = d(x, y) ands = d(x, Tx)?

Problem 3. Are conditions(2.5)and (2.6)equivalent fort = d(x, y) ands = d(y, Tx)?
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