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2 S. KUNGA AND A. SHARMA

1. I NTRODUCTION

Bicomplex numbers have been studied for quite a long time and lot of work has been done
in this area. The work on bicomplex numbers probably begin with the work of Italian school
of Segre, Spampinato and Scorza Dragoni. At present bicomplex analysis is an active area of
research and many paper are being published in this direction. In [15], G. B. Price present the
most comprehensive and detail on bicomplex analysis. The Recent book [1] and [13] give the
most systematic developments of bicomplex analysis and bicomplex functional analysis.
Topological vector spaces are one of the basic structures investigated in functional analysis. The
bicomplex version of topological vector spaces was introduced in [10]. For the study of topo-
logical vector spaces we refer the reader to [3], [5], [14], [16] and [17] and references therein
provide more information on these applications.
Strongly continuous one parameter semigroups of operators (C0 Semigroup) have been dis-
cussed by many authors under varying restrictions. In 1957, the edition of semigroups and
Functional Analysis, by E. Hille and R. S. Phillips, the theory of one-parameter semigroups on
Banach space attained its first peak. For the detailed study of the theory of semigroups one can
refer to book [5], [8],[6].
Some results on(C0, 1) andC0 semigroup were proposed in paper [2] for locally convex space.
Now, we summarize some basic properties of Bicomplex numbers. For the details about bicom-
plex numbers and hyperbolic numbers we can refer to [1],[7], [13],[15],[18],[19].
The set of bicomplex numbers is denoted byBC and is defined as the commutative ring whose
elements are of the formZ = z1 + jz2, wherez1 = x1 + iy1 ∈ C(i) andz2 = x2 + iy2 ∈ C(i)
are complex numbers with imaginary unitsi andj respectively. Note thati2 = j2 = −1.
The setD of hyperbolic numbers is defined as

D = {α = α1 + kα2 : α1, α2 ∈ R with k /∈ R} ,

wherek is hyperbolic unit such thatk2 = 1.
Since bicomplex numbers are defined as the pair of two complex numbers connected through
another imaginary unit, there are several notions of conjugations. LetZ = z1 + jz2 ∈ BC.
Then the following three conjugations can be defined inBC :
(i) Z = z1 + jz2, (ii) Z† = z1− jz2, (iii) Z∗ = z1− jz2, wherez1, z2 denote the usual complex
conjugates toz1, z2 in C(i). For bicomplex numbers we have three possible moduli which are
defined as follows: (i)

∣∣Z∣∣2
j

= Z.Z, (ii) |Z|2i = Z.Z†, (iii) |Z|2k = Z.Z∗.

The hyperbolic numberse ande† are defined as

e =
1 + k

2
and e† =

1− k

2
.

Here,e ande† form a pair of idempotents such that their product is zero and sum is equal to 1.
Thus these are the zero divisors and we denote the set of zero divisors ofBC by NC i.e.,

NC =
{
Z | Z 6= 0, z1

2 + z2
2 = 0

}
.

Any bicomplex numberZ = z1 + jz2 can be uniquely written as

(1.1) Z = β1e + β2e
†,

whereβ1 = z1− iz2 andβ2 = z1 + iz2 ∈ C(i). Formulae (1.1) is called the idempotent decom-
position representation of a bicomplex number Z.
A hyperbolic numberα = γ1 + kγ2 can be written as

α = α1e + α2e
†,
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LOCALLY BICOMPLEX CONVEX MODULE AND THEIR APPLICATIONS 3

whereα1 = γ1 + γ2, α2 = γ1 − γ2 are real numbers, we say thatα is positive ifα1 ≥ 0 and
α2 ≥ 0. Thus, the set of positive hyperbolic numbersD+ is given by

D+ = {α = α1e + α2e
† : α1 ≥ 0, α2 ≥ 0}.

For P, Q ∈ D, (set of hyperbolic numbers) we define a relation≤′ on D by P ≤′ Q ⇐⇒
Q − P ∈ D+. This relation is reflexive, anti-symmetric as well as transitive and hence defines
a partial order onD, (cf. [1]).
A BC-module (orD-module)B can be written as

(1.2) B = eB1 + e†B2 ,

whereB1 = eB andB2 = e†B areC(i)-vector (orR-vector) spaces. The bicomplex modules
were introduced in [11], [21]. In this paper, we extend the results of paper [2].

2. D- VALUED SEMINORM ON LOCALLY BC CONVEX MODULE

In this section, we study some properties of topological vector spaces withBC scalars. For
details on topological vector spaces, we refer to [3], [9], [16].

Definition 2.1. [11] Let X be BC-module andτ be a Hausdorff topology on X such that the
operations
(i) + : X ×X → X and
(ii) . : BC×X → X
are continuous. Then the pair(X, τ) is called a topologicalBC module.

Remark 2.1. Let (X, τ) be a topologicalBC-module. Write

X = X1e + X2e
†

whereX1 = eX andX2 = e†X areC(i)-vector spaces. Thenτ 1 = {elG : G ∈ τ} is a
Hausdorff onXl for l = 1, 2.

Example 2.1. EveryBC-module withD-valued norm (or real-valued norm) is a topological
BC-module.

Let X be aBC-module. ThenX = X1e + X2e
† andp : X → D be aD-valued seminorm on

X.

p(x) = (p1e + p2e
†)(x1e + x2e

†)

= p1(xe)e + p2(xe†)e†,

wherep1, p2 : X → R are real seminorms onX1 andX2 respectively.

Definition 2.2. [11] A topologicalBC-module(X, τ) is a locally bicomplex convex (orBC-
convex) module if it has a neighbourhood base at 0 ofBC-convex sets.

Definition 2.3. A family of D-valued seminormP on locallyBC convex module X is said to be
saturated ifmax1≤α≤n pα ∈ P wherepα ∈ P (1 ≤ α ≤ n).

Let X be a locallyBC convex module andP = {pα : α ∈ I} be a saturated family of
continuousD-valued seminorms on X. We set

Bpα(0, ε) = {x ∈ X : pα(x) ≤′ ε}, ε >′ 0, α ∈ I and pα ∈ P.

Then, Upα = {Bpα(0, ε) : α ∈ I, ε >′ 0} forms the neighbourhood base at origin for the
topology of X.
Let Bpα(0) = {x ∈ X : pα(x) ≤′ 1} andBpα(0) = {x ∈ X : pα(x) <′ 1}. ThenBpα(0) and
Bpα(0) areBC-convex,BC-balanced andBC-absorbing set[11].
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4 S. KUNGA AND A. SHARMA

Theorem 2.1.Suppose X and Y are locallyBC convex-module, whose topologies defined by two
families ofD-valued seminorm:P1 on X andP2 on Y. For aBC-linear operatorT : X → Y ,
the following are equivalent:

(i) T is continuous.
(ii) T is continuous at 0.

(iii) For everyq ∈ P2, ∃ p1, p2, ...pn ∈ P1 such thatsup{q(Tx) : x ∈ Bp1(0)∩, ... ∩
Bpn(0)} <′ ∞.

(iv) For everyq ∈ P2, ∃ p1, p2, ...pn ∈ P1 andt1, t2, ...tn ≥′ 0 such thatq(Tx) ≤′ t1p1(x)+
t2p2(x) + ... + tnpn(x),∀x ∈ X.

Proof. (i)⇔ (ii) trivial.
(ii)⇔ (iii) Assume that T is continuous at 0 and letq is aD-valued seminorm. Sinceq is con-
tinuous, the setBq(0) = {y ∈ Y : q(y) <′ 1} is a (open) neighbourhood at 0 in Y. Since T is
continuous at 0, the preimageN = T−1Bq(0), which is given byN = {x ∈ X : q(Tx) <′ 1}
is a neighbourhood of 0 in X, then there existp1, ...pn ∈ P1 and ε1, ε2, ...εn >′ 0 such that
Bp1(0, ε1) ∩ Bp2(0, ε2) ∩ ... ∩ Bpn(0, εn) ⊂ N , whereBp(0, ε) = {x ∈ X : p(x) <′ ε}.
Let ε = min{ε1, ...εn}. Supposex ∈ Bp1(0) ∩ ... ∩ Bpn(0).
Thenεx ∈ Bp1(0, ε)∩ ...∩Bpn(0, ε) ⊂ N ⇒ εx ∈ N , for x ∈ Bp(0). So, we getq(T (εx)) <′ 1
⇒ Sup{q(Tx) : x ∈ B(p)} ≤ ε−1 < ∞.
i.e, q(T ) = Sup{q(Tx) : x ∈ B(p)} < ∞.

(iii)⇒ (iv) Assume condition (iii)
i.e, q(T ) = sup{q(Tx) : x ∈ Bp(0)} < ∞.
let t = sup{q(Tx) : x ∈ Bp1(0) ∩ ... ∩ Bpn(0)}. To prove (iv), we show thatq(Tx) ≤′
tp1(x) + ... + tp2(x).
Takex ∈ X, and then for everyε >′ 0, the vectorxε = x

p1(x)+...+pn(x)+ε
satisfies

p(xε) = p(x)
p1(x)+...+pn(x)+ε

<′ 1.
So,xε ∈ Bp1(0) ∩ .... ∩ Bpn(0), by condition (ii), it follows thatq(Txε) ≤′ sup q(Tx) = t.
Then, we get

q(Tx) = q(Txε)[p1(x) + ... + pn(x) + ε]

≤′ t[p1(x) + ... + pn(x) + ε].

Therefore, the inequalityq(Tx) ≤′ tq(x) holds, forε > 0,

(iv)⇒(i) Assume condition (iv) and let us prove that T is continuous. Take some net(xl)
in X which converges to somex ∈ X, we have to show that(Txl) → Tx, which means
q(Txl − Tx) → 0,∀q ∈ P2. We have

(2.1) q(Tx) ≤′ t1p1(x) + ... + tnpn(x).

By linearity, we getTxl − Tx = T (xl − x),
so, eqn (2.1) gives

(2.2) 0 ≤ q(Txl − Tx) ≤′ t1p1(xl − x) + ...tnpn(xl − x)

sincexl → x, we also know thatp(xl−x) → 0,∀p ∈ P1 So, from (2.2), we getq(Txl−Tx) →
0.

Definition 2.4. Let X be a locallyBC convex module. Then we say that aBC linear operator
T : X → X is bounded with respect toP, if for any pα ∈ P there existsλ (depend onα,T) with
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λ >′ 0 such that

(2.3) pα(Tx) ≤′ λpα(x), ∀x ∈ X and α ∈ I.

We know thatBpα(0) = {x ∈ X : pα(x) ≤′ 1}. Then (2.3) meansTBpα(0) ⊂ λBpα(0), ∀ α ∈
I. LI(X) denote the set which consists of all bounded operators with respect toP.

Since eachBpα(0) is BC-balanced, so if for anyλ ∈ BC with |λ|k ≤′ 1, thenλBpα(0) ⊂
Bpα(0). It follows thatTBpα(0) ⊂ λBpα(0) ⊂ Bpα(0). Thus,TBpα(0) ⊂ Bpα(0) and

pα(Tx) ≤′ |λ|k pα(x)

≤′ pα(x), for |λ|k ≤
′ 1

≤′ 1

pα(Tx) ≤′ 1.

Remark 2.2. We can say that the family ofBC-linear OperatorT : X → X such that there
exist a hyperbolic numberλ (depending onα and T) withTBpα(0) ⊂ λBpα(0), ∀α ∈ I is
identical withLI(X).

Furthermore, with addition defined pointwise and multipication by composition,LI(X) be-
comes aBC-algebra. For eachpα ∈ {pα : α ∈ I}, the mappingpα : LI(X) → D defined
as

pα(T ) = infD{λ : pα(Tx) ≤′ λpα(x),∀x ∈ X}
= supx∈X{pα(Tx) : pα(x) ≤′ 1}

is also aD valued seminorm.

So, pα(T ) = infD{λ : pα(Tx) ≤′ λpα(x)}.

SettingT = eT1 + e†T2 andλ = eλ1 + e†λ2 with λ1, λ2 ∈ R+.

pα(T ) = pα(eT1 + e†T2)

= infD{λ : pα(T ) ≤′ λpα(x)}
= infD{eλ1 + e†λ2}

such that

pα(eT1x1 + e†T2x2) ≤′ (eλ1 + e†λ2)(epα,1(x1) + e†pα,1(x2))

⇒ Pα(T ) = e.infλ1 + e†.infλ2

such that pα,1(T1x1) ≤ λ1pα,1(x1) and pα,2(T2x2) ≤ λ2pα,2(x2).

Thus, the hyperbolic semi-norm ofT can also be defined as
pα(T ) = e.pα,1(T1) + e†pα,2(T2) wherepα,l(Tl) = inf{λl : pα,l(Tx) ≤ λlpα,l(x)}, l = 1, 2.

Remark 2.3. Let X be a locallyBC convex module. A bicomplex linear OperatorsT and
S are belongs toLI(X). Then there existC(i) linear (or R-linear) OperatorTl and Sl on
LI(Xl), l = 1, 2 such thatT = T1e + T2e

† andS = S1e + S2e
†, TS = T1S1e + T2S2e

† and
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6 S. KUNGA AND A. SHARMA

pα = pα,1e + pα,2e
†.

pα(TS) = pα,1(T1S1e)e + pα,2(T2S2e
†)e†

≤′ pα,1(T1e)Pα,1(S1e)e + pα,2(T2e
†)pα,2(S2e

†)e†

= [(pα,1e + pα,2e
†)(T1e + T2e

†)][(pα,1e + pα,2e
†)(S1e + S2e

†)]

= pα(T )pα(S)

pα(Tx) = pα,1(T1x1e)e + pα,2(T2x2e
†)e†

≤′ pα,1(T1e)pα,1(x1e)e + pα,2(T2e
†)pα,2(x2e

†)e†

= [(pα,1e + pα,2e
†)(T1e + T2e

†)][(pα,1e + pα,2e
†)(x1e + x2e

†)]

= pα(T )pα(x)

The family{pα : α ∈ I} of D-valued seminorms onLI(X) defined the topology onLI(X).
Under this topology,LI(X) becomes Hausdorff locally multiplicativelyBC-convex topological
algebra. ThenLI(X) is complete if locallyBC convex moduleX is complete iffX1 andX2

are complete locally convex spaces.

Definition 2.5. A BC-algebraLI(X) is said to be locally multiplicativelyBC-convex if it has a
neighbourhood baseUpα at 0 such that eachBpα(0) ∈ Upα is BC-convex andBC-balanced (i.e,

λBpα(0) ⊂ Bpα(0) for |λ|k ≤′ 1) and satisfiesB2

pα
(0) ⊂ Bpα(0).

Theorem 2.2. Let X be aBC-module andpα be a continuousD valued seminorm on X. Then
Nα = p−1

α (0) = {x ∈ X : Pα(x) = 0} is a submodule of X.

Proof. If x, y ∈ X anda, b ∈ BC. Then

0 ≤ pα(ax + by)

≤ |a|k pα(x) + |b|k pα(y)

= 0.

⇒ ax + by ∈ Nα.

Hence,Nα = p−1
α (0) is a submodule of X.

Definition 2.6. [12] Let X be aBC-module andNα = p−1
α (0) be a submodule of X. We write

X = X1e+X2e
†, whereX1 andX2 are complex linear spaces andNα = Nα,1e+Nα,2e

†. Then
Nα,1 andNα,2 are complex linear subspace ofX1 andX2 respectively, so thatXl

Nα,l
, l = 1, 2 are

quotient space over the Complex field.
Consider the setX

Nα
= {x + Nα : x ∈ X}, wherexα = x + Nα is the coset ofx in X

Nα
.

let x, y ∈ X, a ∈ BC.

(i) (Nα + x) + (Nα + y) = (Nα + x + y).
(ii) a(Nα + x) = Nα + ax.

With the operations defined aboveX
Nα

form a module overBC and is calledBC quotient module.

Further,Nα + x = (Nα,1 + x)e + (Nα,2 + x)e† for anyx ∈ X, so one can write that

X

Nα

=
X1e + X2e

†

Nα,1e + Nα,2e†

=
X1

Nα,1

e +
X2

Nα,2e†
.
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Let X be a locallyBC convex module andpα is aD-valued seminorm on X. IfNα is the kernel
of theD-valued seminorm, thenX

Nα
= Xα is BC-normed linear module and theD-valued norm

on X
Nα

is defined as

‖xα‖D = ‖x + Nα‖D = pα(x) for each x ∈ X,

wherexα is the coset ofx in theBC-quotient moduleX
Nα

.

Remark 2.4.

‖xα‖D = ‖x + Nα‖D

= ‖x + Nα,1‖1 e + ‖x + Nα,2‖2 e†

= pα,1(x)e + pα,2(x)e†

= pα(x).

Thus,‖.‖D is aD-valued norm defined onBC-quotient moduleX
Nα

.

Theorem 2.3. ‖.‖D is a D-valued norm defined onBC-quotient moduleX
Nα

⇔ ‖.‖1 and‖.‖2

are real-valued norm on the quotient spacesX1

Nα,1
and X2

Nα,2
.

Proof. We havex = x1e + x2e
† andNα = Nα,1e + Nα,2e

†.
(i)

‖x + Nα‖D = 0 ⇒ x + Nα = 0

⇔ ‖x1 + Nα,1‖1 e + ‖x2 + Nα,2‖2 e† = 0 ⇒ (x1 + Nα,1)e + (x2 + Nα,2)e
† = 0

⇔ ‖x1 + Nα,1‖1 = 0 ⇒ x1 + Nα,1 = 0 and ‖x2 + Nα,2‖2 = 0 ⇒ (x2 + Nα,2) = 0.

(ii)

‖axα‖D = |a|k ‖xα‖D

‖a(x + Nα)‖D = |a|k ‖x + Nα‖D

⇔ ‖a1(x1 + Nα,1)‖1 e + ‖a2(x2 + Nα,2)‖2 e† = |a1| ‖x1 + Nα,1‖1 e + |a2| ‖x2 + Nα,2‖2 e†

⇒ ‖a1(x1 + Nα,1)‖1 = |a1| ‖x1 + Nα,1‖1 and ‖a2(x2 + Nα,2)‖2 = |a2| ‖x2 + Nα,2‖2

(iii)

‖(x + Nα) + (y + Nα)‖D ≤ ‖x + Nα‖D + ‖y + Nα‖D

⇔ ‖(x1 + Nα,1) + (y1 + Nα,1)‖1 e + ‖(x2 + Nα,2) + (y2 + Nα,2)‖2 e†

≤ ‖x1 + Nα,1‖1 e + ‖y1 + Nα,1‖1 e + ‖x2 + Nα,2‖2 e† + ‖y2 + Nα,2‖2 e†

⇔ ‖(x1 + Nα,1) + (y1 + Nα,1)‖1 ≤ ‖x1 + Nα,1‖1 + ‖y1 + Nα,1‖1 and

‖(x2 + Nα,2) + (y2 + Nα,2)‖2 e† ≤ ‖x2 + Nα,2‖2 + ‖y2 + Nα,2‖

The setL(Xα) denote the set of allBC-linear Operator i.e.,L(Xα) = {T/T : Xα → Xα}.
Let Xα is aBC-normed module. We can writeXα = Xα,1e + Xα,2e

†, whereXα,1 = eXα and
Xα,2 = e†Xα are normed linear space.

Definition 2.7. Let Xα be aBC-module withD-valued norm. LetTα : Xα → Xα be a map
such that

Tα(axα + byα) = aTα(xα) + bTα(yα), ∀xα, yα ∈ Xα, ∀a, b ∈ BC.
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Then we say thatTα is aBC-linear Operator onXα.
The idempotent decomposition of the operator is given as (see[4])

Tα = Tα,1e + Tα,2e
†,

whereTα,1 : eXα → eXα andTα,2 : e†Xα → e†Xα are the linear operators.

Let x, y ∈ X anda, b ∈ BC. Thenπα is a mapping from locallyBC convex moduleX onto
X
Nα

= Xα as
πα(x) = xα = x + Nα.

πα(x + y) = (x + y)α

= x + y + Nα

= (x1 + y1 + Nα,1)e + (x2 + y2 + Nα,2)e
†

= (x1 + Nα,1)e + (x2 + Nα,2)e
† + (y1 + Nα,1)e + (y2 + Nα,2)e

†

= (x + Nα) + (y + Nα) = πα(x) + πα(y)

πα(ax) = (ax)α

= ax + Nα

= (a1e + a2e
†) +

(
(x1e + x2e

†) + (Nα,1e + Nα,2e
†)

)
= a(x + Nα) = axα = aπα(x)

Thus,πα is BC homomorphism onX
Nα

.

Remark 2.5. For anyX, πα(x) = xα = x + Nα.

⇒ x + Nα = (x1 + Nα,1)e + (x2 + Nα,2)e
†

= πα,1(x)e + πα,2(x)e†.

So, we can conclude that
πα(x) = πα,1(x)e + πα,2(x)e†.

whereπα,l are natural Homomorphism ofXl ontoXα,l respt.,l = 1, 2.

Definition 2.8. Let Xα be theBC-normed module. Define a mappingπα : X → Xα, for each
α asπα(x) = xα for eachx ∈ X. Clearly, πα is a continuous and is called aBC natural
homomorphism of X ontoXα.

If T ∈ LI(X) impliesT (p−1
α (0)) ⊂ p−1

α (0).

Remark 2.6. Let Xα be aBC normed module andTα = Tα,1e + Tα,2e
† be the operator onXα

defined byTαxα = (Tx)α, xα ∈ Xα.
Now

Tαxα = (Tx)α,

⇒ Tα,1xα,1e + Tα,2xα,2e
† =

(
T1x1e + T2x2e

†)
α

⇒ Tα,1xα,1e + Tα,2xα,2e
† = (T1x1)αe + (T2x2)αe†

⇒ Tα,1xα,1 = (T1x1)α and Tα,2xα,2 = (T2x2)α

whereTα,l andTl are the operator onXα,l andXl respt.,l = 1, 2.
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Proposition 2.4. let T ∈ LI(X), whereX is a locallyBC-convex module. Then the operator
Tα : Xα → Xα, α ∈ I defined byTαxα = (Tx)α, xα ∈ Xα is in L(Xα).

Proof. Let Xα be theBC normed module andxα ∈ Xα

xα = yα

x + Nα = y + Nα ⇒ x− y ∈ Nα

⇔ x1 + Nα,1 = y1 + Nα,1 and x2 + Nα,2 = y2 + Nα,2

⇒ x1 − y1 ∈ Nα,1 and x2 − y2 ∈ Nα,2.

Then,

Tα(x− y)α = Tα,1(x1 − y1)αe + Tα,2(x2 − y2)αe†

=
(
T1(x1 − y1)e + T2(x2 − y2)e

†)
α

= (T (x− y))α

= 0

Also,

Tαxα − Tαyα = (Tα,1xα,1 − Tα,1yα,1) e + (Tα,2xα,2 − Tα,2yα,2) e†

= (T1x1 − T1y1)α e + (T2x2 − T2y2)α e†

= (T1(x1 − y1))α e + (T2(x2 − y2))α e†

= Tα(x− y)α = 0.

⇒ Tαxα = Tαyα

Thus, T is well defined.
Now, given thatT = T1e + T2e

† ∈ LI(X), so

pα(Tx) = pα,1(T1x1)e + pα,2(T2x2)e
†

≤′ pα,1(T1)pα,1(x1)e + pα,2(T2)pα,2(x2)e
†

= pα(T )pα(x).

‖Tαxα‖D = ‖(Tx)α‖D

= pα(Tx)

≤′ pα(T )pα(x)

= pα(T ) ‖xα‖ , ∀xα ∈ Xα.

Therefore,Tα is bounded onXα.
Next, we will check the linearity ofTα. Given thatT ∈ LI(X) anda, b ∈ D.

Tα (axα + byα) = (T (ax + by))α

= (aT (x) + bT (y))α

= aTαxα + bTαyα.

Definition 2.9. Let Xα be aBC-normed module and we defined aBC linear operatorTα :
Xα → Xα by

Tαxα = (Tx)α

and
‖Tαxα‖ = ‖(Tx)α‖ = pα(Tx) ≤′ pα(T )pα(x) ≤′ pα(x) = ‖xα‖
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⇒ Tα is bounded.

Remark 2.7. ThusTα is boundedBC linear operator.
Further, we can write

Tα = Tα,1e + Tα,2e
†

whereTα,l are bounded linear operator onXα,l, l = 1, 2.

Definition 2.10. Let Xα be the completion ofBC normed moduleXα such thatXα form aBC
Banach module.
ThenTα : Xα → Xα is a boundedBC linear operator.

ForT ∈ LI(X), Tα is the extended form ofTα such that∥∥Tα

∥∥
D = ‖Tα‖D = sup{‖Tαxα‖D : ‖xα‖D ≤

′ 1} = pα(T )

The operator norm onTα is

‖Tα‖D = sup{‖Tαxα‖D : ‖xα‖D ≤
′ 1}

Note that this norm is a hyperbolic norm onTα.
Hence, we can write

‖Tα‖D = ‖Tα,1‖1 e + ‖Tα,2‖2 e†

where‖.‖1 and‖.‖2 define the usual norm onTα,1 andTα,2 respt.

Definition 2.11. (Directed Set) Let I be a partially ordered set with the order relation≥′, then I
is called as a directed set if for any two elementsa, b ∈ I, ∃ somec ∈ I such thatc ≥′ a and
c ≥′ b.

Let (I,≤′) be a directed set. Then forβ ≥ α, BC operatorπαβ : Xβ → Xα defined by
παβ(xβ) = xα is a continuousBC normed moduleXβ ontoXα. This BC operator can be ex-
tended to a continuousBC Homomorphismπαβ from the completionXβ into Xα.
A projective system ofBC Banach module is a pair(Xα, παβ) subject to the following proper-
ties:
(i) (I,≤′) be a directed set.
(ii) (Xα)α∈I is a family ofBC Banach module.
(iii) {παβ : παβ : Xβ → Xα, α, β ∈ I, α ≤′ β} is a famly of continuousBC Homomorphism
such thatπαα is the identity operator onXα ∀α ∈ I.
(iv) παγ = παβoπβγ ∀α, β, γ ∈ I such thatα ≤′ β ≤′ γ. and its projective limit is denoted by
X i.e,

X = lim
←

Xα

whereX is a complete locally bicomplex convex module.
The projective limit of the projective system is defined to be the submodule of the cartesian
product

∏
Xα consisiting of elements which satisfyπαβ(xβ) = (xα) for β > α.

Remark 2.8. The operatorπαβ can be written as
παβ = παβ,1e + παβ,2e

†, where

παβ,l : πβ,l → πα,l, l = 1, 2

is an operator.

Let us denoteXα with Zα.
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Definition 2.12. : Let Tα : D(Tα) ⊂ Zα → Zα be aBC-linear operator fromD(Tα) ⊂ Zα into
Zα. Then{Tα : α ∈ I} is called (saturated) projective family of operators

⇔ Tα(παβxβ) = παβ(Tβxβ)

⇔ Tα,1(παβxβ) = παβ(Tβ,1xβ) and Tα,2(παβxβ) = παβ(Tβ,2xβ), for xβ ∈ D(Tβ) and β ≥ α.

whereTα,1, Tα,2 are linear operator onZα,1, Zα,2 respt. andTβ,1, Tβ,2 are linear operator on
Zβ,1, Zβ,2respt.

Definition 2.13. : A BC linear operator T on the projective limitD(T ) of (D(Tα) : α ∈ I)
can be define byπα(Tx) = Tα(παx) for x ∈ D(T ) andα ∈ I and the operator T is called the
projective limit of the family of operator{Tα : α ∈ I}.
If Tα ∈ L(Xα) for eachα, thenT ∈ LI(X). Moreover, the family{Tα : α ∈ I} associated
T ∈ L(Xα) above is projective and its limit is T.

Remark 2.9.

πα(Tx) = Tα(παx)

⇔ πα,1(T1x1) = Tα,1(πα,1x1) and πα,2(T2x2) = Tα,2(πα,2x2)

3. SOME BASIC PROPERTIES OF (C0, 1) SEMIGROUP

The result in this section are generalization of results of [2].

Definition 3.1. Let X be a localllyBC convex module and a family{T (t), t ∈ D+} of bounded
BC linear operator inX is called aC0-semigroup if
(i) T (t + s)x = T (t)(T (s)x) ∀ t, s ∈ D+ andx ∈ X
(ii) T (0)x = x ∀ x ∈ X.
(iii) T (t)x → x ast → 0 ∀ x ∈ X
A C0 semigroupt 7−→ T (t) is said to be a(C0, 1) semigroup ifT (t) ∈ LI(X),∀ t ≥′ 0 and, for
eachα andδ >′ 0, there exist a positive hyperbolic numberλ = λ(α, T (t) : t ∈ [0, δ]D) such
that

T (t)Bpα(0) ⊂ λBpα(0)

or equivalentlypα(Tx) ≤′ λpα(x) ∀ 0 ≤′ t ≤′ δ, whereBpα(0) = {x ∈ X : pα(x) ≤′ 1}. It is
also called aLI(X)-operator semigroup of class(C0, 1)

Theorem 3.1. : If {T (t), t ∈ D+} is a (C0, 1)-semi-group in X. Then the family{Tα(t), t ∈
D+} is aC0 semi-group in theBC-Banach moduleXα, for eachα.

Proof. : Here,{T (t), t ∈ D+} is a(C0, 1)-semi-group in X.
Let Tα,1(t1) = e.Tα(t) andTα,2(t2) = e†.Tα(t). Then using [2, thm 2.3, P-168], we see that
for eachα, Tα,1(t1) andTα,2(t2) areC0 semi-group in the Banach spaceXα,1 andXα,2 respt.
Thus,

Tα(t) = eTα(t) + e†Tα(t)

is C0 semi-group inBC-Banach moduleXα.

Let us denoteXα with Zα and X with Z. Now, LetZα be aBC-Banach module and Z be
complete locallyBC convex module. A family{Tα(t) ∈ L(Zα) : α ∈ I, t ≥′ 0} is called a
projective family ofC0 semigroups onBC-Banach module iff
(i) for eacht ≥′ 0, {Tα(t) : α ∈ I} is a projective family.
(ii) for eachα, {Tα(t) : t ≥′ 0} is aC0 semi-group on theBC-Banach moduleZα.
The limit of such a family is denoted by{T (t) : t ≥′ 0}.
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Theorem 3.2. let Γ = {Tα(t) : α ∈ I, t ≥′ 0} be a projective family ofC0-semigroup on
BC-Banach moduleZα. Then the following statement are equivalent:
(i) {T (t) : t ≥′ 0} is a (C0, 1)-semigroup in Z⇔ {T1(t) : t ≥ 0} and {T2(t) : t ≥ 0} are
(C0, 1)-semigroup onZ1 andZ2 respt.
(ii) {T (t) : t ≥′ 0} be the limit ofΓ ⇔ {T1(t) : t ≥ 0} and{T2(t) : t ≥ 0} are the limit ofΓ1

andΓ2 respt,
whereΓ1 = {Tα,1(t) : α ∈ I, t ≥ 0} andΓ2 = {Tα,2(t) : α ∈ I, t ≥ 0}.

Proof. : By using definition 2.7, aBC linear operatorT (t) can be written asT (t) = T1(t1)e +
T2(t2)e

†, whereT1(t1) andT2(t2) are linear operator onZ1 andZ2 respt.
Let x ∈ Z with x = x1e + x2e

† wherex1 ∈ Z1, x2 ∈ Z2 andt, s ≥′ 0 with t = t1e + t2e
† and

s = s1e + s2e
† wheret1, t2, s1, s2 ≥ 0.

Then (i)

T (t + s)x = T (t)(T (s)x), ∀x ∈ Z

⇔ T1(t + s)xe + T2(t + s)xe† = T1(t)(T1(s)x)e + T2(t)(T2(s)x)e†

⇔ T1(t + s)x = T1(t)(T1(s)x) and T2(t + s)x = T2(t)(T2(s)x).

(ii)

T (0)x = x

⇔ T1(0)xe + T2(0)xe† = xe + xe†

⇔ T1(0)x = x and T2(0)x = x ∀x1 ∈ Z1 and x2 ∈ Z2.

(iii)

limt→0+T (t)x = x, t /∈ NC ∪ {0}
⇔ limt1→0T1(t)xe + limt2→0T2(t)xe† = xe + xe†

⇔ limt1→0T1(t)x = x and limt2→0T2(t)x = x.

(iv) there exist a +ve hyperbolic numberσα = σα,1 + σα,2 whereσα,l, l = 1, 2 is a +ve number
such that

pα(T (t)x) ≤′ eσαtpα(x).

⇔ pα,1(T1(t)x) ≤ eσα,1tpα,1(x) and pα,2(T2(t)x) ≤ eσα,2tpα,1(x)

Therefore,T1(t) : t ≥ 0 are(C0, 1) semigroup onZl, l = 1, 2 respt.
Thus,{T (t) : t ≥′ 0} is a (C0, 1)-semigroup in Z⇔ {T1(t) : t ≥ 0} and{T2(t) : t ≥ 0} are
(C0, 1)-semigroup onZ1 andZ2 respt.

(2) Suppose that{T (t) : t ≥′ 0} be the limit ofΓ⇒ πα(T (t)x) = Tα(παx).

πα(T (t)x) = Tα(παx)

⇒ πα,1(T1(t)x)e + πα,2(T2(t)x)e† = Tα,1(πα,1x)e + Tα,2(πα,2x)e†

⇒ πα,1(T1(t)x) = Tα,1(πα,1x) and πα,2(T2(t)x) = Tα,2(πα,2x)

⇒ {T1(t) : t ≥ 0} and{T2(t) : t ≥ 0} are the limit ofΓ1 andΓ2 respt.
Conversely,suppose that{T1(t) : t ≥ 0} and{T2(t) : t ≥ 0} are the limit ofΓ1 andΓ2 respt.
⇒ πα,1(T1(t)x) = Tα,1(πα,1x) andπα,2(T2(t)x) = Tα,2(πα,2x)
Let x = x1e + x2e

† ∈ Z andπα = πα,1e + πα,2e
† be the naturalBC homomorphism of Z onto
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Zα, whereπα,l is the natural homomorphism ofZl ontoZα,l, l = 1, 2.
Then

πα(T (t)x) = πα,1(T1(t)x)e + πα,2(T2(t)x)e†

= Tα,1(πα,1x)e + Tα,2(πα,2x)e†

= Tα(παx).

Thus,{T (t) : t ≥′ 0} is the limit ofΓ.

Definition 3.2. Let X be a locallyBC convex module and theBC linear operatorA : D(A) ⊂
X → X is called the infinitesimal generator of the semigroup{T (t) : t ≥′ 0} if it satisfies

Ax = limh→0+

T (h)x− x

h
, ∀x ∈ X, h /∈ NC ∪ {0}.

Remark 3.1. TheBC linear operatorA can be written as

A = A1e + A2e
†.

Ax = limh→0+

T (h)x− x

h

= limh→0+

(T1(h1)x1 − x1)e + (T2(h2)x2 − x2)e
†

h1e + h2e†

= limh1→0+

(T1(h1)x1 − x1)e

h1e + h2e†
+ limh2→0+

(T2(h2)x2 − x2)e
†

h1e + h2e†

= limh1→0+

(T1(h1)x1 − x1)e

h1

+ limh2→0+

(T2(h2)x2 − x2)e
†

h2

Ax = A1x1e + A2x2e
†.

whereAl are the infinitesimal generator of the semigroup{Tl(tl) : tl ≥ 0}, l = 1, 2 in complex
version.

Proof of the following theorem is in similar lines as in [2, theorem 1], so we omit the proof.

Theorem 3.3. Let X be a complete locallyBC convex module. Then(C0, 1) semi-groups on X
is in 1-1 correspondence with the projective families ofC0 semigroups onBC Banach module
Xα. Further, if A is the infinitesimal generator of a(C0, 1) semigroup and{Aα} is the family of
generators associated with the correspondingC0 semigroups then{Aα} is a projective family
and its limit is A.

Definition 3.3. Let a familyΓ = {T (t) : t ≥′ 0} be aC0 semi-groups in locallyBC-convex
module X. ThenΓ is a (C0, 1) semigroup⇔ there exist sets of hyperbolic numbers{Mα :
Mα = Mα,1e + Mα,2e

†, α ∈ I} and{σα : σα,1e + σα,2e
†, α ∈ I} such that forα ∈ I

pα(T (t)x) ≤ Mαeσαtpα(x), ∀t ∈ D+, x ∈ X,

where{Mα,l : α ∈ I} and{σα,l : α ∈ I}, l = 1, 2 are the sets of real numbers.

Definition 3.1 is equivalent to the following definition.

Definition 3.4. {T (t) : t ≥′ 0} be a family of continuousBC linear operators on X. Then
{T (t) : t ≥′ 0} is a(C0, 1) semigroup⇔ if it satisfies the following condition:
(i) {T (t) : t ≥′ 0} is aC0 semigroup in X;
(ii) for each continuousD valued seminorm p on X there exist a positive hyperbolic numberσp

and a continuousD valued seminorm q on X such thatp(T (t)x) ≤′ eσptq(x) for all t ≥′ 0 and
x ∈ X.
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We can write above inequality as

p(T (t)x) ≤′ eσptq(x)

⇔ p1(T1(t1)x1) ≤ eσp1 t1q1(x1) and p2(T2(t2)x2) ≤ eσp2 t2q2(x2).

4. CONCLUSION

Using the idempotent representation of bicomplex numbers, most of the results onCo semi-
groups of linear operators with complex scalars can be extended toCo semigroups of linear
operators with bicomplex scalars and can be an interesting area of research.
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