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2 S. KUNGA AND A. SHARMA

1. INTRODUCTION

Bicomplex numbers have been studied for quite a long time and lot of work has been done
in this area. The work on bicomplex numbers probably begin with the work of Italian school
of Segre, Spampinato and Scorza Dragoni. At present bicomplex analysis is an active area of
research and many paper are being published in this direction. [In [15], G. B. Price present the
most comprehensive and detail on bicomplex analysis. The Recentlbook [1] and [13] give the
most systematic developments of bicomplex analysis and bicomplex functional analysis.
Topological vector spaces are one of the basic structures investigated in functional analysis. The
bicomplex version of topological vector spaces was introduced in [10]. For the study of topo-
logical vector spaces we refer the reader 1o [3], [5]) [14]) [16] and [17] and references therein
provide more information on these applications.

Strongly continuous one parameter semigroups of operaf@r$Sémigroup) have been dis-
cussed by many authors under varying restrictions. In 1957, the edition of semigroups and
Functional Analysis, by E. Hille and R. S. Phillips, the theory of one-parameter semigroups on
Banach space attained its first peak. For the detailed study of the theory of semigroups one can
refer to bookl[5], [8][6].

Some results ofiCy, 1) andC, semigroup were proposed in pager [2] for locally convex space.
Now, we summarize some basic properties of Bicomplex numbers. For the details about bicom-
plex numbers and hyperbolic numbers we can referltd [1]/[7], [13],[15],[18],[19].

The set of bicomplex numbers is denotedBfy and is defined as the commutative ring whose
elements are of the for#d = z; + jzo, Wwherez; = 21 +iy; € C(i) andzy = 25 + iy, € C(d)

are complex numbers with imaginary unitand;j respectively. Note that = ;2 = —1.

The setD of hyperbolic numbers is defined as

D={a=a+kay:a;,as € Rwithk ¢ R},

wherek is hyperbolic unit such that? = 1.
Since bicomplex numbers are defined as the pair of two complex nhumbers connected through
another imaginary unit, there are several notions of conjugationsZLetz; + jz, € BC.
Then the following three conjugations can be defineB@h:
() Z =7+ 73, (i) Z1 = 2, — j=, (i) Z* = Z1 — j7Z3, wherez;, Z; denote the usual complex
conjugates ta, z» in C(z). For bicomplex numbers we have three possible moduli which are
defined as follows: (i)?\j = 7.7 (i) |2} = z.27, (ii)) |2} = 2.2,

The hyperbolic numbersande! are defined as

14+ k 1—k
——— and ¢! = —— .
‘T ¢ 2

Here,e ande' form a pair of idempotents such that their product is zero and sum is equal to 1.
Thus these are the zero divisors and we denote the set of zero divigshyf NC i.e.,

NC={Z|Z#0, n°+2z>=0}.
Any bicomplex numbe¥, = z; + jz, can be uniquely written as
(11) Z - /816 + ﬁQ@T,

where(, = z; — iz, andf, = 21 + iz, € C(i). Formulae[(1.]1) is called the idempotent decom-
position representation of a bicomplex number Z.
A hyperbolic number = ~, + kv, can be written as

a = e+ OQ@T,

AJMAA Vol. 18(2021), No. 2, Art. 10, 15 pp. AIMAA


https://ajmaa.org

LocALLY BICOMPLEX CONVEX MODULE AND THEIR APPLICATIONS 3

wherea; = v, + 7,5, ay = 7, — 7, are real numbers, we say thaits positive ifa; > 0 and
as > 0. Thus, the set of positive hyperbolic numbé@rs is given by

D+:{a:ale—|—a26T:a1 > 0,ay > 0}.

For P,Q € D, (set of hyperbolic numbers) we define a relatidhonD by P <' @ <~

@ — P € D,. This relation is reflexive, anti-symmetric as well as transitive and hence defines
a partial order or), (cf. [1]).

A BC-module (orD-module)B can be written as

(1.2) B =¢B; +¢B,,

whereB; = ¢B andB, = ¢'B areC(i)-vector (orR-vector) spaces. The bicomplex modules
were introduced in [11]/121]. In this paper, we extend the results of paper [2].

2. D- VALUED SEMINORM ON LOCALLY BC CONVEX MODULE
In this section, we study some properties of topological vector space®BWitbcalars. For
details on topological vector spaces, we refef to [3], [9]] [16].

Definition 2.1. [11] Let X be BC-module andr be a Hausdorff topology on X such that the
operations

)+:XxX— Xand

(i) . :BCx X - X

are continuous. Then the paiK, 7) is called a topologicabC module.

Remark 2.1. Let (X, 7) be a topologicaBC-module. Write
X = Xje + Xoe!

where X; = eX and X, = ¢'X areC(i)-vector spaces. Then, = {¢,G : G € 7} is a
Hausdorff onX; for [ = 1, 2.

Example 2.1. Every BC-module withD-valued norm (or real-valued norm) is a topological
BC-module.

Let X be aBC-module. ThenX = X,e + Xsef andp : X — D be aD-valued seminorm on
X.

p(l’) = (p1€ + pz@T)@Zle + QL’QGT)
= pi(ze)e + pa(zeh)el,
wherep;, p, : X — R are real seminorms aolf; and X, respectively.

Definition 2.2. [11] A topological BC-module(X, 7) is a locally bicomplex convex (dBC-
convex) module if it has a neighbourhood base at B@fconvex sets.

Definition 2.3. A family of D-valued seminorn® on locallyBC convex module X is said to be
saturated itnax;<,<, po € P Wherep, € P (1 < a <n).

Let X be a locallyBC convex module an® = {p, : a € I} be a saturated family of
continuousdD-valued seminorms on X. We set
B, (0,¢) ={r € X :po(z) <" €}, €>'0,a € I and p, € P.

Then,U,, = {B,.(0,¢) : a € I,e >' 0} forms the neighbourhood base at origin for the
topology of X.

Let B, (0) = {z € X : po(z) <" 1} andB,, (0) = {x € X : p,(x) <’ 1}. ThenB,,(0) and
B, (0) areBC-convex,BC-balanced an@®C-absorbing set[11].
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Theorem 2.1.Suppose X and Y are localBC convex-module, whose topologies defined by two
families ofD-valued seminorm?; on X andP, on Y. For aBC-linear operator? : X — Y/,
the following are equivalent:

(i) T is continuous.
(i) Tis continuous at 0.
(i) For everyq € Py, 3 p1,p2,..pn € Py such thatsup{q(Tz) : = € B, (0)N,... N
B,.(0)} <" .
(iv) Foreveryq € Py, 3p1,po,...0n € Prandty, ty,...t,, >’ 0 such thay(Tz) <" t1p;(x)+
topo(x) + ... + topn(z), Vo € X.

Proof. (i)« (ii) trivial.

(ii)< (iii) Assume that T is continuous at 0 and ¢e aD-valued seminorm. Sincgis con-
tinuous, the seB,(0) = {y € Y : ¢q(y) <’ 1} is a (open) neighbourhood at 0 in Y. Since T is
continuous at 0, the preimagé = 7-'5,(0), which is given byN = {z € X : ¢(Tz) <’ 1}

is a neighbourhood of 0 in X, then there exist...p,, € P; andey, €, ..., >' 0 such that
B, (0,e1) N B, (0,e2) N...N By, (0,e,) C N, whereB,(0,¢) = {z € X : p(x) <" €}.

Lete = min{ey, ..., }. Supposer € B,,(0) N ... N B, (0).

Thenex € B, (0,e)N...NB,, (0,¢) CN = ex € N, forz € B,(0). So, we gey(T(ex)) <’ 1

= Sup{q(Tx) :x € B(p)} <e ! < oc0.

i.e,q(T) = Sup{q(Tz) : z € B(p)} < 0.

(iif) = (iv) Assume condition (iii)
i.e,q(T) = sup{q(Tx) : x € B,(0)} < 0.
lett = sup{q(Tz) : v € B, (0)N..NB, (0)}. To prove (iv), we show thag(7z) <’
tp1(z) + ... + tp2(z).

Takex € X, and then for every >’ 0, the vectorr, =

PTe) = pi@rt. Fpale) e S L
So,z. € B,,(0) N....N B, (0), by condition (ii), it follows thaty(T'z.) <" sup q(Tx) = t.

Then, we get

PL@)+tpn(@)te satisfies

q(Tz) = q(Tz)[pi(z) + ... + palz) + €
< tpi(x) + .o+ pal(z) + €]

Therefore, the inequality(7'z) <’ tq(x) holds, fore > 0,
(iv)=-(i) Assume condition (iv) and let us prove that T is continuous. Take somérpet

in X which converges to some € X, we have to show thatl'z;) — Tz, which means
q(Tx; —Tx) — 0,Yq € Py. We have

(2.1) q(Tz) <" tip1(z) + ... + tupn(2).

By linearity, we getl’'x; — Tx = T'(x; — x),

so, eqn|(2.1) gives

(2.2) 0 < q(Ta; — Ta) <" tapr(z — ) + . Lppn (21 — T)

sincex; — x, we also know thap(z; —x) — 0,Vp € P, So, from [2.2), we gej(Tx;,—Tx) —
0.n

Definition 2.4. Let X be a locallyBC convex module. Then we say thaB& linear operator
T : X — X is bounded with respect 18, if for any p, € P there exists\ (depend ony, T) with
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A >’ 0 such that
(2.3) Pa(Tz) <" Apo(z), Vo € X and a € 1.

We know thatB,_(0) = {x € X : p,(x) <’ 1}. Then [2.3) meangB,, (0) C AB,,(0), Va €
I. L;(X) denote the set which consists of all bounded operators with respBct to

Since eact,, (0) is BC-balanced, so if for any € BC with |\, <’ 1, then)B,_(0) C
B, (0). It follows thatTB,, (0) C A\B,,(0) C B, (0). Thus,TB,,(0) C B,,(0) and

Pa(Tz) < |l pal2)
<" pala), for [N, <'1
<1
po(Tx) <" 1.
Remark 2.2. We can say that the family @&C-linear Operatofl’ : X — X such that there

exist a hyperbolic numbex (depending onv and T) with 7B, (0) € \B,,(0), Va € I is
identical withL;(X).

Furthermore, with addition defined pointwise and multipication by composifipfiX') be-
comes aBC-algebra. For each, € {p, : « € I}, the mapping, : L;(X) — D defined
as

pa(T) = info{X: pa(Tz) <" Apo(z), Vo € X}
= SupxeX{pa<Tx) :pa(x) < 1}

is also aD valued seminorm.

S0, pa(T) = info{X : pa(Tz) <" Apa(z)}.
SettingT =el] + GTTQ and\ = e\, + 6T>\2 with )\1, Aoy € RT.
Pa(T) = palely + e'Ty)

info{X: pa(T) <" Apa(a)}
infp{ed +efAg}

such that

paleTizy +eToxs) < (edr + e Xy)(epai (1) + €'paa(22))
= P,(T) = einf\+ elinf
such that po1(Thz1) < Mpai(z1) and pe2(Thza) < Aopa2(z2).

Thus, the hyperbolic semi-norm @fcan also be defined as
Pa(T) = €pai(Th) + e'paa(T2) Wherep,  (Th) = inf{N : pat(Tx) < Nipay(r)}, 1 =1,2.

Remark 2.3. Let X be a locallyBC convex module. A bicomplex linear Operatdfsand
S are belongs td.;(X). Then there exisC(:) linear (or R-linear) Operatorl; and S; on
Li(X;),l = 1,2 such thatl' = Tye + The! andS = Sje + Sqoel, T'S = T S1e + TrSset and
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Pa = Da1€ + Pae!.
pa(TS) = pai(TiSie)e + pa2(TrSsel)el
< paa(Tie) Pai(S1e)e + paa(Tae ) pas(Sael)e!
= [(pa1e + Paze) (Tie + ToeN)|[(pase + pase’)(Sie + Syel)]
= Pa(T)pa(S)
Pa(T1) = poi(Tizie)e + pao(Toxsel)el
< Pai(Ti€)pai(1€)e + paa(Toe )paa(zael)el
= [(pane+ pa,QeT)(Tle + The')] [(Paie + pa,zeT)(l‘le + ze')]
= Pa(T)pa(2)
The family{p,, : a € I} of D-valued seminorms oh;(X) defined the topology of,(.X).
Under this topologyl; (X ) becomes Hausdorff locally multiplicativeB(C-convex topological

algebra. Therl;(X) is complete if locallyBC convex moduleX is complete iff X; and X,
are complete locally convex spaces.

Definition 2.5. A BC-algebral;(X) is said to be locally multiplicativel3C-convex if it has a
neighbourhood bagg,, at 0 such that each,, (0) € U, is BC-convex and3C-balanced (i.e,
AB,.(0) C B, (0) for |\|, <’ 1) and satisfies.,_(0) C B,,.(0).

Theorem 2.2. Let X be aBC-module andy, be a continuou®) valued seminorm on X. Then
N, =p;'(0) ={z € X : P,(z) = 0} is a submodule of X.

Proof. If z,y € X anda, b € BC. Then

0 palaz + by)
|a’k pa(x) + |b’k pa(?J)
= 0.

= ar + by € N,.

IA A

Hence,N,, = p,'(0) is a submodule of Xg

Definition 2.6. [12] Let X be aBC-module andV,, = p;!(0) be a submodule of X. We write
X = Xje+ Xye', whereX; and X, are complex linear spaces aigd = N, ;e + N, 2¢'. Then
N, andN, , are complex linear subspace ®f and.X, respectively, so th@;i(—ll, [=1,2are
quotient space over the Complex field. ’
Consider the se]f,ia ={z+ N, :z € X}, wherex, = = + N, is the coset of in N%
letz,y € X,a € BC.

(i) (No +2) + (No+y) = (Na+2+y).

(i) a(N, +x) = N, + az.
With the operations defined abo%; form a module oveBC and is calledC quotient module.

Further,N, + x = (Na1 + z)e + (Na2 + z)e' for anyz € X, so one can write that

X . X1€ + XQGT
N,  Naie+ Nyoef
X X5
B Na,1€+ Na,QeT.
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Let X be a locallyBC convex module ang, is aD-valued seminorm on X. IN,, is the kernel
of theD-valued seminorm, theﬁ’; = X, iIsBC-normed linear module and tfivalued norm

on ;- is defined as
|Zallp = |7 + Nallp = pa(x) for each z € X,
wherez,, is the coset of in the BC-quotient modulejéf—a.
Remark 2.4.
[zallp = [z 4+ Nallp

= [lz+ Naally e + [lz + Nogf, €'

= Par(®)e + pas(z)el

= pa().

Thus,||.||;, is aD-valued norm defined oBC-quotient moduleg-.

Theorem 2.3. ||.||;, is aD-valued norm defined oBC-quotient moduley- « ||.||; and].|,
are real-valued norm on the quotient spaggs- and 3= .

Proof. We haver = xye + xy¢" andN, = N, e + N, z¢'.
(i)
lt4+Nollp = 0=24+Ny=0
& ||z + Naall e+ ”xQ_FNa’QHz@T = 0= (:101+Na71)e~|—(3@—1—]\7@72)6T =0
S ||oy + Naall, =0= 21+ Noy =0 and |z2 + Nagll, =0 = (22 + Nu2) = 0.

(ii)

lazally = lall|7allp
la(z + No)llp, = laly |z + Nallp
& lar(z1 + Nop)lly e+ llaz(za + Nap)llp e = aa| |21 + Naall, € + [az] 22 + Naall, €f

= [la1(z1 + Nop)lly = laa| lz1 + Noall, and  |laz(z2 + Nag)ll, = |az| |22 + Nazl|,
(i)
[(x + No) + (y + No)llp < llz+ Nallp + [y + Nallp
& [[(21 + Nag) + (91 + Naa)lly € + [(22 + Naz) + (42 + Na2)|l, €'
< [lz1 + Naally € + [ly2 + Naally e + lz2 + Naally € + [ly2 + Na |l €f
& [[(z1+ Nag) + (1 + Nally < llzn + Naally + lyr + Naall, and
(22 + Na2) + (42 + Na2)lly € < [lz2 + Naally + [[y2 + Naall
|

The setl(X,) denote the set of aBC-linear Operator i.e[.(X,) = {T/T : X, — X.}.
Let X, is aBC-normed module. We can writ&, = X, e + X%QGT, whereX, ; = eX, and
Xa2 = €' X, are normed linear space.

Definition 2.7. Let X, be aBC-module withD-valued norm. Lefl, : X, — X, be a map
such that

To(az + bys) = aTo(v0) + 0T (Ya), Vo, Yo € Xa, Va,b € BC.
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Then we say that,, is aBC-linear Operator orX,,.
The idempotent decomposition of the operator is given as (see[4])

Ta == Ta,le + Ta,2€T7
whereT, ; : eX, — eX, andT,, : e' X, — e' X, are the linear operators.

Letz,y € X anda,b € BC. Thenr, is a mapping from locally8C convex moduleX onto

N% = X, as
To(T) =24 =+ N,.
To(t+Yy) = (T+Y)a

= x+y+ N,

= (z1+y1+ Nap)e+ (22 + yo + Nog)e!

= (z1+ Nap)e+ (224 Nag)e! + (1 + Najp)e + (2 + Nao)e!
= (z+ No) + (y+ No) = 7a(2) + maly)

To(ax) = (ax)y

= ar+ N,
= (are + age’) + ((z1e + z9e") + (Nye + Na,QeT))
= a(z+ N,) = axy = amy(z)

Thus,n, is BC homomorphism or%.
Remark 2.5. For any X, 7,(z) = 2, = x + N,.

=2+ N, = (x1+ Ny1)e+ (22 + ]\T(Lg)fzT

= Ta1(®)e + Tao(w)el.

So, we can conclude that
To(2) = Tap(z)e + Tao(w)el.

wherer,, ; are natural Homomorphism of; onto X, ; respt./ =1, 2.

Definition 2.8. Let X, be theBC-normed module. Define a mapping : X — X, for each
«a asm,(r) = x, for eachx € X. Clearly, 7, is a continuous and is calledBC natural
homomorphism of X onto,.

If T € L;(X)impliesT(p;*(0)) C p;1(0).

Remark 2.6. Let X,, be aBC normed module and,, = T, ;¢ + T, 2¢' be the operator o,
defined byl 2, = (T%)q4, o € X,.

Now
Toxa = (Tx)a,
= Th1Ta € + ngmQQGT = (Tlxle + TngeT)a
= To1Ta1€ + Tagl'ageT = (Tiz1)ae + (Tﬂg)aeT

= T01Ta1 = (Tlll?l)a and Ty oTqo = (T21’2)a
whereT,,; andT; are the operator oX, ; and.X; respt.,| = 1, 2.
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Proposition 2.4.letT € L;(X), whereX is a locallyBC-convex module. Then the operator
T, : Xo — Xo, a € Idefined byl i,z = (T2) 0, T4 € Xoisin L(X,).

Proof. Let X, be theBC normed module and,, € X,
Lo = Yo
r+ N, = y+Ny=zx—ye€N,
& 21+ Noi =y1 +Nog and x93+ Noo = ya + Ny
=21 — Y1 € Noi and x3 —y2 € Nyo.

Then,
To(z —y)a = Tai(zr —y1)ae + Toz(zs — 3)ae’
= (Tl( —y1)e+ To(zy — yg)eT)a
= (T(z—y)),
=0
Also,

a, 1xa 1= Ta,lya,1> e+ (Ta,Qxa,Q - Ta,2ya,2> eT

(T

(Tyxy — Thap) g € + (Tows — Toy) , €

(Tv(1 = y1)) g€ + (T2 — 32)), €'
= To(r —y)a=0.

=Twrea = Toya

Thus, T is well defined.
Now, given thafl’ = Tie + The! € L;(X), S0

pa(Tx) = pa,l(T1$1)e+pa,2(T2$2)eT
<" Par(Th)pai(z1)e + pa2(T2)Pas (xg)eT
= pa(T)pa(l‘).
[Tazally, = [(T2)allp
= po(T2)

< palT)pa(m)
= po(T) |za]l, Vo, € Xq.

Taxa - Taya

Therefore, I, is bounded onX,,.
Next, we will check the linearity of . Given thatl’ € L;(X) anda,b € D.

Ty (azo +bys) = (T(ax +by)),
= (aT(x) + bT()),
= alyzy + 0TYyq.
|

Definition 2.9. Let X, be aBC-normed module and we definedB& linear operatofl,
Xo — Xo by
Toxe = (TT)y

and
[Towall = [(T7)all = pa(T%) <" pa(T)pa(r) <" palz) = |24l
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= T, is bounded.

Remark 2.7. ThusT, is boundedBC linear operator.
Further, we can write

Ty =Taie+ Tyoel
whereT,,; are bounded linear operator 6f), ;, | = 1, 2.

Definition 2.10. Let X, be the completion dBC normed moduleX,, such thatX, form aBC
Banach module.
ThenT, : X, — X, is a boundedC linear operator.

ForT ¢ L;(X), T, is the extended form df, such that

HTaHD = HTaH]D) = SUp{||Ta$a”]D> : ||x04||]D) <"1} = pa(T)
The operator norm of,, is

1Tallp = sup{l| Tazallp : |lzally <"1}

Note that this norm is a hyperbolic norm @p.
Hence, we can write

HTaHD = HTa,1H1 e+ HTa,2H2 ef
where||.||, and||.||, define the usual norm dfi, ; and7, - respt.

Definition 2.11. (Directed Set) Let | be a partially ordered set with the order relationthen |
is called as a directed set if for any two elements € I, 3 somec € [ such that: >’ a« and
c>"b.

Let (1, <’) be a directed set. Then for > «, BC operatorr,s : Xg — X, defined by
Tap(Z3) = x4 is @ continuousBC normed moduleX; onto X,,. ThisBC operator can be ex-
tended to a continuodC Homomorphismr,s from the completionYﬁ into X ,,.

A projective system oBC Banach module is a pajtX ,, 7,5) subject to the following proper-
ties:
() (1, <’) be a directed set.
(i) (X4)aer is a family of BC Banach module.
(i) {7ap : Tap : Xg — Xa,a, € I,a <" 3} is a famly of continuou8C Homomorphism
such thatr,, is the identity operator o, Vo € I.
(IV) Tay = magomsy Yo, 3,7 € I such thatw <" 3 <" 4. and its projective limit is denoted by
X ie,

X =lim X,

whereX is a complete locally bicomplex convex module.
The projective limit of the projective system is defined to be the submodule of the cartesian
product] [ X, consisiting of elements which satisty,3(Z3) = (Z,) for 5 > a.

Remark 2.8. The operatorr,s can be written as
Taf = Map,1€ + WagjgeT, where

TaBl i T3y — Tay, | =1,2
is an operator.

Let us denoteX, with Z,.
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Definition 2.12. : LetT, : D(T,) C Z, — Z, be aBC-linear operator fromD(7,,) C Z, into
Zy. Then{T, : a € I} is called (saturated) projective family of operators

& Ta(maprg) = Tap(Tpap)
= Tml(ﬂagl’ﬁ) = WQQ(TBJl’g) and Tayg(ﬂ'a@zg) = ’/Tag(Tg,gl‘g), fO?” Tg € D(Tg) and ﬁ > Q.

whereT,, 1,7, » are linear operator o, 1, Z,» respt. andlz,,73- are linear operator on
Z31, Lgarespt.

Definition 2.13. : A BC linear operator T on the projective limi?(7") of (D(T,,) : o € I)
can be define by, (7Tz) = T, (m.x) for x € D(T) anda € I and the operator T is called the
projective limit of the family of operatofT,, : « € I}.

If T,, € L(X,) for eacha, thenT € L;(X). Moreover, the family{T,, : o € I} associated
T € L(X,) above is projective and its limitis T.

Remark 2.9.
To(Tx) = Ty(max)

= 7Ta,1(T1$1) = Ta,1<7ra,1x1) and 7Ta,2(T2$2) = Ta,z(ﬂa,zilh)
3. SOME BAsIC PROPERTIES OF (Cy, 1) SEMIGROUP

The result in this section are generalization of results lof [2].

Definition 3.1. Let X be a localllyBC convex module and a famil7’(¢),¢ € D*} of bounded
BC linear operator inX is called aCy-semigroup if
NT(t+s)x=T)(T(s)x)Vt,s €Dt andr € X
(i) T(0O)xr=xVzxeX.
(i) T(t)r —xast = 0Vzr e X
A C semigroup — T'(t) is said to be 4Cy, 1) semigroup if'(t) € L;(X),Vt >’ 0 and, for
eacha andé >’ 0, there exist a positive hyperbolic number= \(a, T'(t) : t € [0, d]p) such
that

T(t)By,,(0) C AB,,(0)
or equivalentlyp,(Tz) <' Ap,(z) ¥V 0 <' t <' §, whereB,,(0) = {z € X : p,(z) <" 1}. Itis
also called d.;(X)-operator semigroup of clag€), 1)

Theorem 3.1.: If {T'(t),t € D*} is a(Cy, 1)-semi-group in X. Then the familyT,,(t),t €
D+} is aC, semi-group in théC-Banach moduleX ,,, for eacha.

Proof. : Here,{T'(t),t € D*} is a(Cy, 1)-semi-group in X.
LetTo1(t1) = eTo(t) andT,5(ts) = el T,(t). Then usingl[2, thm 2.3, P-168], we see that
for eacha, T, 1(t1) andT, »(t,) areC, semi-group in the Banach spadg, ; and X, , respt.
Thus,

To(t) = eTo(t) + e Ty(t)
is C, semi-group iMBC-Banach moduleX . 1

Let us denoteX,, with Z, and X with Z. Now, LetZ, be aBC-Banach module and Z be
complete locallyBC convex module. A famil{7,(t) € L(Z,) : « € I,t >’ 0} is called a
projective family ofC,y semigroups ofBC-Banach module iff
(i) for eacht >' 0,{T,(t) : « € I} is a projective family.

(i) for eacha, {T,,(t) : t >' 0} is aC, semi-group on thC-Banach moduléZ,.
The limit of such a family is denoted byl'(¢) : ¢ > 0}.
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Theorem 3.2.letI" = {T,(t) : « € I,t >' 0} be a projective family of’,-semigroup on
BC-Banach modul&Z,,. Then the following statement are equivalent:

() {T(t) : t >’ 0} is a(Cy,1)-semigroup in Z= {T1(t) : t > 0} and {Tx(t) : t > 0} are
(Cop, 1)-semigroup ory; and Z, respt.

(i) {T(t) : t >’ 0} be the limit ofl" < {7 (¢) : t > 0} and{Tx(¢) : t > 0} are the limit ofl";
andI’; respt,

wherel'y = {T,1(t) : a € I,t >0} andl’y = {T,,(t) : v € I,t > 0}.

Proof. : By using definitior] 2.J7, 8C linear operatofl'(¢) can be written ag’(t) = T’ (t1)e +
Ty(ty)e!, whereTy (t,) andTy(t,) are linear operator of; andZ, respt.

Letz € Z with x = z1e + 29l Wherex, € Z,, 25 € Z, andt, s > 0 with t = t,e + t2ef and
s = s1e + sqel wherety, ty, 51, 59 > 0.

Then (i)
Tit+s)x = T)(T(s)x), Ve ez
& Ty(t+ s)ve + Tyt +s)ve! = Ty(t)(Ty(s)x)e + To(t)(Ta(s)x)e!
S Ti(t+s)r=Tit)(Ti(s)x) and Ta(t + s)x = To(t)(To(s)x).
(ii)
T0)x = =
& Ty(0)ze + Ty (0)ze! = ze4 zel
< T(0)z=x and Ty(0)xr =z Vo, € Zy and x9 € Zs.
(ii)
limi_o+T(t)x = x,t¢NCU{0}
& limy, _oTi(H)xe + limy, oTy(t)xe’ = e+ xel

& limy, 0T (t)x =2 and  limy, o Ta(t)r = .
(iv) there exist a +ve hyperbolic numbef = 0,1 + 0,2 Whereo,;, [ = 1,2 is a +ve number
such that
Pa(T(t)x) <" e'py(x).
~ poc,l(Tl (t)l’) S eaayltpa,l(l‘) and pa,?(TQ(t)x) S 6UaY2tpoz,1(x)

Therefore T3 (t) : t > 0 are(Cy, 1) semigroup orZ;, [ = 1,2 respt.
Thus,{T(t) : t >’ 0} is a(Cpy, 1)-semigroup in Z= {T(t) : t > 0} and{Tx(t) : t > 0} are
(Co, 1)-semigroup orZ; andZ, respt.

(2) Suppose thaf7'(¢) : t >’ 0} be the limit of[' = 7, (T(t)z) = To (7).

To(T(t)x) = Ty(max)
= M1 (Ti(t)2)e + Tao(Ta(t)r)e’ = Toi1(Taaz)e + Too(masr)el
= Ta1(T1(t)x) = To1(ma1z) and wao(Ta(t)x) = Tho(ma )
= {Ti(t) : t > 0} and{Tx(t) : t > 0} are the limit ofl"; andI’; respt.
Conversely,suppose thif (¢) : t > 0} and{T(t) : ¢t > 0} are the limit of’; andI'; respt.
= 7Ta71(T1(t)l’> = Ta71(7Ta71{E) andﬂ'mg(Tg(t)ZE) = Ta72(77a721')
Letz = z1e + x9e’ € Z andrm, = 7,16 + Ta0e’ be the naturaBC homomorphism of Z onto
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Z, Wherer,,; is the natural homomorphism &f onto 7, ;, [ = 1, 2.
Then

To(Tt)1) = Tar(Ti(t)z)e + Tao(Ta(t)x)el
= Toi(maaz)e + Ta’g(ﬁagx)ef
= T,(m,x).
Thus,{T'(t) : t >’ 0} is the limit of I". g

Definition 3.2. Let X be a locallyBC convex module and thBC linear operatod : D(A) C
X — X is called the infinitesimal generator of the semigrdUfi¢) : ¢ >’ 0} if it satisfies

T(h)x —
Az = limh_,m%, Vo € X, h ¢ NCU{0}.
Remark 3.1. The BC linear operatord can be written as
A= A1€ + AQ@T.
T(h)x —
Ar = l’imh_,o+%
— lim . (T1<h1)33'1 — Il)e + (Tg(hg)ﬂ)z — .:EQ)@T
h=0 hle + hgeT
. (Tl(hl)xl — 1’1)6 . (TQ(hQ).IQ — l’g)eT
=1 - l -
T S ey e
Ti(h — Ty (h — f
= lz’mhl_)g+ ( 1( l)zl 1'1)6 + lith_,m— ( 2( 2)22 x2)e
1 2

Ar = Ajxie + Aszqel.

where4, are the infinitesimal generator of the semigrddp(t;) : ¢, > 0}, = 1,2 in complex
version.

Proof of the following theorem is in similar lines as in [2, theorem 1], so we omit the proof.

Theorem 3.3. Let X be a complete localBC convex module. Theity, 1) semi-groups on X
is in 1-1 correspondence with the projective familieggfsemigroups ofBC Banach module
X.,. Further, if Ais the infinitesimal generator of(&’y, 1) semigroup and A, } is the family of
generators associated with the correspondirigsemigroups thef A, } is a projective family
and its limit is A.

Definition 3.3. Let a familyI" = {7'(¢) : t >’ 0} be aC,, semi-groups in locallyBC-convex
module X. Thenl' is a (Cy, 1) semigroup< there exist sets of hyperbolic numbgrs/,, :
My = My e+ Mysel, o € I} and{o, : 0416 + 0a2e’,a € I} such that forw € 1

Pa(T(t)x) < Mue®'p,(x), Vt €DT, 2 € X,
where{M,; : a € I} and{o,,: o € I}, [ = 1,2 are the sets of real numbers.
Definition[3.] is equivalent to the following definition.

Definition 3.4. {T'(t) : t >’ 0} be a family of continuousC linear operators on X. Then
{T'(t) : t >’ 0} is a(Cy, 1) semigroup= if it satisfies the following condition:

() {T(t) : t >' 0} is aCy semigroup in X;

(i) for each continuou® valued seminorm p on X there exist a positive hyperbolic number
and a continuou® valued seminorm g on X such thatT'(t)z) <’ e°»'q(x) for all ¢ >’ 0 and
reX.
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We can write above inequality as

p(T(t)x) < e™'q(x)
& pi(Ti(t)z) < e”Mg(z1) and po(Ta(ta)xs) < €772 go(2).

4. CONCLUSION

Using the idempotent representation of bicomplex numbers, most of the resultssemi-
groups of linear operators with complex scalars can be extendéq semigroups of linear
operators with bicomplex scalars and can be an interesting area of research.
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