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unit discU = {z € C: |z| <1}. We then, introduce a new subclass of analytic function
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rems, and inclusion properties for the functions belonging to the &&s&u, A, «, 8,9,b, p).
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2 A. T. YOUSEF Z. SALLEH AND T. AL-HAWARY

1. INTRODUCTION

Let A(p) denote the class of functighof the form:

o0

(1.1) f(z)=(z—w)’+ Z a,(z —w)",

n=p+1

which are analytic and normalized in the open unit disk- {z € C : |z| < 1}. For a function
fin A(p), we defined the following differential operator

(1.2) T f(2) = f(2),
(1.3)
Ty paprol (2) =1 =p(p—1)0—pBA—a))f(2) + BA—a)(z—w) f'(z) + 6(z —w)* f"(2),

and forn =1,2,3, ...,
Ti,p,a,ﬁ,)\,éf(z) =(1—=p(p—1)0 —pB(X - a))(T;f(z))
(1.4) + B\ = @)(z — w)(T, f(2)) + d(z — w)*(T, f(2))".
If fis given by[(1.1) we get:

(o)

Toapnsl (2) = (= w)’+ > [1+8(n(n—1) = pp = 1)) + (n = p)(A = a)f]"(z — w)",
n=p+1

(1.5) (>0, B, A > 0,pp € Nandn € Ny),

wheref € A(p), p € Nandn € Ny. This generalizes many operators as follows:

(i) Whenp = 1, we getl™, , f(2) = (2 —w) + 3 [1+ (n — 1)B(A — a) + nd]"a, (= — w)",

(see Al-Hawary et al[]2]). "

(i) Whenp = 1 andw = § = 0, we getT’; , f(z) = z + i 14+ (n—1)8(A — a)]"a,z", (see

Darus and lbrahim_ [7]). "

(ili)y Whenw — a — § — 0 ands = 1, we getll = (= — w) + > [1 + (n — DA™an(z — w)",

(see Al-Oboud([B]). "

(iv) Whena =6 = 0and\ = 3 = 1,we getlT" f(z) = (z —w) + i n™a,(z —w)", (see

Acu and Owal[1]). i

(vijWhenw =a =46 =0and\ = 5 =1, we getT"™ f(z) = z + i n"a,z",(see Salagean

n=2
[20]).
Let G¥ (u, A, , 3,0, b, p) denote the subclass df(p) consisting of functiory which satisfy

w

1 Tapa (2) m : B
I e AT C) e | B
whereT," ., 5,s/(2) is given by ). This satisfies the following inequality

T osnet (2) m _
p(1 — p) =zl 4y (T sasf(2)) —p(z —w)P™!
T7 o sasl(2) m _
p(1 = p) =200+ (T, o g 2o f(2)) + 20 = p(z — w)P~!
wherez € U, u > 0,p € Nyn € Ny, b € C — {0}.
We note that

< 1.

(1.7)
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o GY(u, A\, 3,6,b,1) = G, A a,ﬁ, )
:{feA(p):Re{1+%[(1 M) + (T asnsf(2)) =1} > 0,2 € U},
o GY(p, N\ a,3,0,b,1) =G(A\, D)
= {f € A(p) : Re{1 + }[(1 — )< Z)+M(f( ))—1]}>0726U}-
° G%(l,l,l,O,l,b,l)sz(b):{feA() Re{l + ; [(Tmf( ) —1]} >0,z € U}.
e G(0,1,1,0,1,b,1) = G, (b) = {f € A(p) : Re{1 + § [ —1]} >0,z € U}.
o G¥(0,1,1,0,1,b,1) = G(b) = {f € A(p) : Re{1 + 1[L& ]}>0 2 eU).

e G3(0,1,1,0,1 —,1,1) =G, = {f € A(p ).Refﬁzw >a,0§a<1,z€U}.
e G3(0,1,1,0,1 —a,1,1) = R, = {f € A(p) : Re(f(2)) > a,0< a < 1,2 € U}.

For more details seel[4] 5, 6,8, 9]. Recently Yousef and Salleh [11] investigated a subclass
of complex-valued harmonic univalent functions defined by a generalized linear operator, and
some properties such as coefficient bounds of this class are obtained. In this paper, coeffi-
cient inequalities, distortion theorem, and closure theorems of functions belonging to the class
G¥ (u, A\, a, 3,6, b, p) are obtained.

2. COEFFICIENT INEQUALITIES

In this section we find the coefficient inequality for the cl&&%(u, A, a, 8,9, b, p).

Theorem 2.1. The functionf(z) defined by|(1]1) satisfies the condition

[e.9]

21) > p+un=pIl+dnn—1)—pp—1)+(n—p) A —a)d"|a| < |b]

n=p+1

wherey > 0,p € Nyn € Ng,a > 0andf + A > 0ifandonly if f(z) € G2 (u, A\, 0, 3,6, b, p).
The result[(2.]1) is sharp for functions of the form:

o v
) gy R e PP
(n>p+1;m e Ny).

Proof. Suppose that the inequalify (2.1) holds. Then we have fer/ and|z| < 1
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ZZZnaJlXJf(Z)
Z_

]ml—m T o s ) — plz — )

o asast (2) m _
—&u—m—iﬂi;——+MQWWAJ@W—p@—wV1+%

=) [p+pum=plL+dnn-1)=pp-—1)+ 0 -p)A—a)s"

jan] |(2 = w)" ™|

— 126+ > [p+pn—p)[L+d(nn—1)=pp—1))+ (n—p)(A - a)d"
|an] [(z = w)" |
< D> ptpn=p)L+dnn—1)—pp-1)+(n—p)A-a)p"

n=p+1
|an] [(z = w)" 7|

o0

=206 = > [p+pn—p)[l+d(nn—1)—plp—1)) + (n—p)(A — a)]"

n=p+1

jan| (2 = w)" 7|

< D Iptpn=pIL+dnn—1)—pp—1)+ (n—p)A-a)8" |a.| — b
< 0_p
whereT)", ., 5, 4.f(2) is given by [1.5). This implies
> ptpn—pll+dnmn—1)—pp—1)+n-p)A-a)b"|a| < b,

which shows thaf € G¥ (i, A\, a, 5, b, p). For the converse, assume that

’

Tapa f(z) m _
p(1 — p) Bt o M(Tw,p,a,,ﬁ’,)\,éf(z)) —p(z —w)? !

(2.2) T :}”(Z) , < 1.
p(1 — p)=es2ii— + (T, 5rsf(2)) +2b—p(z —w)P~!

This implies
'B <1
Q@

where

= > ptpn—pll+dnn—1)—pp-1)+{n-pA-a)b a(z—w)""
n=p+1
and

Q=20+ Y [p+pmn—p)]l+8nin—1)=pp-1)+{n-p)A-a)f a(z —w)"".

n=p+1
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SinceRe(z — w) < |z — w| for all (z — w), it follows from (2.2) that
R
Re | = 1
(%) <

R= Y [p+pun—pll+dnn—1)—pp-1)+n—-p)A-a)f" ] (z = w)""

n=p+1

where

and

S=20+ ) [p+pn—p)l+8(n(n—1)=p(p—1))+(n—p)A=a)d" |an| (z —w)"".

n=p+1

Choose values df: — w) on the real axis, and lét — w| — 1~ through the real values, we
obtain

[e.e]

> o+ pn—pIi+dnn—1)—pp—1)+(n—p)A-a)b"|al

n=p+1

< 2+ Y [p+pn—pll+dnn—1)—pp—1)+ 0 —p)A—a)s" |a.

n=p+1
This gives the required condition given lyy (2.%).

Corollary 2.2. Let the functiory defined by{(1]1) be in the claé&’ (11, A, «, 8,9, b, p), then we
have

10|
[p+pn—p)[l+dnn—1)-pp—1))+(n—p)A—a)j

3. GROWTH AND DISTORTION THEOREMS

la,| <

—n=>p+1L

A growth and distortion property for functiofi to be in the clas&:™ (i, A\, «, 3,6, b,p) IS
given as follows:

Theorem 3.1.If the function f(z) be defined by (1]1) is in the cla&¥) (11, A, a, 8,6, b,p).Then
for |z —w| =r < 1, we have
o[ |r["
(p+p) [1+2pd + BA — )]
0] |r["
(p+p) [+ 2pd + BA — )]

7] =

<|f(2)]

< |rP| +

and
(p+1)b|

(p+ ) [1+2pd + BA — )]
(p+1) ]

(p+ p) [L+2p6 + BA —a)]™

Proof. Let f € G, (1, A\, v, 3,6, b, p), then by [2.1) we have

o0

D I+ un—=pIll+68(n(n—1) = pp - 1)) + (n = p)(A = a)8]™ |an| < [b].

n=p+1

prp’l — P

< /')l

< prp_l + 7P
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By substitutingn = p + 1, we obtain

D I+l +6((p+p—pp— 1))+ (A= a)F]™ |an| < [b].

n=p+1

This implies

oo ]
> aa| < (p+ [+ 2p6 + BN — )™

n=p+1
From equation (1]1) we have

fEI <z —wlP + ) an||z — w[”
n=p+1
<rf+ i r".
- (p+ ) [1+2pd + BN — a)]™

Similarly we can prove that

o b .
& = = T e v Ao =

Also

1f'(2) = |p(z—w)P "+ Z nan(z — w)"!
n=p+1

< plz—wlf + Z nlan| |z —w|" " < pre7t 40P Z n|an|
n=p+1 n=p+1
(p+1)[b|
(p+ p) [L+2pd + BA — )]

< prPt?

Similarly we can prove that

(p+1) b

[ = pr?™ = r” (p+ ) [1+2p5 + B(A — a)]m

4. INCLUSION PROPERTIES

The inclusion properties for the cla& (i, A, a, 3,9, b, p) are given by the following theo-
rem.
Theorem 4.1. Let the hypothesis df (2.1) be satisfied. Then

G%(M% )‘7 «, 67 57 bap) g G%(Mlv )‘7 «, ﬁ? 57 bap>

%(M? AQvaaﬁaéabap) g G% M, )‘haaﬂ767bap)
%(M7 )\7 g, 57 57 bap) g G% [y )\7 aq, 67 67 bup)
%(:uv )‘a a7 ﬁQa 57 bap) g G% ,uv >‘a a7 61a 67 bap)
%(/“La )\7 Q, 67 527 bap) g G% M, )\7 Q, 67 517 bap)

whereay > oy, By > 81, A2 > Ai, iy > 1y @nddy > 6.

G
G
G
G

o~ o~ o~
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Proof. Let f € G¥ (i, A, «, 3,,b,p). Then by using[(2]1) we have

o0

> ptpn—pIL+dnn—1)—pp-1)+n—p)A-a)f"|a| <[b].

n=p+1
If 15 > py, thenp + py(n — p) > p + iy (n — p) such that

o0

D o+ pa(n—p)[L+8(n(n —1) = p(p = 1)) + (n — p)(A = @) 3™ |an|
> > [p+mn—p)[L+d(nn—1)=p(p—1))+ (n—p)(A— )3 ]
This shows that
> Ip+mn—pll+dnn—1)—pp-1)+n-p)A-a)b"|al
<D ptpn—pL+6dnmn—1)—pp-1)+(n—p)A-a)" || < b

or

o0

S lptmn—pll+dnmn—1)—pp—1)+n-p)A-a)d" |a| < [b].

n=p+1
Hencef € G¥ (u, A\, «, 3,0, b, p), which shows that

G% (/L27>\7047ﬁ767b7p) g Gf% (ulaAaoé?ﬁ?éab?p) .
Similarly, let f € G¥ (u, A, «, 8,6, b, p), then by using[(2]1) we havig > ;. This implies that
[1+3d2(n(n—1) =p(p—1)) + (n = p)(A — )]
> [1+d61(n(n—1) —pp—1)) + (n —p)(A — a)]",

o)
> [p+un=p)l[l+d2(n(n—1) = plp— 1)) + (n — p)(A — a) 8™ |ay|
n=p+1
> > p+pn—p[L+di(n(n—1)—p(p—1))+ (n—p)(A— )3 |, a|
n=p+1
and hence
> p+un=p)ll+di(nn—1)=plp—1))+ (n—p)(A— )™ |an| < |b].
n=p+1

This proves thaf € G¥ (i, A, o, 8,9, b, p) and finally implies that
G2 (u, A\, ar, 3,02,0,p) € G2 (1, A\, 0, 3,01, b, p) .
Employing a similar procedure we can prove that
G (A2, 8,0,b,p)  © Gy (1, A1, 0, 3,6, 0, p)
G (s Ay g, 3,0,0,p) C Gy, (s A, 3,0, 0, p)

and
G% (Ma )\aaa62757 bvp) g G% (Ma )‘7a7ﬁ175767p) .
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5. INTEGRAL OPERATORS

In this section, we consider integral transforms of functions in the €lgs§:, \, o, 3,6, b, p).

Theorem 5.1. If the functionf(z) given by[(1.11) is in the clasS (u, A, «, 8,6, b,p), and lete
be a real number such that> —p, then the functiord (z) defined by

z

/ (t — w) F(t)dt

w

c+p

(5.1) I(z) = G

also belongs to the class® (i, A, a, 3,9, b, p).

Proof. From (5.1), it follows that/ (z) = (z — w)? + > b,(z — w)", whereb, = (£2) q,,.

Therefore n=pt
Z p+pun—=pI]l+dnn—-1)—plp—1))+ (n—p)A—a)|"b,
= > o+ un—pt+dmn—1) = pp— 1)+ (n—p)(A = a)]" (;12) .

< D> Iptpn—pIL+dnn—1)—pp-1)+(n-pA-a)a
<ol

sincef(z) € G¥ (u, A\, v, 3,6,b, p). Hence by Theorefn 2.1,(z) € G¥ (u, X\, v, 3,6, b,p). W

6. CONCLUSION

In this work, the class of the-valent functionsG, (u, A, «, 3,9, b, p) is introduced embed-
ded with the generalized differential operaidy, , 5, 5f (). In the first section, the inequal-
ity (2.1) is sharp and also the functigh(z) belongs to the clas§, (u, A, a, 8,6, b, p) if and
only if the inequality [(2.]L) holds. Upon the above result, distortion theorems and inclusion
properties hold. Moreover coefficient estimates and growth theorem are studied and an inte-
gral operator/ (z) is introduced. Furthermore, the integral operatot) belongs to the class
G% (1, X, v, 3,8,0,p).
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