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2 A. T. YOUSEF, Z. SALLEH AND T. AL-HAWARY

1. I NTRODUCTION

Let A(p) denote the class of functionf of the form:

(1.1) f(z) = (z − w)p +
∞∑

n=p+1

an(z − w)n,

which are analytic and normalized in the open unit diskU = {z ∈ C : |z| < 1}. For a function
f in A(p), we defined the following differential operator

(1.2) T 0
w,pf(z) = f(z),

(1.3)
T 1

w,p,α,β,λ,δf(z) = (1− p(p− 1)δ− pβ(λ−α))f(z)+β(λ−α)(z−w)f ′(z)+ δ(z−w)2f ′′(z),

and forn = 1, 2, 3, ...,

T 2
w,p,α,β,λ,δf(z) = (1− p(p− 1)δ − pβ(λ− α))(T 1

p f(z))

+ β(λ− α)(z − w)(T 1
p f(z))′ + δ(z − w)2(T 1

p f(z))′′.(1.4)

If f is given by (1.1) we get:

Tm
w,p,α,β,λ,δf(z) = (z − w)p +

∞∑
n=p+1

[1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m(z − w)n,

(α > 0, β, µ, λ ≥ 0, p ∈ N andn ∈ N0),(1.5)

wheref ∈ A(p), p ∈ N andn ∈ N0. This generalizes many operators as follows:

(i) Whenp = 1, we getTm
w,α,β,λf(z) = (z −w) +

∞∑
n=2

[1 + (n− 1)β(λ− α) + nδ]man(z −w)n,

(see Al-Hawary et al. [2]).

(ii) Whenp = 1 andw = δ = 0, we getTm
α,β,λf(z) = z +

∞∑
n=2

[1 + (n− 1)β(λ−α)]manz
n, (see

Darus and Ibrahim [7]).

(iii) When w = α = δ = 0 andβ = 1, we getTm
λ = (z −w) +

∞∑
n=2

[1 + (n− 1)λ]man(z −w)n,

(see Al-Oboud [3]).

(iv) Whenα = δ = 0 andλ = β = 1, we getTmf(z) = (z − w) +
∞∑

n=2

nman(z − w)n, (see

Acu and Owa [1]).

(vi) Whenw = α = δ = 0 andλ = β = 1, we getTmf(z) = z +
∞∑

n=2

nmanz
n,(see Salagean

[10]).
Let Gw

m(µ, λ, α, β, δ, b, p) denote the subclass ofA(p) consisting of functionf which satisfy

(1.6) Re

{
1 +

1

b

[
p(1− µ)

Tm
w,p,α,β,λ,δf(z)

z − w
+ µ

(
Tm

w,p,α,β,λ,δf(z)
)′ − p(z − w)p−1

]}
> 0

whereTm
w,p,α,β,λ,δf(z) is given by (1.5). This satisfies the following inequality

(1.7)

∣∣∣∣∣∣ p(1− µ)
T m

w,p,α,β,λ,δf(z)

z−w
+ µ(Tm

w,p,α,β,λ,δf(z))′ − p(z − w)p−1

p(1− µ)
T m

w,p,α,β,λ,δf(z)

z−w
+ µ(Tm

w,p,α,β,λδf(z))′ + 2b− p(z − w)p−1

∣∣∣∣∣∣ < 1.

wherez ∈ U, µ ≥ 0, p ∈ N, n ∈ N0, b ∈ C− {0}.
We note that
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ON A CLASS OFp-VALENT FUNCTIONS 3

• Gw
m(µ, λ, α, β, δ, b, 1) = G(µ, λ, α, β, b)

= {f ∈ A(p) : Re{1 + 1
b
[(1− µ)Tf(z)

z−w
+ µ(Tm

w,p,α,β,λ,δf(z))′ − 1]} > 0, z ∈ U}.
• Gw

0 (µ, λ, α, β, δ, b, 1) = G(λ, b)

= {f ∈ A(p) : Re{1 + 1
b
[(1− µ) f(z)

z−w
+ µ(f(z))′ − 1]} > 0, z ∈ U}.

• G0
m(1, 1, 1, 0, 1, b, 1) = Rm(b) = {f ∈ A(p) : Re{1 + 1

b
[(Tmf(z))′ − 1]} > 0, z ∈ U}.

• Gw
m(0, 1, 1, 0, 1, b, 1) = Gm(b) = {f ∈ A(p) : Re{1 + 1

b
[T mf(z)

z−w
− 1]} > 0, z ∈ U}.

• Gw
0 (0, 1, 1, 0, 1, b, 1) = G(b) = {f ∈ A(p) : Re{1 + 1

b
[ f(z)
z−w

− 1]} > 0, z ∈ U}.
• G0

0(0, 1, 1, 0, 1− α, 1, 1) = Gα = {f ∈ A(p) : Re f(z)
z−w

> α, 0 ≤ α < 1, z ∈ U}.
• G0

0(0, 1, 1, 0, 1− α, 1, 1) = Rα = {f ∈ A(p) : Re(f(z))′ > α, 0 ≤ α < 1, z ∈ U}.

For more details see [4, 5, 6, 8, 9]. Recently Yousef and Salleh [11] investigated a subclass
of complex-valued harmonic univalent functions defined by a generalized linear operator, and
some properties such as coefficient bounds of this class are obtained. In this paper, coeffi-
cient inequalities, distortion theorem, and closure theorems of functions belonging to the class
Gw

m(µ, λ, α, β, δ, b, p) are obtained.

2. COEFFICIENT I NEQUALITIES

In this section we find the coefficient inequality for the classGw
m(µ, λ, α, β, δ, b, p).

Theorem 2.1.The functionf(z) defined by (1.1) satisfies the condition

(2.1)
∞∑

n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an| ≤ |b|

whereµ ≥ 0, p ∈ N, n ∈ N0, α > 0 andβ + λ > 0 if and only iff(z) ∈ Gw
m(µ, λ, α, β, δ, b, p).

The result (2.1) is sharp for functions of the form:

f(z) = (z − w) +
|b|

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m
(z − w)n

(n ≥ p + 1; m ∈ N0).

Proof. Suppose that the inequality (2.1) holds. Then we have forz ∈ U and|z| < 1
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4 A. T. YOUSEF, Z. SALLEH AND T. AL-HAWARY

∣∣∣∣p(1− µ)
Tm

w,p,α,β,λ,δf(z)

z − w
+ µ(Tm

w,p,α,β,λ,δf(z))′ − p(z − w)p−1

∣∣∣∣
−

∣∣∣∣p(1− µ)
Tm

w,p,α,β,λ,δf(z)

z − w
+ µ(Tm

w,p,α,β,λ,δf(z))′ − p(z − w)p−1 + 2b

∣∣∣∣
=

∣∣∣∣∣
∞∑

n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m

∣∣∣∣∣
|an|

∣∣(z − w)n−1
∣∣

−

∣∣∣∣∣2b +
∞∑

n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m

∣∣∣∣∣
|an|

∣∣(z − w)n−1
∣∣

≤
∞∑

n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m

|an|
∣∣(z − w)n−1

∣∣
− 2 |b| −

∞∑
n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m

|an|
∣∣(z − w)n−1

∣∣
≤

∞∑
n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an| − |b|

≤ 0

whereTm
w,p,α,β,λ,δf(z) is given by (1.5). This implies

∞∑
n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an| ≤ |b| ,

which shows thatf ∈ Gw
m(µ, λ, α, β, b, p). For the converse, assume that

(2.2)

∣∣∣∣∣∣ p(1− µ)
T m

w,p,α,β,λ,δf(z)

z−w
+ µ(Tm

w,p,α,β,λ,δf(z))
′
− p(z − w)p−1

p(1− µ)
T m

w,p,α,β,λ,δf(z)

z−w
+ µ(Tm

w,p,α,β,λδf(z))
′
+ 2b− p(z − w)p−1

∣∣∣∣∣∣ < 1.

This implies ∣∣∣∣PQ
∣∣∣∣ < 1

where

P =
∞∑

n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]man(z − w)n−1

and

Q = 2b +
∞∑

n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]man(z−w)n−1.
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SinceRe(z − w) ≤ |z − w| for all (z − w), it follows from (2.2) that

Re

(
R

S

)
< 1

where

R =
∞∑

n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an| (z − w)n−1

and

S = 2b+
∞∑

n=p+1

[p+µ(n− p)][1+ δ(n(n− 1)− p(p− 1))+ (n− p)(λ−α)β]m |an| (z−w)n−1.

Choose values of(z − w) on the real axis, and let|z − w| → 1− through the real values, we
obtain

∞∑
n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an|

≤ 2b +
∞∑

n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an| .

This gives the required condition given by (2.1).

Corollary 2.2. Let the functionf defined by (1.1) be in the classGw
m(µ, λ, α, β, δ, b, p), then we

have

|an| ≤
|b|

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m
, n ≥ p + 1.

3. GROWTH AND DISTORTION THEOREMS

A growth and distortion property for functionf to be in the classGw
m(µ, λ, α, β, δ, b, p) is

given as follows:

Theorem 3.1.If the functionf(z) be defined by (1.1) is in the classGw
m(µ, λ, α, β, δ, b, p).Then

for |z − w| = r < 1, we have

|rp| − |b| |r|n

(p + µ) [1 + 2pδ + β(λ− α)]m
≤ |f(z)|

≤ |rp|+ |b| |r|n

(p + µ) [1 + 2pδ + β(λ− α)]m

and

prp−1 − rp (p + 1) |b|
(p + µ) [1 + 2pδ + β(λ− α)]m

≤ |f ′(z)|

≤ prp−1 + rp (p + 1) |b|
(p + µ) [1 + 2pδ + β(λ− α)]m

.

Proof. Let f ∈ Gm(µ, λ, α, β, δ, b, p), then by (2.1) we have
∞∑

n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an| ≤ |b| .
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By substitutingn = p + 1, we obtain
∞∑

n=p+1

[p + µ][1 + δ((p + 1)p− p(p− 1)) + (λ− α)β]m |an| ≤ |b| .

This implies
∞∑

n=p+1

|an| ≤
|b|

(p + µ)[1 + 2pδ + β(λ− α)]m
.

From equation (1.1) we have

|f(z)| ≤ |z − w|p +
∞∑

n=p+1

|an| |z − w|n

≤ rp +
|b|

(p + µ) [1 + 2pδ + β(λ− α)]m
rn.

Similarly we can prove that

|f(z)| ≥ rp − |b|
(p + µ) [1 + 2pδ + β(λ− α)]m

rn.

Also

|f ′(z)| =

∣∣∣∣∣p(z − w)p−1 +
∞∑

n=p+1

nan(z − w)n−1

∣∣∣∣∣
≤ p |z − w|p−1 +

∞∑
n=p+1

n |an| |z − w|n−1 ≤ prp−1 + rp

∞∑
n=p+1

n |an|

≤ prp−1 + rp (p + 1) |b|
(p + µ) [1 + 2pδ + β(λ− α)]m

.

Similarly we can prove that

|f ′(z)| ≥ prp−1 − rp (p + 1) |b|
(p + µ) [1 + 2pδ + β(λ− α)]m

.

4. I NCLUSION PROPERTIES

The inclusion properties for the classGw
m (µ, λ, α, β, δ, b, p) are given by the following theo-

rem.

Theorem 4.1.Let the hypothesis of (2.1) be satisfied. Then

Gw
m(µ2, λ, α, β, δ, b, p) ⊆ Gw

m(µ1, λ, α, β, δ, b, p)

Gw
m(µ, λ2, α, β, δ, b, p) ⊆ Gw

m(µ, λ1, α, β, δ, b, p)

Gw
m(µ, λ, α2, β, δ, b, p) ⊆ Gw

m(µ, λ, α1, β, δ, b, p)

Gw
m(µ, λ, α, β2, δ, b, p) ⊆ Gw

m(µ, λ, α, β1, δ, b, p)

Gw
m(µ, λ, α, β, δ2, b, p) ⊆ Gw

m(µ, λ, α, β, δ1, b, p)

whereα2 ≥ α1, β2 ≥ β1, λ2 ≥ λ1, µ2 ≥ µ1 andδ2 ≥ δ1.
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Proof. Let f ∈ Gw
m (µ, λ, α, β, δ, b, p). Then by using (2.1) we have

∞∑
n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an| ≤ |b| .

If µ2 ≥ µ1, thenp + µ2(n− p) ≥ p + µ1(n− p) such that
∞∑

n=p+1

[p + µ2(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an|

≥
∞∑

n=p+1

[p + µ1(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an| .

This shows that
∞∑

n=p+1

[p + µ1(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an|

≤
∞∑

n=p+1

[p + µ2(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)]m |an| ≤ |b|

or
∞∑

n=p+1

[p + µ1(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an| ≤ |b| .

Hencef ∈ Gw
m (µ, λ, α, β, δ, b, p), which shows that

Gw
m (µ2, λ, α, β, δ, b, p) ⊆ Gw

m (µ1, λ, α, β, δ, b, p) .

Similarly, let f ∈ Gw
m(µ, λ, α, β, δ, b, p), then by using (2.1) we haveδ2 ≥ δ1. This implies that

[1 + δ2(n(n− 1)− p(p− 1)) + (n− p)(λ− α)]m

≥ [1 + δ1(n(n− 1)− p(p− 1)) + (n− p)(λ− α)]m,

so
∞∑

n=p+1

[p + µ(n− p)][1 + δ2(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an|

≥
∞∑

n=p+1

[p + µ(n− p)][1 + δ1(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |, an|

and hence
∞∑

n=p+1

[p + µ(n− p)][1 + δ1(n(n− 1)− p(p− 1)) + (n− p)(λ− α)β]m |an| ≤ |b| .

This proves thatf ∈ Gw
m (µ, λ, α, β, δ, b, p) and finally implies that

Gw
m (µ, λ, α, β, δ2, b, p) ⊆ Gw

m (µ, λ, α, β, δ1, b, p) .

Employing a similar procedure we can prove that

Gw
m (µ, λ2, α, β, δ, b, p) ⊆ Gw

m (µ, λ1, α, β, δ, b, p) ,

Gw
m (µ, λ, α2, β, δ, b, p) ⊆ Gw

m (µ, λ, α1, β, δ, b, p)

and
Gw

m (µ, λ, α, β2, δ, b, p) ⊆ Gw
m (µ, λ, α, β1, δ, b, p) .
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5. I NTEGRAL OPERATORS

In this section, we consider integral transforms of functions in the classGw
m (µ, λ, α, β, δ, b, p).

Theorem 5.1. If the functionf(z) given by (1.1) is in the classGw
m(µ, λ, α, β, δ, b, p), and letc

be a real number such thatc > −p, then the functionI(z) defined by

(5.1) I(z) =
c + p

(z − w)c

z∫
w

(t− w)c−1f(t)dt

also belongs to the classGw
m(µ, λ, α, β, δ, b, p).

Proof. From (5.1), it follows thatI(z) = (z − w)p +
∞∑

n=p+1

bn(z − w)n, wherebn =
(

c+p
n+c

)
an.

Therefore
∞∑

n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)]mbn

=
∞∑

n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)]m
(

c + p

n + c

)
an

≤
∞∑

n=p+1

[p + µ(n− p)][1 + δ(n(n− 1)− p(p− 1)) + (n− p)(λ− α)]man

≤ |b| ,

sincef(z) ∈ Gw
m (µ, λ, α, β, δ, b, p). Hence by Theorem 2.1,I (z) ∈ Gw

m (µ, λ, α, β, δ, b, p).

6. CONCLUSION

In this work, the class of thep-valent functionsGw
m (µ, λ, α, β, δ, b, p) is introduced embed-

ded with the generalized differential operatorTm
w,p,α,β,λ,δf (z). In the first section, the inequal-

ity (2.1) is sharp and also the functionf (z) belongs to the classGw
m (µ, λ, α, β, δ, b, p) if and

only if the inequality (2.1) holds. Upon the above result, distortion theorems and inclusion
properties hold. Moreover coefficient estimates and growth theorem are studied and an inte-
gral operatorI (z) is introduced. Furthermore, the integral operatorI (z) belongs to the class
Gw

m (µ, λ, α, β, δ, b, p).
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