Aust. J. Math. Anal. Appl.
Vol. 18(2021), No. 1, Art. 18, 11 pp.
AIJMAA

RIEMANN-STIELTJES INTEGRALS AND SOME OSTROWSKI TYPE
INEQUALITIES

WASEEM GHAZI ALSHANTI
Received 28 September, 2020; accepted 5 February, 2021; published 7 May, 2021.

DEPARTMENT OFGENERAL STUDIES, JUBAIL UNIVERSITY COLLEGE, KSA.
shantiw@ucj.edu.sa

ABSTRACT. In this article, we investigate new integral inequalities of Ostrowski’s type of vari-
ous functional aspects. For mapping’s second derivative, we assume two cases, haraed),

L., spaces. Moreover, for first derivative, we investigate two different characteristics, namely,
bounded variation and locally Lipchitz continuity. Applications to special means and composite
quadrature rules are also carried out.
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2 W. G. ALSHANTI

1. INTRODUCTION
In 1938, A. Ostrowskil[1] introduced his famous integral inequality:

Theorem 1.1.Let f : [a,b] — R be continuous mapping dn, b] such thatf’ € L. (a,b) then
Vo € [a,b]

b ot
(11) fo) -~ = [ Foat] < §+<b_;) (b= a) /.

Since that time, an extensive research history on obtaining companions of Ostrowski type
inequalities has been conducted. Most early studies as well as current work utilize various
characteristics of the function and/or its derivatives such as absolutely continuous, convexity,
bounded variation, and Lipschitz continuous. The offspring of Ostrowski type inequalities has
been a large toolbox of numerical integration theory employed by many researchers. They
provide the numerical integration field with a large class of quadrature and cubature rules.

In 1999, Dragomirl[2],[[3] derived some interesting inequalities of Ostrowski type as follows:

Theorem 1.2.Let f : [a,b] — R be L-lipschitzian mapping ofa, b]. Then we have

(1.2) boalf @)+ /() 2f(“+b>] —/bf(t)dt <2 0(b-a).

3 2 36

Theorem 1.3.Let f : [a,b] — R be a mapping of bounded variation én b]. ThenVzx € [a, b|
we have

(1.3) (z —a) fa) + (b—2) f /f dt<[;a+‘x—a;bu\2(f).

Most recently in 2017, Budak. H, et al.| [4] reported the following Ostrowski type inequality
for mappings whose first derivatives are of bounded variation as follows:

Theorem 1.4.Let f : [a,b] — R be such thatf’ is continuous of bounded variation éam b].
Thenvz € [a, 2] we have

’b—a a+b b—a 3a+b a+36)}

1.4) e R [ R

+(b;2a)2 {f,(ang) 3a+b} /f

<
- 32 a
Related studies can be foundin [5], [6], [7], ahd [8].

2. PRELIMINARIES

A review of recent literature shows that many integral inequalities of Ostrowski type are
carried out for differentiable functions either in the case where the second derivatives belong to
L, or the case when the first derivatives are of bounded variation. For instance, in [9], Budak
& Sarikaya presented the following integral inequalities of Ostrowski type:
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Theorem 2.1.Let f : [a,b] — R be a twice differentiable function dfa, b) such thatf” <
Ly (a,b). Then

1) et LB B2 () - o)
—/f(t)dt
< G-’ If

Theorem 2.2.Let f : [a,b] — R be a twice differentiable function ahsuch thatja,b] C
wheref’ is of bounded variation ofu, b]. Then

22) b {f(“;bwf IO O sy — )
/ i
< g(f)

In this current paper, we utilize differentiable functions, namely, functions with bounded
second derivatives and functions whose first derivatives are of bounded variation as well as
locally Lipschitz to establish new inequalities of Ostrowski’s type. Applications for special
means and quadrature rules are also given.

3. MAIN RESULTS

3.1. The case whenf” € L [a,b]. We commence our main results with the following Os-
trowski’s type inequality for differentiable function with bounded second derivative:

Theorem 3.1.Let f : [a,b] — R be a twice continuously differentiable function fanb] i.e.,

(f € C?[a,b]). Suppose that” € L. [a,b] i.e., (Hf””oo = sup |f"(¥)] < oo). Then

t€la,b]

ey |5 @+ ron 05| - Lo e - ren - [roa
17 3 " :
< Lo-at .
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Proof. First, we consider the following

(3.2) /K(t)f” (t)dt

which can be reduced as,

b
(3.3) / K(z,t)f" (t)dt

b

= OO @ s s 810 2 [

a

Now, using both(3.2) and({3.3) yields,
S e - - [ s 10 ]+ [ roa

64
5 3a+0b Ta+0b\ ,,
{/ (t— . )(t— - )f () dt

a

(3.4) +/b (t— a23b> (t— az7b>f”(t)dt] .

2

a

1
2

Further, sincef” € L, [a, b], then imposing Holder's integral inequality ¢8.4)) gives

(b_a)gl / b—a
S0 - @) - 5" 3@+ 1075 +310)| + /f

- o [l (-
s [l (=)o

(3.5)
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But,
- b
3a+0b Ta+b a-+3b a-+7b
@0 [|(e=2) (=75 = [0 (57
a atb
2
7
= ﬁ(b—a)g

Now, considering botl(3.5) and(3.6) completes the proof

Corollary 3.2. Under the assumptions of Theor¢sl) and assuming’(a) = f’(b), we have
the following Bullen type inequalifil0]

b—a

(3.7) T

< 25 (0= 1"

17+ f0)] + 10750 - /f | < o

3.2. The case whery'’ is of bounded variation. For differentiable function whose first deriv-
ative is of bounded variation, the following Ostrowski’s type inequality holds:

Theorem 3.3.Let f : [a,b] — R be a continuously differentiable function dm b, i.e
(f € C'[a,b]). Suppose that’ is of bounded variation ofu, b]. Then

e |5t [pUr@ o 0r )| - CL o - rai - [rwa
3 2 b / )
S 3 (b—a)” VvV (f).

Proof. We start by rewriting(3.4) using Riemann-Stieltjes integrals of — 242) (¢ — Tatb)

and (t — “£3) (¢ — “t7) with respect tof” over [a, 2] and [%£2, b], respectively, as follows

2 b
(b g;) Lf'(b) = f'(a)] - bl—_6a [Bf(a) + 1Of(aT+b) +3f(b)] +/f(t) dt

B % /(t_?)az—b) (t_m;b)df,(t)
+a/j(ta—23b>( a;?b)df(t)

AJMAA Vol. 18(2021), No. 1, Art. 18, 11 pp. AIMAA

(3.9)



https://ajmaa.org

6 W. G. ALSHANTI

Now, applying Holder’s integral inequality yields

(b gf) £/ (6) = f'(a)] —’)1_—6“ [3f(a)+10f(a7+b)+3f(b)] + / £ (t) dt

/(t_SaZb> <t 7a+b> i

(3.10)

IN
N | —

Recall that

b

/gwwu>

a

b
< sup |g()[ Vv (f),
t€[a,b] a

(3.11)

whereg, f : [a,b] — R are such thag is continuous oria, b] andf is of bounded variation on
la, b]. Now, by (3.11)), the inequality(3.10|) can be written in the following form

1) |C 1) - - s + 05 31| + /f
1 3a+b Ta+0b\| %"
< - 5 T
- (t—ang) (t—a—;%) a\i/b (f/):|
te[ 25 b] =
But,
3a+b Ta+b
(3.13) te[sugb] (t 1 )(t— 3 )‘
a—+ 3b a—+T7b
= o [ 5) (- 57))
= 235 (b—a) )

Finally, by substituting(3.13]) into (3.12)), the proof is completeck

3.3. The case whenf"” € L, [a,b]. For twice differentiable function whose second derivative
belongs tal,[a, b], the following Ostrowski’s type inequality holds:
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Theorem 3.4.Let f : [a,b] — R be a twice continuously differentiable function fanb] i.e.,

(f € C?[a,b]). Suppose that” € L, [a, b] i.e., (||f”||1 = fb |7 ()] dt < oo). Then

1 |8 i@+ fo+ 10750 | - Eo e - ral- [ o
< Zo-aP sl

Proof. Imposing Hdélder's inequality of3.4)), wheref” € L, [a, b], and using the resu(B.13)
completes the proof

3.4. The case whenf' is locally Lipschitz on [a,b]. For differentiable function whose first
derivative is locally Lipschitz o, b], the following Ostrowski’s type inequality holds:

Theorem 3.5.Let f : [a,b] — R be a continuously differentiable function dm b], i.e.,
(f € C'a,b]). Suppose that’ is locally Lipschitz ora, b] with Lipschitz constant. Then

@15 |5 sl + s+ 0s )| - CL o) - pai - [rwa
3L 3 ’
< % (b—a)”.

Proof. Recall that if f satisfies the local Lipschitz condition ¢m b] with Lipschitz constant.
then, f is of bounded variation ofu, b] such that

(3.16) sup {f{ (f, P) | Pis a partition of [a, b]} <L({b—a).

Therefore, by Theorerfit) and sincef ' is locally Lipschitz onfa, b] with Lipschitz constant,

then({3.15)) can be obtainecs

4. APPLICATIONS

4.1. Applications to special means.Before we start, we introduce the following means:

(1) The arithmetic mean,

A(a,b) = a—2{—b, a,beR

(2) The geometric mean,
G(a,b) = Vab, a,b>0
(3) The harmonic mean,

H(a,b) = il, a,b>0
b

Q =

(4) The logarithmic mean,

L(a,b):{a’ba 5;5 , a,b>0

Inb—Ina’

(5) Thep-logarithmic mean,

a, a=>o
Lp(avb) = (bp+lap+1)11? 7éb ) Cl,b> O’pGR\{_]-?O}
pOe-a) > @
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(6) The identric mean,

a, a=>
1
I(a,,b): %<Z_Z>E7 a%b s a,b>0.
Now, we deduce some inequalities for the above means, by considgrijgnd the use of

particular functions, as follows:

Corollary 4.1. Leta,b € RT such theu < b, andn € Z \ {-1,0,1,2}. Then the following
inequality holds:

2 n 7 n
(4.1) 2a) + P (0 = 1) =30, ) — 2AWLED) 54, b)
64 3
17 9
< - (p—
— 329 (b Cl) 571(a7 b)7
where

[ n(n-1)a"? ne(-00,2)\{-1,0,1}
5”<a’b)_{n( 1) o2, n € (2,00).

Proof. Considerf(z) = z", wherexz € [a,b] C (0,00) andn € Z \ {—1,0,1,2}. Then we
have

(4.2) {3 [f(a)+ f(D)] + 10f(a ; b)} =6A(a",0") + 10A"(a,b),

43)  [f'(6)— ()] = (b—a)n (n— 1) L"%(a,b). / f(tydt = (b—a) L'(a, b),
and

@4) RN B A AU

Now, substituting equatior(d.2)), (4.3) and(.4) into inequality(3.1)) completes the proof

Similarly, the following can be obtained by considering, respectivély) = % andf(x) =
Inz for z € [a,b] C (0,00):

Corollary 4.2. Leta,b € Rt such thex < b, then the following inequality holds:

_ 3H ' (a,b) +5A " (a,b) (b—a)*H ' (a,b)
4. L! - ’ ! ’
(4.5) (a,5) 8 * 32ab
17 b-a)
- 328 @3

Corollary 4.3. Leta,b € Rt such thex < b, then the following inequality holds:

A% (a,b) .G3 (a,b)\  (b—a)*G 2 (a,b)
ln( 15(a, b) )+ 8

17 /b—a\?
< — .
- 3.26 a
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4.2. Applications to quadrature rules. Letl, :a =20 < 21 < 23 < ce.. < Tp1 < T, = b
be a partition of the intervdh, b| and define); = z;,, — z; fori = 0,1,--- ,n — 1 such that
v(d) :=max{d; | i=0,1,....,n — 1}. Now, consider the following general quadrature rule:
4.7

Qn 1) = 3 (5 30700 + ol + 057557 | 17 i) = £ )

Then the following Theorems holds:

Theorem 4.4.Let f : [a,b] — R such thatf € C?[a,b] and f” € L [a, b]. Then

b
(4.8) / J(@)de = Qu(f. L) + Ro (f. 1),

where@,, (f, I,,) is defined by formulg/.7)), and the remaindeR, (f, I,,) satisfies the esti-
mates

17n

(4.9) 1B (f, 1) < 555 W) 1"l -
Proof. Applying to the intervalz;, z;, 1], we get
0; i+ 8; [ ) a
(@10) |55 [317(0) + Flor)] + 107CFD)] = 2w - £l = [ 7@
17 "
< a0 -

foralli = 0,1,.....,n — 1. Therefore, by summing4.10|) overi from 0 to n — 1, we get

(3. u

Theorem 4.5.Let f : [a,b] — R be such thatf € C'[a,b]. Suppose thaf’ is of bounded
variation onja, b]. Then

b
(4.11) / f(@)de = Qu(f. 1)+ Sa (. 1)

where@,, (f, I,,) is defined by formuld/.7)), and the remaindef,, (f, I,,) satisfies the esti-
mates

(4.12) 1Su(F, 1] < o (W)Y ().
Proof. Applying to the intervalz;, z;, ], we get
5i i i 52 , / Tit1
@3) |72 [317@) + flawn] + 10£CEN | = 2P - Fo] - [ 70 a
< V0

foralli = 0,1,.....,n — 1. Therefore, by summing4.13|) overi from 0 to n — 1, we get
(.11).
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Theorem 4.6.Let f : [a,b] — R be such thayf € C?[a,b] and f” € L, [a,b]. Then

b
(4.14) / f(@)de = Qu (f. 1) + My (. 1),

where@,, (f, I,,) is defined by formulg/.7)), and the remainden/, (f, I,,) satisfies the esti-
mates

3n .
(4.15) M, (f, 1] < S5 (@) 1F " -
Proof. Applying to the intervalz;, =, 1], we get
(Si ZT; + Tit1 512 / , s
@.16) |& (310 + Fain)] + 107 | = 2 (i) - Pl = [ 10
3 "
< =B

foralli = 0,1,.....,n — 1. Therefore, by summing4.16|) overi from 0 to n — 1, we get
(.14).

Theorem 4.7.Let f : [a,b] — R be such thaff € C' [a, b]. Suppose that’ is locally Lipschitz
on [a, b] with Lipschitz constank. Then

b
(4.17) / J(@)de = Qu(f. 1) + No (£, 1),

where@,, (f, I,,) is defined by formulgZ.7)), and the remaindelV,, (f, I,,) satisfies the esti-

mates
(4.18) N (. 1] < 22 (w(@))*

Proof. Applying (3.15) to the intervalz;, z; 4], we get

6i . . 52 , / Ti+1
(@.29) | |3[£() + f(ras)] + 10f (ST | = 2P () = fla) — [ f (@)t
3L i
<

foralli = 0,1,.....,n — 1. Therefore, by summing4.19)) overi from 0 to n — 1, we get

(T 0
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