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ABSTRACT. In this paper we calculate some geometric constants for Morrey spaces and small
Morrey spaces, namely generalized Von Neumann-Jordan constant, modified Von Neumann-
Jordan constants, and Zbaganu constant. All these constants measure the uniformly nonsquare-
ness of the spaces. We obtain that their values are the same as the value of Von Neumann-Jordan
constant for Morrey spaces and small Morrey spaces.
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1. INTRODUCTION

We shall discuss some geometric constants for Banach spaces. Three geometric constants
have been studied by Gunawanal. [7], but there are other geometric constants which were
introduced by other authors. Inspired by Clarkson [2], who introduced the Von Neumann-Jordan
constant for a Banach spac¥, || - || x), Cui et al. [3] defined the generalized Von Neumann-

Jordan constar(t*}j?,(X ) by
s Hullx + Iz —ylx
C()(X) :zsup{”x cx,y € X\{0} ¢,
o 227 (|25 + [lyll%)

for 1 < s < co. Observe that < C](\f?,(X) < 2 for any Banach spac¥.
Several years earlier, Alonsb al.[1] and Gaol[4] studied the modified Von Neumann-Jordan
constant, which is defined by

z+ylk + |z —yl
o) = sup {IEI = oy € ol = e =1

Note thatl < C},;(X) < Cny(X) < 2is for any Banach spac&. This constant was
generalized by Yangt al.[12] to the following constant

A (s 2+ yllx + Iz — i3
000 = sup { LB Iy o = ol =1

_ 1 1 s—1
It is proved in [12] that(?ﬁb(X) < Oﬁ?,(X) < 2571 [1 + (23 (Chs(X))s — 1)} for any
Banach spacg.
Beside the above constants, we also know a constant called Zbaganu constant, which is de-

fined by
o+ ylxllz — ylx }
Cz(X):= cx,y € X\{0} ;.
z(X) Sup{ el + Y €M

This constant was introduced by Zbaganu [13] and studied furtherlin [8, 9]. Itis easy to see that
1 < 0z(X) < Cny(X) < 2 for any Banach space X.

In this paper, we want to calculate the values of those constants for Morrey spaces as well as
for small Morrey spaces.

Letl < p < ¢ < co. The Morrey spacest? = M-(R") is the set of all measurable function
f such that

1l == sup [Bla, )i~ (/ !f(ﬂc)lpdx)p

a€R” r>0
is finite. HereB(a,r) = {x € R" : |x — a| < r} dan|B(a,r)| denotes its Lebesgue measure.
SinceM? is a Banach space, it follows froml/[5] that
CRY(ME), Oy (M), CF)(MS), Co(M) <2.

Meanwhile, the small Morreyn? = m?(R") is the set of all measurable functigrsuch that

= s (8@ ([ [fras)
a€R™ re(0,1) B
is finite. Small Morrey spaces are also Banach spaceés [11] and, foamdlg, the small Morrey
spaces properly contain the Morrey spaces.
The values of Von Neumann-Jordan constants for Morrey spaces and small Morrey spaces
have been computed by Gunawainal. [7] and Mu'tazili and Gunawan iri_[10], respectively.
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In this paper, we want to calculate other geometric constants defined above. Our results are
presented in the following sections.

2. MAIN RESULTS

The values of the geometric constants defined in the previous section for Morrey spaces and
small Morrey spaces are presented in the following theorems.

Theorem 2.1.For1 < p < ¢ < ocandl < s < oo, we have
CRY (M) = Ciyy(MB) = O (MB) = Cz(MD) = 2.

Proof. To prove the theorem, we consider the following functiorf$z) = |z| ¢, g(z) =
Xo.n(z]) f(x), h(z) = f(z) — g(z), andk(z) = g(z) — h(z), wherez € R". All functions are
radial functions. Note that € MP?, with

_1
p p
Il =en (1-2) 7.
Mg q

[ llaveg = llgllag = IAllaeg = 15 -

One may also observe that

It thus follows that

00 iy » 1 Hlg + 1S g

= T ([ Ty + T Tgy)
20l + 120l

2= (1 g + /115 )
~ 2llglls g + 2l

21 (20 £l )

= 2.

SinceOﬁ?,(M{;) < 2, we can conclude th:{fﬁ}(/\/lg) = 2.

Now, for the modified Von Neumann-Jordan constant, we conﬁfﬂﬁp and £ — =

—k __ \We have

ez
1f+ kIR + 1F = Il
1712
12912, + 1213
T AlfIR,
1 (119l + 1124
R

Cg(M7) =

=2
This shows thaC’y; ;(M?P) = 2.
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Similarly, for generalized modified Von Neumann-Jordan constant, we have

1+ Flisg + 1 = kllsg
(7T

1120l + 112003

e

gl + 2l

T T

OV (M) >

= 2.

This also leads us to the conclusion tﬁéj?,(Mg) =2.
Last, for the Zbaganu constant, we have

1f + Mllaglf = Fllasg
171 + KT,

2]l 125 ] 0gy
2012,

Cy(MP) >

=2,

which implies thaC'; (M?) = 2, as desiredy

For small Morrey spaces, we have the following theorem.

Theorem 2.2.Letl <p<g<ooandl < s < oco. Then

OWy(m2) = Ciy s (mb) = Cy(mP) = Cy(m?) = 2.

Proof. The idea of the proof is similar to that of Theorgm|2.1, but we use different functions. For
e € (0,1), we considerf () = xo.)(|#])|2] 7%, 9(x) = X00)(2))f(2), h(z) = f(x) — g(x),
andk(x) = g(x) — h(x), wherez € R". Hereg depends os, so thath andk also depend oa.

Since all functions are radial functions, it is not hard to compute their norms. First, we obtain
that

_1
p P
|Wm=mwzww=%@‘ﬂ |
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Next, we observe that

ollmz = sup wwwn%i(é()v@ml—nmwﬂ»wm)p

a€R”,re(0,1)

> sup crn(i=3) </B(0 )\£C|p (1 —X(o,1)(|33’)) dx>

re(0,1)

n(l,l) %
= sup Cr'\a™» / |:E|pde‘
re(e,1) B(e,r)
1
= sup Cr"(i73) (/ rélpr"ldr)p
re(e,1) €

_1
= sup C [n (1 - E)] ’ (1 — r?*"g"*%y
re(e,1) q

np

1
=l (1= ")

We can now calculate the constants. First, let us observe the generalized Von Neumann-
Jordan constant:

I + kllpg + 15 =kl
27 (£l + I1l15)
L

27 (201£15,)

n— 22 »

2 £l + 20l (1 - %)
>
- 21T
=1+ (1—e"7)r.

O (m?) >

Since we may chooseto be arbitrary small, we conclude trﬁﬁ}(m{;) = 2 (for we know that
the constant cannot be larger than 2).
We now move to the modified Von Neumann-Jordan constant. Noting fiate = [|%||,..z,

we consider—L— and—%—. We have
||f||mg ||mezq>

17+ kIZ, + 1 — B2
7T,
1l + 12802,
7T,
P

2

Sy +AF12 (1 =)
> 2
4712,

np 2

— 14 (1),

C&J(m];) >

By using similar arguments as above, we concludetgat(m?) = 2.
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For the generalization of the modified Von Neumann-Jordan constant, we observe that
_ 1+ Kl + 1 = EI,e
C(S) (mp> > Mg Mg
N 2(I71T
1129l + 128015,
217115

21l + 2l (1)
- 211l

np . s

=14 (1"

With the same arguments as above, we concludeﬁﬁ%{(mg) = 2.
Last, for the Zbaganu constant, we have

1F + FllwgLf = kllg
1712, + R,

~ AllgllgllBllg

~ TR,

2012 (1 - ")
>
1712,

np 1
—2(1-e )7,

By the same arguments, we conclude tha{m?) = 2. a

3=
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