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1. INTRODUCTION AND THEOREMS

LetR = (—o0,0), and letQ € C'(R) : R — [0,00) be an even function. We consider
the weightsw(z) := exp(—Q(z)). Then we suppose thgt™ z"w?(z)dz < oo for all n =
0,1,2,.... First we need the following definition froml[4]. We say that R — R* is quasi-
increasing if there existS' > 0 such thatf(z) < C'f(y),0 < z < y.

Definition 1.1. LetQ : R — R* be a continuous even function satisfying the following prop-
erties:

(@) @' (x) is continuous iR and@(0) = 0.

(b) Q"(z) exists and is positive iR \ {0}.

(€) lim, o Q(z) = oo.

(d) The function

is quasi-increasing if0, co) with
T(x)>A>1, xeRT\{0}.
(e) There existg’; > 0 such that
Q" (z) Q' (z)|
S C 9
Q@I = Q)
Furthermore, if there exists a compact subinteria 0) of R andC; > 0 such that
Q" (x) Q' ()]
Z C bl
Q@)= Q)
then we writew = exp(—Q) € F(C?*+). If T(z) is bounded, them is called the Freud-type
weight, and if7"(x) is unbounded, thew is called the Erdds-type weight.

ae. x€R\{0}.

r €RN\ J,

A typical example inF(C?+) is given as follows:

Example 1.1([4, Example 2] and [1, Theorem 3.1]ja) (J4]) Fora > 1 and a non-negative
integer/, we put
Q(x) = Qealz) := expy(|z]*) — exp,(0),
where for/ > 1,
exp,(z) := exp(exp(exp(---expz)...)) (¢-timeg
andexp,(z) := .
(b) ([1]) More precisely, we define far +m > 1,m > 0,1 > 1 anda > 0
Quam(x) = [z]™{expy(|2|*) — o expy(0)},
wherea* = 0 if a = 0, otherwisen™ = 1. We note that), o, gives a Freud-type weight.
(c) ([1]) We define
Qu(z) =1+ |$|)|a’"|a -1, a>1

We construct the orthonormal polynomialsz) = p,(w?, x) of degreen for w?(x), that is,

/ Pn(2)pm (2)w? (2)dz = 6,,,  (Kronecker delta

Let fw € L;(R). The Fourier series of is defined by

[e.9]

flz) = Zakfpk($)7 ag(f) == /oo F()pr(t)w?(t)dt.

k=0
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We denote the partial sum ¢fz) by

—_

n—

Sn(f, fL‘) = Sn(w2a f:x) = ak(f)pk($>

0

B
Il

The partial suns,, (f, ) admits the representation

sl = [ FOK (o)

where
n—1
Ko(x,t) = " pul@)pa(?)
k=0
Since .
/ K, (z, t)w?(t)dt = 1,
we have
(L1) salfi) = 1) = | Kl 0)(F0) = fla)u?e)dr
The Christoffel-Darboux formula asserts that
(1.2) Ko(z,1) — Yn-1 Pu(T)Pn-1(t) — pu—1(z)pa(t) pul) = 4" 4

Yn r—1

In this paper we will show a pointwise convergence for the partial sy, 2) of f(z). Let

g : R — R be a function having bounded variation on every compact interval. The measure
introduced byy on Borel subset dR will be denoted bydg|. For any interval (finite or infinite)

I, we define

WUngﬁw%ww@L

where0 < ¢ < 1is fixed. LetT'(z) be defined by Definitioh 1]1, and be also continuous
atz = 0. Let B;(T'/*) denote the class of all functionssatisfying that''/*¢g has bounded
variation onR, that is,Vs(R, 7"/4g) < co. We need the Mhaskar-Rakhmanov-Saff numhegrs

2 1 /
_ _/ a,ul) (amu)du7
o W w)r

s
Mhaskar [5] got the following pointwise convergence theoremw s a Freud-type weight,
then we write3; := B; (T"/*), and ifw is an Erdos-type weight, then we lek § < 1.

xz > 0.

Mhaskar Theorem ([5, Theorem 9.1.9] Letw = exp(—Q) be a Freud-type weight such
that )" is increasing on0,c0), f € B, and letz be a point of continuity off. Then for

n > cx@'(x),

|sn(f, ) — f(2)]
< Copiae) {1304 (s )0)+ |

|u|>c1an

w(U)Idf(U)\} :

In particular, the sequende,,(f, =)} converges tg (z).

We extend Mhaskar Theorem to the casevof exp(—Q) € F(C?*+) as follows:

AJMAA Vol. 18(2021), No. 1, Art. 16, 23 pp. AIMAA


https://ajmaa.org

4 HEE SUN JUNG! AND RYOZI SAKAI 2

Theorem 1.1.Letw = exp(—Q) € F(C?*+), and letT(z) be continuous at = 0. Let
f € Bs (T*). Whenz is a point of continuity off, there existC,¢; and 8 > 0 such that
2| < a4,/6, whered is defined in[(2.7]1) below.

[sulf.) = £ (@)
< Cexp Qo)) exp (00 {Vi ([o - 22,0+ 2] )

- Z%([w— e ) g [ el @) |
Hence we have
(1.4)
50(f,2) — (@) < Cexp(Q(a)) exp (BrQ)(x )){ (o= 20t 2], p)

+\/7v:;([ —tpyz+an], f) +V5<[x_\/7 an} )

+1 /umnw ) |d (T f) (u){)

n

(1.3)

In particular, the sequencgs,,(f, z)} converges tgf ().

For any nonzero real valued functiofiér) andg(x), we write f(x) ~ g(z) if there exist the
constantg’;, Cy > 0 independent of such thatC,g(z) < f(x) < Cyg(x) for all z. Similarly,
for any two sequences of positive numbérs} > | and{d, }=, we define, ~ d,,. Throughout
this paperC, Cy, Cs, ... denote positive constants independent.of, ¢t or polynomialsP, ().
The same symbol does not necessarily denote the same constant in different occurences.

2. LEMMAS

To prove Theorem 1]1, we need some lemmas. In this paper weutreatexp(—Q) €
F(C?*+).

Lemma 2.1. (1) [4, Lemma 3.5 (3.27)-(3.29Hor fixed L > 0 and uniformly fort > 0,
ape~a,  Tla) ~T(a) and QY(ay) ~ QY (a), j=0,1.
(2) [4, Lemma 3.4 (3.18),(3.17), Lemma 3.8 (3.4E9} t > 0,

" t ' tv/T(ar)
Qo) ~ —msr Qo) ~ =
and forz € [0,a,,/2],
A-1
Qw~"(2)

whereA > 1 is defined in Definitiop 1|1 (d).
(3) [4, Lemma 3.6 (3.36)There existd,, such that for any fixed > L, and uniformlyn > 0
Q(arn)
Q(an)
(4) [4, Lemma 3.11 (a),(b)piven fixedr > 0, we have uniformly fot > 0,
1
T T(a)’

> 2.

At

ag
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and we have fot > 0,

Q¢ 1 t 1 t
—- —-, s<-<2
as| T(a) s 2 " s
We define foru > 0,
au — ) X < oy,
ou(@) = ¥ ik
S%(au)? a’u < ’l",

where
60 = {uT(ay)} 2>,
Let0 < p < oo. TheL, Christoffel functions\,, ,(w; z) with a weightw are defined as follows;
Anp(w;x) ;= inf / |PwP(u)du/|P|P(z).

PePp_1

Then we have ) )
Ano(w;z) = = =
? Kn(a:,:c) Z]’:(}pk(w27m)
(seel4, (9.14),(9.15)]). We denote the zeros of the orthonormal polynpptiat, z) by z,, ,, <
Tp—1n < .. < x1,. Then we define the Christoffel numbeks,,k = 1,2,...,n such as

)\k,n = >\n,2(wa xk,n)-

Lemma 2.2([4, Theorem 9.3 (c)]) Let0 < p < 0.
(1) Let L > 0. Then uniformly for > 1 and|z| < a,(1 + LJ,), we have

Anp(w; ) ~ @ (z)w? ().
(2) Moreover, uniformly for, > 1 andz € R,
Anp(W; ) 2 Co,, ()" ().
Lemma 2.3. (1)[4, Corollary 13.4, (12.20)Uniformly forn > 1,1 < k <n — 1,
Thn = Thitn ~ Po(Thin)-
Moreover,

On(@n) ~ 0 (Thg10), k=1,2,..,n— L
(2) [2, Lemma 3.4 (d)Letmax {|zyn|, [Tit1,n]} < anje. Then we have fat,, 1, <z < 2y

W(Tgp) ~ W(Tpr1n) ~ w(T).
So, for giverC' > 0 and|z| < a3, if |[© — 20| < Cg,(x), then we have
w(x) ~ w(Tgn)-

Lemma 2.4([6, Lemma 3.4]) For a certain constant’ > 0,

Qp, 1 1
— z) < C.
o T(x)% (z) <

We define .

*@) = TR

Here, we note that fav < d < |z|,

Q)

P~ )
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Moreover we define

b, (x) ::max{ —m,én}, n=123....

n

Then we have the following:
Lemma 2.5([2, Lemma 3.3]) For n > 1, we have
O(z) < CP,(x), ze€R.

Lemma 2.6([4, Theorem 1.17, Theorem 1.18niformly forn > 1 we have

(2.1) sup |pp (2)w(z)|z? — a2 |4 ~ 1,
zeR
and forw(z) = exp(—Q(x)) € F(C?*+),
(2.2) sup |pp (2)w(z)| ~ a3 (nT (ay))"S.
z€eR
Lemma 2.7. (1) ([4, Corollary 13.4])or the maximum zero, ,, of p,,(z) we have
(2.3) L
Qn,

(2) (|4, Lemma 13.9]Uniformly forn > 1,

V-1

— ~ Q.

Tn

Lemma 2.8. We have

sup |pn(2)w(z)®V* (2)| < C'sup |p,(2)w(z)®)/*(z)] < Ca, 'V
z€R z€R

Proof. The first inequality follows from Lemmfa 3.6. We show the second inequality. Noting

(2.3), from [2.1), we have
C= sup |pa()lw(z)la® —ap|/" ~ sup  |pa(2)|w(z)a, /" (x),

|z| <15 |z| <217

1/4

SO,
a,"? > C sup |py()|w(z)®,/(z).

|z|<z1,n

On the other hand, fron (2.2) we see that
a,? > C sup |pa(2)|w(z)d,/t ~ sup |pa(2)w(@)®,(2).

lz|>21,n lz|>21,n

Therefore, we have the resulit.

Lemma 2.9. Letr > 1 be fixed. Then there exigis< C' < 1 such that uniformly > 0,

C
2.4 it > 14+ —=——=|.
&4 oz o (15 505
Proof. By Lemméd 2.1 (4), there exists, > 0 such that fort > 0,
1_2 Zil—l, ESSSQ
as| — T(ay) s 2

So, forl < r < 2 we easily have

Qrt — at 2
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Now we can také < C' < 1asC =min {1,C; (1 —1)}. Then we hav® < C < 1 such that

> i Clart . 1+ C
Qrt = Gy T(at) = Qg T(at) )

that is, [2.4) holds withr > 1. 1

Lemma 2.10.Letr > 1 be fixed and) < p < oco. There exist;, C5 > 0 such that form > 1
andP € P,,,

T(am)

Proof. Letr > 1 and0 < C' < 1 be fixed in Lemma 2]9. By [3, Theorem 6.4] there exist
C, > 0 such that forn > 1,7 € (0, ﬁ] and polynomialP € P,,,

| (Pw)(2)]| L, (j2|>arm) < C2exp (—01 ) | Pwl| L, (je|<am)-

(2.5) 1(Pw)(@)l| Ly (el 2am(147)) < Crexp (=CsmT (am)7) || Pwl| L, (jaf<am)-
Now, we can take := 75—, 0 < C < 1, then by Lemm9 we have
(2.6) am(l+7)=am 1+ ¢ <a
. m T) = am > Upm-
T(an)

So, from [2.5) we have for som& > 0,
|(Pw)(@)] L, (212am) < [[(Pw)(2)||L,(zl>am(14+)

m

< Cyexp <—Cacm) | (Pw) ()], (12| <am)-

Here we take”; := C;C andCs := Cy. 1

Lemma 2.11([4, Theorem 10.3])Let P € P,. When0 < ¢ < p < oo, we have for some
C >0,

1_1
[wPl|L,@) < Can " ||wPl|L,®),
and when) < p < ¢ < oo, we have for somé' > 0,

1_1
ny/T(an,) \" *
|wP||L,® < C <—> |wP||L, )

n

Lemma 2.12([4, Theorem 1.9 infinite-finite range inequalityet0 < p < oo andr > 1.
Then there exist constant, C5; > 0 such that for some > 0, andn >0, P € P € P,

| PW|| L, (arm<lzl) < C1exp(—=Con) || Pwl| L, (jz|<an)-

Lemma 2.13.Letp,g > 0 and letr > 1. Then there exist constant§ C; > 0 such that for
P e 'P[%]

e 1/p

¢ n
Pw)(t)|d Ciexp | ———— Puw)(1)Pd .
([ tona) " scom (25 ([ porona)
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Proof. Let m := [2”7} then we se@rm < n, and if we taken large enough, then we have
+ < m. Therefore, using LemlO and Le.lcheE Pins
[(Pw)(@)||z4(a, jn<tal) < (PN @) |2y (arm<al)

m
< Crexp | —C—= | [[(Pw)(@)|2,(z|<am)
T(ay)
m n
<C —(— P
= 1 €Xp n\/m ||( UJ)(J:)HLq(R)
( 1_1
C n Qi p||wP||Lp(]R)7 O<Q<p§007
<Ciexp| —— /T (am) P
VT ) | (B) T Pl 0<psasos
\
CQ n
<C e P
= V1exp 4r T(%)) Pl

because for any fixed > 0

11
11 my/T(ay) " * < en
max{ an, 7, | ——— < exp :
Qm T(an)

Now, we may estimat§wP||.,x). Noting (2.6), we have using Lemra 2,12 (infinite-finite
range inequality),

WP, < [|wP|L,0i<arm) T WP Ly (@rm<ia)
< ||w‘P||Lp(|x|§arm) +01||wP||Lp(|x‘§am)
< C2||wp||Lp(|x\gan/2), (.orm <n/2).

|
Lemma 2.14.Let0 < 6 < 1, f € Bs (T"/*), and letz € R be fixed. Fott € R, we have
w’ (x + 1) ‘(Tl/‘lf) (x+1t) — (T1/4f) (x)‘
exp (cz@Q' (2)) Vs ([, + )", TVAf), if  xt <0and[t| <2|z|,
=\ Vs ([wox+ 1], TV, otherwise

and especially, whefi(x) = 0, we also have

w’ (z+1)|f (2 +1)]
exp (cxQ' (z)) Vs ([x,z +t)*, TVAf), if  xt<0and|t| <2|z|,
=\ Vs ([, + 1], TYf), otherwise

where

. Jlab] ifa<b
o, '_{[b,a] if a > b.

Proof. Letzt > 0. Then

w(z+ )] (TYVf) (x4 1) — (TYAf) ()] < w’(z + 1) / |d (TY1f) (w)]

[, x+t]*

(2.7)
< /[ | w’ (u) \d (T1/4f) (u)] < Vs ([z,2 —|—t]*,T1/4f) :
x,x+1t*
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Next, letzt < 0 and|t| > 2|z|. Then, forz <u <z +t(t >0)orx+t <u < z(t <0)we
havew’(u) > w’(x + t) because ofu| < |z + t|. So we have[(2]|7). Finally, we consider the
case ofrt < 0 and|t| < 2|z|. Letu € [z,x +¢](t > 0)oru € [x +t, 2] (t <0). Ifu < |+,
then we simply have
w’(x +t) < wd(u).
So we have the result gs (R.7). Let+ t| < |u|. We see that
Q(u) = Qz + 1) < [t]Q'(x)] < 2|z[|Q(z)] = 22Q'(x).
Hence,
Q(u) — 22Q'(z) < Qz +1),

SO

w’(z 4 1) < exp(202Q) (z))w’ (u).
Therefore, ad (2]7) we have the resultf(f:) = 0, then we see

W (@ 1) |f(e+ )] S wle+6) |(TVF) (@ + ) — (TV) ()]

So, from the above result we have the second inequality.

Let
(t) = 1, ift<ua,
=200, otherwise

Lemma 2.15([5, Corollary 1.2.6]) Letx € R be a fixed number, and let integeibe found so
that0 < k <n+ 1landz € (xgi1n,2rn]. Then there exisP := P,, R := R, € Pa,—1 Such
that

(2.8) R(t) < v,(t) < P(t), tER,
and
(2.9) | 1P = ROW 0 < A+ e

Here, P, and R, mean the polynomials
which containse)).

Lemma 2.16(cf. [5, Lemma 4.1.3])For x € Randn =1,2,---, we have
Eyn(w;x,) < C’%w(x).

I Riepsr ) defined by the intervaley 1 ., 2y

Tk4+1,mTk,n

Proof. Using Lemm4 2.15, we estimat8 ,,(w?; x,,). First, let|z| < a,/s. Letk be an integer
such thatr € [z441,, Zep) C [—an, a,]. Here we noter; ,, < a, (see (2.3)). By Lemmpa 2.15,
we get polynomials® and R satisfying [2.8) and (2]9), so that

210) Dawhixg) < /_ PO - Ol @dt + /_ Dalt) = R

S /\k+1,n + >\k,n-

By Lemm, we have, (Tri1,) ~ ¢, (Ten) ~ ¢, (z) andw(zyi1,) ~ w(zg,) ~ w(z).
Therefore, by Lemmia 2.2 (1), we have

M < Cop()w?(2),  Apprn < Cop,(z)w?(2).
Consequently[ (2.10) shows that fot < a,,s,

[o.9]

Ern(w?; x,) < Cop,(v)w’(x) ~ —4 1= —w(z) < C—w(x).
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Now, when|z| < a,/3, we estimateE, ,(w?; x,) with w(z) = exp(—Q(xz)). Since the
Mhaskar-Saff number for the weight'/? equals tau,,,, using the above estimate, we have

Bin(wiX,) = Bua((@'?)x,) < O w(2) < O~ w(a).

We consider the case ¢f| > a,,/3. Then, by Lemma 2]1 (2) and the increasingnes§'et),

we have
v/ T(ay, v/ T(ay,
Q,(l’) > Q/(an/?,) > Cn 5 (CL /3) > Cn (a )
Qn/3 Qn
Thus,

Buatwi) < [ (=@ = [ ew-Qud
-1 00 ) B
g || (FQOen-Q)a -

IN
Q

|
We use the notation
(1) = 1, !f T(x) !s bounded
®(z), if T'(x)is unbounded
Lemma 2.17.Let -
A, (t) ::/ po()w?(v)dv, tER,
t

and we suppose thét < § < 1, whereé = 1 if T'(z) is bounded, and < 6 < 1if T'(z) is
unbounded. Then there exist constahts 0 andC' > 0 such that
(2.11) An(®)] < CY2050), 1] < agn

n

Proof. We consider the case eflarge enough. We use> 1 andP ¢ ’P[H in Lemm@.
2r
By Lemmg 2.1B, we have that forc Randn = 1,2, ...,

Ern(w’;x,) < C2uw () < 022l (1),
n n
So there exist® € P, m = [2] such that
(2.12) [t = Pl < €% )
R n

(Here, we note that far large enoughin <rm< %n). Hence, by the orthogonal polynomial
p, andP — 1 € P,_;, we have

/_ (1= () (pate?) ()

o0

/ " (xe(w) — P(u) + P() — 1)(pure?) (u)ds

< /ugan/2 |(Xt(u) - P(u))(pnw2)(u)| du +/ |(Xt(u) _ P(u))(pnw2)<u)} du

|u|2an/2
=. Jl + JQ.

[An(t)] =

AJMAA Vol. 18(2021), No. 1, Art. 16, 23 pp. AIMAA
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By Lemmd 2.8 and (2.12) we see
le/‘ [(ca(a0) — P )@~ ) () 03 () ()0 ()
|u\<an/2

213 <O [ T = Py@
u ’l,U(s u u ﬂwa .
<Oz [ Toutw) = Pa i < 030l

Here we used the fact that the Mhaskar-Rakhmanov-Saff number for the weightis n/s-
Next, we estimate,. From [2.12),

/|< 11— P(u)| w(u)du
< ol) = Ploda+ [ 1= o < ©

|u‘§an/2 ‘u‘gan/2

Similarly,

/|u|<an/2 |P(u)| w(u)du < /|u|§an/2 X, (1) — P(u)|w(u)du + /|u|§an/2 I, () |w(w)du < C.

So

(2.14) max{ /| =Pl /|u|<an/2 |P(u)yw(u)du} <c

Sincel — P, P € P[l], using Lemmmo, Lemn@ll with= 1, ¢ = 2 and Efl), we have

and similarly

1/2
P(u)|? w?(u)du Ciexp | —C5 n )
{A@%m‘(” (w) } < p< TW&)
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So we have

1/2 1/2
max { {/ I1— P(u)\2w2(u)du} : {/ |P(u)|2w2(u)du} }
(215) ‘u‘zan/2 |“|2an/2

< C)exp <_CQ%> )

Now, using the Schwarz inequality, we see
(2.16)

b o< ( /Wam i) — P(u)ﬁw%u)da) N ( / Zpﬁu)w?(u)du) "

1/2
- ( /| LG P<u>r2w2<u>du>
u Zan/2

—a 00 1/2
o= P)Pu(u)du + [ [P Pu?()du) [ < ags
[ L= Pl)Pu(du + [ 1= Plu) Pw(uw)du

~ 1/2
< + |P(u)|2w2(u)du> , t > ans,
(St = Plu) P ()du+ [,/ |1 = P(u) Puw?(u)du
~ 1/2
+ |P(u)\2w2(u)du) , t< —ay;

\
( 1/2
“n 2402 o0 2,2
S 1= P(u) Pu(u)du + [ [P(u) P (u)du) 1t < e
[ 1t = PlwPu(du + [T 1= P(u)Pu*(u)du

1/2
< + o, |P(u)|2w2(u)du) , t> ano,
(S0 L= P Pu()du + 727 1= Plu) P (u)du
1/2
-|—f;:/2 |P(u)|2w2(u)du> : t < —ap2,
1/2 1/2
< () max </ 11— P(u)|2w2(u)du) , (/ |P(u)]2w2(u)du>
|u|2an/2 |u|2an/2
n
<C -C b
< Crexp ( 2 T(an)) y 2.13)

Here we will show that there exisfis< d < 1 such that

(2.17) exp (—@ n

5 T(an)> <w(t), |t < agn.

In fact, by Lemma 21 (2), there exist§ such that

OQ n 02
— > —C1Q(ay,).
T 2 7 e
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If 2C, > 1, then we can takeé = 1, because of

C2 n
exp <_7 T(an)> <exp(—Q(an)) <exp(=Q(1)), [t < ay.

Let %Cl < 1. By [4, Lemma 3.4 (3.4)] there exist;, C, such that fors/r > 1,

Q(s) s\ CaT'(r)
an =)

r

<

<S ) max{A,C3T(r)}
T

Using it, and Lemma 21 (4) we have

Q(a2t) A9 max{A,CsT(as)} 02 max{A,C3T (at)}
“\a = > C5 > 1.
Qar) — \ @ - +T(at) = Cs

Then for a positive intege,

Q(agks)

> CF.
Q(ar) i
We takek as2C,C¥ > 1, and set := 1/2". If we putn = 2*¢, then we have
Cy Cy

TCIQ(GWJ Z 70105k@(adn) 2 Q(adn)~

Consequently we havg (2]17). Therefore, frgm (R.16) we liaved < 1 such that for some
Cl > 0,

(2.18) Jo < Crexp <—C’2L> < Chiexp (— C; _n ) w(t), |t| < agn-

T(a,) 2\ /T(a,)
Here, we see that for large enough,
Cy n Van
2.19 exp | —— <C :
In fact, there exists > 0 such that
n Z nE,
T(ay)

and so
@ n CQ c

> > 1 (1 ) >1 ( Lon )
—n og | =n og | = ,
2 T(an) - 2 =08 Cl =06 Cl 7/ Qn
that is, we have (2.19). Hende (2118) means

(2.20) B < Y00, < g

Consequently, fronj (2.13) and (2]20) we have the resultj(2i.1).

Proof of Theorerp 1]1We will consider only forz > 0, and for the other cases we omit the
proof, because it can be shown similarly. In fact, we can do it as follows. Let us define for
J=2,3,4,5,

I —- Ij("')a x>0
T L(-), z<o.

Then whenr < 0, we can shows(—) asly(+), I5(—) asly(+), Io(—) aslz(+), and,(—) as
Is(+). Now, letz > 0 andw = exp(—Q) € F(C?*+). Letx € R be fixed, then we consider

0 <z < ag/6,
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whereay, is defined in[(2.11). Fronj (1.1) we see that

SAﬁ@—f@%=[%KM%&UU%—ﬂ@Mﬁ@ﬁ-

Without loss of generality, we may assume tliat) = 0, and exchangé(t) — f(x) with f(t).
Then we may estimate

|sn(f, )] = /OO Kn(:v,t)f(t)wz(t)dt‘ =

We considetiy, in (2.11). Fort| > %= and a fixedr, we define

/ZKﬂﬂx+ﬂﬂ$+Wf@+ﬂﬁy

(2.21) afln = gy — T, azn = Qg + .

Noting f(z) = 0, and by [(1.1), we split,,(f, z) in five terms as follows:

sn(f,x) = /Kxx—l—t)f(:r;—irt) (x +1t)d ka,

where, withH (t) := K,,(z,z + t) f(z + t)w*(z + 1),

—an/n aﬁn
I ;z/ H(t)dt, I :z/ H(t)dt, Iy :Z/ " H ()t
[t <en - ¢

azn n/n

f
Cn

I ::/ “HWdt, Is= | H(t)dt.

First, we estimatd;. Using the Schwarz inequality and the estimates on the Christoffel func-
tions from Lemma 2]2 and Lemrha 2.4,

K (z,0+1t) < Ky (2, 2)K, (v +t,0+1)
< Coy ' (2)y (x + ™ (@)w ™ (x + 1)

1
= O\/T(x)2\/T(x + 1) NAONGEED)
<C (%) VT(@)/T(x + w2 (z)w 2(z + ).

Therefore, we have
(2.22) H(t) < C£T1/4(x)w_1(x)f(x + )TV (2 + t)yw(z + t).

n

u (@), (@ + w *(@)w ™ (z + 1)

Hence, we have

|| < CaﬁTl/‘l(:B)w_l(x) / }f(x + t)T1/4(x + tHw(zx + t)‘ dt
[t|<an/n

n

< C£T1/4(;13)w_1(17) w(z + t)/[ " \d (TV*f) ()]

an t|<an/n

(note f(z) = 0). Here, since we suppose| < aq,/6, we seep, () ~ a,/n. By Lemmd 2.B
(b) we havew(z +t) ~ w(x), SO

L] < c— T1/4 w( / / w) |df (u)| dt
[t|<an/n J [z, x+t]*
(2.23) <(0— T1/4(a:)w Y(z) Vi ([z,z+ 1], T f) dt

an t|<an
< OTY*(z) exp (Q(z)) Vi (fx . %” z+ ﬂ ,T1/4f) .
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Next, we estimatd;. It is sufficient to prove that for some > 0 andC' > 0,

224)  |L| < Coxp(Q(r)) (exp (BQ(a ZVa (Joo+] 1)

Then we have

n

(225) 5| < Coxp(Q) (exp (2@« ]‘§jx@([x:n+- @] )

:

(note f(z) = 0). By (1.2) we have
Yn—1Pn— 1( )pn(x + t) - pn(x)pnfl@v + t)
Tn t '
Using it, we estimatd;. We see that
I3 = Tn-t {Pn-1(x) 131 — pu() 1352},

n

Ky(x,x+1t) =

where

ay, ¢
[371 Z:/ ’ pn(x‘i‘t)f(xt—i_ )w2(l'+t>dt,

a n t
]372 = / ‘ pn—l(x —f- t) f(x:_ >IU2(ZL‘ —f- t)dt
an/n

From~, /v, ~ a, (see Lemma 2|7 (2)) and Leminal2.8, we have
|I3] < Ca)2@* A (xyw ™ () {| Tsa| + [ T32]} -
We useA,(z) in Lemmd 2.1]7. Applying integration by parts, we have
n an Qy, 1
I3, = a_nf (m + E> Ay <=’U + g) - flz+ ab, )M (e + af,)

adn

ith@+m#@+m+/%AM%Hﬁ@+ﬂﬁ
t 12 '
an/n a

n/n

When0 < t < afln, we see thar + t| < agy, (see )). Hence, b11) we have
il <[ (o4 22) o (4 22) + 202 ) )
V[t Ol )]V %wuu+wuw+wu*

" Jan/n t n an/n t2
<O{\/1a_n f(x+ )‘w (x—l— )—i— \/_|f(adn)|w<adn)

n

\/— al, w (:):+t)|df(:v+t \/_/“dn w? (x+1) |f($+t)|dt}.

an/n

Therefore, we have

vanlil < c{ [f (o )]t (o4 22) 4 21’ (o)
a_n/ain wie 4 ldf (= +0)] a_n/a’én w‘s(x—l—t)|f(x+t)|dt}.

n n/n t n n/n t2

(2.26)

_|_
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As in the estimation of;,

an
:E—l—n

Wt O <@t [ @< [ whwld)
ey

<t 2].1) 23 3w (e + 2.

by decrease oV ([z,z + %], f) with respect tok. Using the second inequality of Lemma
with f(ag) — f(2) = f(aam),
1 1 1
(2.28) ~w"(agn) | f(aan)| < C—Vi ([, am], f) < C=V5 (2, an] , TS)
Similarly,
at 1) a 1/4
" n Vs t|, T
(2.29) / W (x+ti|2f(x+t)’dt§ ol 5([l‘,x—;], f) "
an/n an/n

Letu := %. Then noting the fact that; ([z,z + %], f) is a decreasing function of, we
have

au n
an/n 12 n Ja, ot ’ ul’
n n” dn
1 a
<= v([ —"],T”“).
~ an; 5 T, r+ 2 f

Therefore, from[(2.29) we have

b, n
(2.30) / | w (x +ti!2f(:s Ol gy < (Jaizvé ([mx n a_ﬁ ’T1/4f> '
an/n n

We estimate the remaining term [n (2.26). Using integration by part§ and (2.30), we have
(2.31)

/a‘in wi(x + t)|df (z + )]

an/n t

(o n ] ) ([ ] ) o [
(e R}

Hence, substituting (2.27), (2]28), (2.30) ahd (2.31) into (2.26), we get

Van|lza] < C%{ ;Va ([x,:r;—l— a—g} ,f) + Vs ([m,an] ,T1/4f)

(2.32) +§2V5 ([a::r - %"] ,T”‘*f) }
<Cl3 o ([ 2] o).
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For I3, we obtain the estimate ds (2132), so we have for a constano,

L] < 0 V4(z)w\( Z%([Q; o } T1/4f>
< Cexp (Q(x))exp (BzQ' (x ZVC;([% T+ ] T1/4f>,

here we used*V/*(z) < Cexp (32Q'(z)). Hence, we havd (2.24), and so we hgve (2.25).
Next, we estimatds. Using [2.22), we have

Ll < LT A e () / wle + )TV )@ + 1)]dt
(2.33) Qn a,,

< C’—Tl/4(m)w_1(m) {Is1 + 55},
where

[ee) azn

L= [ wrt) [T
a 0

hai= [, wle+n) [, 0T+ )l

dn dn

(note(TV4f)(z+t) = [, d(TV* f)(x+u)). Sinceas, — = = af, < t, we see for every > a’,,
Q' +1) 2 Qaa) ~ Q@) = € (ny/T(a)) /an

(by Lemmd 2. (1), (2)). Then for every> o,

[Zw(@+t)dt <C Q' (z + t)w(z + t)dt
(2.34) ”vT an) /
=C———w(r+u
ny/T(ay) wl )

Therefore, with integration by parts and (2.34),

s = - /Oo (x + t)dt / (T f) (i + u)

dn

// x+tdt\dT1/4f )z + )|

(2.35) w(z 4 u)|d(TV* f) (2 + )|

N n\/T(an) a,

< CnaTn(an)v [LE +d, . oo] ,T1/4f>
- o#’l%)m ([an, 0] , TYF) .
and using4) withy = aﬁln,
(2.36) sl < C— (e + i) [ )+
M= n\/m " Jo
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# f
Therefore, frome + %= = 2 %a < 3% there exists > 0 such that
(2.37)
alj% w(z + at ) (IZT"
w(z + af,) / (T f)(z +u)| < —a;m/ w(z 4+ u)|d(T* f)(z + u)|
0 w(x + =) /0
w(adn) Qdn €
_@qu T+ 5 ] T1/4f)§CeXp(—cn )%([I,$+an],T1/4f).

The last inequality holds as follows. First, we treat the case of whicha Freud-type weight.
Then we considey,, > 0 satisfyingq,,@Q'(¢,) = n. Then we can show, < a,, because

1 ’ 1/2 1 1/2
Q' (qn) =1 = 2/0 e (anu) T, < anQ’(an)z/O ﬁ du < a,Q'(an).

T (1 —u?) T

Hence we have, < a,,. Now,
Qa) — Q <36jldn> — Q& )adn >0 (3adn> Qdn >0 <3an) Tn

From [4, (3.1.8)] there exist& > 1 such thatg, > Aqg,/., so fork = 1,2,3,... we see
Gn > )\’“qn/Qk. Therefore fork > 1 such ass\*/4 > 1, we see

a 3Gan n 3)‘an k )‘kqn k
m%waﬁf)>QQﬂ)%zQ< 4”) -
dn

3.2k

1
> gQ/ (Qn/Qk) Qnjok =

Therefore, there exists> 0 such that

w(a’dn) —cn
(2.38) e <eem,

4
Let 7'(z) be unbounded. Lét < a < 1. Then by Lemma 2|1 (4) we have

. Qan
lim — = 1.
n—oo (O,

So, for any fixed. > 1, if we taken large enough, then we ha\§~é4m < Ggn/r- From Lemma

[2.7 (3) for fixedL > 1 large enough we have
Q(a'dn) Z 27
Q(adn/L)

that is,
3adn

Q(aan) > 2Q(agn/) > Q ( 1 > +Q (adn/L) :
Consequently, using Lemrha .1 (1), (2) and (5), there exist$) such that
dn/L

3adn

_ e/
Qe =@ (222 = Qo) 2 > ot
that is,
(2.39) Wl0an) (0 -Q(n)) < men?
w(=4)
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Therefore we have the last inequality in (3.37). Since we considerosilich thafz| < ag,/6
whend,, /2 < u < d, , we haved < = + u < = + a}, = aq,. Moreover, there existg > 0
such that

% %o
w(z + ) /n |d (T f) (z + )| < /ﬁ w(z +u) |d (TYf) (z + )]

dn dn

< Vi ([(w+ab/2,00] TV f) < OV (feran, 0] TV ).

Substituting[(2.37)[(2.40) intd (2.36), we have
(2.41)

|I;1] < C

(2.40)

n\/% {exp(—cng/z)vl ([ac, T+ ap) ,T1/4f) +W ([clan, 00) ,T1/4f)} )
Together with[(2.35)[(2.41) anfd (2]33) we have for a constant 0,
(2.42)

ﬂ exp(—en® WV ([z, 2 + ay), TV Vi ([erayn, 00) , TH*
T(an)w(x){ p( Wi ([e 2+ anl, )+ Vi ([e1an, 00), f)}

< Cw™(w) {exp(—en"")Vi ([z, 2 + a,] , TV f) + Vi ([c1an,00) , TV f) }
< Cw™(x) {%Vl ([z,2 + an), TV f) + Vi ([c1an, 00) ,T1/4f)}

I;] <C

We can obtain an estimate 6f as/3. But we need to notice slightly. Let us define

Tnot {pn—1($)f2,1 - pn@)]z,z} )

n

IQ =

where

—an/n ¢
Iy = / Pz + L‘)f(x:— )w2(l’ + t)dt,

_ab
Ain

—an/n
Irs = / b Pn_1(x + 1) f<$t+ ) w?(x + t)dt.

Ain

Then we have
|I] < Cai?TV (@)Y (@)w ™ () {[To1| + T22]} -
The formula corresponding tp (2]26) is

Vil < &f [ (o= %) [ (2= %) & L1l (~an)
an _“”/"w‘s(:)s+t)|df(:v—|—t)|+a_n/ "”/" (x+t)|f($+t)|dt}.

n b t n b 12
“%an Ain

(2.43)
+

As in the estimation of;, we have

e (=)o) <ed S (- ).
Sincea,, > ag, > 2z > 0, using Lemm4 withf (—ag,) — f(x) =

(245)  {f (a0 (~as) < O Vil[=aun, 2] ) < O Vi{[-ana] ),
From Lemma 2.14 again

( adn),

—an/n .8 —an/n T1/4
(2.46) b wie + ti|2f<$ i t)‘dt < Cexp(cxQ'(z)) / b Vallz + t’tf] ’ /) dt
A A
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Here we note that in the case pf < 2z,2t < 0 we need the factoexp(cz@'(x)). Let

u := —“. Then, noting the fact tha}li;([x — o m] , f) is a decreasing function af, we have
—an/n ¢ T1/4 1 4o
7a¢bin an n u

Therefore, with[(2.46) we have

I e Z Vi ([ Fa] ).

We estimate the remaining term jn (2.43). Using integratlon by part§ and (2.47), we have

/_an/n w(z + t)|df (z + 1) 1

) P b (fe = ] )
dn n

(2.48) i ([r-2a] ) + // Wt lf@+ )]

2
an —ab, t

<C o&xplerd(z)) CxQ ZV ([x_ an } T1/4f>
Hence, substitutlng_(ﬂ4[)_(2]45|),_(ﬂ47) and (2.48) ipto (2.43), we get
l 3 _ 1/4 _ 1/4
anltal <Ot S0 ([e = Ga] 7)ol V)

b
Cn,

(2.49) + exp(czQ'(x ZVg ([w — ? x} T1/4f> }

expcw@ ZVé([*’E—_ ]T1/4f)

Fort < 0, |t| < d, we can also obtair] (2.49) similarly. Fds, we obtain the estimate as
(2.49), so we have fat, 3 > 0,

b < 07 (TN S g ([ o] )
(2.50)
< Coxp (Q(x)) exp (B2Q) (= Z% ([:c -2 sl T”‘*f).

The estimate of, is also obtained a&. Using @), we have

VAV Y _az"wx V4 £ (1
(2.51) [l = C T (x) ()/_OO (@ + 1) (T f) (@ + )] dt

< 2TV @) w N z) {Tuy + Lia}

7

where

L= [ ) [ )

o0 —adn

Lo = /__adn w(x +1t) /t_adn ‘d(T1/4f)<£L‘ + u)‘ dt
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(notef(x +1t) = fot df (x + u)). Sinced < = < aq,/6, we see that for every< —a’,,

n\/T(ay,)

Qn

Q' (x +1)| > Q' (—ag)| ~ Q'(a,) > C
(by Lemmd 211 (2)). Then for every < —aj,

/ w(x +t)dt <—-C an

(2.52) —o0 ny/Tlan)

=(C—F———w(z + u).

n\/T(ay)

Therefore, with integration by parts and (2.52),
(2.53)

/u w(z +6)Q (z + t)dt'

—00

b
Adn

/ "+ 5)ds /t e AT )+ )|

/_adn/ w(z + s)ds |d( T1/4f)(:v—i—t)’
¢

[l42] =

t=—00

i 1/4
TLM/t— w(z+t) [T f)(z + 1)
Vi ([—o0,a — b)) , TYAf) = O—22

o o
o/ T(ay) ny/T(an)

Moreover, using[(2.92) with = —a,,,

Vi ([—00, —aan], T*f) .

2:54) Il <C we—ay) [ AT+l

Qn
ny/T(ay) —ab,

Therefore, fromw — d’, /2 < x + u < 0, there exists > 0 such that
(2.55)

w(x—azn)/_ |d(T1/4f)(:U+u)|

The last inequality holds as (2/38) and (2.39). Whet}, < u < —a’,, /2, we see

r—a), <r+u<z—ad,/2<0,

SO we have
w(z —a,) < wz+u).

Hence, there existg > 0 such that

—a®, /2 —a?, /2
wa—dy) [ @@l < [ 7w 0@+ o)

(2.56) .
< Vi ([~o0, 2 —al,] , TV f) < CVi ([—o00, —cran] , THAf) .
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Substituting[(2.55) andl (2.56) into (2]54), we have

141 <C

(2.57) n/T(an) {eXp (=en*) Vi ([ = an, 2], TV*f)

+V; ([—o0, —c1a,)] ,T1/4f) }

Together with[(2.53)[(2.57) and (2]51), we have for a constant 0,

T1/4(33) /2 1/4
ILi| <C——1J exp(—cn Villr —ay, x|, T
1 < Ot exp (-en) i (= 2], V)
+Vi ([o0, —cran) , T4 f) }
(2.58) < Cw‘l(x){ exp (—en*?) Vi ([x — an, 2], T4 f)

+Vi ([o0, —cra,] , TY*f) }

< Cw () {%Vl ([z — an, 2] ,T1/4f) + Vi ([—o0, —c1ay)] ,T1/4f)} .

Consequently, fronj (2.23), (Z2.25), (2]42), (2.50) gnd (2.58) we havee (1.3), that is,

1] < TV @) exp Q) Vi (| = T2 4+ 22| TV

a

+C exp(Q(x exp(ﬁxQ/(x))% Z Vs ([m - ot %"} ,T“”‘f)
Vi ([z = ap v+ a,] , TV f) + Vi ([—00, —cran] , TV f)
Vi ([eran, 0] , TV ) }
< C’[Tl/‘l(x)w_l(x)‘/l ([x - %" v+ %”] ,T1/4f)
+exp(Q(e) exp(3rQ' () - ; Vi ([o = oa+22] 1)
™ (a) {V ([c0. ~cx0n] TV ) + Vi (fran, o) T7)}
< Coxp(@e) explasQ@){ Wi [z - 2.0+ 2] 100p)

+%i%<[m—a—£,x+%],Tl/4f)+/ w(u) |d (T f) (“)|}-

P lul>can
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We need to show (11.4). Let := [\/a,n], then we see
DNA(EE S )
O IR e (o S )

SEVZ;([x Apy T+ Q) Tl/4 Z%([m—— ] T1/4f>

n

e | e B

Moreover, we have

T+e
Villo =+ T <0 [ la () ).

IA

and so
lim Vs([z — e,z +¢], TV f) =

e—0

Furthermore, it is clear that

lim Ha—an([x— (U, T+ ay], TV f) < lim ﬁ/a—an(R,Tl/Zlf) =0,
n— oo n n— 00 n

lim w(u)|d (TY*f) (u)| =0.

n—oo

and

|u|>cany,

Consequently, the proof df (1.4) is complege.
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