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ABSTRACT. Very recently, Kim evaluated some double integrals involving a generalized hyper-
geometric function F, with the help of generalization of Edwards’s well-known double integral

due to Kim, et al. and generalized classical Watson’s summation theorem obtained earlier by
Lavoie,et al. In this research paper we evaluate one hundred double integrals involving general-
ized hypergeometric functiopFs in the form of four master formulas (25 each) viz. in the most
general form for any integer. Some interesting results have also be obtained as special cases of
our main findings.
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2 J. Kim, I. KIMm AND H. HARSH

1. INTRODUCTION

In 1812, Gauss [4] defined his famous infinite series as followsaforandc € C with
c#0,—1,-2,--,
abz ala+1)b(b+1) 2
1.1 1+ —= R
(1) et T ey o

The serieg(1]1) is defined by the notation

a, b
Pz

2F1{ c

:|7 or 2F1[a,b;C;Z],

which is known as the Gauss’s function or hypergeometric function. This is called the ‘Hy-
pergeometric series’ because either 1 andb = corb = 1 anda = ¢, it becomes to the
well-known ‘Geometric seires’.

The Pochhammer symb@t),, is defined for any complex numbeiby

T(a+n) {1 (n=0)

(12) (a)”:W: a(a+1)(a+n—1) (TLEN)7

wherel'(z) is the well-known gamma function defined by

['(z) = / ez ldr
0
for Re(z) > 0. Thus, the serie§ (1.1) is represented as

PN [ CHCHEL

n=0

The generalized hypergeometric functigh,, wherep, ¢ € Ny is defined by![1], 9].

117 (i), 2"
(13) F |: ay, ..., Qp ;Z:| — 1=1 nZ
PRO by, o, by ;H?Zl (b;), n!

The series[(1]3) is convergent for amy< ¢. In fact, it converges inz| < 1 forp = ¢ + 1,
converges everywhere fpr< ¢ 4+ 1 and converges nowhere ¢ 0) for p > ¢ + 1. Moreover,
if p = ¢+ 1, the series converges absolutely for= 1 if

q p
A =Re (Zbi — Zal) >0,
=1 =1
holds and converges conditionally faf = 1 andz # 1if —1 < A < 0 and finally diverges for
|z| = 1andz # 1if A < —1 (we refer [9] for more details).

Whenever the generalized hypergeometric functjgnscan be summed in terms of gamma
function, the results are very important from the application point of view. In this sense, the
classical summation theorems such as Gauss, Gauss'’s second, Bailey and Kummer for the series
o F1, Dixon, Watson and Whipple for the serighs,, Whipple for the seriegFs, Dougall for the
series; Iy and others are well-known.

Among the above theorems, we are interested in the following classical Watson’s summation
theorem for the serieg, [1], viz.
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e

b, .
(14) 3F2 %(CL"‘b‘i‘l), 2071
_ (et DI Gat 3+ e~ da = 3b+4)
L(5a+ 500+ 5)0(e — ja+ 5)l(e— 30 +3)°

provided Ré2c¢ —a — b) > —1.
Moreover, Lavoiegt al. [8] have generalized the above mentioned classical Watson’s sum-
mation theorem

a, b, c '
of2 { slatb+itl), 2+ ’1}

: 1
_Ai7j2a+"+z—2r(c—ﬁ(a+b+|z‘+j|—j—1))

’ T (D T(@re)
- ) BT (3+1(1- (—1)) T (3
De—g+ 3] +5 = G20 (0)) e+ (5] +3)
) Ciy T (5 +1(1+(=1))) T (5 +3)
Oe=g+ [+ 520 (09) T (= 5+ [3])
=

2,79
fori,j =0,+1,+2.
Here, [z] denotes the greatest integer less than or equaland it's modulus is denoted by
|z|. The coefficientsd; ;, B; ; andC; ; are same as given in the paper [8].
In this paper we evaluate one hundred double integrals in the form of the following four
master integrals (twenty-five each):

0] /1 /1x71yw+d1(1 . x)dq(l _ y>d+z (1- xy)(;,gd,g,l
o Jo

a, b, ¢, 2d+(+1 (1—2a)y
X aks [ Sla+b+i+1),d 2c+5 1—ay dedy,
1 1
(i) J A R e e R N (T
0 0
a, b, ¢, 2d+¢+1  1—y
<l { Ya+b+it1), d 2+ ’1—a:y] ey,
1 1
(l”) / / l’d_lyd+a_1(1 o l’)a_l(l _ y)ﬁ—l (1 o xy)d+€—a—ﬁ+1
0 0
a, b, ¢, 2d+0+1
X 4F3[%((L+b+l+1), d, 20+] axy:| dId:’/)
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and

(iV) /01 /led—&-ﬁyd—l—ﬁ—l-a(l . :E)a_l(l . y)ﬂ—l (1 . xy)d—a—ﬁ

« F a, b, ¢, 2d+{0+1
3 Ha+b+i+1), d, 2c+
in the most general form for arfye Z andi, j = 0, £1, +2.

The results are obtained with the help of the following double integral established byeKim,
al. [7], viz.

i 1 —ay| dady

(1.6) / / N (1 - e (1= )P (1 ) Pddy
[(@)T(3) T(IO)
Ma+p8) T(y+96)

provided Réa) > 0, Rg3) > 0 Re(y) > 0 and Ré¢d) > 0. Furthermore, we give more than
two hundred special cases of our main findings.
The equation(1]6) is the generalization of well-known double integral by Edwards [3]

/ / 1=yt (1 —ay)  Pdady = —I;((Z)i(g))
provided Ré«) > 0 and Re¢j) > 0.

2. MAIN RESULTS

Four new classes of double integrals involving generalized hypergeometric functions con-
taining one hundred results (twenty-five each) to be established in this paper are given in the
following four theorems.

Theorem 2.1.
1 1
(2.1) / 2Ty L = )L = )T (1 = )
0 0

1—
" 4F3[1(a, b, ¢, 2d+4+1  (I1—x2)y dedy

Ya+b+it1),d 2c+j° 1—zy
_I(r@) rdrd+e+1)
CT(y+6) T@d+e+1) 7
for¢ € Zandi,j = 0,+1,£2, provided Réy) > 0, Rgd) > 0, Red) > 0 and Réd+(+1) >
0.

Theorem 2.2.

(2'2) /1 /1 :C'yfly'y+d+é(1 . x)d+£(1 _ y)dfl (1 _ xy)6f2df€fl
0 0
><4F3{1 a, b, ¢, 2d+/{+1 1—-
(a+b+i+1), d, 2c+75"’ 1— Ty
_ (L) TdI(d+e+1)
S T(y+6) T@d+e+1) 7
for ¢ € Z andi,j = 0,41, +2, provided Réy) > 0, R&6) > 0, Rgd) > 0Regd + ¢ + 1) > 0.

dxdy
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Theorem 2.3.

3) [ [ et g gy
0 0
o 4F3{ X a, b, , 2d+0+1 iy
sla+b+i+1), d, 2c+j"’
_T(@)I'(8) LdI(d+e+1) Q..
Ia+3) T@d+0+1)
for¢ € Z andi,j = 0, £1,+2, provided Réx) > 0, Rg3) > 0, R&d) > 0 and Réd+(+1) >
0.

Theorem 2.4.
1 1

(2.4) / / pHyEER(] _ gjaml(] )8l (1 gy)ians
0 0

« F a, b, ¢, 2d+/0+1
| Ha+b+i+1), d, 2c+

D)D) DAP(d++1)

CT(a+B8) T@d+6+1) "

for¢ € Zandi,j = 0,41, +2, provided Réx) > 0, Rd3) > 0, R§d) > 0 and R¢d+(+1) >
0.

dxdy

i1 —axy| dedy

Here in all four cases(; ; are the same as given {@.5).

Proof. The proofs of our results are quite straight forward. In order to establish the fesplt (2.1)
in Theorem 2.1, let's denote the left-hand sid€ in|(2.1)byf we express F; as a series and
change the order of integration and summation due to the uniform convergence of the series,
then we have

w(O)n(2d + £+ 1),
S= an %a+b+z+ 1)), (d)a(2¢+ j)n

> / / xfyfly'y+d+nfl<1 . x)dJrnfl(l . y>d+2 (1 _ xy>672d727n71 dl’dy
0 Jo

Using the result (1]6) in the above double integral and using (1.2) with some simplification,
we obtain

_P(YL©) T(r(d+L+1) i a)n(b)n(C)n
P(y+6) Td+L+1) “nl (5 a+b—|—z—|— 1)) (2c+j)n
Next, summing up the series, we get

() r@r(d+e+1) a, b, c 1
T T(v+6) TD@d+e+1) *° [ slatb+it+l),2c+5"
Finally, we observe thatF;, appearing the above can be evaluated with the help of the result
(1.5) and we arrive at the right-hand side[of [2.1).
This completes the proof df (2.1§.

In exactly the same manner, Theorem 2.2 to Theorem 2.4 can be also proven .
We conclude this section by remarking that more than two hundred interesting special cases
will be given in the next section in the form of eight general results.
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3. SPECIAL CASES

In this section, more than two hundred interesting special cases of our main results are given.

(@) In (2.1) to [2.4), replace by a + 2n and letb = —2n or replacez by a + 2n + 1 and let
b= —2n —1forn € Ny. In both cases, we notice that one of the two terms on the right-hand
sides of[(Z.]1) tg (2]4) will vanish and hence we get the following two hundred interesting special
cases in the form of eight general integrals. These are

1 1
GH [ [t g e
0 0

a+2n, —2n, ¢, 2d+0+1 (1—x)y
“E”[ Yatit1), d 2c+) 1—ay | “W
_ TN T@T(d+¢+1)
“T(y+9d) T(2d+(+1)
(3, (Jo-c+i-SE-Brio-cv)
% T (et (1t (—1) =%,
(C+2+|:2])n (3a+ 3 (1+( )>)n

for ¢ € Z andi, j = 0, £1, £2, where the coefficientd); ; are same as given in the pager [8].

1 1
@2 [ [yt gy
0 0

a+2n—|—1,—2n_17072d+£+1w
X4F3[ Ya+i+1), d, 2c+] ’1—w}dx
_ o LOE) L@@+t
Y T(y+6)  T(@d+L+1)
@, (et I+ L -Gl
X : : g
(et + [50), Ger 16 -(19), J

for ¢ € Z andi, j = 0,1, £2. The coefficientsf; ; are same as given in the paper [8].

1 1
33) [ [ et -t -t @y
0 0
a+2n, —2n, ¢, 2d+(+1; 1—y
X4F3|: %(a+2+1>7 d7 26+j; 1—$y dxdy

— oW

,Lﬂ-] )

for ¢ € Z andi, j = 0,£1, £2. Here,2!") is the same as defined [ (B.1).

1 1
(3.4) /0 /0 x’yflvardJJ(l . x)dJrZ(l . y>d—1 (1 o xy)672d4—1
a+2n+1, -2n—1,¢,2d+0+1 1—y
X4F3|: %(a+l+1)7 d, 2C+] 71—37y dxdy
— Q(Q)
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for ¢ € Z andi,j = 0,41, £2. Here, Q ) is the same as defined [n (B.2).

1 1
(3.5) / / pd el (1 = g)o (1 — )P (1 — gyt A
0 0
a+2n, —2n, ¢, 2d+0+1
><4F3{ Ya+it1), d 2+ ,acy} dxdy
_p FTE) T@Td+L+1)
7Y T(a+p) TL@d+0+1)
1) (Llg a3 GDY iy 1 (7
% (2 n <2CZ C‘|‘4 4 [2+4( ( )):|) Q(S)

T3+ BD, Gor ka0,

for ¢ € Z andi, j = 0, £1, £2, where the coefficientd), ; are same as given in the pager [8].

1 1
@8 [ [t ae ) e
o Jo
< ,F a+2n+1, -2n—1,¢,2d+0+1 p
473 %(a—i—zﬁtl), d, 2c+7 ) Y| ar

_p, DOIN(E) T T ++1)
"Ta+p8) T@d+(+1)

B, (e-eri+ S -Briorcm)

X =)
3+ D, Gor16-(D),

for ¢ € Z andi, j = 0, £1, £2. The coefficientsf; ; are same as given in the paper [8].

1 p1
37) | [t =t = =y
a+2n, —2n, ¢, 2d+0+1
><4F3[ %(a+i+1), d 2+ i 1 —ay| daedy

_ Q(3)

2,5

for ¢ € Z andi,j = 0,41, £2. Here, Q ) are the same as defined in | In(3.5).

1 1
(38) / / xd—i—éyd—f—f—i-a(l o ilf)a_l(l o y)ﬁ—l (1 o $y)d—a—ﬂ
0 0

a+2n+1, -2n—1,¢,2d+ ¢+ 1

. . 1 —
Na4it1), d 2e4j 1T oy] dady

X 4F3 |:
_ Q(4)

2,37

for¢ € Z andi, j = 0,£1, £2. Here, Q ) are the same as defined in | In(3.6).
Similarly, other results can be obtalned
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(b) In particular, in[(3.1) and (3] 2), if we take= j = 0, we get
1 1
/ / x'yflywrdfl(l _ x>d71<1 _ y>d+2 (1 _ $y>672d7671
0 0

a+2n, =2n, ¢, 2d+/0+1 (1—=x)y dnd
%(a—l_l)v d, 2c T 1l—ay Y
1 1 1
T(NI(E) T(Td+L+1) (3), Ga—ct3),
c

P(y+0)  T@I+L+D) (e+3), (a+3),

(3.9) X 4F3 {

and

1 1
/ / x'yfly'wrdfl(l _ x)dfl(l _ y)dJrE (1 _ my>672d7£71
0 0

at2n+l, =2 —1 ¢ 2d+0+1 (A=2y]
%(a—l—l), d, 2c "1 —ay =

(3.10)
X 4F3 |:

(c) In (2.1) and[(2.R), if we sef = ¢, we get two general results obtained recently by Kim
[5].

(d) In (2.3) and[(2.18), if we sef = ¢, we get two general results obtained very recently by
Kim [6].

(e)In (2.1) and[(2.R), if we set = c andy = § = 1, we get the two results obtained by Choi
and Rathiel[2].

4. CONCLUDING REMARK

In this paper, we have evaluated one hundred interesting double integrals involving general-
ized hypergeometric functiopF; in the form of four general integrals (twenty-five each). The
results are obtained with the help of generalization of Edwards’s double integral and general-
ization of Watson’s summation theorem available in the literature. The results established in
this paper may be useful in applied mathematics, mathematical physics and engineering math-
ematics.

REFERENCES

[1] W. N. BAILEY, Generalized Hypergeometric Seri&echert-Hafner, New York, (1964).

[2] J. CHOI, and A. K. RATHIE, A new class of double integrals involving generalized hypergeometric
functions,Advanced Studies in Contemporary Mathema@$2), pp. 189-198, (2017).

[3] J. EDWARDS, A Treaties on the Integral Calculus with Applicatioiixamples and Problems, Vol.
II, Chelsea Publishing Campany, New York, (1954).

[4] C. F. GAUSS, 'Disquisitiones Generales Circa Serium Infinitum, Thesis, Gotting&e's. Werke
Gottingen, Vol. Il, pp. 437-445; Ill pp. 123-163; 1l pp. 207-229; Il pp. 446-460, (1866).

[5] I. KIM, On a new class of double integrals involving generalized hypergeometric fungfipn
Honam Math. J.40(4), pp. 809-816, (2018).

[6] I. KIM, A new class of double integrals involving generalized hypergeometric fungfion
Tamkang J. Math51(1), pp. 69-80, (2020).

[7] 1. KIM, S. JUN, Y. VYAS, and A. K. RATHIE, On an extension of Edwards’s double integrals with
applicationsAustralian J. Math. Analysis and Applicatiph6(2), Article 2, pp. 1-13, (2019).

AJMAA Vol. 18(2021), No. 1, Art. 15, 9 pp. AIMAA


https://ajmaa.org

EVALUATION OF A NEW CLASS OFDOUBLE INTEGRALS

[8] J.L.LAVOIE, F. GRONDIN, and A. K. RATHIE, Generalizations of Watson’s theorem on the sum
of asFy, Indian J. Math, 34, pp. 23-32, (1992).

[9] E. D. RAINVILLE, Special FunctionsMacmillan Company, New York, (1960); Reprinted by
Chelsea Publishing Company, Bronx, New York, (1971).

AJMAA Vol. 18(2021), No. 1, Art. 15, 9 pp. AIMAA


https://ajmaa.org

	1. Introduction
	2. Main Results
	3. Special Cases
	4. Concluding Remark
	References

