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ABSTRACT. We research subspace-hypercyclicsemigroups in this paper. We present various
types of subspace-hypercyclicity criteria f0§-semigroups. Some of them are stronger than the
criteria introduced before. Also, we state that @'gsemigroup(7;).>o satisfies in any of them,
then(T; & T;).>o is subspace-hypercyclic.
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1. INTRODUCTION

LetT : X — X be a bounded and linear operator or briefly an operator, where a
separable and infinite-dimensional Banach space. The orhiteofX underT is denoted by
orb(T,x) and it is defined agz, Tz, ..., 7"z, ...}. If for an elementt € X, orb(T,z) = X,
thenT is said a hypercyclic operator ands called a hypercyclic vector far. Hypercyclicity
is an important concept in dynamical systems. One can[see [9] as an excellent reference for
hypercyclicity and related topics.

Strongly continuous semigroups of operatorsJgrsemigroups are exciting structures. We
name a family(7;),~o of operators on a Banach spa&e strongly continuous semigroup of
operators or’,-semigroup, ifly = I and for alls, ¢t > 0 and for allx € X,

T s =TT, and lim,_ ,T,x = "Tx.

Desh, Schappacher and Webblin [7] defined hypercyclicity’fesemigroups of operators as
follows.

Definition 1.1. A Cp-semigroug7;):>o on a Banach spack is said a hypercycli¢’y-semigroup
if there existsr € X such that

orb((Ty)es0, ) = {Tix : t > 0} = X.

Hypercyclicity inCy-semigroups can be considered as the continuous case instead of discrete
case that one sees in hypercyclicity of an operator.

It is established that hypercyclc,-semigroups do not exist on finite-dimensional spaces but
infinite-dimensional and separable Banach spaces support hypeCydamigroups([9]).

One can find more interesting matters about hypercydisemigroups in[2] and [3].

In 2011, subspace-hypercyclic operators defined in [12]. An op€efator a Banach space
X is calledM-hypercyclic ifx € X can be found such that

orb(T,x) "M = M,

where M is a closed and nonzero subspaceXof By this definition, they extend the concept
of hypercyclicity. Bamerni, Kadets and Kilicman by showing that hypercyclic operators are
subspace-hypercyclic proved that subspace-hypercyclic operators like to hypercyclic operators,
can be found on any infinite-dimensional and separable Banach space([1]). One can find inter-
esting results and theorems in [13] and [14] for this subject.

The concept of subspace-hypercyclicity was extended'§esemigroups in[[15] and authors
investigated them.

Definition 1.2. ([15]) Let (7;);>0 be aCy-semigroup on a Banach spa&e Consider) is a
closed and nonzero subspaceXafIf there existsr € X such that

orb((T}) >0, 2) "M = M,

then we sayT;):> is anM -hypercyclicCy-semigroup. In this case,is called anV/-hypercyclic
vector forT.

It is clear by definition that hypercycli€,-semigroups are subspace hypercyclic, since it is
sufficient to considen/ := X. If (7};):>o iS a hypercyclicCy-semigroup on a spack, then
(I @ Ti)i>o is an example of a subspace-hypercydligsemigroup with respect to subspace
{0} @ X thatis not hypercyclic. Also, authors in [15] stated a criteria for subspace-hypercyclic
Cp-semigroups.

In sectiorj 2, we recall some preliminaries and results in subspace-hypercysi@nigroups.
We improve some results that exist before. Also, we prove that if one memiér)gf, have
somewhere dense orbit, théf);~ is M-hypercyclic.
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In sectior] B, we state various new versions of subspace-hypercyclicity criteria for subspace-
hypercyclicity of Cy-semigroups that some of them are stronger than previous criteria. Some
of them based on eigenvectors and backward orbits. Also, by the idea of outer and inner super-
cyclicity criteria, we establish two criteria for subspace-hypercyclicitggsemigroups.

2. SOME PROPERTIES OF SUBSPACE-HYPERCYCLIC SEMIGROUPS

Authors in [15, Proposition 2.4] proved that if there exists> 0 such that7y is an M-
hypercyclic operator, the(i}).>, is M-hypercyclic. It is not hard to see that4f is an M-
hypercyclic operator, thefi is M-hypercyclic too, sincerb(1", z) C orb(T, z). By this fact,
we can improve their result as follows.

Theorem 2.1. Suppose that7;);>( is a Cy-semigroup on a Banach spacé. If there exist
s > 0 and natural numbep such thatl'? is subspace-hypercyclic with respect to a closed and
nonzero subspack of X, then(7};);>o is M-hypercyclic.

Call to mind that ifA contains a nonempty open set, we say thas a somewhere dense set.
Costakis and Peris determined In [6] that ifg-semigroup(7;):>, has a somewhere dense
orbit, then it is hypercyclic. Jiemenez-Munguina, Martinez-Avendano and Peris, by making an
example in[[10] showed that there is somewhere dense @tlyif’, =) of an operatofl’ such
thatorb(T', ) N M is somewhere dense in the closed subspddait it is not dense id/. Now,
this question becomes appear:

Question. If a Cy-semigroup(7}),>o has a somewhere dense orbitlify, can we conclude
that(7}):>o is anM-hypercyclicCy-semigroup?

In the next theorem, we give a partial answer to this question.

Theorem 2.2. Assume thak is a Banach space and};):>o is a Cy-semigroup on it. If there
is some, > 0 and somer € X such thatorb(7;,, ) is somewhere dense i, then(7;),>¢ is
a subspace-hypercyclic,-semigroup.

Proof. By hypothesis, there i > 0 such thatl;, has a somewhere dense orbib(1;,, z).
Therefore,orb(T;,, ) is dense inX [9, Theorem 6.5]. So, there exists a closed and non-
trivial subspaceM of X such thatorb(T;,,x) " M = M1, Theorem 2.1]. Hence€l}, is
M-hypercyclic. Now by Theorein 2.17;)> is anM-hypercyclicC-semigroup.

1

We say tha{(T;):>, is satisfied in)M -hypercyclicity criteria if there exists an increasing se-
quence(t,,) of positive real numbers such that (M) C M and there exist dense subsgts
andZ of M such that forany € Y, T}, (y) — 0 and for any: € Z there existgz,) in M such
thatz, — 0 andT;, (z,) — z([16]).

Now, we mention a lemma from [16].

Lemma 2.3. Assume that7};):>, is a Cp-semigroup on a Banach spaéé Let M be a closed
and nonzero subspace &f. If for any nonempty relatively open séfs\V’ C M, there iss > 0
suchthatl’7 ' (U) NV # ¢, andT, (M) C M, then(T})>o is M-hypercyclic.

By using Lemma 2]3, it is established in [15] tha{T}),~ satisfies in thel/-hypercyclicity
criteria, then(T;),>o is M-hypercyclic.

Tajmouati, El Bakkali and Toukmati also state another subspace-hypercyclicity criteria in
[15] as follows.

Theorem 2.4. Consider(T;):>¢ is a Cp-semigroup on a Banach spacé. Let X, C M and
Yo € M be dense subsets 8f. Consider(¢,) be an increasing sequence of positive real
numbers tending to infinity. If, (M) C M and there exist operators,, : Y, — M such that:
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() foranyz € Xg, T;, v — 0,
(i) foranyy € Yy, S,y — 0,
(i) foranyy € Yo, 13, 51,y — v,
then(T}):>o is an M-hypercyclicCy-semigroup.

We can immediately conclude a corollary from these subspace-hypercyclicity criteria.

Corollary 2.5. If a Cy-semigrouf1;),>o satisfies inV/-hypercyclicity criteria, thet7; &7} ) ;>0
is M & M-hypercyclicCy-semigroup.

Proof. If (T}):>, satisfies in the\/-hypercyclicity criteria forC,-semigroups, then it is not hard
to see that7; & T;).>( satisfies in this criteria with respect fd & M. Hence, by what said
before(T; & T;)i>0 is M & M-hypercyclicCy-semigroup.

|

3. SOME CRITERIA FOR SUBSPACE-HYPERCYCLICITY OF (C3-SEMIGROUPS

In this section, we determine various versions of criteria for subspace-hypercyclicity of
semigroups. First, we state a subspace-hypercyclicity criteria that is stronger than Theprem 2.4.
In fact, in the next criteria, conditiofy) is weaker than the conditiof) of Theorenj 2.

Theorem 3.1. Suppose that7;);>o is a Cp,-semigroup on a Banach spacé. Let X, C M
andY, C M be dense subsets df. Consider(t,,) be an increasing sequence of positive real
numbers tending to infinity. Suppose tiigt()/) C M and there exist operators,, : Yo — M
such that:

(i) foranyz € X,, there exists a subsequengg, ) of (¢,,), 1t, © — 0,
(i) foranyy € Yy, S;,y — 0,
(i) foranyy € Yo, 1, S,y — v.
Then(T}):>o is an M-hypercyclicCy-semigroup.
Proof. Let U andV be two relatively open nonempty setsin. By hypothesis X, andY; are
dense inV/. So, there iy € UNY; and there is: € V N X,. Suppose that, := S, y. Hence,
u, € M and by(ii), u, — 0. Thereforer + u;, — z. So, there isV; such that for any: > Ny,

(3.1) x+u, eV
On the other hand,
Ti,, (v +u) =Ty, (v) + T, (ur)
=T, () +Ti, (S, v)
— .
So, there iV, such that for any: > Vs,
(3.2) Ti,, (x +ui) € U.
Now, if we considetN := max{N;, N>}, then by [3.11) and (3]2) for anly> N,
(3.3) T, (U)NV # 6.
SinceT, (M) € M, by ) and Lemm.3, we can conclude tt¥a},-, is M-hypercyclic.
|

Feldman, Miller and Miller stated outer and inner supercyclicity criteria in [8] for operators.
By the idea of their theorems, we unify outer and inner subspace-hypercyclicity criteria for
Cy-semigroups.
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Theorem 3.2. (Outer subspace-hypercyclicity criteria) L&)~ be aCy-semigroup on a
Banach spac&. Suppose that there exists an increasing sequéng¢ef positive real numbers
such thatt,, — oo andT;, (M) C M, for anyn € N. ConsiderY is a dense subset af'. If
there exist operators,, ;, : Yo — M such that:

(i) foranyy € Yy, (13, 5:,)(y) — v,
(i) foranyy € Y, there exists a dense subsgtof M such thatl}, .z — 0 foranyz € X,,

then(T}):>o is M-hypercyclic.

Proof. We prove that for every arbitrary relatively open and nonemptyigetsd!l” of M, there
exists a positive numbe¥ such thatl; ' (U) NV # ¢ for anyn > N. For this, first note that
by hypothesisy; is dense inV/. So, there exists € U N Y,. We defineu,, := S;, y. Hence,
(u,) is a sequence i/ andu,, — 0.

Another by hypothesis, correspondence tave can find a dense subse} of A/. Therefore,
we can find an elementsuch that: € V' N X,,. Hence,

(3.4) r+u, =z, T,xr—0 and T, (x+u,) —y.

Using (3.4), we can find the positive number that we claim at the beginning of the proof. Now
Lemmg 2.B completes the proa.

In the next theorem, we state the inner subspace-hypercyclicity criteria as follows.

Theorem 3.3.(Inner subspace-hypercyclicity criteria) Considét);>o is aCy-semigroup on a
Banach space& . Presume that there exists an increasing sequéngef positive real numbers
suchthat, — oo andT;, (M) C M, foranyn € N, where)M is a closed and nonzero subspace
of X. LetY; be a dense subset 8f. If for anyy € Y| there exists a dense subséf of M and
operatorsS, ;. : X, — M such that:

(i) Sy, v — 0foreveryz € X,
(i) (13, Sy.1,)(x) — z, for everyr € X,
(i) T,y — 0 foranyy € Yy,

then(T}):>o is M-hypercyclic.

Proof. Let U andV be open subsets @f. By hypothesis, we can finde V' N'Y; and a dense
subsetX, of M/ such that it satisfies in the conditions of the theorem. So, we can consider there

is an element such thatr € U N X,,. If we defineu,, := S,z then,

(3.5) u, — 0 and y+u, —v.

Also,

(3.6) Ty, (y + un) = Ti,,(y) + 11, (Syp,x) —

Now, by (3.5) and[(3]6) and similar to proof of Theorem| 32,),-, is M -hypercyclic.
|

Remark 3.1. If a C-semigrouf(7;),>o satisfies in the conditions of outer subspace-hypercyclicity
criteria, then it is satisfying in the conditions of inner subspace-hypercyclicity criteria too, since
it is sufficient to consideX, := Y, for anyy € Y;.

The following criteria is presented in the format of Godefroy-Shapiro Criteria for hyper-
cyclicity [9, Theorem 3.1] and we determine in it that a suitable set of eigenvectors can lead us
to subspace-hypercyclicity of@,-semigroup.
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Theorem 3.4. Let (7});>0 be aCy-semigroup on a Banach spacé. Let M be a closed and
nonzero subspace of. Suppose thak and i be two scalars such that| < 1 and |u| >

1. Consider there exists an increasing sequefigé of positive real numbers that tending to
infinity such thatl;, (M) C M. If

Y =span{y € M : T}, (y) = \"y foranyn € N}
and
Z =span{z € M : Ty, (z) = u"z foranyn € N}
are dense inV/, then(7;);>¢ is an M-hypercyclicCy-semigroup.
Proof. Let U andV be two relatively open nonempty setsii. SinceY andZ are dense in
M, there existu € U N Z andv € V N'Y. Hence, we can write
u = Ezleéka and v = 22:161&#«'7
where,z, 29, ..., 2, € Z andyy, v, ..., y, € Y. Therefore,
Ti,v = X518k Th, (yk)
= Zz:1ﬁk)‘nyk
— 0.

If we definex,, = Zﬁzlz—fizk. thenz,, — 0 and

Enxn = Ei:l %En (zk)

077
_ 3P n
= Ypo— M1 2

Hencep + z, — v andT;, (v + z,) — u. So, there isV large enough such that for any> N,
v+, € T, '(U)NV. ButT,, (M) C M. Therefore(T;),o is M-hypercyclic by Lemma
23.1
Le in [11] stated a subspace-hypercyclicity criterion for operators. We determine a subspace-
hypercyclicity criteria forC,-semigroups similar to his criteria.

Theorem 3.5.Suppose thatl;),>o is aCy-semigroup on a Banach spade Let M be a closed
and nonzero subspace &f. ConsiderY;, C M be a set such that, = M. If there isX, C M
and if there is a strictly increasing sequen@g) of positive real numbers tending to infinity
such thatr;, (M) C M and:

(i) foranyz € Xy, T3, (z) — 0,
(i) foranyy €Y, there is a sequende,) in Xy, wherez,, — 0 and

Ti, (v,) — 0,
i)y Xo €N, T H(M),
then(7;):>o is an M-hypercyclicCy-semigroup.

Proof. The proof of this criteria is similar to the proof of the criteria that Le stated in [11,
Theorem 2.5]x

Note that the conditions of Theor¢m [3.5 are weaker than conditions in subspace-hypercyclicity
criterion for Cp-semigroups.
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Definition 3.1. Let (7}):>o be aCjy-semigroup on a Banach spade Considerz € X. A
family (z;):>o of elements ofX is named the backward orbitunder(7;);> if

o=z, Tixy=ux,foranys>t¢>0.

Conejero and Peris stated a hypercyclicity criteria based on backward orbits in [4]. Now, by the
idea of their criterion, we establish such criteria for subspace-hypercyclicity-sEmigroups.

Theorem 3.6. Let (7}):>¢ be aCy-semigroup on a Banach spacé. Let M be a closed and
nonzero subspace df. Suppose that there are dense subsgtsaindY; of M. Let(t,) be an
increasing sequence of positive real numbers tending to infinity suciih@t ) C M and:

(i) foranyy € Yy, T3, (y) — 0,
(i) foranyz € X, there exists a backward orhjt;);>o in M such thatz;, — 0.

Then,(7}):>0 is an M-hypercyclicCy-semigroup.

Proof. We show thatT;);>, satisfies in conditions a¥/-hypercyclicity criteria and hence, it is
M-hypercyclic.

By hypothesis, for any memberof the dense subs&t, we havel;, (y) — 0. Now, consider
x be a member of dense subs€j. By (ii), there exists a backward orklit;);>, such that
xy, — 0. If we considew,, := z;,_, thenu,, — 0 and

Ty, un = Th, x4, = Tt 1, = To = T.

So, for anyz € X, there existu,,) in M such that,, — 0 and7;, u, — x. Hence,(T}):>o
satisfies in conditions af/-hypercyclicity criteria.
|

Remark 3.2. If the Cy-semigroup(7; ), satisfies the condition of one of the theorems that are
mentioned in this section, thefl; © T;);>o also satisfies in these theorems respectively. So,
Corollary[2.5 can be restated for these theorems.

4. CONCLUSION

Studying mathematical structures and stating criteria for them to have a particular property,
is remarkable for researchers in mathematics. In this paper, we investigated the subspace-
hypercyclicity ofC\,-semigroups that are exciting structures in dynamical systems.

We proved that ay-semigroups(7;):>o on a Banach spac& is hypercyclic if one of
T,'s have a somewhere dense orbitXih We stated various types of criteria for subspace-
hypercyclicity, for which if(73),>( satisfying them, the((Z; & T;);>, is subspace-hypercyclic.

By the idea of criteria in[[8] for supercyclicity of operators, we presented outer and inner
subspace-hypercyclicity criteria f@r,-semigroups in Theoren 3.2 and Theorem 3.3. These
criteria are based on the existence of some dense subsets and some operators with dense ranges
with special properties. They extend our instrument to recognize subspace-hypercyclic semi-
groups.

Now, this question raises in mind that can we state some other criteria for subspace-hypercyclicity
of Cy-semigroups using some other conditions saidin [8]?

Excitingly, as shown in Theorefm 3.4, eigenvectors of the operatorsgfsemigroup can
help us to recognize that the semigroup is subspace-hypercyclic or not.

In Theoreni 3.b, we state a criterion for subspace-hypercyclicity,e$emigroups by the
criteria stated in [11] for subspace-hypercyclicity of operators. Hence, this question arises that
which other conditions if [11] of [12] can be develop {dy-semigroups?
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