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Preface

As the celebrated Danish mathematician J. L. W. V. Jensen anticipated in 1906:

“Il me semble que la notion de fonction convexe est a peu prés aussi fondamentale que
celles-ci: fonction positive, fonction croissante. Si je ne tromp pas en ceci, la notion devra
trouver sa place dans les expositions €lémentaires de la théorie des fonctions réelles”.
the concept of convex functions has indeed found an important pladedern Mathematics
as can be seen in a large number of research articles and books devoted to the field these days.

In this context, the Hermite-Hadamard inequality, which, we can say, is the first fundamental
result for convex functions with a natural geometrical interpretation and many applications, has
attracted and continues to attract much interest in elementary mathematics.

Many mathematicians have devoted their efforts to generalize, refine, counterpart and extend
it for different classes of functions such as: quasi-convex functions, Godunova-Levin class of
functions, log-convex ang-convex functionsp-functions, etc... or apply it for special means
such a-logarithmic means, identric mean, Stolarsky means, etc.

For a monograph devoted to this famous result and its ramifications as mentioned above, we
recommend the freely available online book by S. S. Dragomir & C. E. M. Pearce enSiéed "
lected Topics on Hermite-Hadamard Inequalities and ApplicatipR&EMIA Monographs, Vic-
toria University, 2000. https://rgmia.org/monographs/hermite_hadamard.
html ].

The present work endeavours to briefly present some of the fundamental results connected to
the Hermite-Hadamard inequality for special classes of convex functions sé¢h, asH, GA,

GG, GH, HA, HGandHH-convex functions in which the author have been involved during the
last five years. For simplicity, we call these classes of functions subtNasonvex functions,
whereM andN stand for any of the ArithmeticX), Geometric G) or Harmonic H) weighted
means of positive real numbers.

The survey is intended for use by both researchers in various fields of Approximation Theory
and Mathematical Inequalities, domains which have grown exponentially in the last decade, as
well as by postgraduate students and scientists applying inequalities in their specific areas.

For the sake of completeness, all the results presented are completely proved and the original
references where they have been firstly obtained are mentioned.


https://rgmia.org/monographs/hermite_hadamard.html
https://rgmia.org/monographs/hermite_hadamard.html

CHAPTER 1

Introduction

The following inequality holds for any convex functigindefined onR

b
(0.1) f (“;b> < bia/ fa)de < M

wherea, b € R, a < b. It was firstly discovered by Ch. Hermite in 1881 in the jourkithesis
(see Rg]). But this result was nowhere mentioned in the mathematical literature and was not
widely known as Hermite’s result.

E. F. Beckenbach, a leading expert on the history and the theory of convex functions, wrote
that this inequality was proven by J. Hadamard in 1823 [n 1974, D. S. MitrinovE found
Hermite’s note ifMathesig28]. Since [0.1) was known as Hadamard’s inequality, the inequal-
ity is now commonly referred as the Hermite-Hadamard inequality.

Let X be a vector space over the real or complex number ffelmhdx,y € X, x # y.

Define the segment

[z,y] ={(1—-t)x+ty, t €[0,1]}.
We consider the functioifi : [z, y] — R and the associated function

g(z,y) 1 [0,1] = R, g(z,y)(t) := f[(1 —t)x + ty], t € [0,1].
Note thatf is convex onz, y] if and only if g(z, y) is convex on0, 1].
For any convex function defined on a segmieny| C X, we have thédermite-Hadamard
integral inequality(see B, p. 2], [6, p. 2])

02 F(55Y) < [ st < L0,

which can be derived from the classical Hermite-Hadamard inequflity (0.1) for the convex
functiong(z,y) : [0,1] — R.

We recall some facts on the lateral derivatives of a convex function.

Suppose that is an interval of real numbers with interidrand f : I — R is a convex
function on/. Thenf is continuous orf and has finite left and right derivatives at each point
of I. Moreover, ifz,y € I andz < y, thenf’ (z) < f} (z) < f' (y) < f} (y) which shows
that bothf” and f_ are nondecreasing function dn It is also known that a convex function
must be differentiable except for at most countably many points.

For a convex functiorf : I — R, the subdifferential off denoted byof is the set of all

functionsy : I — [—o0, 0o such thatp (I) c Rand

f(x)> f(a)+ (x—a)p(a) foranyz,a € I.
It is also well known that iff is convex on/, thendf is nonempty,f’, f\ € df and if
p € df, then
fl(z) <@(z) < fi(z) foranyz € I
In particular,y is a nondecreasing function.
If fis differentiable and convex oh thendf = {f'}.
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The following reverses of the Hermite-Hadamard inequality for functions of a real variable
hold.

LEMMA 0.1 (Dragomir, 20025] and [6]). Let f : [a,b] — R be a convex function dn, b] .
Then

0.3) osé[h (a;b>—f— (a;b)]a)—a)
< f(a);f(b) —bia/abf(a:)d:c

<< 0)- 1 @) - a)

and

(0.4) Oéé[ﬁ <a;b>—f— (a;b)]a)—a)
<L abf<x>dx—f(a§b)
<l @)b-o).

The constant is best possible in all inequalities frofm (.3) and {0.4).

This result will be used several time in the following to derive similar inequalitie$/fidr
convex functions.

AIJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA
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CHAPTER 2

Inequalities for AG-Convex Functions

1. PRELIMINARY FACTS ON LOG-CONVEX FUNCTIONS

A function f : I — [0, c0) is said to beAG-conveor log-convexor multiplicatively convex
if log f is convex, or, equivalently, if for alt, y € I andt € [0, 1] one has the inequality:

(1.1) flz+1—t)y) <[f @] [f @]

We note that iff andg are convex ang is increasing, theg o f is convex; moreover, since

f = exp(log f), it follows that a log-convex function is convex, but the converse may not
necessarily be true. This follows directly frof.1) because, by tharithmetic-geometric mean
inequality, we have

@ [f )] < tf () + (1 =1) f(y)

forall z,y € I andt € [0,1].
Let us recall theHermite-Hadamard inequality

(1.2) f(a;b)Sbia/abf(m)dng<a>—2rf<b>’

wheref : I C R — R is a convex function on the interval a,b € I anda < b.
Note that if we apply the above inequality for the log-convex functipnd — (0, o) , we
have that

(1.3) In {f (““’)} < 1 /ablnf<x>dx§1rlf(a)+1nf(b)

2 “b—a 2 ’

from which we get

(L.4) f (“*b) < exp {ﬁ /ablnm) daz} <VF@ IO,

2

which is an inequality of Hermite-Hadamard’s type for log-convex functions.
By using simple properties of log-convex functions Dragomir and Mond proved in 1998 the
following result:

THEOREM1.1 (Dragomir-Mond, 199822]). Let f : I — [0, c0) be a log-convex mapping
on/ anda,b € I witha < b. Then one has the inequality:

b
ws  1("3) <50, [ VI@Tar i < VI@ IO

2

The inequality between the first and second term in (1.5) may be improved as faligjws [
A different upper bound for the middle term {n (L.5) can be also provided.
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THEOREM 1.2 (Dragomir-Mond, 199822]). Letf : I — (0, 00) be a log-convex mapping
on/ anda,b € I witha < b. Then one has the inequalities:

= /lnf() ]

< bia/a VI (@) f(
L(f(a), (b)),

whereL (p, q) is the logarithmic mean of the strictly positive real numberg, i.e.,

(1.6) f (a

p_

L :
(p,q) == np I

prséqandL(p p) = p.

The last inequality in (1]6) was obtained in a different contex#j. [
As shown in B5], the following result also holds:

THEOREM 1.3 (Sulaiman, 20113F]). Let f : I — (0, 00) be a log-convex mapping an
anda, b € I witha < b. Then one has the inequalities:

(L.7) f(a;b)g(ﬁ/jmdx)lﬁ/:mm

The following result improving the classical first Hermite-Hadamard inequality for differ-
entiable log-convex functions also hol]]

THEOREM 1.4 (Dragomir, 20014]). Let f : I — (0,00) be a differentiable log-convex
function on the interval of real numbers(the interior of/) anda, b € I with a < b. Then the
following inequalities hold:

baff

1.8
(18) = (“7“’)

(e (5] =R )

The second Hermite-Hadamard inequality can be improved as folljws [

THEOREM 1.5 (Dragomir, 20014]). Let f : I — R be as in Theoretin 1.4. Then we have
the inequality:

f(a)+f(b) ;
(19) —— =z 1+ log [ b K L;(g) dxb }
7 f (z)dx Jo f(x)exp [f(x) (45" = x)} d

> 1+ log

7 (%)

Motivated by the above results, we present in this chapter some new inequalities for log-
convex functions, some of them improving earlier results.

ﬁfam)dm] -

AIJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA
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2. NEW INEQUALITIES FOR LOG-CONVEX FUNCTIONS
The following refinement of the Hermite-Hadamard inequality holds:

LEMMA 2.1 (Dragomir, 19943]). Leth : [a,b] — R be a convex function and = z, <
x1 < ... < Tp_1 < x, = ban arbitrary division of{a, b] withn > 2. Then

a+b 1 . [(mi+a
(2.1) h( 5 ) < b—azh(Tﬂ> (Tiy1 — )
i=0

1 b
< b—a/a h(x)dx

1 ”i h(w;) + b (zi11)

<
“b—a 2

h(a)+ h(b)
—

(Tip1 —x;) <
1=0

The inequality[(2.[l) was obtained in 1994 as a particular case of a more general result, see
[3] and also mentioned if2B, p. 22]. For a direct proof, see the recent pa@gr [

THEOREM 2.2 (Dragomir, 20158]). Let f : [a,b] — (0,00) be a log-convex function on
la,b] anda = xp < 77 < ... < x,_1 < z,, = b an arbitrary division of|a, b] withn > 1. Then

2.2) (a+b)

Tip1 =T

(5]
(bia/a lnf(a:)d:c)

Ti+1— %4
b—a

<[l Vi@ TG ™ <VF@7ro.

1

| A\

X

IA
o
o]

i
L

-.
Il

PROOF If we write the inequality[(2]1) for the functiol = In f then we get

n—1
In f(”b) < biaZ@m—xi)lnf(%)

=0

1 b
<—— [ Inf(x)de

~b—al/,
(| D41 . 1 In f (b
< biaz nf(x)+2nf(x+1) (i1 — 35) < nf(a)—2|— nf( )

=0

This inequality is equivalent to the desired result|(2R).

COROLLARY 2.3. Let f : [a,b] — (0, 00) be a log-convex function dn, b] andx € [a,d],
then

o

x

ea ()=l ()]
< exp (ﬁ /ablnf(g[;) dac)

AJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA
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and, equivalently

(2.4) lnf(a+b>§x_alnf(a+x)+b_xlnf(x+b>

b—a b—a 2
hlf()
[lnf x—a)lnf(ab)j—éb—x)lnf(b)}
lnf )+ 1In f ()
5 :

REMARK 2.1. If we take in[(2.4) = £, then we get

(2.5) 1f<a+b>§%[1nf<3ajb) 1f(“+3b>]

gb% Inf(z)dx

{lnf(mrb) +lnf(a)—i—lnf(b)} < In f (a) +1n f (b)

2 2

From the second inequality ip (2.5) we get

1 b a+b
<o alnf(x)dm—lnf( 5 )

n a 1 b
SLVIUEY f(b)_bia/ o f (o) d

which shows that the integral term {n (IL.3) is closer to the left side than to the right side of that
inequality.

In the case of log-convex functions we have:

THEOREM 2.4 (Dragomir, 20158]). Let f : [a,b] — (0,00) be a log-convex function on
la,b] . Then

(e ],
(2.6 1< p<8[ e ](b >>
. T@i)

_exp<baflnf )

<o (55w ~ 71w ¢ )

AJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA
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and

a+b
(27) 1< exp (é [f )

IN

<on (5 57~ Fap] 0= ).

PROOF If we write the inequality[(0]3) for the convex functién= In f

0< é [f+ (aTij) _f— (GT%)] (b—a)

7 (%5%)
Slnf(a)‘zi‘lnf(b)_bia/a lnf(x)dx
L) f@],,
<5 7w ) 0

that is equivalent to the desired resfilt {2.6). The inequality (2.7) follows ®.4).

We also have the following result:

THEOREM 2.5 (Dragomir, 20158]). Let f : [a,b] — (0,00) be a log-convex function on
la,b] anda = xp < 27 < ... < x,_1 < z,, = b an arbitrary division of|a, b] withn > 1. Then

(2.8) exp{ /lnf( dx1<—2/xl+l\/f f(x; + 2z — x)dx

PrROOE Observe that we have

b n—1 Tit1
(2.9) exp {ﬁ/ In f(x) dx} = exp [ﬁ Z/ In f(x) dx]
@ i=0 V¥

n—1 .
Tiy1 — T4 1 s
— E 1 d )
P [ b—a (xm — T /x nf(@) x)]

=0

Sinced ", ! ZH=% — 1, then by Jensen’s inequality for the convex functiaip we have

(2.10) exp rz_: xigl__axi ( : 1_ - /Ii+1 In f(x) dx)]

=0

AJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA


https://ajmaa.org

8 SILVESTRU SEVER DRAGOMIR!:2

Utilising the inequality[(1.6) on each of the intervals, z;.1] for i € {0,...,n — 1} we have

(2.11) exp [; /%Hl In f(x) dx}

Tiv1 — X4

< ;_ /““ \/f (@) f(x; + 241 — x)dx

1 Tit1
<[ i
Tit1 — X5 Jgy

foranyi € {0,...,n — 1}.
If we multiply the inequality 1) by—=t and sum ovei from 0 to n — 1 then we get

n—1 )
il — T 1 T
212) Y7 - ax exp ( — / In f (z) dx)
i=0 v

— 1 b
:b—a/ f(x)dx

Making use of[(2.9)(2.10) anfl (2]12) we get the desired rgsult (£.8).

COROLLARY 2.6. Let f : [a,b] — (0,00) be a log-convex function dn, b] andy € [a, ],
then

(2.13) exp[ lnf z)d }
<7 U VI (@ a+y—x)der/yb\/f(w)f(ber—x)dm}

The following result also holds:

THEOREM 2.7 (Dragomir, 20158]). Let f : [a,b] — (0,00) be a log-convex function on
la, b] . Then for anyp > 0 we have the inequality
1

b
(2.14) f( +b)§exp{ﬁ/ﬂlnf(w)dx}

S(bia fp(x)fp(a—i—b—x)da:)ng(bia/f2p(x)d$)2p
{ [Lop (f (a) . £ (0))' 72 [L(f (a) . f ()], p # &

L(f(a),f(b)),p:%

AJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA
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If p € (0,1), then we have

(2.15) f(a;b)<exp {bl /1nf() }
s(bia/ fp(x)fp(aw—z)dx);p
(b_a/ﬂp d:c) < _a/f

PROOF. If f is a log-convex function ofu, b] then f?” is log-convex ora, b] for p > 0 and
by (1.6) we have

(2.16) 2 (a ;— b) < exp [ﬁ /ab In f% () dx}
b

b
bia/ [P () de < L (f* (a), f? (b)) .

Taking the powe%) in ) we get

(2.17) f(a;b)<exp {bla/ Inf (z)d ]
g( /fp(a:)fp(antb—x)dx);p

b—a /,
: <bia/abf2” () dw) T (@) )]

Observe that, fop # 1,

L @ o)) = e O
= [Lap1 (f (), F O] 2 [L(f (a), f (b))%

and by [2.17) we get the desired resplt (2.14).
The last inequality in[(2.15) follows by the following integral inequality for power

(0,1), namely
b b q
el AL (—bfa/a f(rzr)dw) ,

that follows by Jensen’s inequality for concave functioms.

AJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA
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REMARK 2.2. If we take in[(2.14)p = 1, then we get
b
a;)<exp[b1 /lnf() ]
< <b—a/a f(x)f(a+b—x)dx>2

b 2 1 1
< (55, [ P@d) <A@ soF LG @ o)
If we takep = 1 in (2.18), then we get

(2.19) f(a;b)<exp{bl /mf() }
(b_a/ Vf(x a+b—xdx)

< (b_a/a Mdaz) gm/abf(x)dw

This improves the inequality (1.7).

(2.18) f <

2

3. RELATED INEQUALITIES FOR LOG-CONVEX FUNCTIONS
In this section we establish some related results for log-convex functions.

THEOREM 3.1 (Dragomir, 20158]). Let f : [a,b] — (0,00) be a log-convex function on
[a, b]. Then for any: € [a, b] we have

(3.1) f(b)(b—fv>+f(a)(x—a)—/ £ () dy

b b
z/ f(y)lnf(y)dy—lnf(w)/ £ (v) dy

In particular,

f () + f(a) e
(3.2) 5 _b—a/f

a+b
>t [romrwar-ng (50) i [ e
f () Vb + [ (a)
(3:3) \f+\/_ b—a/f
g s s (Va) ;- [ s way

and

f@)b+ [ (a
(3.4) a+b b—a/f

> L f s @y -t s (22 [ p ) ay
b—a)

AJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA
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PROOF Since the function f is convex ona, b], then by the gradient inequality we have
35) nf @) -Inf () > W @y

f ()
foranyz € [a,b] andy € (a,b).
If we multiply (3.5) by f (y) > 0 and integrate ofu, b] overy we get

mf(x)/ f(y)dy—/ £ (w)Inf (y) dy

zf(b)(x—b>+f<a><a—as>+/ f () dy,

which is equivalent td (3]1).
The inequality[(3.R) follows by (3]1) on taking= <{*.
If we take in (3.1)x = v/ab, then we get

FOVB(VE-va) + 5 @ (Vo va) - [ 7y

> [ rwmrwa-ws (var) [ s

which is equivalent td (3]3).
If we take in [3.1)r = 22 then we get

atbh’

f(b)b(b+b>+f( ( ) /f
Z/a f(y)lnf(y)dy—lnf(fj_bb)/a f(y)dy,

which is equivalent tq (3|4
COROLLARY 3.2. Letf la, (0, 00) be a log-convex function dn, b]. Then

(3.6) f (b) / (y

z/a f(y)lnf(y)dy—/a f(y)dyﬁ/a In £ (y) dy > 0.

PrROOF. If we take the integral mean overin (3.1), then we get

= [f(b>(b—x)+f(a)(fv—a)]dx—/af(y)dy

/f JIn f () dy — /f )y blnf(x)

and since
1 SO Ff@ 1
o [ 00—+ @ ade = LD o [ ay
then the first inequality irj (3|6) is proved.
Sinceln is an increasing function oft), co), then we have

(f (@) = f () (Inf(z) =Inf(y)) =0

foranyz,y € [a,b], showing that the functiong andln f are synchronous da, 0] .

AJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA
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By making use of th€ebysev integral inequality for synchronous functigns : [a, b] —

R, namely
1 b 1 b 1 b
b—a/a g(x)h(x)dxzm/a g(x)dxb_a i h(x)dz,
then we have

I I I
- >
_a/a f@)Inf(z)dx > b—a/a f(x)d:vb_a/a Inf(z)dx
which proves the last part df (3.6).
The inequality[(3.6) improves the well know result for convex functions

b a b
AUR 0NN bia/a f () dy
We have:

COROLLARY 3.3. Letf : [a,b] — (0, 00) be alog-convex function dn, b]. If f (a) # f (b)
and

I ydy  bf(b) —af(a)— [0 f(y

(37) Qg = fab I (y) a0 = 7 (b) — f (a) E [a,b] ,
then
f fly lnf
3.8 In f >
(3.8) (g G

ProOOF. Follows from [3.1) by observing that

FOb-ap)+ @) (s —a) = [ 1wy

REMARK 3.1. We observe that if : [a,b] — (0, 00) is hondecreasing witli (a) # f (b)
the condition|(3.]7) is satisfied.

We also have:
COROLLARY 3.4. Let f : [a,b] — (0,00) be a log-convex function dn, b]. Then

(3.9) f(b)<b Gy]f(yy))dy)H(a)(W—a)—/f<y>dy

Jouf (y
/f )In f (y) dy — /f dyhlf(ff(y)dy) 0.

PrROOF The first inequality follows by (3]1) on taking
_ J v ) dy
I £ () dy

€ [a,b]

sincef (y) > 0 foranyy € [a, b] .
By Jensen’s inequality for the convex functibnf and the positive weight we have

21y 1nf f<ff ydy)
Jif ) I fwdy )
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which proves the second inequality jn (3.9).

4. FURTHER RESULTS FOR LOG-CONVEX FUNCTIONS

The following result holds.

THEOREM 4.1 (Dragomir, 20159]). Let f : [a,b] — (0,00) be a log-convex function.
Then for every € [0, 1] we have

@.1) / f (@) de > / @I 1 (a+b— )]l de

T / fu)du,ift # 1
(1—t)a+tb
(b—a) f (), ift =1

PROOF The cases = 0, 3, 1 are obvious. Assume thate (0,1) \ {5} . By the log-
convexity of f we have

v

(4.2) f@)] " fla+b—a)]' > f(1—2t)z+t(a+D))

foranyz € [a,b].
Integrating the inequality (4.2) overon [a, b] we have

b b
/[f(as)]lt[f(a+b—x)]td:v2/f((1—2t)x+t(a+b))d:)s.

Sincet # 3, thenu := (1 — 2t) x +t (a + b) is a change of variable witth, = (1 — 2t) d.
Forz = a we getu = (1 —t) a + tb and forz = b we getu = ta + (1 — t) b. Therefore

ta+(1—t)b

/af((1—2t)x+t(a+b))dx:1_12t / £ (u) du

(1—t)a+tb

and the second inequality in (4.1) is proved.
By the Holder integral inequality fgr = -, ¢ = 1 we have

b
/[f@ﬂlwfm+b—xwdx

which proves the first inequality i (4.1).
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COROLLARY 4.2. Let f : [a,b] — (0,00) be a log-convex function. Then for every
0,1]\ {3} we have fop > 0 that

(4.3) ( - / () dx) ’

a
1 b 2p 1—t 2p t %
> (o [ @) T P e b)) e
ta+(1—t)b %
> ! 7 (u) du
— |l (1-2t)(b—a)
(1—t)a+tb
ta+(1—t)b %
1
> P P b_ d
>\ aoaa=s [ Preri-ud
(1—t)a+tb
ta+(1—t)b
1 a+b
> | > .
ow |y | miwd] = (50
(1—t)a+tb

PROOF. Follows from Theorem 4]1 applied for the log-convex functjti# with p > 0
and by Theorerh 1]4 applied for the interyéll — ¢) a + tb,ta + (1 — t) b] whent € (0, 3)or
ta+ (1 —1¢)b, (1 —t)a+tb])) whent € (3,1). 1

If we takep = 1 in (4.3), then we get

b 3 b 3
(4.4) <ﬁ/ f* () dac) > (b i - / [f? (x)}l ! [f2(a+b- x)}tdx)

. ta+(1—t)b %

S (= ARG

(1—t)a-+tb
) ta+(1—-t)b %
S F ) a+b—u)da
1=2)(b-a) (1—t)a-+tb
. ta+(1—t)b b

a+

> exp A= (—a) / In f (u)du zf( 5 )
(1—t)a+tb
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If we takep = 1 in (4.3), then we get

1 b
(4.5) P f(x)dx
b
> [ Fasb- o) do
. ta+(1—t)b
= (1—2t)(b—a) / S (w) du
(1—t)a+tb
. ta+(1—t)b
> gy [ VAW ad
(1—t)a-+tb
. ta+(1—-t)b b
a+
> exp =20 (—a) / In f (u)du zf( 5 )
(1—t)a-+tb

COROLLARY 4.3. Let f : [a,b] — (0,00) be a log-convex function. Then for every
[0,1]\ {4} we have fop € (0, }) that

b b
@8 [z @ - o) b
) ta+(1—t)b
“ =20 (0—a) J(w) du
(1—t)a+tb
. ta+(1—t)b 2p
“ |l T=200-a) / f77 (u) du
(1—t)a+tb
. ta+(1—t)b %
o T [ r@rass-ua
(1—t)a+tb
) ta+(1—-t)b .
a—+
> exp A=2(b—a) / In f(u)du 2]‘( 5 )
(1—t)a+tb

Follows by Theorerh 4]1 and Theorém|1.4 foe (0, ) .
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If we takep = 1 in (4.6), then we get

4.7) /f dw>—/ fla+b—2)] dx
ta+(1—t)b
= (1—2t)(b—a) J(w)du
(1—t)a+tb
' tat-(1—1)b 2
“ T2 0-a / v/ (w)du
(1—t)a+tb
: tat(1—t)b 2
o T | ViwFar=wa
(1—t)attb
) ta+(1—t)b b
a-+
> exp A=2 0= a) / In f (u)du Zf< 5 )
(1—t)a+tb

5. WEIGHTED |INEQUALITIES

We have the following generalized weighted version of the inequality (1.5).

THEOREM 5.1 (Dragomir, 20159_]) Letf : [a,b] — (0,00) be a log-convex function. If
w : [a,b] — [0, 00) is integrable andf x)dz > 0, then
- a+b) faw(:c)fp(:c)fp(a+b—:c)da: g ;
CENE s( i < V@70
foranyp > 0.

In particular, we have

(5.2) f<a—|—b)§(faw(x)f(l‘)f(a—i-b—ﬂl?)dx) <JT@TO.

2 ffw (x)dx
PROOF We know that, see2P] or [23, p. 198], ifg is log-convex, then
b
53) s(“3) < Valar o5 < Va0

foranyz € [a,b)].
For anyp > 0 the functionf? is log-convex and by (5/3) we have

(5.4 P () sr@rar-0<r@re

foranyz € [a,b].
If we multiply (5.4) byw (z) > 0 and integrate, then we get

a+b> _Jaw (@) (@) fPatb—a)de
2 ) f; w (z) dx
Taking the poweg in ) we obtain the desired res@.i).

< [P (a) f7(b)-

(5.5) 7 (
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We also have the inequality
b b b— 2)d
(5.6) f(a; )S Jow (@) VTG Fla+b = ayde
J,w () de

thatis a Welghted version df (1.5).
If we takep = 1 in (5.1), then we get

2
5.7 a_—i—b) fawx\/fﬁf(a#—b—ﬁ)dx 5
e (% S( o (o) i < VI@ )
Using Jensen’s inequality for the power 1 (p € (0, 1)), namely
(f;’ w(x)g (@) dcc)” <) fabwb(x) ¢ (x) da
Jo w(x)dx [ w (z) dx
we can state the following more precise result:

< V.[f(a) f(b),

Y

COROLLARY 5.2. Letf [a,b] — (0, 00) be alog-convex function and : [a, b] — [0, c0)
be integrable and” w («) dz > 0.
If p> 1, then
a+b ffw(x)f(x)f(a—i—b—x)dm 2
(8) f< 2 ) = < fabw(x) dx )
f;w(x)fp(m)fp(a—l—b—x)dx i -
§< e ) < VF@ 7.

If p € (0,1), then

1

(5.9) f<“+b)§<faw(fc>fp() p(a+b—x)dx)”

2 fa (I‘
S(fawu’)ff() (at+b—) az) < JTOTE

REMARK 5.1. Letf : [a,b] — (0, 00) be a log-convex function. We observe that if we take
in(G.1)w(z) = f?(a+b—x),p>0,then we get

1

5.10 ‘”b) (fbfp )2,,< o) f (b
(5.10 1l e <VT@I®
for anyp > 0.
In particular, we have the inequalities
(5.1 (3 < (f fz ) <T@ 0.
J. 7t
and

(5.12) ; (a—l—b) \/—da:
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THEOREM 5.3 (Dragomir, 20159)). Let f : [a,b] — (0,00) be a log-convex function. If
w : [a,b] — [0,00) is integrable andffw (z) dz > 0, then

(5.13) f (

< oxp fabw (x)In f (z) dx
- fab w (x) dz

< [f (b)]ﬁ (jfi’zzz(zz))diz _a) [f (a)]ﬁ (b— fé’z:)((:))diz>

1 f; zw (z) dx f; v (@) dx) ]
< A P, ]
_b_aKf:w(x)dw >f<>+< Fowa )

PROOF Sinceln f is convex, then by Jensen’s inequality we have

fab w () xdx)

[Pw (x) da

a

(5.14)

In f (fabbw (x) mdm) < fabw (bx) In f(x) dx'
[, w(z)de [ w(z)de

Taking the exponential i (5.14) we get the first inequality in (5.13).
Sinceln f is convex, then

In f (a)

T —a +b—x <x—a b—=x
a
b—a b—a “b—a —a

(5.15) Inf(x)=Inf ( b In f (b) + ;

foranyz € [a,b].
By taking the weighted integral mean |n (5.15) we obtain

b
(5.16) Jo W (bx) In f (z) dz
J, w(z)de
1 fb zw (z) dx ) ( b (2) dx) ]
< a o)+ (-2 f (g
b_aKf‘fw(“’)d“’” : Fowa )"

“n ([f o Ui | (a)]@(b_mu |

By taking the exponential if (5.16), we get the second inequalify in(5.13).
The last part of[(5.13) follows by the weighted geometric mean-arithmetic mean inequal-

ity. m

REMARK 5.2. If we takew (z) = 1, z € [a,b] in the first two inequalities] (5.13), we
recapture[(1)4).

We also have the alternative result:
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THEOREM 5.4 (Dragomir, 20159]). Let f : [a,b] — (0,00) be a log-convex function. If
w : [a,b] — [0,00) is integrable andffw (z) dz > 0, then

f; w (x) xdx)

5.17)  f (e
(e

IS

1 [P 2w (z) dx " vw (z) da
< a — b b— %+ ——— a)l .
‘b—aKf;’w(:c)dx >f<)+< ffw@)dx)f( >]

PROOF Using Jensen’s inequality for the exponential function we have
fabw (x)In f (z) dx - ff w(x) f(x)de
XP =
ffw () dx fabw () dx

and the second inequality in (5]17) is proved.
From [5.15) and the arithmetic mean - geometric mean inequality we have

1

e oo e (@70 (07
(5.18) £ (@) < 1 ) [f a) (V(b)]a) (42)
T—a b—x
<TI0+ (@)
foranyz € [a,b].
By taking the weighted integral mean |n (5.18) we get
[rw) f@dr _ (@)™ Lot () d
ffw(:c)dm “A\For ffw(:c)dx
1 f;xw ()dx B fabxw (z)dx
it o) o (- Ao ) )

and the last part of (5.17) is provesl.
REMARK 5.3. If we takew (z) = 1, z € [a, b] in (5.17), then we have

(5.19) f (a —2|— b) < exp (b% /blnf () dx)

bia/a Fa)de < L(f(a), f (b)) <

f(a)+ £ ()

<
- 2

6. INEQUALITIES FOR SYMMETRIC WEIGHTS
We say that the weight : [a, b] — [0, c0) is symmetrion [a, b] if

w(a+b—1z)=w(x) foralz € [a,b].
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It is well known that if f : [a,b] — R is convex andw : [a,b] — [0,00) is integrable and
symmetric onja, b] , then theFejér inequalityholds
b
61 ; (a+ b) @@ f@ ] e
2 [, w(x)dzx 2
If f:[a,b] — (0,00) is alog-convex function ofw, b] andw : [a, b] — [0, c0) is integrable and
symmetric ona, b], then by [6.1) we have
b
o f (a+b) < faw(bx)lnf(x)dx < In f (a) + In f (b)
2 [, w(z)dz 2

)

which is equivalent to
a+ b) < oxp f;w (ba:) In f (z)dx
2 [ w(z)de

THEOREM 6.1 (Dragomir, 20159]). Let f : [a,b] — (0,00) be a log-convex function on
la,b] andw : [a, b] — [0, 00) be integrable and symmetric o, b] . Then

a+b f:w(:v)lnf(x)dx
(6.3) f ( 5 ) exp ( f:w o )
_ e T@ @b nde _ flw) f (@) de
- b = b .
J,w (@) dx [ w(x) de
PROOF By Jensen'’s integral inequality for the exponential we have
Jiw (@) /F @) f(a+b—a)da
oY o ( [ w () do )
Jyw @ exp (/@) flatb—2)) do
f:w (x) dx
fyw (@) y/F @) F (a+b—a)de

ff w (x) dz
Observe, by the symmetry af, that

b
/ w (z)In\/f () f(a+b— x)dx

a

6.2) f ( ) < VF@ T

IA

w(m)lnf(x)dx—l—/abw(x)lnf(a—i-b—x)dx}

|
{ ’ w(:r)lnf(x)da?—i—/abw(a+b—$)lnf(a+b—x)d5£}

since, obviously

/w(a—i—b—x)lnf(a—i—b—x)dx:/w(x)lnf(x)dx.
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By (6.4) we then get the second inequality[in {6.3).
By Cauchy-Buniakovski-Schwarz integral inequality we also have

/abw Fla+b—a)d
\// dx\// a—l—b—a:))d:v:/abw(x)f(az)daz,

which proves the third inequality i (6.3§.

The above inequality (6.2) may be generalized as follows by replgcinith £ for p > 0.

COROLLARY 6.2. Letf : [a,b] — (0, 00) be alog-convex function dn, b] andw : [a, b] —
[0, 00) be integrable and symmetric dm, b] . Then for anyp > 0 we have

a+b f:w(q:)lnf(:v)dx
o (5 )Sexp< [w (x) do )
<(f;w(:v)fp(x)fp(a~l—b—x)dx)21”
= b
[ w(z)de

. (f;’ w(x) 1 (x) dx) g
[, w(z)dz

REMARK 6.1. We observe that for > 1 we have

a+b f:w(x)lnf(x)da:
o )em(Epn
< fabw(x)f(x)f(a—l—bx)dx)é
= b
[ w(z)de
_ f:w(x)fp(x)fp(a—i-b—x)da:)Q”
B fabw(x)dx
< (L@@ d)
[ w(z)dx
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and forp € (0,1)

a+b fabw(x In f(z)dx
o0 1(5) s (M)
_(Rw@) @) b a)d )
= b
[ w(z)de
. f:w(x)f(b)f(a+b—x)dx>2
L W () dy
. ffwb(w)f2(x)dm>2
[ w(z)dx

Finally, we have:

THEOREMG6.3. Let f : [a,b] — (0, 00) be a log-convex function dn, b] andw : [a,b] —
[0, 00) be integrable and symmetric o, b] . Then for anyp > 0 we have

68) ("50) < (f floui)d )ps @70

a fP(z)

ProoF From [5.4) we have

% a+b 1 P p P ;
69  f ( ! )fp(ﬁb_x)g (@) < 1@ P O) 5

foranyz € [a,b].
If we multiply by w (z) > 0 and integrate ofu, b] , then we get

zp(ﬁb)/ﬂ)aw—x /fp

< PP 0 / %

Since, by symmetry ofy we have

B w(a+b—1x) dx
/fp a+b—:c N « fPla+b—2x) ff”
which implies that
a+b p( » . "w(x)dx
(% ) =8 /f dx<f()f(b)/a e

and the mequahtﬂ@S) is proved
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CHAPTER 3

Inequalities for AH-Convex Functions

1. PRELIMINARY FACTS ON AH-CONVEX FUNCTIONS

Let X be a linear space and a convex subset iX. A function f : C' — R\ {0} is called
AH-convex (concave)n the convex set’ if the following inequality holds

(AH) FA-Nzay) < (2) T DI

(1 =A) f )+ Af (2)
foranyz,y € C andX € [0,1].
An important case which provides many examples is that one in which the function is as-
sumed to be positive for any < C. In that situation the inequality (AH) is equivalent to

1
fFI =Nz + Ay)

1 1
1—A +A < (>
Ve P =P
foranyz,y € C andX € [0,1].
Therefore we can state the following fact:

CRITERION 1. Let X be a linear space and' a convex subset iX. The functionf : C' —
(0,00) is AH-convex (concave) off if and only if% is concave (convex) o' in the usual
sense.

If we apply the Hermite-Hadamard mequall.o 2) for the functéonhen we state the
following result:

PROPOSITION1.1 (Dragomir, 2014][0]) Let X be a linear space and’' a convex subset
in X. If the functionf : C' — (O o0) is AH-convex (concave) ari, then

(1.1) f@)+f(y) < (>)

2f () f(y) /f 1—A :r+Ay)

f (Ty)
foranyzx,y € C.

Motivated by the above results, in this chapter we present some Hermite-Hadamard type
inequalities forAH-convex (concave) functions, first in the general setting of linear spaces and
then in the particular case of functions of a real variable.

2. SOME HERMITE -HADAMARD TYPE INEQUALITIES
The following result holds:
THEOREMZ2.1 (Dragomir, 20141Q]). Let X be alinear space and' a convex subset iX.
If the functionf : C' — (0, co) is AH-convex (concave) afi, then for anyz, y € C' we have

L & (f (). (1))
(2.1) / FU= N+ <€ (2) T

where L (a,b) is the Logarithmic mean of positive numbers and the geometric mean is

G (a,b) = Vab.

23



24 SILVESTRU SEVER DRAGOMIR!:2

PROOF Letx,y € Cwithz # y. If f: C — (0,00) is AH-convex (concave) oY, then%
is concave (convex) ofi. This implies that the function
1

Opy [0,1] — (0, Oo)a@x,y (t) = F1=XNz+ \y)

is concave (convex) off), 1] and therefore continuous oft), 1) with ¢, (0) = ﬁ and
Pry (1) = f( ;- The function[0,1] > t — f ((1 —t) z + ty) is continuous o0, 1) and since

f(x), f(y) > 0 are finite, then the Lebesgue integjgllf ((1 —t)x + ty) dt exists and by
(AH) we have

@2 [ F-Nerm <G @0 | G5
I /() = f (), then

dX
(y) + Af (x)

! d\ 1
/o(l—A)f()JrAf() f )
If f(y)# f(x),then by changing the variable= X (f () — f (v)) + f (y) we have

/* dA Cnf(@)-lnfly 1
o L-NJ

() +Af(x)  f2)—f(y) L(f(z),f()
By the use of[(2]2) we get the desired regult](2uL).

REMARK 2.1. Using the following well known inequalities
H (a,b) < G (a,b) < L(a,)
we have

o LY@ -y
ed [ r-nerwmons GEOTO <60 )

foranyz,y € C, provided thatf : C' — (0, o) is AH-convex.
If f:C — (0,00) is AH-concave, then

N g (f(2).f () _ G (@), f )
&4 Af“lA)+M””><ﬂ>J@»> LU
foranyz,y € C.

THEOREMZ2.2 (Dragomir, 201410])). Let X be alinear space and' a convex subset iX.
If the functionf : C' — (0, co) is AH-convex (concave) afi, then for anyz, y € C' we have

(2.5) f(x—i_y) >) fo 1’+>\y)f(>\$+(1—)\)y)d)\
| 2/ fo )z + Ay) dA '
PROOF By the definition ofAH-convexity (concawty) we have
utv 2f (u) f (v)
=0 ("3 <@ 70570

foranyu, v € C.
Letz,y € C'andX € [0, 1]. Ifwe take in[2.6)u = (1 — \) z+ Ay andv = Az + (1 — \) y,
then we get

@.7) —f( )U«l—Mx+Aw+fo+ﬂ—Awﬂ
<) F(L=Na+rg) fOe+ (1 N)y).

Tty
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Integrating the inequality of), 1] over A € [0, 1] and taking into account that

1 1
/ f((l—)\)er)\y)d)\:/ F Ot (1= A)y)dA
0 0
we deduce from (2]7) the desired result[21).

REMARK 2.2. By the Cauchy-Bunyakovsky-Schwarz integral inequality we have

2.8) /0 FU1 =Nzt Ay) f (Ar £ (1— A)y)dN
1 1 1/2
< M) f ((1—/\)x+)\y)d>\/o FFx+1=XNy)dA
:/ F2((1= Nz + Ay)dA
0
foranyz,y € C.
If the functionf : C' — (0, c0) is AH-convex onC, then we have
(2.9) f(x—gy) _fo x+/\y)f()\x+(1—)\)y)d/\
fo )z + Ay) dA
fo f2 1— )x+)\y)d/\
fo Az + \y)dh

If the functiony, , (t) = f((1— t)a: +ty), for some givenz,y € C with = # y, is
monotonic nondecreasing i 1], theny, , () = f (tx + (1 — t) y) is monotonic nonincreas-
ing on |0, 1] and byCebysev’s inequality for monotonic opposite functions we have

/0 fF(A=XNz+Ay) f(Az+(1—=XN)y)dA

g/of((l—)\)er/\y)d)\/O F O+ (1= ) y) dA

:</01f((1—A)x+Ay)dA>2.

So, for some giver,y € C with x # y, if ¢, (t) = f ((1 —t)x +ty) is monotonic nonde-
creasing (nonincreasing) 9o, 1] and if the functionf : C' — (0, oo) is AH-convex onC’, then
we have

(2.10)

f(a:+y) I f a:+)\y)f()\a:+(1—)\)y)d)\
2 ) fo A) x4+ Ay) dA

g/lf((l—/\)er)\y)d)\.

3. MORE RESULTS FOR SCALAR CASE

If the function f is defined on an intervdl anda, b € I with a < b, then
/ F(I=XNz+Ay)d / f(t
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and the inequalitie$ (1.1}, (2.1) and (2. 5) can be writtemé]s [

fa)+ £ (b) :
(3.1) 2f (a) f (b) b—a f f(aTer)’
b G*(f (a), f (b))
(3.2) b_a/af(t)dté(z) L(f(a),f ()’
and
a+b Jo £ () f(atb—t)dt
(3.3) f( 5 ) =) 2 f () at

respectively, wherg : I — (0, o00) is assumed to b&H-convex (concave) oh.
The following proposition holds:

PrROPOSITION3.1 (Dragomir, 201410)). Letf : I — (0, 00) be AH-convex (concave) on
I. Letz, y € I, the interior of/, then there exist (y) € [/~ (y), [} (y)] such that

[ () ¢ (y)
(3.4) 1<) = Wy—=
fw " =EFy Y
holds.
PROOF. Letz, y € I. Since the functior’Jk is concave (convex) then the lateral derivatives
/ / ; 7 ! L)
L (y), f. (y) existfory € I and(%)_(ﬂ (y) = — f(;()y)y .
Since% is concave (convex) then we have tradient inequality
1 1
_— - > (<) A —x)=—A T —
OO (S)A(y) (y — o) (y) (x—y)
with A (y) € [—J;;—((yy)), —J;Q((y))] which is equivalent to
1 1 v (y)
3.5 _— = > (< T —
(35) T Tw= eyt

with ¢ (y) € [f2 (), [} (v)] -
The inequality[(3.p) is equivalent tb (3.49.

COROLLARY 3.2. Letf I — (0,00) be AH-convex (concave) dnlf f is differentiable
on I then for anyr, y € I, we have

fly) @
(3.6) o) 1<(>) W (y— ).

The following result also holds:

THEOREM 3.3 (Dragomir, 201410]). Letf : I — (0, 00) be AH-convex (concave) dnlf
a,b € I with a < b, then we have the inequality

(3.7) [ Pwase) [l’j:j (b)+Z:Zf(a>} f(s)

foranys € [a, b] .
In particular, we have

(3.8) bia/f2<t>dtg<z>f(“;b)f<a>;f(b>
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and
bia/a fr@)ydt < (=) f(a) £ ().

PROOF If the functionf : I — (0, c0) is AH-convex (concave) oh, then the functiory is
differentiable almost everywhere drand we have the inequality

(3.9)

o .,
(3.10) o 1< -

for everys € [a, b] and almost every € [a, b] .
Multiplying (8.10) by f (¢) > 0 and integrating over € [a, b] we have

1 b ) b b .
(3.11) m/ f (t)dt—/a F(t)dt < (2)/a £ (= s) dt.
Integrating by parts we have
b b
/f’(t)(t—S)dtzf(b)(b—8)+f(a)(8—a)—/f(t)dt

and by [3.1]L) we get the desired resplt[3.7).
We observe thaf (38) follows by (3.7) fer= <2 while (3.9) follows by [(3.F) for either
s=aors=b.u

REMARK 3.1. By the Cauchy-Bunyakovsky-Schwarz integral inequality we have

(bia/abf(t)dtféﬁ/abe(t)dt

and if we assume thgt: I — (0, c0) is AH-convex on/, then we have

b b 1/2
(3.12) ﬁ/ ft)dt < (ﬁ/ () dt)

and

(3.13) bi@/jf(t)dts (ﬁ/@bﬁ (t)dt)ms T@ 7).

The following result also holds:

THEOREM 3.4 (Dragomir, 201410]). Letf : I — (0,00) be AH-convex (concave) dnlf
a,b € I witha < b, then we have the inequality

b 1 b
(3.14) /alnf(t)dter/a £ (1) dt
<(>Z)b—a+(b—s)lnf )+ (s—a)lnf(a)

foranys € [a, b].
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In particular, we have

(3.15) bi lnf( )dt+ 7 / Ft
< (_)1+1n f(b)f(a)
and
(3.16) bi lnf( )dt + [t’;;bza;{((;)] bia/ F(t)dt

< (=) 1+1n f @) f(a).
PROOF. Integrating the inequality (3.10) over [a, b] we have

L b B . b f/ (Zf) .
(3.17) s [rwa-o-a<e) [ (=)

Observe that
"1 (1) _ b ol bn
/a Fipy tms)di=(b=s)Inf )+ (s —a)Infla) /al f(t)dt

and by (3.1]7) we get

(t)dt — (b—a)

<) 0= f b))~ [ Wf@d

which is equivalent to

b 1 b
/a 1nf(t)dt+m/a £ (1) dt

foranys € [a,b].
If we take in [3.14)s = %£* then we get the desired resyit (3.15).
If we take in (3.14) = a ands = b we get

<(>)b—a+b—s)lnf)+(s—a)lnf(a)

/lnf dt—l— /f Hdt<(>)b—a+(b—a)lnf(b)
and

b 1 b
/ lnf(t)dt—km/a fydt<(>)b—a+(b—-a)lnf(a),

a

which by addition produces

/ablnf(t)dth[%] /abf(t)dt

which is equivalent tq (3.16)

<(Z)b—a+ (b—a)ln/f () f(a),
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REMARK 3.2. We observe that

(b—s)lnf()+(s—a)lnf(a) =

iff
| _bmf®)—alnfle) _ L(f(a). f()
I f(b) =Infl@) o (1f @) 1 0))
If
__LU@.F0)
L(If @] [F @))
then from [(3.14) we have
(3.18) bi lnf dt+ e AU < (>)1.

_ L(f(a),f (b)) _
L([f (@] [f )]
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CHAPTER 4

Inequalities for GA-Convex Functions

1. PRELIMINARY FACTS AND RESULTS ON GA-CONVEX FUNCTIONS

Let I/ C (0,00) be an interval; a real-valued functigh: I — R is said to beGA-convex
(concave) on if

(1.1) FE ) < () A=A f(2) +Af (y)
forall z,y € I and\ € [0, 1].
Since the conditiorf (I]1) can be written as
(1.2) foexp(1=AN)Inz+Alny) < (>)(1—=A) foexp(lnz)+ Afoexp(lny),
then we observe thagt: I — R is GA-convexconcave) orY if and only if f o exp is convex
(concave) ofin/ :={lnz,z € I}.If I =[a,b] thenln] = [Ina,Inbd|.
It is known that the functiorf (z) = In (1 + z) is GA-convex on(0, oo) [1].

For real and positive values of theEuler gammdunctionI” and itslogarithmic derivative
1, the so-calledligamma functionare defined by

e I ()
I(x ::/ t*“te7tdt andy (z) = )
(@)= | @)= T
It has been shown if8B] that the functionf : (0,c0) — R defined by
1
@) =@+ 5
is GA-concave or{0, co) while the functiong : (0,00) — R defined by

1 1
g(x)ZIP(I)JF%JF@

is GA-convex on(0, co) .

If [a,b] C (0,00) and the functiory : [Ina,Ilnb] — R is convex (concave) ofina,Inb|,
then the functiory : [a,b] — R, f (t) = g (Int) is GA-convex (concave) ofa, b| .

Indeed, ifz,y € [a,b] andX € [0, 1], then

f (xl_’\yA) =g (ln (xl_’\y)‘)) =g[(1=X)Inz+ Alny]
< (2)A=XNg(nz)+Ag(ny) = (1 =X) f(z)+Af (y)

showing thatf is GA-convex (concave) ofa, b| .

In [38] the authors obtained the following Hermite-Hadamard type inequality.

THEOREM1.1 (Zhang et al., 201@B]). If b > a > 0andf : [a,b] — R is a differentiable
GA-convex (concave) function @n 4] , then

b
A3 fU@h) <) [ foa

30
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The differentiability of the function is not necessary in Theofem 1.1 for the first inequality
(1.3) to hold. A proof of this fact is proved below after some short preliminaries. The second
inequality in [1.8) has been proved ] without differentiability assumption.

Now, sincef o exp is convex onln a, In ] it follows that f has finite lateral derivatives on
(Ina,Inb) and by gradient inequality for convex functions we have

(1.4) foexp(z) — foexp(y) > (z —y) p(expy)expy

wherey (expy) € [f’_ (expy), f (exp y)} foranyz,y € (Ina,Inb).
If s,¢ € (a,b) and we take i (1]4) = Int¢,y = In s, then we get

(15) F(H)=F(s) 2 (nt—Ins)p(s)s

wherep (s) € [f. (s), [} (s)] -
Now, if we take the integral mean da, ] in the inequality[(1.5) we get

ﬁ/abf(t)dt—f(s)z (bia/ablntdt—lns)cp(s)s

and since ,
1
I /a Intdt =In 1 (a,b)
then we get
b
(1.6) bia/ f@)ydt> f(s)+ (Inl(a,b)—1Ins)p(s)s

foranys € (a,b) andy (s) € [f (s), f} (s)] . This is an inequality of interest in itself.

Now, if we take in [(1.5)s = I (a,b) € (a,b) then we get the first inequality if (1.3) for
GA-convex functions.

If fis differentiable and GA-convex df, b) , then we have fron{ (1]6) the inequality

1

(1.7) —

/ f@)ydt> f(s)+ (In1(a,b)—1ns) f'(s)s

foranys € (a,b).
If we take in [1.7)s = %2 = A(a,b), then we get

b a
@8 g [ FOdz fAWE) - (A Al (fég ) |

If we assume that’ (A (a, b)) < 0, then, sincd (a,b) < A (a,b), we get

= | 10> r )

provided thatf is differentiable and GA-convex ofa, b) .
Also, if we take in[(1.F) = L (a,b) , then we get

’ a
(1.10) ﬁ/ f(t)dt > f(L(a,b))+ f (L(a,b))L(a,b)ln G((a?)) .

If we assume thaf’ (L (a, b)) > 0, then we get from[(1.30) that

(1.11) o [ Fde=r @)

provided thatf is differentiable and GA-convex di, b) .

(1.9)

AJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA


https://ajmaa.org

32 SILVESTRU SEVER DRAGOMIR!:2

Now, if we take in[(1.7) = vab = G (a,b) , then we get

(1.12) g%a/f@ﬁzfmwm»+fw@mna@mm(

Since

Al(a,b) — L (a,b)
L (a,b) ’

In (éi‘;?)) =17 (a,b) —InG (a,b) =

then [1.12) is equivalent to
Al(a,b) — L(a,b)
L(a,b)

@13) o [ FOd= (G ) GG

If f'(G (a,b)) > 0, then we have

(114) o [ =1 (G )

provided thatf is differentiable and GA-convex qi, b) .
Motivated by the above results we present in this chapter other inequalities of Hermite-
Hadamard type for GA-convex functions.

2. SOME NEW INEQUALITIES FOR GA-CONVEX FUNCTIONS

We start with the following result that provide in the right side[of|(1.3) a bound in terms of
the identric mean.

THEOREM 2.1 (Dragomir, 201511]). Let f : [a,b] C (0,00) — R be a GA-convex
(concave) function ofu, b] . Then we have
(Inb—1In1(a,b)) f(a)+ (In1(a,b) —Ina) f (b)
Inb—1Ina

_b—L(a,b) L(a,b)—a
= ﬁf(bHﬁf(a).

PROOF Since is &GA-convex (concave) function dn, b] then f o exp is convex (concave)
and we have

(2.2) f(t)= foexp(Int)

b
@y . [ rna<e)

B (Inb—1Int)Ina+ (Int —Ina)lnbd

_foeXp( Inb—Ina )

<(>) (Inb—1Int) foexp(lna) + (Int —Ina) f oexp (Inb)

- Inb—1Ina
(Inb—1Int) f (a) + (Int — Ina) f (b)

Inb—1Ina
for anyt € [a,b].
This inequality is of interest in itself as well.
If we take the integral mean if (2.2) we get

b
bia/ ) dt

(mb— ﬁf;hwdt) fla)+ (ﬁ fablntdt—lna> £ ()

Inb—-1na

< (=)
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and since

b
b—a/a Intdt =1In1 (a,b),

then we obtain the desired resilt (2.1).
Now, we observe that

Inb—Inl(a,b) Inb—tb=elnai 1 r,p)_g

Inb—Ina  Inb—Ina b-a
and, similarly
In/(a,b) —Ina b— L(a,b)
Inb—Ilna ~  b—a

which proves the last part df (2.1y.

If f:1C(0,00) — RisaGA-convex (concave) ohthen we have the inequality

2.3) Fvam) < () L@ W

2
foranyz, y € I.
The following refinement of (2]3), which is an inequality of Hermite-Hadamard type, holds
(see B2 for an extension folGA h-convex functions). For the sake of completeness we give
here a short proof.

LEMMA 2.2 (Noor etal., 201432)). Letf : [a,b] C (0,00) — R be a GA-convex (concave)
function on|a, b] . Then we have

b a b
(2.4) f(\/%> <(2) lnbilna/a fit)dtg (Z)%—W
PROOF. By the definition ofGA-convex (concave) functions da, b] we have
(2.5) F(@70Y) < (2) (1= A) f(a) + Af (b)

forany\ € [0,1].
Integrating the inequality (2.5) di, 1] we get

(2.6) /01 f (a0 dX < (>) f (a) /01 (1—=X)d\+ f(b) /01 AdA.

Since [, (1—\)d\ = [, Ad\ = ! and, by changing the variable= o' *0*, A € [0,1], we

have . ,
gy gy L /f(t)
/Of(a b)dA—lnb—lna o 0 dt

then by [2.6) we get the second inequality[in [2.4).
By the inequality[(2.3) we have

@D d (‘@) =/ (W) = (2)% [f (a'720Y) + f (a®0'7)]

forany\ € [0, 1].
Integrating the inequality (2.7), 1] we get

1 ' 1-Az A ! Apl—X
(2.8) f(\/@ﬁ(z)zvof(a b)d)\+/0f(ab )d)\}
Since . . X ,

/0 f (a0 ) dx = /0 (@ 70Y) dA = o / / it)dt,
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then by [2.8) we get the first inequality in (R.4).
REMARK 2.1. The inequality[ (2]4) can be also written for ahy ¢ > 0 with ¢,d € I as

(2.9) f <\/@> < (2)/0 f () dA < (>) w’

providedGA-convex (concave) function oh
We have the following representation result:

LEMMA 2.3 (Dragomir, 201511]). Letg : [z,y] € R — C be a Lebesgue integrable
function on|z, y| . Then for any\ € [0, 1] we have the representation

(2.10) /Og[(l—t)m—f—ty]dt:(l—/\)/o Gl =) (1= N+ \y) + ty] dt

+/\/1g[(1—t):c+t((1—)\)x+>\y)]dt.

PROOF For\ = 0 and)\ = 1 the equality|(2.10) is obvious. Lete (0, 1) . Observe that
1
/ 91— 1) Ay + (1= N)a) + ty] dt
0

= [ol@=0r+0u+0-00 - Nl
and ) 1
/g[t()\y+(1—/\)x)+(1—t)x]dt:/g[t)\y—i—(l—)\t)x]dt.

If we make the change of variable:= (1 —t) A + t thenwe havd —u = (1 —¢) (1 — \)
anddu = (1 — \)dt. Then

1

/0 o1 =0A+0y+ (=00 =Naldt = 1= [ glwy+ (1 - u)aldu

If we make the change of variable:= A\t then we havelu = \dt and

1 A
/0 g[t)\y%—(l—/\t)x]dt:%/() gluy + (1 —u) z] du.

Therefore
(1—/\)/0 g1 =) O+ (1= ) z) + tyl dt

1 1
+)\/ g[t()\y—i-(l—)\)x)—i-(l—t)x]dt:/ gluy + (1 —u)x]du
0 0
and the identity{(2.70) is proved.

COROLLARY 2.4. Let f : [a,b] C (0,00) — C be a Lebesgue integrable function janb] .
Then for any\ € [0, 1] we have the representation

(2.11) /1 f(a'7°b°) ds
0
=(1- 1) /0 1 f ([a“-*)bq e b5> ds + \ /0 1 f (al—s [aU—MbA]S) ds.
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PrRoOF Using [2.10) we have
1 1
/f(al_sbs)dS:/foexp((l—s)lna+slnb)ds
0 0
1
:(1—)\)/ foexp[(1—3s)((1 =A)Ina+ Alnbd) + slnb|ds
0
+)\/1foexp[(1—s)lna—i—s((l—)\)lna—l—)\lnb)]ds
0
1 1
—(1—\ (1—)\)b)\ 175bs d A 1—s (1—)\)b)\8 d
( )/Of<[a ] >s+/0f<a [0 VK] ds
' - l=s s ' —s - s
:(1—)\)/0 7 ([a®] b)ds+)\/0 £ (@' [0 ds

and the identity{(2.11) is proved.
We are able now to provide a refinement|of [2.4) as follows:

THEOREM 2.5 (Dragomir, 201511]). Let f : [a,b] C (0,00) — R be a GA-convex
(concave) function ofu, b] . Then for any\ € [0, 1] we have

N>

(2.12) f(Vab) < () (1= N f (a0 ) + a7 (a0

b
<(2) lnbilna/ fit>dt

< (2)5 [ (@29) + (1= 0 £ () +f (@)
< (Z) M_

PROOF. We prove the inequalities only for ti@A-convex case. Using the inequalify (2.9)
we have

() < [ () e L0

0 2
that is equivalent to

(2.13) f(a%b%> _ /1f<[a1_AbA}1_s bs) is < f (a0 + f(b)’
0

- 2

forany\ € [0,1].
We also have

f (W) < /01 f (al—s [al_/\b)‘}s) ds < fla)+f (al_)‘b/\)

2

that is equivalent to

(2.14) f(a®0%) < / (@ [ ) ds <
0

forany\ € [0, 1].

f(a)+f (a0
2
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If we multiply (2.13) byl — X and [2.14) by\ and add the obtained inequalities we get, by
the identity (2.1]1), that

=N f(aF 05 )+ af (a0 < /Olf(al‘sbs) ds
f (al—Ab)\) + f (b) f (a) + f (al_)‘b)‘)

<(1-)) 5 +A 2
= S [F @)+ (1= 0) £ () + A ()]

for any\ € [0,1], which proves the second and third inequality(in (2.12).
By the GA-convexity we have

L0 (F08) s (92) 2 f[( A+1)1‘A<a2‘z*b§ﬂ
=7 (o),

m\»—‘
m\»—‘

which proves the first inequality if (2.]12).
By the GA-convexity we also have

% [f (@' 20Y) + (1= X) £ (b) + Af ()]
<Ha-N @A B+ =070+ A @) = LU0,

which proves the last inequality in (2]13).
COROLLARY 2.6. With the assumptions of Theorem|2.5 we have

15) 7 (Vab) < ()5 [f (at6) + 7 (athl)]

1 "f (1)
S(Z)lnb—lna/a tdt

<@g [r(va) + LOEL0) < o) LSO,

3. RELATED INEQUALITIES

The following result also holds:

THEOREM 3.1 (Dragomir, 20151]). Let f : [a,b] C (0,00) — R be a GA-convex
(concave) function ofu, b . Then for anyt € [a,b] we have
f(s
(3.1) lnb—lna/
b)(Inb—1 Int —1
oo o o
<z @10

PROOF. We give a proof only for th&A-convex case. From the inequalify ([L.5) we have
that

(3.2) (&)= f(s) = (It —Ins) f1 (s) s
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foranys € (a,b) andt € [a, b] .
We divide bys > 0 and integrate ofu, b] overs to get

(3.3) / /f (/ i (s ds> mt—/ 4 (s)Insds

for anyt € [a,b].
b1
/ —ds=Inb—Ina, /f+ Yds = f(b) — f(a)

However

and )
/ fi(s lnsds—f(b)lnb—f(a)lna—/ &ds.
Therefore, by[(3]3) we get )

F(t) (Inb—Ina) —/ fis)d

> (F )~ @)t = f Q)b+ f @ a+ |

a

' (S>ds
S
namely
b
£ () (Inb—Ina) — (f () — f (a) Int + f () Inb— f (a)lna > 2/ @d
which can be written as

f@)(Inb—1Ina)+ f(b)(Inb—1nt)+ f(a) (Int —Ina) > 2/

and the first inequality irf (3] 1) is proved.
Using [2.2) we have

f(b)(Inb—1nt) + f(a) (Int —Ina)

1),

Ft)+ Inb—1Ina
< (Inb—1Int) f(a) + (Int —Ina) f (b)
- Inb—1Ina
f()(Inb—Int)+ f(a)(Int —Ina)
+ b —na = f(a)+ f(b)
for anyt € [a, b] that proves the last part ¢f (3.19.
By taking the integral mean in the inequalify (3.1) we have:
COROLLARY 3.2. With the assumptions in Theorém|3.1 we have
B /
(3.4) lnb / { f(t)dt
(b)(Inb—1n1(a,b)) + f(a)(Inl(a,b) —Ina)
Inb— lna
< (2 @10
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Since a simple calculation reveals (see the proof of Theprem 2.1) that

f()(Inb—1In1(a,b))+ f(a)(Inl(a,b) —Ina)
Inb—1Ina

then the inequality (3]4) is equivalent to

1 " f(s)
(3.5) Inb— lna/

L_m/f D LDy P E@B

f(a) + f(b)
: :

REMARK 3.1. Taking specific values fare [a, b] in (3.1) we get the following results

b
(3.6) lnbim/ fis)ds
<>} [f (a+b) L1 (Inb — In %) + £ (a) (1na7+b—1na)]

< (=)

2 2 Inb—1Ina
S(Z)f<a)—2w”(b)7
b (s a
(3.7) lnbilna/a fi )ds§ (Z)% {f <\/%> +f( )—Q{—f@)]
< () L0210

f(s
(3.8) Inb— lna/

<(> )5[ (b)) + f(b)(1nb—ln[(a,ll;)2)~_|—{n(s)(lnI(a,b)—lna)}
— g |+ EOD ) EEE D )
S(Z)f(a);rf(b)’

and

(3.9) lnb—lna/ e

_@5[<uam

f(a) + f(b)
5 :

f(b)(Inb—1InL(a,b)) + f(a) (InL (a,b) — lna)}

Inb—1Ina
<(>)

Now, observe that
f(b)(Inb—-1Int)+ f(a)(Int —Ina) =0
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Int =

fO)nb—f(a)na (b T T@
F)—fla) n(af(a)) ,

which is equivalent to

pf®) O T@
b= <af(a)> '

pf (@) O T@
t= <af((l)> S [a,b]

Therefore, if

then by [3.11) we get

1 b £ (s) 1 b ®) \ T 7@
: <(>)=
(3.10) lnb—lna/a s a5 < (_)Qf (af(a))

The following result also holds

I
v

THEOREM 3.3 (Dragomir, 201511]). Let f : [a,b] C (0,00) — R be a GA-convex
(concave) function ofu, b] . Then for anyt € [a, b] we have

f(b)b(lnb—lnt)—I—af(a)(lnt—lna)}_ i /f(s)ds

b—a i
_)% [bia/abf(s)lnsds— (bia/abf(s)ds> lnt].

PROOF We give a proof only for th&sA-convex case. Integrate overin the inequality

(3.9) to get

(3.11) % )+

(3.12) f(t)(b—a)—/bf(s)dszlnt/bfjr(s)sds—/bfjr(s)slnsds

for anyt € [a,b].
Observe that, integrating by parts in the Lebesgue integral, we have

/f+ )sds = bf (b) — af (a /f

and

b b b
/fjr(s)slnsds:f(b)blnb—f(a)alna—/f(s)lnsds—/f(s)ds.
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Using the inequality{ (3.12) we get

D60~ [ 1
Zlnt( b) —af (a /f )

—f(b)blnb+f(a)alna+/ f(s)lnsds—i—/ f(s)ds
b
:bf(b)lnt—af(a)lnt—lnt/ f(s)ds

b b
—f(b)blnb+f(a)alna+/ f(s)lnsds—l—/ f(s)ds

that is equivalent to

F)(b—a)+ f(B)b(nb—Int) + af (a) (nt — na) _2/ £ (s

/f 1nsds—1nt/f

COROLLARY 3.4. Let f : [a,b] C (0,00) — R be a GA-convex function dn, b] . Then

— In a ajl\a n a —Ina b
1 MO hI@HG @O L [,

_b— /f lnsds—(b_ /f ds)ln[ab)

Moreover, if f is monotonic nondecreasing, then

(3.14) bf(b)(lnb—ln](a,b))—l—af(a)(ln](a,b)—lna)_bia/ £(s)ds

b—a j
/abf(s)ds)ln](a,b)zo.

s)In sds — (b—a

PROOF Integrating ovet on [a, b] and dividing byb — a in (3.11) we get[(3.13).
Now, sincef is monotonic nondecreasing ¢n b], then byCebySev inequality for synchro-
nous functions, we have

1 b 1 b 1 b
b—a/a f(s)lnstZ(b_a/a f(s)ds)m/a In tdt

that proves[(3.14)
COROLLARY 3.5. Let f : [a,b] C (0,00) — R be a GA-convex function dn, b] . Then

FO)b(Inb—pp) +af (a) (u; —lna)]

for anyt € [a, b] and the inequality (3.11) is proved.

2

(3.15) ! [f (exp (11s)) + T
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provided that
f f(s)Insds

My =
Jo £ (s
REMARK 3.2. If we taket = /ab in ) then we get

(3.16)%[f<\/%)+f(2)zz;abf ] b_a/f

> [m/ £ (s)In sds — <ﬁ/abf(s)ds) ln\/%}.

If we taket = I (a,b) in (3.11), then we get
fOb(lnb—1Inl(a,b))+af(a)(Inl(a,b)— lna)}

1 b
- b—a/a f(s)ds
I I
> 5 {m/a f(s)Insds — <m/a f(s)ds) ln](a,b)] :
Finally, we have

THEOREM 3.6 (Dragomir, 201511]). Let f : [a,b] C (0,00) — R be a GA-convex
(concave) function ofu, b] . Then we have

€ [lna,Inbd.

(3.17) % [f (I (a,b)) +

(3.18) % [f; (x/%) 7 (\/%)] Vab (Inb — na)
S(Z)f<>;_f( lnb—lna/f
< (2) 5 [F- )b~ fi (a)a] (b~ )
and
(3.19) é[ﬁ (W) — (M)} Vab (Inb — Ina)

lnb—lna/deS_ m)

§(2>§[f ()b~ fi (a)a] (inb—Ina).
PROOF Consider the functioh : [Ina,Inb] — R defined byh (t) = f o exp (t) . Sincef
is aGA-convex (concave) function dn, b] , then we have the lateral derivatives
W, (t) = (fioexp(t))expt, t € [lna,Inb].
If we apply Lemma OJ1 we deduce the desired reqult.

REMARK 3.3. If the functionf : I C (0,00) — R is differentiable and &A-convex
function on[a, b] C I then we have the following inequalities

f(@)+f0) fis
(3.20) 0= 2 C Inb— lna/
< S IF ()b~ f'(a)a] (b~ Ina)
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and
1 " f(s)
(3.21) Oglnb—lna/a s ds—f(@)
g%[f’(b)b—f’(a)a](lnb—lna).

4. SOME REFINEMENTS

In 1994, B] (see also23, p. 22]) we proved the following refinement of Hermite-Hadamard
inequality.

LEMMA 4.1. Letg : [¢,d] — R be a convex function oft,d]. Then for any division
c=x9 <11 < ...<xp_1 <z, =dwithn > 1we have the inequalities

ctd RS Tiy1 + T
4.1 < =
(4.1) g< 5 >_d_c§ (it xz)g< 5

n—

[asry

L ‘ 1 ;) + Z;
< /g(x)dxgd_c (iUz'H—xi)g( ) 29( +1)

N
Il
o

We have:
THEOREM4.2 (Dragomir, 201512)). Letf : [a,b] C (0,00) — R be a GA-convex function

on [a, b] . Then for any divisio =ty < t; < ... < t,_1 < t, = bwithn > 1 we have the
inequalities

n—1

42) [ (Vab) < 3 (e ) £ (it

“Inb—1Ina
1 " f(s)
<
_lnb—lna/a s ds
n—1

f () + f (i)
2; (ln ti+1 —In tz) 5

=

7=

1
< -
“Inb—1Ina

< 5@+ ).

PROOF If f : [a,b] C (0,00) — R is a GA<convex function ona,b], then f o exp is
convex on[lna,Inb|. Letc = Ina, d = Inb and the division:; = Int;, i € {0,...,n — 1} of
the interval[c, d] . If we write the inequality[(4]1) foy = f o exp on the intervalc, d] and for
the division

Ina=Inty <Int; <..<lInt,_; <lInt, =1Ind
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we have

(43)  (foexp) (W)

n—1
1 In ti+1 + In tz
~ m E (11’1 tz‘+1 —In tz) (f ¢) eXp) <#>

1=

b [ Geen @

~Inb—Ina /f,,

1 & (foexp) (Int;) + (f o exp) (Inti1)
_lnb_lna;(lntiﬂ_lnti) €Xp) (in ) exp) (Int; g
< % [(foexp) (Ina) + (f oexp) (Inb)],

that is equivalent to
1 n—1
@4 f(Vab) < e (it — Int) f (Vi)

1 Inb
< m/l (f oexp) (z) dz

1 n—1 ; ; 1
< b —Ina Z (Intip, —Int;) /&) +2f (ti) < B [f (a) + f(b)].

1=

By using the change of variablep (z) = t, we haver = Int, dz = % andfliln;’ (foexp) (z)dr =
fab @dt and by ) we get the desired res4£).

COROLLARY 4.3. Let f : [a,b] C (0,00) — R be a GA-convex function oja, b . If
a <t < b, then we have

(4.5) f(x@)
< m [(lnt—lna)f (\/ﬁ) + (Inb—1Int) f (\/%)}
= lnbilna/bf<(95>d8
< % {f ) + (Int —Ina) fliagjlgr;b—lnt)f(b)}

<51 @)+ 0.

REMARK 4.1. Letf : [a,b] C (0,00) — R be aGA-<convex function ona,b]. For a

division0 = Ay < A\; < ... < \iq < A, = 1 with n > 1 of the interval|0, 1], consider the
division

b\
(4.6) ti=a (5) =a M, i€ {0,...,n — 1}

of the intervalfa, ] .
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Observe that

b Ait1 b A
Int;y; —Int; =In (—) —1In |a (—) =(Inb—Ina) (N1 — \)
a a

AitAig1 A tFAigg
2 h 2

and

\/% = Val=riprigl=dit1priv1 = gl™
for anyi € {0,....,n — 1}.
If we write the inequality[[@]2) for the divisiofi (4.6) we get

—_

n

@47 f <\/%) < (A1 = Ai) f <a17

7

1 " f(s)
<
_lnb—lna/a s ds
n—1

f al=Mipri + f gl i1 pritt 1
SZ(/\z‘H—)\z‘) ( ) 2( )§§[f(a)+f(b)];
=0
for any division0 = A\ < A\; < ... < A\,—1 < A, = L with n > 1 of the intervall0, 1].
If we write the inequality[(4]7) fob < A < 1, then we get

(4.8) f (\/%) <@A=-Nf (a;bi) +Af (a*zf)

1 0
<
_lnb—lna/a t dt

<G U@ (1= X)70)+ M (@)] <
The inequality[(4.B) was obtained if1].

AitAig1  AqtAipn
2 b 2

Il
=)

fla+70)
2

In the following chapter we establish some weighted Hermite-Hadamard type inequalities
for GA-convex functions.
5. WEIGHTED INEQUALITIES
We have the following weighted inequality:

THEOREMS.1 (Dragomir, 201512)). Letf : [a,b] C (0,00) — R be a GA-convex function
on|a,b] andw : [a,b] — [0, 00) an integrable function ofu, b] with fabw (t)dt > 0,then

[P (t) Intdt
S )
- [P (t) f(t)dt
T [P (t)dt
(lnb B ffw(t)lntdt) f(a) + (ffw(t)lntdt B lna> £(0)
< [P w(t)at [P w(t)at .
- Inb—1Ina

PROOF Observe that fot € [a, b] we have

(Inb—Int)lna+ (Int —Ina)lnb

1 =
nt Inb—1Ina
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By the convexity off o exp we have

Inb—1na

(52)  f(t) = (foexp) (Int) = (f o exp) (“n”
Inb—Int Int—Ina

fla) +

—Int)lna+ (lnt—lna)lnb)

f(b)

“Inb—1Ina Inb—1na

for anyt € [a,b].
If we multiply (5.2) byw (¢) > 0, ¢ € [a, b] and integrate overon [a, b] then we get

/abf(t)wtdt

- Inb [[w(t)dt— [ w(t) lntdtf(a) N [ w(t)Intdt —Ina [ w(t) dtf(b)

Inb—1Ina Inb—1Ina

and the second inequality in (b.1) is proved.
By Jensen’s inequality we have

fabw ) f@)dt fabw (t) (f oexp) (Int)dt

[Pwtydt 12w (t) dt
and the first part of (5]1) is proved.

> (f oexp) (M)

[P (t) dt

COROLLARY 5.2. Let f : [a,b] C (0,00) — R be a GA-convex function dn, b] , then
1 "F@) o, fa)+ f(b)
: Vab) < < :
(5.3) f( ab>_1nb—lna/ t dt < 2

PrROOF. If we takew (t) = 1 in (5.1), then we have

b Int
It gy
(5.4) Fexp (ot
S, bt
b
_ Lo Bt
— b
Jo ¥t
(mb— %) f(a)+ (ﬁ —lna) £ ()
< a t a t )

Inb—-1na

Since

Int 1 1
/ 2t = 5 lnb)Q—(lna)Q] : / zdt:lnb—lna
then we get from[(5]4)

b f@t)
Inb+Ina / dt
R —— < Ja t
f(exp( 2 ))_lnb—lna

_ (ll’lb- lnb;lna) f(a) + (lnbglna _ lna) f(b)

Inb—1Ina

and the inequality] (5]3) is proved.
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COROLLARY 5.3 (Dragomir, 201512]). Let f : [a,b] C (0,00) — R be a GA-convex
function on|a, b] , then for anyp € R with p # 0, —1 we have

(5.5) 15 (a,b) f ([1 (a1, 7)) 77)
< b_a/abtpf(t)dt
o (L@ o) —aP™) f (a) + (07 = L (@ 07) f ()
N (p+1)(b—a) '

If p = 0, then we have

68 U@y <y, [ roas HEDZO ORI

PROOF If we takew (t) = t?, with p # 0, —1 in (5.1)), then we have

1 e () 2770

[P tvdt [P trdt
b 4P Intdt b 4P Intdt
g <lnb — —f“f:tpdt ) f(a)+ (f“f;tpdt - 1na> f ()
o Inb—Ina )
We have
b
1
/ tPdt = —— (bp—i—l o ap—i—l)
a p+1
and
b 1 1
/ tPIntdt = —— (bp+1 Inb—a’ina — ——1 (bp+1 - ap+1)) )
a p p
Then
b
tP In tdt 1
fab—n =In [I (", )] T ’
S trdt
g Jatntdt 1 L(at ) - ot
n fbtpdt o p+1 L(aerl’prrl)
and, similarly,
ff tP Intdt 1 ot — L(aPt bt

[Pwd 0 ptl L(artet)
From [5.7) we then have

1 b
) . v JL P () dt
f (exp (n 7 @ )] ) ) < 2 i Jo trdt

L ap-‘rl’bp-l»l _ P+l pp+1_7p, ap+17bp+1
(™) £ o)+ (b ) £ @

Inb—-1Ina

<

9
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i.e.
[P f () di
LY (a,b)

L ap+l7bp+1 _aPtl pp+1_7, ap+1’bp+l
(,ﬁ AR )f<a>+ (% G >)f<b>

7 ([ @] 7)<

<
Inb—1Ina
L(al’+1,bp+1)—ap+1 bP+1—L(aP+1,bP+1)
L(ar 1 pp 1) f (a L(ar 1 pp 1)

In prtl — In gPtl

By multiplying this inequality withZ? (a, b) we get

12 (a,0) f (1 (@,77)]77) < ﬁ/:tpf (t) dt

L(ap+1,bp+1 _gpt1 bp+1_L(ap+l7bp+1)

_ pptl _ gp+l A CRRNTERY f (a) + L(aPTT ppFT)
~(p+1)(b—a) In pp+! — In grt!
(L (a1, 07*Y) — aP™) f (a) + (0P — L (a”*, 07F1)) £ (D)
- (p+1)(b—a) |

If we perform the calculations in the above inequalitiesfes 0 we get the desired inequality
(5.6). We omit the details

REMARK 5.1. If we takep = 1 in (5.5), then we get

58 (VI ) < / or

< (A (a’ b)L(a’ b) _a2)f<a) + (b2 _A(a’ b)L(a’ b))f(b)
- 2(b—a) '
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CHAPTER 5

Inequalities for GG-Convex Functions

1. SOME PRELIMINARY FACTS FOR GG-CONVEX FUNCTIONS

The functionf : I C (0,00) — (0, 00) is calledGG-conveyon the intervall of real umbers
R if [[1]

(1.1) f @) < [F@F W)l
foranyz,y € I andX € [0,1]. If the inequality is reversed if (1.1) then the function is called
GG-concave

This concept was introduced in 1928 by P. Mon&][ however, the roots of the research
in this area can be traced long before hiBd][

It is easy to see thaBll], the functionf : I C (0,00) — (0, 00) is GG-convexf and only if
the the functiory : In/ — R, g = Inof o exp is convex onn /.

It is known that [B1] every real analytic functiorf(z) = >~ ¢,2" with non-negative
coefficientsc,, is a GG-convex function on0, ), wherer is the radius of convergence fgr
Therefore functions likexp, sinh, cosh areGG-convex onR, tan, sec, csc, % — cotz areGG-
convex on(0, ) and—, In 71— or 1=~ areGG-convex on(0, 1) . Also, I" function is a strictly
GG-convex function orl, co).

It is also known that31], if a function f is GG-convex, then so is“f? (z) for all « € R
and all3 > 0. If f is continuous, and one of the functiofir)® and f(e!/!°9*) is GG-convex,
then so is the other.

The following result is due to P. MonteB(]:

PRoOPOSITION1.1. Let f : [0,a] — [0,00) be a continuous GG-convex @f, a), then
F (x):= [; f(t)dtis continuous GG-convex df, a) .

Therefore, as pointed out iB]], the Lobacevski’s function

L(x):=— /Ow In (cost) dt

is GG-convex on(0, 7/2) and the integral sine

Si(x) ::/ Sl—ntdt
0 t

is GG-concave on0, 7/2) .

The following characterizations hol8]].

PROPOSITION1.2. Letf : I C (0,00) — (0, 00) be a differentiable function on the interior
I of I. The following statements are equivalent:

(i) The functionf is GG-convex o

(ii) The function/%) is nondecreasing o

(iif) We have the inequality

1.2) f(x) N (E) )

48
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foranyz € [ andy € I;
and

PROPOSITION1.3. Let f : I C (0,00) — (0, 00) be a twice differentiable function on the
interior I of I. The following statements are equivalent:

() The functionf is GG-convex od;

(i) We have the inequality

(1.3) | f (@) " (@) = (f" (@)°| + [ (@) f (@) 2 0
foranyz € 1.
In 2010, Zhang and Zhen@T] proved the following inequality for &G-convex function
fonja,b:
1 b
: _— < .
(1.4) e [ SO < Ler @, 0)

In 2011, Mitroi and SpiridonZ9] established amongst other the following double inequality:

@9 FUo) e (s [wre) < o) e

wheref : [a,b] C (0,00) — (0,00) is GG-convex and (a, b) is theidentric mean
In 2013, Iscani25] also proved the following result:

(1.6) / (\/_b ~Inb— lna/ \/ ab dt

f(t
< < L(f
lnb—lna/ dt

provided thatf : [a,b] C (0,00) — (0, c0) is GG-convex.
The functiong : I C (0,00) — R is calledGA-convex if [1]

(1.7) g (=" ) <1 =N g(z)+ g (y)

foranyz,y € Tand\ € [0,1].

One can observe that the functign: 7 C (0,00) — (0, 00) is GG-convex if and only if
g := In f is GA-convex on/.

In order to prove in a different way (1.5) by usi@f\-convexity we use the following result:

LEMMA 1.4.1fb>a > 0andg : [a,b] — R is a GA-convex function oja, b] , then

(1.8)  g(I(ab)) <—/ < bL_(Zb)g(b)ﬂt%g(a).

This result was proved in the case of differentiable function88p §nd in general case in

[11].
Sincef is GG-convex, thery := In f is GA-convex and by[(1]8) we have

lnf(I(a,b))gﬁ/ablnf(t)dt

< VRO iy HOD 2 p )
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that is equivalent to

b—L(a,b) L(a,b)fa,>

Inf (7 0.) < 5= [ Inf@de < ([ @) FE 1 (@) 5

and by taking the exponential, with the desired inequdlity] (1.5).
Motivated by the above results we establish in this paper some new inequalities of Hermite-
Hadamard type foGG-convex functions. Applications for special means are also provided.
2. INEQUALITIES FOR GG-CONVEX FUNCTIONS
We have the following generalization of Zhang and Zheng refsult (1.4):

THEOREM 2.1 (Dragomir, 201513)). Let f : [a,b] C (0,00) — (0,00) be a GG-convex
function onla, b] . Then for every > 0 andg € R we have the inequality:

b
S [P @d < L@ @), 0 ).

Inb—-1Ina J,
Forp = 1 we then have (seg (1.6))

(2.1)

b
@22 i [a < iy @.so)
for ¢ = 0, and (se€{(1]4))
1 b
23) s | FOd <Ll @b 0)
forqg = 1.

From a different perspective we have:

THEOREM 2.2 (Dragomir, 201513)). Let f : [a,b] C (0,00) — (0,00) be a GG-convex
function onfa, b] . If p > 0 and
(i) ¢ € R\ {0, 1}, then we have the inequalities

(2.4) 7 (Vab) (L4 (a,1) ¥ < <b_a/fp ( )tq 1dt>21p

<V f(a) f(b) (L (a, b))

(i) We have the inequalities

(2.5) £ (Vab ( /ﬂ @J@ééf@ﬂw

(iif) We have the inequalities

1

b fp p (ab 2p
(2.6) N%@§<mﬁmm/f®{“%ﬂ < VF(@) ).

If we takep = 1 above, then we get

2.7) f (\/%) L (a,b) < ﬁ/abtql oy (%b) dt
< b) v/ f (a) f (b)

qg—1
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for g € R\ {0,1},

(2.8)

and

e9 (V)< [ 1o ()< Vi@

The inequality[(2.p) was stated f@G-convex and monotonically decreasing functions26]
If we takep = 1 above, then we also have

(2.10) ( \/Lg ' (a,b) \/b_ /f )tq 1t

< V/f(a) f(b)\/LiZ} (a,b),
(2.11) f(@)s\/ﬁ/abf(t)f(%b)dtéx/m

forq € R\ {0,1},and

(2.12) f< \/mb—lna/ 10 1(%) dt < /T @) f(b).

The inequality[(2.111) was stated fGIG-convex and monotonically decreasing functions36j [
The following result holds:

THEOREM 2.3 (Dragomir, 201513)]). Let f : [a,b] C (0,00) — (0,00) be a GG-convex
function on|a, b] . Then for any\ € [0, 1] we have

(2.13) f(\/@ < [f (alz*bkglﬂu [f (ang*)]x

1 “In f (¢)
<
_eXp(lnb—lna/a t dat

< \/f (@200 [f (0)] 7 [f ()] < V/f (a) £ (D).
If we take in {[2.1B)\ = 3, then we get

(2.14) f (m) < \/f (@) f (Va3

1 “Inf(t)
<
_eXp<lnb—lna/a t dt

</ f (Vab) VT F @) < VF@ F @)

We also have:
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THEOREM 2.4 (Dragomir, 201513]). Let f : [a,b] C (0,00) — (0,00) be a GG-convex
function onja, b] . Then we have the inequalities

SL ()b fi(a)a}

(2.15) 1< f@i®) <9>é[m>m

- exp (lnbilna f; ln{;(S) d8> N @
and
b In @b fl (a)a
CXp <1nbilna Ja f d3> b %{ B @ }
(2.16) 1< Sl
a

7 (Vad)
We also have:

THEOREM 2.5 (Dragomir, 201513)). Let f : [a,b] C (0,00) — R be a GG-convex
function onfa, b] . Then for anyt € [a, b] we have

b n
(2.17) exp (lnbilna/ 1 J;(S)ds)

< \/_\/f wota f (q)wi-me < \/f (a) f (D).

If we take in [2.17)% = G (a,b) = V/ab, then we get the second part pf (2.14), namely

o (i | ) < \[r (vab) VT 0@ < VT @

Inb—Ina /,

If we taket = I (a,b) in (2.11) we also get

(2.18) exp (m - i _ /b In fs () ds)

Inb—In I(a,b) InI(a,b)—lna

</ f (I (a,b) \/f wema f(q) wo-ma < \/f (a) f (D).
Observe that
Inb—Inl(a,b) Inb—BRE=ARE L1 [ (qp)—aq
Inb—1Ina Inb—1Ina b—a

and, similarly,

In7(a,b) —Ina b—L(a,b)

Inb—1Ina b—a
Therefore the inequality (2.1.8) is equivalent to:
1 "1
(2.19) exp / nf(s)
Inb—1na s

< VTT@IT 0 5 1 < VT 7 0.

We also have

®In
(2.20) exp (lnbilna/ 1 J;(S)d8>

<exp(‘ _/1nf dth T f ) < @) F D),

AJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA


https://ajmaa.org

HERMITE-HADAMARD TYPE INEQUALITIES FORM N-CONVEX FUNCTIONS 53

Since: [a,b] C (0,00) — (0, 00) is aGG-convex function ora, b] , then for anyp > 0 we
have

(2.21) fP (a0 < [f7 (@) 7 [P (0))
forall A € [0,1].

Now if we multiply (2.21) by(a'=*%*)" > 0 for ¢ € R we get
(2.22) 7 (a' 0 (@' < [P (@) TS 0 (0! )

= [a'f? (@) o7 (0))

forall A € [0,1].

If we integrate the inequality (2.22) ovare [0,1], then we get
(2.23) / 1 f7 (a'Y) (a0 N < / 1 [a? 7 (a)]' ™ [b2f2 (b)) dA.

0 0

Observe that

/0 [a? 7 ()] [p2f7 (b)) dA = L (af" (a) , b7 (b))

and by the change of variabié—*b* = t we have

[ reoyeeras
0

which, together with[(2.23) produces the desired repuli (2.1)
This proves Theoren 2.1.
To prove Theorerpn 2|2, we observe thaf ifs GG-convex, then we have, as i29):

1

Inb—1Ina

/ b L fP () dt,

a

(2.24) f(Vab) < V@20 F (@b < v/ (@) [ )
forall A € [0,1].

If we take the powegp > 0in (2.24) we get
(2.25) 72 (Vab) < 7 (0" ) 7 (@6 ) < f7 (a) S (1)
forall A € [0,1].

By multiplying with (a’=**)? > 0 for ¢ € R\ {0} and integrating ovek on [0, 1] we get
(226) ¥ (Vad) /0 1 (a"0")"dA < /0 (@) 7 (@) (a0
< f?(a) f* (b) /0 1 (a'*0M) " a.
Since

1 1

/ (a" M) dX = / (@) (1) d\ = L (a®,07) = LI~} (a,b) L (a,b)
0 0

for g # 1 and forg = 1, f01 a'= b d\ = L (a,b), while

1 . 1 b AN
[ 7@ o @) @y an= ot e e () et
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then from [(2.2B) we have far # 0, 1 that

_ 1 b b
(2.27) f* (x@) LI~} (a,b) L (a,b) < T / fP(t) fP (%) t 1t
< f7(a) f7 (b) LI (a,b) L (a,b) .
Forq = 1 we also have
(2.28) pr(va) <t [ s (F) i< @,
If ¢ =0, then by @) we have

CL

(2.29) £ (J_ _lnb—lna/ 10 () dt < f? (a) f* (b)

and Theorer 2|2 is completely proved.
In order to prove Theorefn 2.3 we use the following resuliGérconvex functions11].

LEMMA 2.6. Letg : [a,b] C (0,00) — R be a GA-convex function dn, b] . Then for any
A € [0,1] we have

(230) g (Vab) <(1-N)g (a3 b*ﬁ) + g (' 07)

f(t
lnb—lna/
25[9( ) + (1= 2) g (b) + Ag ()] SM.

If fis aGG-convex function, then by writing the inequalify (2/30) fp= In f we have
@3 wy(va) <u([r(aP0)] 7 1 (F0)])

1 “In f (t)
<
_lnb—lna/a 13 dt

<t/ F (@) [ O @ < /T (@) 7 0.

By taking the exponential i (2.81) we get the desired regult|2.13).
We have the following reverse inequalitiéisl].

LEMMA 2.7. Letg : [a,b] C (0,00) — R be a GA-convex function dn, b] . Then we have

g(a)+g(b) 1 "g(s)
(2.32) 0= 2 _lnb—lna/a S ds
§%[g’_(b)b—g;(a)a} (Inb—Ina)
and
(2.33) oglnbilna/bgis)ds—g(\/%)

< é (g (b)b—¢! (a)a] (Inb—1Ina).
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If we take in [2.3R)y = In f, then we get
Inf(a)+1nf(b) 1 /blnf(s)ds

2 " Inb—Ina s
LB f@a]
Ss[ﬂb) 7(a) M b-lna),

to

(2.34) In\/f(a) f ()

1 {f’,(b)bi fi(a)a}
1 “In f (s) b\ S| T® @
<In | exp ds ) (| - .
Inb—1Ina /, 5 a

Taking the exponential i (2.84) we get

1[fL®p (e
f(a)f(b) < exp< 1 /b lnf(s)ds> (9)8[ HORERIC) }

Inb—1Ina S a
and the inequality] (2.15).
The inequality[(2.1)6) follows by (2.33) in a similar way and the details are omitted.
Further, we use the following result f@&A-convex functions11].

LEMMA 2.8. Letg : [a,b] C (0,00) — R be a GA-convex function dn, b] . Then for any
t € [a,b] we have

b
(2.35) lnbilna / g(ss)ds
SH MUMLIULEUEFBILIEE
<(>) M_

- 2
If fis GG-convex, then if we writg (2.35) fay = In f, we have

(2.36) ! / nf(s),

Inb—1Ina S
<t (VIVS 0B £ @B ) <T@

and by taking the exponential in (2]36) we get the desired résuli (2.17).
If we take the integral mean if (2]35) we get

(2.37) L / "9(8)

Inb—1na s

17 1 b
Sﬁ{b—a/g(t)dt

g () (b= 5 [T mtdt) + g (a) (75 fflntdtlna)}

+ Inb—1Ina
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namely

1 "9 (s)
(2.38) lnb—lna/a ds

S

< % {ﬁ/a o () dt + g (b) (Inb — ln](a,ll;);)—i_—fn(z) (In7(a,b) —Ina)
< 9@ +g(b)
- 2
Since
g(b)(Inb—1InI(a,b))+g(a)(Inl(a,b) —Ina)
Inb—1Ina
_tab e,y b bl )
then by [(2.3B) we have
1 g(s)
lnb—lna/ S ds
b a,b) —a —L(a
<3 [ims [ o0 HED =20+ P50y
_s@+g0)
- 2

Writing this inequality forln f we have

1 “In f (s)
1nb—lna/a s ds

[L/blnf(t)dwrMlnf(bwwlnf(a)

b—a /, b—a b—a

< 1nf(a)-2an(b)

1
-2

and the inequality] (2.20) is thus proved.

3. SEVERAL REFINEMENTS
We have the following result for an arbitrary division:

THEOREM 3.1 (Dragomir, 2015[14]). Let f : [a,b] C (0,00) — R be a GG-convex
function on[a, b] . For a division0 = Ay < Ay < ... < A1 < A\, = 1 withn > 1 of the
interval [0, 1], we have

(3.1) f( > H[( At Hmﬂml—xi

i=0
1 b1
< exp / nf(s)ds
Inb—Ina /, s

n
Xit1 =N

< | [f (alf)\ibAi) f (alﬂ\iﬂbAiH)} 2 <+/f(a) f(b).

|
—

s
Il
=)
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For a division of the interval, b] we also have:

THEOREM 3.2 (Dragomir, 2015(14)). Let f : [a,b] C (0,00) — R be a GG-convex
function on|a, b] . Then for any divisiom =ty < t; < ... < t,,_1 < t, = bwithn > 1 we have
the inequalities

(32) f(Vab) < (H K (mﬂl(*))()

b n S
< oxp (lnbilna/a l ];( )d3>
sH ([\/f <‘ti>f<‘ti+1>}1“<ti#)> W vrwro.

If we write the inequality[(3]2) for = t, < t; =t < t2 = b, then we get

1SS
S—|

—Ilna Inb—Int

00 () = [ ()] ()]

1 “In f (s)
<
= &P <lnb—lna/ 5 ds)

< VIOV (@1EER (£ o) < VT @ F )

for anyt € [a,b].
From a different perspective we have:

THEOREM 3.3 (Dragomir, 2015(14]). Let f : [a,b] C (0,00) — R be a GG-convex
function on[a, b] . Then for any divisiom = tq < t; < ... < t,_1 <t, = bwithn > 1 we have
the inequalities

(3.4) f(m)gexp{ L /blnf(s)]

Inb—-1na

] tt2+1
d
lnb—lnaz/ \/ s

1 ()
< .
_lnb—lna/a 5 ds

If we taken = 1in (3.4), then we have

(3.5)f(@)gexp{ ! /blnf@)}

Inb—1Ina

/ ab
lnb—lna

1 " f(s)
< .
_lnb—lna/a s 08

The first inequality in[(3]5) provides a refinement[of [1.6).
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If a <t <b,then by|3.5) written for. = 2 we get

(3.6) f (\/%)

1 blnf(s)
< exp [mb—lna/ }

_lnb—lna[/ \/ at ds+/ \/ tb ]
S1nb—1na/a fss

We have the following results for differentiable functions:

THEOREM 3.4 (Dragomir, 201514]). Let f : [a,b] C (0,00) — R be a differentiable
GG-convex function ofu, b] . Then we have the inequalities

b f(t) J'(Vab) Vab _ f'(/ab)Vab

(37) lnbilna fa Tdt > L <9) 2f(Vab) ’ (é) 2f(Vab) >1

f (@) a a
and

b f(t)

b d

(38) lf (a)bffgt)) 2 1 4 lOg fa t o
J. dt b 70
Inb—Ina Ja t f @ <\/Ta7b> dt

L [P 10 g
Z 1 +10g Inb—Ina fa t 2 1
7 (Vab)
whereL (-, ) is the logarithmic mean.

Now we can state the following result for weighted integrals:

THEOREM 3.5 (Dragomir, 201514]). Let f : [a,b] C (0,00) — (0,00) be a GG-convex
function on|a, b] andw : [a,b] — [0, c0) an integrable function offu, b] , then

Jilw () In tdt (L@@
(39)f<exp<—faw(t)dt ))g p< sy )

fé’ w(t) In tdt fg w(t) In tdt .
S w(t)dt S w(t)dt

< [f (@) [ ()

In particular we have for angG-convex functionf : [a, b] C (0,00) — (0, co0) that

1 L5(a,b) 1 b
320) |/ ([ (@ o)) <exp (m/a 1n f (t) dt)
L(ap+1,bp+1),ap+1 bp+1,L(up+1,bp+1)

<[f (a)]” @FO0-a [f (b)] @Ot ,

Inb—

foranyp € Rwith p # 0, —1.
If p =0, namely we takeu = 1in (3.9), then we gef (1]5).
In the paper12] we obtalned the following result for a division of the intery@l1]:
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LEMMA 3.6. Letg : [a,b] C (0,00) — R be a GA-convex function o, b|. For any
division0 = A\g < A} < ... < A1 < A\, = 1 withn > 1 of the interval|0, 1], we have

(3.11) g (\/%) < nz_l Niv1 — N g (ak%b%)

=0
1 "9 (s)
<
_lnb—lna/a s o

n—1 al=iphi + ql= i+ prit1 1
<5 (L) o )<Ly + 0.
=0

If we write the inequality[(3.1]1) for th&A-convex functiong = In f, where f is GG-
convex, then we have

n—1

e

i=0
1 In f (s)
<
“ Inb-— lna/ S ds
Ait1 =N

<lnH (a' M) £ (a'epde)] T E < ny/f (a) £ ().

By taking the exponential ||[(3_12) we get the desired regult(3.11).
In [12] we also proved the following result for a division of the interjalb:

LEMMA 3.7. Letg : [a,b] C (0,00) — R be a GA-convex function dn, b] . Then for any
divisiona =ty < t; < ... < t,_1 <t, = bwithn > 1 we have the inequalities

(313)gy(vﬁz)s;Eﬁ;§ﬂﬂiﬁf<miﬁl—»n@)g(véﬁ;Z)

1=

1 "9 (s)
<
_lnb—lna/a s o

n—1

1 g(t) +g(tiy) 1
S Int;; 1 — Int; < —
_lnb—lna;(n + i ) 2 2

[f (a) + £ (0)].-

If we write the inequality for th&A-convex functiony = In f, wheref is GG-convex, then
we have

(3.14) 1nf(\/@>§1n (ﬁ [f (m)}ln(t:l))l(b)

1 “In f (s)
<
_lnb—lna/a s ds

smH<UMfmmWWTU“”sm @7,

By taking the exponential i (3.14) we get the desired resuli (3.2).
In paper B] we have established the following result for log-convex functions:
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LEMMA 3.8. Letg : [¢,d] — (0, 00) be alog-convex function dn, d] andc = yg < y; <
. < Yn—1 <y, = d an arbitrary division oflc, d| withn > 1. Then

n—l ey

d
(3.15) exp {ﬁ/ Ing (y) dy] < LZ VW) g Wi+ yin —y)dy

“d-—c
1 d
< d_c/ 9(y)dy.

i=0 Y Y¥i
If f: [a,b] C (0,00) — Ris aGG-convex function orfa,b] anda = tq < t; < ... <
tn—1 < t, = bwith n > 1 is a division of[a,b] then by takingg := f o exp, y; := Int;,
i €{0,...,n—1},c=Inaandd = Inb we have thay is log-convex orlc, d] andy; := Int;,
i €{0,...,n— 1} isadivision offc, d] .
By writing the inequality[(3.1}5) for these choices, we have

Inb

(3.16) exp {ﬁ/l In f (e¥) dy}

na

Int;yq

n—1
1
< E y Int;+Int; 11—y
_lmb—lnai:0 Ati \/f(e)f(e "y

1 Inb
/1 £ () dydy,

“Inb—1Ina Jf,,
that is equivalent to

Inb

(3.17) exp [m/l In f (e¥) dy}

na

n—1 Int;
1 i+l titit1
< — E Y Lo
_lnb—lnaio/lnti \/f(€>f< ey )dy

1 Inbd
< — Y .
_lnb—lna/l f(e)dy

na

If we make the change of variabl¢ = ¢ in (3.17), then we deduce the desired resul|(3.4).
In [4] we proved the following result for log-convex functions:

LEMMA 3.9. Letg : I — (0, 00) be a differentiable log-convex function on the interval of
real numberd (the interior of/) andc, d € I with ¢ < d. Then the following inequalities hold:

> L (exp [‘Z ((E;

2
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If f:]a,b] C (0,00) — Ris aGG-convex function ora, b], then by takingy := f o exp,
¢ = Ina andd = In b we have thay is log-convex oric, d| we have

Inb .
(3.19) g Jua / (€7) d2

foexp (W)
o 1 (e | 000 () exp (o) (lnb— m“)
= p foexp (W) 5 :
ex _floeXp(W)exp(W) Inb—1Ina > 1
p foexp (W) 5 >,
that is equivalent to
Inb .
(3.20) wrea Jma S (€7) da
7 (Vab)
> L exp <\/%> \/E h’lb—]na)
: f (Vab)

m) ab /1y b—1Ina > 1
exp 5 Z L
f(Vab
and the inequality] (3]7) is proved.

The inequality[(3.8) follows by the following resuM][that holds for the differentiable log-
convex functiory : [¢,d] — R

9(9)+g(d)

2
e [ g (@) da

(3.21)

Jig(@)d
> 1+log y
|:fc g(z )exp[ ((;)) <c+d x)} dx]
el 9 (@) da:] -
j .

(55

> 1+ log

We omit the detalils.
We have the following result faBA-convex functions12):

LEMMA 3.10. Letg : [a,b] C (0,00) — R be a GA-convex function da,b] and w :
la, b] — [0, 00) an integrable function ofu, b] , then

(3.22) ¢ [exp (Lo @mtdt)) _ fwt)g(®)dt
Sy w (t)dt T [w(t)dt
S w(t) Intdt S w(t) Intdt
(lnb T Fear ) g(a)+ <—fjw(t)dt — lna) g (b)

Inb—-1na

<
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If we takeg = In f, then we get from[(3.22) that

(3.23) Inf (exp (M)) < [ w (t)In f (¢)dt

Jiw (1) dt [P (t) dt
b w(t) Intd b 0(t) In td
g (lnb — —fafab Szt)di t) In f (a) + <—faff fz)(t)di ' In a) In f (b)
- Inb—1na
ffw(i)lntdt ff w(t)Intdt

Inb— Ina

S w(t)dt S w(t)dt

= ln | [f (@) e [f @) he

and by taking the exponential in (3]23) we get the desired rgsult (3.9).
In [12] we obtained the following particular inequalities for: [a,b] C (0,00) — R, a
GA-convex function

) b
(3.24) L”(a,b)g ([1 (apﬂ,bpﬂ)}ﬁ) < ﬁ/ g (¢) dt

o (L@ o) —a ) g (a) + (071 = L (a1, 07)) g (b)
N (p+1)(b—a) ’

foranyp € Rwith p # 0, —1.
If p =0, namely we takev (¢) = 1 in (3.22), then we have

(3.25)  g(I(a,b)) < bia/bg(t)dtg <L(aab>—a)g(ab)jc(bb—L(a,b»f(b)
If p = —1, namely we takev (t) = } in (3.22), then we have

b
(3.26) f<\/@> < lnbilna/ fit)dtg f(a)—;f(b).

If p=1(3.24), then we have

@27) (VI #) < / or

o (A(a,b) L(a,b) —a®) f(a) + (b* = A(a,b) L(a,b)) f (b)
- 2(b—a) '

4. POWER INEQUALITIES

We start with the following inequality for powers &G-convex functions:

THEOREM 4.1 (Dragomir, 201515]). Let f : [a,b] C (0,00) — (0,00) be a GG-convex
function on|a, b].
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(i) If p € (0, 1], then we have

(4.1) f(\/_><exp{lnbllna/ lnf()dt]

< (st [ 3ror (2)a)”

= <M/ . )dt)% = lnbilna/bfit)dt
< L(f(a),[(b)).

(i) For p > 0, butp # 1, we also have

(4.2) f(\/_><exp[ L /lnf()dt]

Inb—-1na

<t [ 30r (52) )
(lnb—lna/ 70 )

< [Lop-1 (f (@), F(O)]2 [L(f (a), f ()] .

If we takep = 1 in (4.1), then we get

4.3) f (\/%) < exp { L /b In f (£) dt}

Inb—1Ina /, t

1 b1, Vab
= (lnblna/ ;Jf(ﬂf(T)dt)
<(1nb lna/_v dt)
b
< [ D LG @ ).

2

The case = 1 produces

4.4) f (@) < exp { ! / "Inf (t)dt]

Inb—1Ina /, t

1 b1 Vab 1 b F(t)
Slnb—lna/a ;Jf(t)f< t )dt<lnb—lna/ t dt

< L(f(a), [ (b))
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Also, if we takep = 1 in (4.2), then we get

4.5) f (@) < exp{ ! /b lnf(t)dt]

Inb—1Ina /, t

= J lnbilna/a %f(t)f (@) dt

< \/lnbilna/a L) de < VAT @, TOWEL (@), T O)
We also have:

THEOREM 4.2 (Dragomir, 201515)]). Let f : [a,b] C (0,00) — (0,00) be a GG-convex
function on|a, b]. Then for every € [a, b] we have the inequality

(4.6) (Inb—1Ins) f(b)+ (Ins—Ina) f / F®)
n b
/f JIn/ (¢ lnf(s)/ @dt.
If we take in [4.6)s = G (a,b) = V/ab, then we get
(4.7) (Inb—1Ina) M - /b &dt
b
/ fem —lnf(G(a,b))/ Ty,
Also, if we takes = I (a, b) , then we get from| (4]6) that
(4.8) (Inb—1In!(a,b)) f(b)+ (InI(a,b) —1Ina) f(a) —

> ab Mdt —1Inf (I (a,b)) /ab @dt.

t

Since simple calculations show that

L(a,b)—a
L(a,b)

and then the inequality (4.8) can be written as

—a — a b
o) Koty Lot g [ L0,
b b
> /a Md@/ —1Inf (I (a, b))/a @dt.

Moreover, if we take the integral mean |n (4.6), then we get

b— L(a,b)

Inb—1In/(a,b) = “L@b)
a7

In/(a,b) —Ina =

(4.10) (Inb—1InI(a,b)) f(b)+ (Inl(a,b) —Ina) f / /) —dt

/ S () Inf(t) lnf t_bi lnf(s)ds/b@dt.
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This can be also written as

(4.11) Mf(b)ﬂ’_ /f dt

L(a,b)
1 1 b b
Z/a %dt—mllnf(s)ds/a @dt

From a different perspective we have:

THEOREM 4.3 (Dragomir, 201515]). Let f : [a,b] C (0,00) — (0,00) be a GG-convex
function on|a, b]. Then we have the inequality

CRPIIUES (OB Sy 0

2
[ e [ M [

Also, we can state the following result as well:

THEOREM 4.4 (Dragomir, 201515]). Let f : [a,b] C (0,00) — (0,00) be a GG-convex
function on|a, b]. Then we have the inequality

b #(¢)Int f#)Int
(4.13) f(b) (lnb—ﬁ)-#f(a)(faf ft) - ) /

bf(tlntdt
/f In f (¢ dt—/f 1f<exp( bf(tdt>>20'

THEOREM 4.5 (Dragomir, 201515]). Let f : [a,b] C (0,00) — (0,00) be a GG-convex
function on|a, b]. Then we have the inequality

(4.14) (lnbilna/ab f%;(t)dt);p
> (m / o) [Fp (%b) adt) !

a®bl=e 2p
1 /7 (1)
z ((1 —2a) (Inb —Ina) / —

Finally, we have

al—apa
a®pl = 27117
1 0 (%)
= ((1204) (Inb —Ina) _/ t dt)
a%pl—e
| In f (1)
= exXP [(12@ (nb—Ina) / dt] >/ (Vab)

for everya € [0,1] \ {5} andp > 0.
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Finally, by takingp = 1 in (4.14) we get

(4.15) \/ — i — / ’ th(t) dt
> \/ e / e {F (Tb)}dt

a“bl—a
1 f2 (1)
= \ (1 —-2a)(Inb—1Ina) / Tdt
alfaba
acpl—o
1 FOf(%)
Z\(1—2a)(lnb—lna) / .
alfaba
a®bl—«
1 In f(t)
= exXP [(12@ (nb—Ina) / ‘ dt] >/ (Vab).
al—apa

In the recent pape8] we established the following inequalities for a log-convex function
g:le,d — (0,00):
If p € (0,3] , then we have

(4.16) g(c—gd) < exp {%/dl g(z )da;]
< (7= [ @riera-ni)”
( / ) <t [ ata

,9(d)).
Forp > 0, butp # 3, we also have

d
(4.17) g (C—gd> < exp [ﬁ/ Ing(z) dx]
d %
< (4 [ r@eera-oa)
(o)

1 1

< [Lap1(9(c) g ()] 7> [L (g (c) . g (d))] .

If f:a,b] C (0,00) — (0,00) is aGG-convex function orja, b], then by taking
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g := foexp; c=1Inaandd = Inb we have thay is log-convex orjc, d] and by (4.16) and

(@.17) we get

(4.18) foexp ( 5

1 Inb
< -
< exp {lnb—lna/I In[f oexp ()] dx}

na

lna—l—lnb)

1

< (; /llnb[foexp (@) [f o exp (lna+1nb—x)]pdx> ’

Inb—-Ina /,,

1 Inbd ) ﬁ
< p
< (o [ oo i)

Inb
< rn | feewl@de < Lifoesp(na), foexp ()

na

forp € (0,3] and

(4.19) foexp < 5

1 Inb
< -
< exp {lnb—lna/l In[f oexp (z)] dx}

na

lna+lnb)

1

1 Z
< (m [f oexp ()] [f o exp (lna+lnb—x)]pdx>

1 Inb , 2
< P
- <1nb —1Ina /1 [f o exp ()] da:)

na

< (s (Foesp(na), o oxp (b5
X [L(foexp(lna), foexp(In b))]ﬁ

for p > 0, butp # 3.
The inequalities (4.18) anf (4]19) can be equivalently written as

(4.20) f (\/%> < exp {m /llnbln [f oexp(x daj

na

1 Inb CLb %
= (lnb—lna/hm [foexp (@ P [f (exp(a: )] )

1 Inb
‘- (m / [foexp(a >

1 Inb

foexp(z)de < L(f(a),[(b))

< -
“Inb—1Ina J,,
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and

na

1 Inb ) \/— p 3
(e [ reemion [ (22 )

1 Inb ) 2
< - P
< (lnb—lna/l [f oexp (z)] dm)

na

< [Lapr (f (a) , £ ()2 [L(f (a) . f (B))] .

Now, by making the change of variablep (z) = ¢ in the integrals from[(4.20) anfl (4]21) we
obtain the desired resulfs (4.1) apd {4.2).

In [8] we also obtained the following result:

Letg : [¢,d] — (0,00) be alog-convex function ofz, d]. Then for anyz € ¢, d] we have

Inb
(4.21) f (\/@) < exp {m/l In[f oexp (z)] dm}
ab

d
(4.22) ¢(d)(d— )+ g(c) <x—c>—/ 9 (y) dy

z/ g<y>1ng<y>dy—1ng<x>/ g () dy.

A simple proof of this fact is as follows.
Since the functiorn g is convex orc, d|, then by the gradient inequality we have

(4.23) Ing(z) —Ing(y) >

foranyz € [¢,d] andy € (c,d).
If we multiply (4.23) byg (y) > 0 and integrate oft, d] overy we get

1ng(fff)/ g(y)dy—/ 9(y)Ing(y)dy

d
zg<d><x—d>+g<c><c—x>+/ 9 (y)dy,

which is equivalent td (4.22).
If f:]a,b] C (0,00) — (0,00) is aGG-convex function orja, b], then by taking
g := foexp;c=1Ina,d=Inbandz = Ins, s € [a,b], we have thay is log-convex on

[c, d] and by (4.2P) we get

Inb

(1nb—1ns)f(b)—i—(lns—lna)f(a)—/ foexp(y)dy

Ina
Inb

Inb
> [ Foew@)n(oepm)dy =1 (s) [ foexn )y

na Ina

that holds for each € [a, b] .
Now, if in this last inequality we make the change of variabte (y) = ¢, then we obtain
the desired resulf (4.6).
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We have the following result for log-convex functions that improves the trapezoid inequality
for the convex functiork : [c,d] — R

We have 8] :
LEMMA 4.6. Letg : [¢,d] — (0, 00) be a log-convex function dn, d|. Then

d d d
2/ g(y)lng(y)dy—/ ()dyd% Ing (y)dy > 0.

PrROOF If we take the integral mean overin (4.22), then we get

7= [ b@-a+9@@-ald— [ g

d d d
2/ g(y)lng(y)dy—/ ()dyﬁ Ing(z)dz

c

and since
Lo g +g) 1
[ @@= +9(0) @ )dr = LOTIHD - [y
then the first inequality irf (4.24) is proved.
Sinceln is an increasing function oft), o), then we have
(9(x) =g () (Ing(x) —Ing(y)) >0

foranyz,y € [c,d], showing that the functiong andln g are synchronous o, d] .
By making use of th&€eby3Sev integral inequality for synchronous functigns : [c, d] —

R, namely
I I I
>
d—c/c g(x)h(x)dx_d_c/c g(x)dxd_c C h(x)dz,

d
d— ( JIng (x dac>—/ Ing (z)dz,

which proves the Iast part df (4]249.

If f:]a,b] C (0,00) — (0,00) is aGG-convex function oria, b], then by taking
g := foexp; c=Ina, andd = In b, we have thay is log-convex oric, d] and by [(4.24) we
get

a Inb
(4.25) f(b)—gf( )_lnbilna/l foexp(y)dy

then we have

na

Inb
2/ foexp(y)In(foexp(y))dy
1

na
Inb Inb

- foexp(y) dyM/ In(foexp(y))dy = 0.

Ina Ina

By changing the variablexp (y) = ¢ in (4.23) we deduce the desired inequality (4.12).
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We have|8]:

LEMMA 4.7. Letg : [¢,d] — (0, 00) be a log-convex function dn, d|. Then

d d
@2@gﬂ®<d—%%%%%§)+g< (Gif c>—[jmwdy

d d d
z/gmmww@—/g@me(%ﬁ@@)z

[ g(y)dy

PrRoOF The first inequality follows by[ (4.22) on taking

sinceg (y) > 0 for anyy € [c,d] .
By Jensen’s inequality for the convex functibry and the positive weight we have

P9y lng (fg ydy)
Jeg () Ja(y ’

which proves the second inequality jn (4.28).

If f:[a,b] C (0,00) — (0,00) is aGG-convex function orla, b], then by taking
g := foexp; c=Ina, andd = In b, we have thay is log-convex oric, d] and by [(4.26) we
have

Inbd Inbd
4.27) [ (b) (lnb— flnlgb yf oexp (y) dy) L) (flnlgb yfoexp(y)dy —lna>

hmfoexp(y)dy ma J ©exXp(y)dy

- foexp(y)dy
Ina
Inb

> foexp(y)In(foexp(y))dy

Ina
Sy (foexp(y ))dy) > 0.

Inb
_ 0 ex dy x In(f oex
foexp(y)dy x In(f oexp) ( [ foexp (y) dy

Ina

By changing the variablexp (y) = ¢ in (4.27) we get[(4.13).
In [8] we also proved the followmg result:
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Letg : [c,d] — (0,00) be alog-convex function. Then for everye [0,1] \ {3} we have
for p > 0 that

(4.28) (ﬁ / ngp(g;)daz)%

act+(1—a)d 2p
1 o
d
Ny [
(1—a)ctad
act+(l—a)d %
1
S e el A O e
(1—a)ctad
act+(1—a)d p
1 c—+
> exp 1= 20)([d—0) / Ing (u)du 29( 5 )
(1—a)ctad

If f:[a,b] C (0,00) — (0,00) is aGG-convex function ona, b}, then by takingy := f o exp;
¢ =1Ina, andd = Inb, we have thay is log-convex oric, d] and by [4.2B) we have

1 Inb 2
(— f* oexp (z) dx)

Inb—1Ina /,,
> 1 /lnb [pr ( >] l1—a f2p ab “ d ﬁ
- o
“\Inb—Ina },, pe exp (z) v
o :
1
> %
“ | 1—-2a)(Inb—1na) / J" o exp(w) de
In(al—abe)
ln(ao‘blfa) i
1 ab
> P P
| (1=2a)(Inb—1na) / Jroexp () f (exp (x)) da
In(al—abe)
In(a®b' =)
1
> exp (1= 9a)Inb—Tna) / In f oexp (x)dz Zf(\/%),

In(al—ab)

which, by changing the variabte= exp z, is equivalent to[(4.14).

5. INEQUALITIES FOR GENERAL WEIGHTS

We have:
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THEOREM5.1. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function dn, b] and
w : [a,b] — [0, 00) an integrable function ofu, b] , then

(5.1) f(\/@é(f wit)f “fp(a)dt) < V@70

for anyp > 0.

ProOE From the definition of5G-convex functions we have

(5.2) F ) < [F @1 )l
and
(5.3) F @) < [fF @ )

foranyz,y € [a,b] and) € [0,1].
By multiplication of [5.2) with [(5.B) we get

f @) f (2™ < f(2) fy)

foranyz,y € [a,b] and) € [0,1].
Therefore

(5.4) f(a'™20Y) f(a*' ) < f(a) f (D)

forany\ € [0, 1].
From (5.2) we also have

(5.5) fWry) <V f (@) f(y)

foranyz,y € [a,b].
By takingz = a' 0", y = a*b'~* in (5.5) and then squaring we get

(5.6) 12 (Vab) < f (@70Y) £ (@57).

Since for anyt € [a, ] there is a unique € [0, 1] such that = a'~*b*, we obtain from[(5.4)

and [5.6) that
(57) 72 (Vab) < f(0) f (Tb) < f(a) [ ()
for anyt € [a,b].

If we take the powep > 0 in (5.7), multiply byw (¢) > 0 for ¢ € [a,b] and integrate, we
get

69 1 (var) [(wiars [Cwiorwr (L) a

b
< 7 (a) 7 () / w (t) dt

that is equivalent to

oo ()BTRS <

and by taking the powef; we get the desired res.j).
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We observe that foy = 1 we get the inequality

(5.10) f(Vab) < (f“w(22(2>fdia?) dt) <VF@f W),

o

while fromp = £ we get

[Pw )\ () F(22)dt
<

(5.11) f(Vab) < P f (@) F ).
If we takep = 1 in (5.1), then we get
[P 0 (@)dr)
(5.12) f(Vab) < ( Puwd ) < VT (@) F ).

UsingJensen’s inequalitfor the powerp > 1 (p € (0,1)), namely
(fabw (z) g (z) d$>p <(>) ffw(x) g* (v) dx
f:w(m)dx - f:w(x)d:p ’

we can state the following more precise result:

COROLLARY 5.2. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function dn, b and
w : [a,b] — [0, 00) an integrable function ofu, b] .
@) If p>1,then

(513) f(Vab) < (fa w % J; (Z)fdi%) dt)

(i) If p € (0,1), then
(5.14) f(\/@ < (ffw(t) {P (t) f7 () dt)zp

P () £ () F () dr ) *
g( o i )g F@ 7).

If we take in Corollary 5.Rv (t) = 1, t € [a,b], then for anyf : [a,b] C (0, 00) — (0, 00)
a GG-convex function, we have fgr > 1 that

o9 ()< (1 [ 100 (2))
g(b_a/afp(t)fp(%b)dt);pﬁ F@ 7w
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and forp € (0,1), that

a0 1)< (1 o (2)a)
s(bfa/abfa)f(%b)dt)ég F@ 7.

If we take in Corollary 5.2v () = 1, ¢ € [a,b], then for anyf : [a, ] C (0, 00) — (0,00)
a GG-convex function, we have fgr > 1 that

ft %
(5.17) f<\/%> (lnb—lna/ )
b rp p (ab %
= (lnbilna/a ! (t){ (t)dt> < V@) fb)

NI

and forp € (0,1), that

1

(5m)f(¢%>§(mbimal%ﬁawm@%ﬁ>%

(lnb—lna/ A Tdt) </ fl(a)f(b)

If we takep = % in the first inequality |n-8) then we get

(5.19) f(a mb /‘,/ “ dt

that has been obtained by Iscan2%].

THEOREM5.3. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function da, b] and
w : [a,b] — [0, 00) an integrable function ofu, b] , then

fyw®wtdr\\ _ f[w @) @)
(5.20) f (exp <—f;w(t) o )) < p( o) >

fjw(t)f(t)dt < ([f(a>]lnb>hﬂ)llmzfjw(t) (J{((Z)))mdt
N ]

Y w (t) dt [f (b)) [P (t) dt
o fab w(t) Intdt fab w(t)Intdt
Inb TP w(tydt ) + [P w(t)de Ina )
Inb—1Ina Inb—1Ina ’

PROOF If we use Jensen’s inequality for the exponential function and nonnegative weight

w, we have
b b
t)1 t)dt t) f(t)dt
exp Lwynfm SL%UfU
[ w(t)dt [ w(t)dt
and the second inequality in (5]20) is proved.

Y
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Lett = a'~*b* € [a,b] with X € [0,1], then) = i=ne By the GG-convexity of f we
have

(521) f(t)=f () < [f (@] F ) = ([f o ) - (&)

f @)™ f(a)
Inb—1Int Int—1Ina
“ Inb— lnaf<a) * Inb— lnaf(b)

for anyt € [a,b].
Now, if we take the weighted integral mean(in (5.21), then we get the last part of (§.20).

By choosingw (t) = 1, t € [a, b] in (5.20), we deduce

f(exp <ﬁ /blntdt>> < exp (ﬁ /blnf(t) dt)
/ T @™ L ()™
“i-a o b
mb— 5= J, Intdt L Pt — In
= ( lnz_ilf;a >f(a)+ ("‘“{;b_lna a) £,

and since - ["Intdt = In1 (a,b) , hence

(5.22) f(I(a,b)) < exp (ﬁ /ablnf(t) dt)

Int

o b P (07
<L /f ( E%L) <f(b))_a

<lnb—1n[(a,b) In/(a,b) —Ina

— Inb—Ina fla)+ Inb—1Ina AUR
If we takew (t) = 1, t € [a,b] in (5.20), then we get
[P Lintdt i f(t
5.23) f|exp|t—o < exp
529 7 (o (B T
T lna b lnllnfna
_lif@de _ ([f @] 124 (5%)
— fbldt — [f( 1na faw
[P Lintdt ff % In tdt
St 720 Y 3 T Y
Inb—1Ina Inb—1Ina '
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This is equivalent, after suitable calculations, to

(5.24) f(Vab) < exp (; /ab%Inf(t) dt)

Inb—1na

1 b1
< — | = < '
= lnb—lna/a f () dt < L(f(a), f (1))
The third inequality in[(5.24) has been obtained in a different way by Iscéfjn [

6. OTHER WEIGHTED INEQUALITIES
We have:

THEOREM®G6.1. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function da, b] and
w : [a,b] — [0,00) an integrable function ore, b] and such thatw () = w(t) for any
€ [a,b]. Then we have the inequalities

6.1) f@@vépr”LU+%ﬁﬂwmﬂﬂﬁ>§ T

2 [P (t)dt
PrROOF. By taking the log in[(5.]7) we get
(6.2) 21nf(¢%) <Inf(t)+Inf (%b) <Inf(a)+Inf(b)

for anyt € [a,b].
If we multiply (6.2) byw (t) > 0 with ¢ € [a, b] and use the fact that (42) = w (¢) for any
t € [a,b], then we get

6 200 (Vit) < 01ag 0+ (%) s ()

< w(t)[In f(a) +1In f (b)]
for anyt € [a, b] .

If we integrate the inequality (6.3) dn, b] we get
b
(6.4) 2In f (\/%) / w (t) dt
< /abw(t)lnf(t)dt—i—/abw (%) In f (a?b) dt

<[Inf(a)+1Inf () / w () dt.

By changing the variable = “7”, we havedt = —Z—’;du and

/abw <a7b> n f (a?b) dt:/abw(t)lnf(t) ;‘—fdt

and by [6.4) we get
b b b
21nf<\/%>/a w(t)dtg/a w(t)lnf(t)dt+/a w(t)lnf(t)?—jdt

b
<fluf @)+t f ) [ wiod
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which is equivalent to the desired resiilt (6.4).
If we take in [6.1)w (t) = 1, t € [a, b], then we get

65) f (Vab) < exp (% gULRE:JLRAY dt) NAGHO!

Another example of weight that satisfies the conditiom (42) = w (t) for any¢ € [a,b] is
w(t) = ]m(f)‘ with ¢ € [a,b] C (0,00) .
The following result also holds:

THEOREM6.2. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function da, b] and
w : [a,b] — [0,00) an integrable function ora, b] and such thatw (£) = w(t) for any
t € [a,b]. Then we have the inequalities

t)In
(6.6) f (Vab) Sexp< “f;(l) (f;t) )s 7 (@) F ).
PROOF From [6.2) fort = a'~*p* with \ € [0, 1], we have
(6.7) 21n f (J_) <Inf(a" ) +Inf(a’") <Inf(a)+Inf(b)

forany\ € [0, 1}
Sincew (%) = w(t) for anyt € [a,b], thenw (a'*b*) = w (a*b'~*) for any X € [0,1]
and by [6.7) we have

(6:8) 2Inf (Vab)w (a0Y)
<w (al_’\b’\) In f (al_’\b)‘) +w (a’\bl_)‘) In f (a)‘bl_’\)
<w (@) In f (a) + In £ (b)

forany\ € [0,1].
Integrating the inequality ovex € [0, 1] we have

(6.9) zlnf(\/%) /Olw(al—kb,\) o

! IEDY P IEDYP PYNEDN PYREDN
g/ow(a P 1 f (a b)d)\+/w(ab ) Iu f (@) dr

0
<[Inf(a) +1n f(b)] / 1w (a'b*) dA
0
and since
1 1
/ w (a' ) In f (a' ) dX = / w (a*b" ) In f (a*b' ) dA,
0 0
hence by|[(6]9) we get

6100 s (vap) < L ﬁlﬁiinﬁgw)d%ln( F@7F ).

By changing the variable'=*b* = ¢, then(1 — \) Ina + AInb = Int which gives that

B Int—Ina
 Inb—1Ina’
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Therefored\ = 1dt,
' IESVPN IESYPN 1 "1
- 1 - B — 1
/Ow(a b)) In f (a' %) dX lnb—lna/a tw(t) nf(t)dt

and
' 1-A72) 1 "1
V) dN=——— | —w(t)dt
/0 w(a ) lnb—lna/a tw<)

and by [(6.IP) we get the desired result[66).

If we take in [6.6)

w0 (t) = m(@) |y matind
t 2
and since
b1 b1 Ina+1Inb 1 2
/azw(t)dt—/a —‘l t— 5 dt = Z(lnb Ina)
then we get
b
(6.11) i(lnb—lna)ﬂnf(@) g/ % In (@) In f (t) dt
1
< 4 (nb—Ina) 1n( f(a)f(b))

We also have:

THEOREM6.3. Let f : [a,b] C (0,00) — (0,00) be a GG-convex function da, b] and
= w(t) for any

: [a,b] — [0,00) an integrable function ora, 5] and such thatw (%)
€ [a,b]. Then we have the inequalities

(6.12) f (@) < exp (% L+ j—f) w((;‘);:f (t) dt)
\/jdt VJab [T OO [P P
Jow (®)dt Jiw ()dt
LR e
=2 fa (t) dt

PROOF As in the proof of Theorein 6.1 we have
1 b b
-/ (1+‘Z—f)w(t)1nf(t)dt=/ w(t)In f(t)f(%b)dt.
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Then by Jensen’s inequality for the exponential and the weighie have
121+ ) w(t)In f(t)dt
exp| = -
2 [P (t) dt
(fjw () Iny/f (1) f (“Tb)dt)
= exp

Jw@yexp (/@) F(2))dt [lw)y/r ) f (%)t
- _

- [P (t) dt [P (t) dt
that proves the second part pf (§.12).
By Cauchy-Bunyakowsky-Schwarz inequality and the property afe have

b b
- \/ab/a Mdt/a w(t) f(t) dt,
which proves the third inequality if (6.[12).

By the geometric mean - arithmetic mean inequality we also have

\/ab/abwdt/abw(t)f(t)dtgéfab (1+§”§) () f (t) dt

that proves the last part gf (6]14).
If we takew (t) = 1, ¢ € [a, b] in (6.12), then we get

(6.13) f(\/_><exp(ﬁ/b(1+ b)lnf() )
“b dt < \/ /f dt/f
m/ (1+t2)f(t)dt-

We observe that, if in the first mequallty |-16) we take 3 1 then we have

(6.14) f <—/ JF ab dt.

Therefore the first part of (6.13) is a refinement/of (6. 14)
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CHAPTER 6

Inequalities for GH-Convex Functions

1. PRELIMINARY FACTS FOR GH-CONVEX FUNCTIONS

Let X be a linear space and a convex subset iX. A function f : C' — R\ {0} is called
AH-convex (concave)n the convex set’ if the following inequality holds

f () f ()

(AH) FA=Na+ry) < (2 )(1—)\)f(y)+>\f($)

foranyz,y € C andX € [0,1].
An important case which provides many examples is that one in which the function is as-
sumed to be positive for any < C. In that situation the inequality (AH) is equivalent to

1

1 1
VTS e =BT e

f) fy)

foranyz,y € C and\ € [0,1].
Therefore we can state the following fact:

CRITERION 2. Let X be a linear space and' a convex subset iX. The functionf : C' —
(0,00) is AH-convex (concave) o' if and only if% is concave (convex) ofi' in the usual
sense.

If we apply the Hermite-Hadamard inequality for the functﬁ)then we state the following
result:

PROPOSITION1.1 (Dragomir, 201517]). Let X be a linear space and' a convex subset
in X. If the functionf : C' — (O o0) is AH-convex (concave) of, then

(1) FRT / Fa=A x+Ay> e

foranyz,y € C.

Following [1], we can introduce the concept &fH-convex (concaveunction f : I C
(0,00) — R on an interval of positive numbersas satisfying the condition

1 _ f ) fy)

1-A, A
(1.2) f(x y)S(Z)(l_k)ﬁ+Aﬁ_(1—A)f(y)+Af(w)'
Since
F (@) = foexp[(1—A)Inz + Alny]
and

f) f () _ Jfoexp(lnz) foexp(lny)
(I=X)f)+Af(x) (1=A)foexp(y)+ Afoexp(z)
thenf : I C (0,00) — R is GH-convex (concave) on if and only if f o exp is AH-convex
(concavepnInl :={z|z =Int, t € I}.
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Motivated by the above results, in this paper we establish some Hermite-Hadamard type in-
equalities forG H-convex (concave) functions. Some examples for special means are provided
as well.

2. INEQUALITIES FOR GH-CONVEX FUNCTIONS

As a direct consequence of Hermite-Hadamard inequality we have:

THEOREM 2.1 (Dragomir, 20157]). Let f : [a,b] C (0,00) — (0,00) be GH-convex
(concave) ona, b] . Then

f(a)+ f(b) 1 iy 1
2.1) 2f (a) f (b) = (2) lnb—lna/a tf(t)dtg(z)

From a different perspective we have:

THEOREM 2.2 (Dragomir, 201517]). Let f : [a,b] C (0,00) — (0,00) be GH-convex
(concave) ona, b] . Then

1 " (1) G*(f (a), f (b))
(2.2) lnb—lna/a e ORI

Using the following well known inequality+ (a,b) < L (a,b) we have a simpler upper
bound

23) e | D < SUHOLE) <6 r ) o)

provided thatf : [a,b] C (0,00) — (0, 00) is GH-convex onfa, b) .
We have also the complementary result:

THEOREM 2.3 (Dragomir, 20157]). Let f : [a,b] C (0,00) — (0,00) be GH-convex
(concave) ona, b] . Then

0 ( )dt
(2.4) f(\/%)_ (>) R

We observe that by Cauchy-Bunyakovsky-Schwarz integral inequality we have

oo [iros(2)as ([ tros)” ([ r(2)2)

If we change the variablé = s, thendt = —4%ds and we have

’ b "1
/a & (“7) dt:ab/a <1 (s)ds
From (2.5) we get

[iror(as([Froe) (o[ sroe)”

:\/E/bt%fQ(t)dt

1/2
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Now, if f : [a,b] C (0,00) — (0, ) is GH-convex, then from| (2]4) we have
ab dt 5 2
(26) f(\/a_>_fatf ( ) S\/%fatf()
I J.if
If the function f : [a,b] C (0,00) — (O, oo) is monotonic either nonincreasing or non-

decreasing, then the functiorf-) and f (“—b) have opposite monotonicities. By tﬁ}}ebyéev
weighted integral inequality for asynchronous functigredh and the positive weight > 0,

namely
b b b b
/w(t)dt/w(t)g(t)h(t)dtg/w(t)g(t)dt/w(t)h(t)dt,

we have
1 b1 ab ab
/a ;dt/a ;f(t)f( )dt</ —f(t dt/ f(t)dt,
ie.,
ab
/ A ( )dt_lnb—lna/ e dt/zf(t)dt
So, if f : [a,b] C (0,00) — (0,00) is GH-convex and monotonic ofa, b], then from [(2.4) we
have
Jo 15 () £ (%) dt 1 1 (ab
2.7) <F> = f f(t)dt = Inb— lna/a ;f (T) at
or, equivalently
fa tf ( ) t 1 bl
ey ()< BHOIE o

THEOREM 2.4 (Dragomir, 20157]). Let f : I C (0,00) — (0, oo) be G H-convex
(concave) o If z, y € I, the interior of/, then there existg (y) € [f” (y). f} (y)] such that

f ) v )y
(2.9) Fla) 1< (>) W) (ny —Inz).

In particular, we have:

COROLLARY 2.5. Letf: I C (0,00) — (0,00) be GH-convex (concave) ohand differ-
entiable on/. If z,y € I, then

fly) P9y .
(2.10) o) 1<(>) W) (Iny

—Inz).

We also have:

THEOREM 2.6 (Dragomir, 201517]). Let f : [a,b] C (0,00) — (0,00) be GH-convex
(concave) ona, b] . Then

(2.11) / Le2 (9)ds < () [(nb—nw) £ () + (nu—Ina) f (a)] f (u).,

for anyu € [a, b] .
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If we take in (2.1 = G (a,b) = Vab, then we get

(2.12) 1 / Ly (syds < (2)A(f (a). £ () £ (G (a.D)).

Inb—1Ina J, s
If we take in [2.11) eithet: = a or u = b, then we have

1 “1
_ S < (> .
(2.13) lnb—lna/a P (9)ds < (2)f () f (a)
Also, by taking in|(2.11) = I (a,b) , theidentric meanthen we get

b
(2.14) / §f2 (s)ds
< (2)[(Inb—1n1(a,b)) f(b) + (In!(a,b) —Ina) f(a)] f (I (a,b)).

Since simple calculations show that

L(a,b)—a b— L(a,b)

Inb—1InT(a,b) = , InI(a,b) —Ina =

L (CL, b) L (CL, b) ’
and then the inequality (2.[14) is equivalent to
L(a,b)—a b— L (a,b)
(2.15) / SIS s < (2) £ (@) | S )+ S )
Sincef : [a,b] C (0,00) — (0,00) is GH-convex (concave) ofu, b| , hencef o exp is
AH-convex (concave) ofina,In b] . By the inequality[(1.]1) forf o exp andln a, In b we have
foexp(lna) + foexp(Inb) 1
(2.16) 2f oexp (Ina) f oexp (Inbd) =z foexp (Rafinb)
that is equivalent to
fla)+ f(b) / 1
2.17 .
( ) 2f (a) f(b) fal AbA _(_)f<\/_b>

If we change the variable= a'~** then(1 — A\)Ina+ A Inb = Int, which gives)\ = {2=na

Inb—Ina
andd)\ = mdt. We have then

B 1 /b L
o f(a=2p)  Inb—Ina /, tf(1)
and by [2.1]r) we obtain the desired result}(2.1).
From the definition ofGH-convex (concave) functions da, b and by integration we get

(2.18) [ 1@ oo [ cresra
If f(a)= f(b),then the integral

1 dX
(2.19) /0 (1= A) f(a) +\f(b)

reduces to—)
If f(a)# f(b),then by changing the variable= (1 — X) f (a) + Af (b) in (2.19) we have

/1 d\ _ 1 /f<b du _ 1
o (L=XN)f(a)+Af(b) [f(b)—f(a) s uw L(f(a),f(b)
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Also, as above, if we change the variable a'!=*b*, then

e 1 "f(®)
/0 f(a! AbA)dA:lnb—lna/a tdt

Replacing these values jn (2]18), we get the desired résult (2.2).
If we take in the definition oGH-convex functions\ = %, then we get

(2.20) F (VAT < (2) %

If we replace in[(2.20)y = o' ~*b* andy = a*b'~*, then we get
(221)  f(Vab) [f (@70 + £ (@] < (2)2f (") £ (@0 ).
By integrating this inequality ovex on [0, 1] we obtain
1 1
2.22) f (@) [ /0 (a0 dr+ /0 £ (@) d)\}
< (>)2 /0 1 f (a0 f (a0 ) dA.

Observe that

! PYNEDN _ ! 1=z _ 1 bf(t)
/Of(ab )d)\_/of(a D) d = / W

Inb—1Ina /,

and

L ft “7)
/0 f(al /\b)\)f( v /\> dr = Inb — lna/ dt.

Making use of[(2.22) we deduce the desired re$uli (2.4).
The following lemma is of interest in itself:

LEMMA 2.7 (Dragomir, 201517]). Letf : I C R — (0, 00) be AH-convex (concave) on
(y), f (y)] such that

I.If 2,y € I, the interior of/, then there exists (y) € (.
f () ¢ (y)
(2.23) -1< —(y—x
fw " =E Y
holds.
PROOF Letz,y € I. Since the functionj} is concave (convex) then the lateral derivatives
/ / ; 7 ! VAN )
[ (y), [ (y) exists fory € I and <%)(+> (y) = — f<2+(;)y .
Since% is concave (convex) then we have tradient inequality
1 1
— = > (S)AW) (y—z)==-Ay)(x—y
ORI (A (y) (y— ) (y) (z —y)
with A (y) € [—J;g—((;’)), ’;2(( ))] which is equivalent to
1 1 e (y)
2.24 _—— > (< x—
(22 T Tw= ey

with ¢ (y) € [f~ (v), 1. ()] -
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The inequality[(2.2}4) can be also written as

1258 -

(¥)
and the inequality] (2.23) is provey.

Now, sincef : I C (0,00) — (0,00) is GH-convex (concave) o, then the function
[ oexp is AH-convex (concave) o /.
Letu,v € In 1, then by.) we have

f(e”)

-1 < (>
flev) —— )
with ¢ (e”) S [fﬁ (e’), fi (e“)] )

If z,y € I andwetake: =Inxz,v =Inyin ) then we get

p (e”) e
f(e)

(2.25)

(v —u)

fly) YWY 1y

) =By v
with o (y) € [ (v), f1 ()] -
This proves Theorein 2.4.

The following lemma is of interest in itself.

LEMMA 2.8 (Dragomir, 2015(17]). Letg : [¢,d] C (0,00) — (0,00) be AH-convex
(concave) oric, d] , then we have the inequality

2.26 [ Pwas e [ 3=0) )

foranys € [c,d] .

PROOF If the functiong : [¢,d] C (0,00) — (0,00) is AH-convex (concave) oft, d] ,
then the functiory is differentiable almost everywhere @nd] and we have the inequality
g(t) g ()

t—s
/(5 IO
for everys € [c, d] and almost every € [c, d] .
Multiplying (2.27) byg (¢) > 0 and integrating over € [c, d] we have
1 d d d
(2.28) m/ g* (t)dt — / g(t)dt < (z)/ g (t)(t — s)dt.

Integrating by parts we also have

d d
/g’(t)(t—S)dt:g(d)(d—8)+9(0)(8—0)—/g(t)dt

and by [2.2B) we get the desired resylt (2.26).

Now, sincef : [a,b] C (0,00) — (0,00) is GH-convex (concave) o, then the function
g = f oexpis AH-convex (concave) ofr, d] = [lna,Inb] .
From [2.26) we then have fer=Inu, u € [a, b] that

1 Inb

(2.27)

—1<(2)

fPoexp(t)dt

Ina
Inb—1In

u
<(>) [mfoexp (Inbd) +

Inb—1na
Inu —In

Wfoexp (Ina)| foexp(Inu).
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This is equivalent to

1 Inb

(2.29) fPoexp(t)dt

Inb—1na

Ina

Inb—Inu Inu—1Ina

< (=) f(b) + fla)| f(u),

Inb—1Ina Inb—1Ina

foranyu € [a,b].
If we make the change of variable= exp (t) , thent = In s, dt = % and by [2.2p) we get
the desired inequality (2.11).
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CHAPTER 7

Inequalities for HA-Convex Functions

1. SOME PRELIMINARY FACTS FOR HA-CONVEX FUNCTIONS

Following [1] we say that the functiorf : 7 C R\ {0} — R is HA-conveor harmonically
convexf

Ty
1.1 — ) < (1t t
@D Harisy;) s0-0f@+ W
for all z,y € I andt € [0,1]. If the inequality in [(1.1) is reversed, thehis said to beHA-
concaveor harmonically concave
In order to avoid any confusion with the classAHi-convexXunctions, namely the functions
satisfying the condition

. f(@) [ ()
(1.2) A=t +ty) < 1-1t)f(y) +tf(2)

we will call the class of functions satisfying (1.1) #&-convex functions.

If I C (0,00) andf is convex and nondecreasing function thfeis HA-convex and iff is
HA-convex and nonincreasing function théins convex.

If [a,b] C I C (0,00) and if we consider the function: [1,1] — R, defined byy () =
f(3) . thenf is HA-convex onja, b] if and only if g is convex in the usual sense fh <]

If we write the Hermite-Hadamard inequality for the convex functjqin) = f (1) on the
closed interval;, 1| we have

: F(4)+r(4
f(%)séi%/if(%)dtg (b>2 ()

that is equivalent to

(1.3) f(Qab)gbcil)a[af(l>dt§M

a+b

Using the change of variable= %, then

(1 [T ()
/if<¥)dt_/a 0
and by [1.8) we get

(1.4) f(Qab) b_a/f ds < )+f(>.

a+b

The inequality[(T.4) has been obtained in a different manné&ih [
Motivated by the above results, we establish in this paper some new inequalities of Hermite-
Hadamard type foHA-convex functions.

87



88 SILVESTRU SEVER DRAGOMIR!:2

2. A REFINEMENT

We have the following representation result.

LEMMA 2.1 (Dragomir, 201518]). Letg : [z,y] € R — C be a Lebesgue integrable
function on|x, y| . Then for any\ € [0, 1] we have the representation

(2.1) /Og[(l—t):v+ty]dt:(1—/\)/0g[(l—t)((l—)\)x+>\y)+ty]dt

—1—/\/19[(1—75)95—!-25((1—)\)x+/\y)]dt.

PROOF For\ = 0 and\ = 1 the equality[(2.]L) is obvious.
Let A € (0,1). Observe that

/Og[(l—t)()\y+(1—/\)x)—|—ty]dt

:/Olg[((l—t)Ath)er(l—t)(l—)\)x]dt
and
/g[t()\y—l-(1—)\)a:)+(1—t):c]dt:/g[t)\y—l—(l—)\t)x]dt.

If we make the change of variable:= (1 —t) A + ¢t thenwe havd —u = (1 —¢) (1 — \)
anddu = (1 — A\) du. Then

/Og[((l—t))\+t)y+(1—t)(1—>\)x]dt e gl (=

If we make the change of variable:= At then we havelu = \dt and
1 1 A
/ gtAy + (1 = Xt) x| dt = X/ gluy + (1 —u) z] du.
0 0
Therefore

(1—)\)/0 g1 — 1) O+ (1= \) ) + ty] dt

1 1
+)\/ g[t()\y—l—(1—)\)x)+(1—t)x]dt:/ gluy + (1 —u)x]du
0 0
and the identity[(2]1) is proved.

COROLLARY 2.2 (Dragomir, 2015(18)). Let f : [a,b] C (0,00) — C be a Lebesgue
integrable function ona, b] and A € [0, 1], then we have the representation

(2:2) / ( ¢ a+tb> dt_<1_)\)/01f((1—t)((1—6;\b)a+>\b)+tb) dt

“/1 <(1 )a+t(c(di—A)a+Ab)>dt'

PROOF Consider the functiop : [1,1],9(s) = f (%) .s € [}.1].
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We have by[(2]1) foy andz = §, y = 1 that

& [ (=)
:/Olf<m)dt:/olg((l—t)%+té)dt
=(1—A)/Olg[(1—t) <(1—>\)%+/\%>+tﬂ dt
+)\/Olg{(1—1&)%4—2&((1—)\)%4—)\%)]6&

:(1_A)/01f((1-t>((1—ib)a+Ab)+tb) dt
“/0 f((1—t)a—|—t(czl;—/\)a+>\b))dt'

The following result holds.

THEOREM 2.3 (Dragomir, 201518]). Let f : [a,b] C (0,00) — R be an HA-convex
function on the intervala, b] . Then for any\ € [0, 1] we have the inequalities

@4) 7 (fibb) A=A ((1 —) aQib(H 1)b) A ((2—;%>

b [P f(t
< /a t(Q)dt

“b—a
g%{f(#lw)ﬂl—k)f(aﬂ%f(b)}

<

f(a) + f(b)
: :

PROOF Consider the functiop : [+,1],g(s) = f (%) .s € [}.1].
Sinceg is convex on[%, é] , then by Hermite-Hadamard inequality for convex functions we
have forA € [0, 1]

(1 —A)aQZb(A+ 1)b> iy ((1 —A) %; AL +§)

<[a(a-o(o-ntol)od)a

_ (=i +(d) :g(%)ﬁq(g)

- 2 2

(25) g (
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and

(2.6) g<@—;>++M>:g<%+<1—;>%+Ag>

g/olg((l—t)%ﬂ((1—)\)%+)\%)>dt

1
o ra(-nieay o) o (S
- 2 2
If we multiply (2.5) by (1 — A) and [2.6) by), add the obtained inequalities and use the first
part of the equality{ (2]3) we get

2.7) (1=A7 ((1 Y aQib(A +1) b) A (@—AQ)—CLE)HMJ

S/Olf(#baﬁb) dt
» _A)f((1 Aa+;b)+f( )+)\f(b)+f<2(1_;)ﬁ>
:%{f <<1_;;ﬁ) +(1—)\)f(@)+)\f(b)1.

By the convexity ofy we have

<1_)\>f<(1—A)aQib()\+1)b) tA (#lzﬂb)

:(1_/\)9((1—)\)a2:b()\+1)b) Hg((Q—AQ)acszb)

1I=XN[1=XNa+A+1)b A[(2—=X)a+ A
Zg( 2ab * 2ab >

B a+b\) 2ab
_9( 2ab)_f(a+b)

Hgoe) A=V @+

and

:g<(1—)\)%+)\%>+(1—)\)f(a)+)\f(b)

S A=A F0)+Af(a) + (L =A) f(a) +Af(b)
= f(a)+ [ (b)
and the desired inequality (2.4) is proved.

COROLLARY 2.4. With the assumptions of Theorem|2.3 we have

2ab 1 4ab 4ab f(t
(2.:8) f< >§§[f(a+3b>+f(3a+b>]_b—a/ t2

<1{f(2ab)+f )+f(>] _f(a)—;f(b)

=9 a—+b 2
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3. INEQUALITIES FOR HA-CONVEX FUNCTIONS
We have:

THEOREM 3.1 (Dragomir, 201518]). Let f : [a,b] C (0,00) — R be an HA-convex
function on the mterva[la b|. Then

(L (a,b) —a)bf (b) + (b— L(a,b)) af (a)
(b—a)L(a,b) ’

PROOF. Sincef : [a, b C (O, o0) — R is anHA-convex function on the intervat, b] , then
the functiong : [, 1], g(s) = f (%) ,is convex on[;, 2| . Thereforef has partial derivatives

a

in each point of a, b) and by the gradient inequality fgrwe have for any:, y € (a,b) that
1 1 1 1 1 1

3.2) f(x)— —g(=)-9g(=)2d (=) (-5 )(=-=

62 fw-1m=9(1)-s(;) 20 (5) (-) (G -3)

Since

31) f(L(a

then

and by (3.2) we have

F@) = F )2 1) = () =1 (0) =
Therefore we have
33) F0 -1z (3-3) 10

foranyz,y € (a,b).
If we take the integral mean overin (3.3), then we have

b
3.4) i [T@d-rwz (o) 1

foranyy € (a,b).
Now, if we takey = L (a, b) in
Observe that for any e [ b

3.4), then we get the first inequality in (B.1).
We have
(z—3)
1
b

[t}

_G—a)

Q=

SH R
IS S
+

By the convexity ofy on 3, £] we then have

(3.5) f(g;):gG) :g<(%—§)-

foranyz € [a,b)].
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Taking the integral mean in (3.5) we get

and the second inequality in (8.1) is also proved.

REMARK 3.1. If f : [a,b] C (0,00) — R is a differentiable HA-convex function on the
interval (a, b) , then from [3.4) we have the following inequality

b
36) i [ @tz (1) 1
foranyy € (a,b).
We have
b a — a
@ = [ t@de- e > S )

and if /(A (a, b)) > 0, then

(39) [ @ s,
We have
I(a,b) — L(a,b) ,,
(39) D) = (1 (0) 2 GO S (1 (0,0)

and if f' (I (a,b)) > 0, then

b
(3.10) b_a/af(x dx > f (I (a,b))
We have
b a — a
1) o [f@di-pGlab) > GRS (G o)

and if f' (G (a,b)) < 0, then

(3.12)

b
o [ F@de= 1 (G,
We have:

THEOREM3.2 (Dragomir, 201518]). Letf : [a,b] C (0,00) — R be a HA-convex function
on the intervala, b] . Then

a+b\ a+b 1 b bf (b)+af (a)
(3.13) f( 5 ) 5 Sb_a/axf(x)dxg 5 .
ProOF. From the inequality (3]3), by multiplying with > 0 we have
(3.1 of @)=t )= (1-2) 1)

foranyz,y € (a,b).
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Taking the integral mean overe [a, b] we have

b a a
g1y o [ar@a- st (12250 ).

foranyy € (a,b).
If we take in [3.15) = “ then we get the first inequality i (3]13).
From the inequality[ (3]5) we also have

s fO)+ (%) f(a)

(3.16) of (z) < G

foranyz € [a,b].
Taking the integral mean op (3]16) we get

b
(3.17) ﬁ/ of (o) do < LW /(@)

and the second inequality in (3]13) is provad.

REMARK 3.2. If f : [a,b] C (0,00) — R is a differentiable HA-convex function on the
interval (a, b) , then from [(3.15) we have

a+b 1 b Aa,b) =y,
(3.18) ) s [ et @< HE ),

b—a /,

foranyy € (a,b).
If we take in [3.18)y = I (a, b) , then we get

a+b A(a,b) —I(a,b) ,,
@19 s [ P ).
If /(I (a,b)) <0,then
b
(3.20) @)t e @

If we take in [3.18)y = L (a,b) , then we get

b —L(a
G2 fn) - [ e A“"?(a f)( ) (L a,1)).

If /(L (a,b)) <0,then

b b
(3.22) Pl < [

If we take in [3.18) = G (a,b) , then we get

(323  F(G(ah) “‘2”) - bia/ of (@) dz < A<“’2<;f)<“’ Y (G ().

If /(G (a,b)) <0,then

b b
(3.24) f(G(a,b))a‘; - bia/a of (2) dz.
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THEOREM3.3 (Dragomir, 201518]). Letf : [a,b] C (0,00) — R be a HA-convex function
on the intervala, b] . Then

1{, [ 2ab , [ 2ab ab
(3.25) §{f+ (a—+b) - <a—|—b)] (a+b)2 (b=a)
f(a ) f(t
= b—ua /
SIS ( )V — fi (a)a
§ [ ab : ] (b-a)
and
1|, [ 2ab , [ 2ab ab
(3.26) 3 [er (a+b) - fL (Hb)] @i P (b—a)
ab [P f (1) 2ab
=5z /a t2 dt_f(a+b)
1 " (a) a?
< 3 [ ] (b—a).
PROOF Sincef : [a,b] C ,oo) — R is anHA-convex function on the intervéd, b] , then
the functiong : [1,1] . ¢ ( )= f(%),isconvexon[},1i].

We know that
cs = (D) (=), se (2L
£\ = T3 )07 b a)”
If we apply Lemma O]1 we get the desired reshit.

COROLLARY 3.4.If f : [a,b] C (0,00) — R is a differentiable HA-convex function on the
interval (a, b) , then

(3.27) e Rl e
<l [f'_ 0 - '+<a>a21 -

and

(3.28) 0< b‘iba /ab l;)dt— ¥ (fibb)
<l {f’_ 0= ;(@ﬂ —

4. RELATED RESULTS
We have the following related result:

THEOREM4.1 (Dragomir, 201518]). Letf : [a,b] C (0,00) — R be a HA-convex function
on the intervala, b| . Then

@0 1@ - [ rwa
= bia [f(b) (é‘%)*f(“) (é‘i)} —bia/abfy(;y)dy
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foranyx € [a, b] .
In particular, we have

b f) | fla
6 ()i [ W,

and

(4.3) ab[ <Qibb> b_a/f } (a) b_a/f dy >0

PROOF If we integrate ovey in the inequality[(3.3) we have

@.4) (b—a)f / fly

vV
SN
9\
™
<=
S~—
Q.
<
|
@\
o
|
™
—~
=
<
<

foranyz € (a,b).
Observe that

and by [(4.4) we have
v-a0r@- [rwazro(t-1)rw(t-1) - [y

foranyz € (a,b) , namely

’ —x a)(z—a b
@s - [ swaz OG0,

and the mequaht)[@bjl) is proved.
If we takex = <2 in (4.5), then we get

(a;b) b—a/f
_a+b a+b
J () (b ) +bf (a) ( b_a/f

- a+bba(b—a)
g fa /bf(y)dy
a+b b—a ), v?

and the inequality[ (4]2) is proved.
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If we takex = 2 in (4.1), then we get

ab b
H25) -5 [ rwa

SENUES DRy O

= ab 2 b—a y?
and the first part of (4]3) is proved. The second part follows by (4.4).
We also have:

THEOREM4.2 (Dragomir, 201518]). Letf : [a,b] C (0,00) — R be a HA-convex function
on the intervala, b] . Then

b
@8) “S7f @) = [ uf )y

- b—a zb—a

b bf:):_'_ q) t=a 1 1 b
W@ [
In particular, we have

an 2 (5 [ rwa- TES )

a—+b 2
1 b a+b_ [(a+b
> dy — >
__a/ny(y)y 2f(2>_0

and

a a b
@) 0 (2) - [t wa

a+b
o (MO ses) /bf(y)dy>-

2ab a+b b—

PrROOF. From the inequality (3]3) we have we have

(4.9) uf @ -ufw = (L-1) 1 o)

foranyz,y € (a,b).
If we take the integral ovey we have

f(fﬁ)/abydy—/abyf(y)dyzé/abyf’(y)dy—/abf’(y)dy

— X T —a b
—5 0" r @ [

X

that is equivalent to

T T

b h— . b
@10) (*-) @ - [ w0 i@ =01 [y
and , by dividing by — a, we get the desired inequality (4.6).
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Now, if we takez = “£* in (4.10), then we get

%(bQ—GQ)fCL;b) —/abyf(y)dy

atb atb _ 1 b
Z f(b) a+b2 +f(a) 2@__;_1) T atb f(y) dy,

2 2 2 a

which is equivalent to
b b b
(b—a) (a; )f(a; )—/ yf (y)dy

b— b— 2 b

> f0) g @) = [ fw)dy

Dividing by b — a we have

(a;bw(a;b) _bia/abyf(y)dy

fO+f@ 2 1
=T E _a+bb—a/af(y)dy'

that is equivalent to first part df (4.7).
The last part of the inequality (4.7) follows froin (3]13).
If we take in [4.)r = 22 then we get

atbh’

a+b 2ab 1 b
o (25) - [t wa

O ) @ (1) et /bf(y)dy

- b—a 2ab b —
_a+b (bf(b)+af(a
~ 2ab ( a+b /f dy)

5. FURTHER INEQUALITIES FOR HA-CONVEX FUNCTIONS

and the inequality] (4]8) is proved.

We start with the following characterization ©A-convex functions.

THEOREM 5.1 (Dragomir, 201519]). Let f,h : [a,b] C (0,00) — R be so thath (t) =
tf (t)fort € [a,b] . Thenf is HA-convex on the intervéd, b] if and only ifh is convex ona, b) .

PROOF Assume thayf is HA-convex on the mterve{h b] . Then the functiory : [7,1] —
R, g (t) = f (1) is convex on[, 1] . By replacingt with 1 we havef (t) = g () .
If A € [0,1] andz,y € [a, b] then, by the convexity oj on |3, 1], we have

h(1=XNzx+Xy)=[1=Nax+ | f({(1—=Xz+Ay)

(1=Nazg (s )+Ay9( )
(I=XNz+ Xy

< [(1T=XN)z+ My =(1—=XN)h(x)+ M (y),

which shows that is convex ona, b] .
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We havef (t) = @ fort € [a,b]. If A € [0,1] andz,y € [a, b] then, by the convexity of
on|a,b], we have

eitom)

(1=ANy (1N
B )\x—i-(l—)\)yh ((1—)\)%
N )

Ty

< A:c—i—(l—)\)y(l—)\)%h(x)jL)‘
- Ty (1=X)2+

xT

= (1= A) h @)+ Ach () = (1= 2) f (2) + Af ().

which shows thaf is HA-convex on the intervdh, 0] . 1

REMARK 5.1. If f is HA-convex on the interval, b] , then by Theorerp 5|1 the function
h(t) = tf (t) is convex onja,b] and by Hermite-Hadamard inequality we get the inequality
(3.13). This gives a direct proof df (3]13) and it is simpler tharili§].[

In 1994, B] (see also23, p. 22]) we proved the following refinement of Hermite-Hadamard
inequality. For a direct proof that is different from the onel3h Eee the recent papetd].

LEMMA 5.2. Letp : [¢,d] — R be a convex function oft,d]. Then for any division
c=1Yo <Y1 < ... < Yn_1 < yn =dwithn > 1 we have the inequalities

ctd 1 = Yir1 + Y
(5.1) p( 5 )_d_CE (Yit1 y)p( 5

=4 i C/c p(y)dy < - i - i_o (Yirt — v) P () +2p (i+1)
< %[p(c)w(d)].

We can state the following result:

THEOREMS.3 (Dragomir, 201519)). Letf : [a,b] C (0,00) — R be a HA-convex function
on the intervala, b] . Then for any division = 2y < 1 < ... < 2,1 < x, = bwithn > 1 we
have the inequalities

a+b [a+b 1 2 Tiv1 + T4
2 < 2 2 ol T
(5.2) 2 f( 2 ) —2(b — (x”rl xl)f( 2 >

—a)

(2 1 .
Sy | @f(@)de
b— q < (Tiy1 — m3) zilf () + §i+1f (it1)

1
< Slaf (@) +5 ().
Follows by Lemma 5]2 for the convex functipiiz) = = f (z), z € [a,b].

AJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA


https://ajmaa.org

HERMITE-HADAMARD TYPE INEQUALITIES FORM N-CONVEX FUNCTIONS 99

If we taken = 2 andz € [a, b], then by [(5.2) we have

(5.3) a—;bf (a—gb)

1 b
<—— [ tf(t)dt

~b—al,

20— ) [(b—a)xf () + (x —a)af (a) + (b—x)bf (b)]

If in this inequality we choose = %, then we get the inequality

(5.4) a+bf <a+b)

2
1 b+ 3a b+ 3a a+ 3b a+ 3b
<sa—a | () ()]

[\

If we take in {5.8): = 24 then we get

a+b’

a+b [a+bd
(5.5) 5 f( 5 )

< m [aQ(a+3b)f (%) FHBatb) S (%)}

1 b
<—— | tf(t)dt
a a

-
1 2ab a’f (a) +b*f () 1
§a+b[abf(a+b)+ 5 }§§[af(a)+bf(b)]

We also have:

THEOREMS5.4 (Dragomir, 201519]). Letf : [a,b] C (0,00) — R be a HA-convex function
on the intervala, b] . Then for any division = 2y < 1 < ... < 2,1 < x, = bwithn > 1 we

AJMAA Vol. 18(2021), No. 1, Art. 1, 127 pp. AIMAA


https://ajmaa.org

100

SILVESTRU SEVER DRAGOMIRY2

have the inequalities

n—1
507 <azibb) = biba ZO (IN _Ij) f< o )
j=

Tj41Z5 Tj+1 +.§Uj
ab  [° f(2)
= b—a/a x? d
S ab nzl (l’jJrl - l’j) f(l’j> + f(ijrl) S f(b) _'_f(a)
b—a — Tjp125 2

2
PROOF Consider the convex functign(z) = f (1) that is convex on the intervak, 1] .
The divisiona = 29 < z; < ... < x,_1 < x,, = bwith n > 1 produces the divisiop; = ——
i € {0,...,n} of the interval[}, 1] .

Using the inequality| (5]1) we get

n—1
1 1 1 1 1
(5'7)f<1+_1)§1_; ( . .)f N E———
b2a a b =0 7

that is equivalent to
n—1
2ab ab Tp—i — Tp—i—1 2%y 1Tp—i
5.8 <
( ) f (CL + b) “b—a zz_; < Tp—i—1Tn—i ) f (JTn_i + xn—i—l)
ab a 1
< — ) dt
“b—-a /}7 / <t>

< ab Tpoi — Tn—iz1\ [ (@n_ic1) + [ (2n_s)
“b—a —

Tn—i—1Tn—; 2

IN
N | —
1
—
VR
| =
N———
+
~
7 N
Q| =
N———
—_

[f (0) + [ (a)].

N | —

By re-indexing the sums and taking into account that

[if(%)dt:/ab%dx

we obtain the desired resyt (5.4).
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REMARK 5.2. If we taken = 2 andz € [a,b], then by [(5.6) we have, after appropriate
calculations, that

2ab)<1 (v —a)bf (32) + (b — ) af (3)
a+b) " x b—a

(5.9) f (

If we take in [5.9): = 22 < [q,b], then we get

2ab 1 4ab dab
(5.10) f (a—i—b) = 2 {f (a—|—35> +f (Ba—i—b)}

ab bf(x)d

If we take in [5.9)r = %t € [a, 0], then we get

(5.11) f( 2b ) Y (e )a:f (Hes2)

/f
- b—a
S%[f (a;—b>+bf(a()lizf(b)} - f(b)j;f(a)‘

6. RELATED RESULTS

LEMMA 6.1 (Dragomir, 201519)). Letf : [a,b] C (0,00) — R be an HA-convex function
on the intervala, b] . Thenf has lateral derivatives in every point ¢f, b) and
, S
(6.1) FO=rs)2 s (1-2)
foranys € (a,b) andt € [a,b].
Also, we have

(6.2) FO-f@zafy(@(1-1)
and
63) Fo -1z o (1)

for anyt € [a, b] provided the lateral derivatives, (a) and f (b) are finite.

PROOF If fis HA-convex function on the intervéd, b] , then the functiorh (¢) = tf (¢) is
convex onfa, b], therefore the functiorf has lateral derivatives in each point(ef b) and

Wy (8) = f (8) + 115 (t)
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foranyt € (a,b). Also, if f| (a) andf’ (b) are finite then

W, () = f () +af} (a) andh (b) = f (5) +bf" (b).

Writing the gradient inequality for the convex functibnnamely

h(t) = h(s) 2 bl (s) (t —s)
foranys € (a,b) andt € [a, b] , we have

that is equivalent to

tf (t) = sf (s) = [ (s) +sfL(s)] (t—5) = f (s) (t = 5) +sfi (s) (t — 5)

tf(t) —tf(s) = sfi(s)(t—s)
foranys € (a,b) andt € [a, b] .
Now, by dividing with¢ > 0 we get the desired result (6.1).

The rest follows by the corresponding properties of convex funcétign
The following result holds:

THEOREM 6.2 (Dragomir, 201519]). Let f : [a,b] C (0,00) — R be an HA-convex
function on the intervala, b] . Then we have

(6.4) = {f; <a;b> - f (“;b)] (1? — o)

< af(a) +0f () 1

< . b_a/abtf(t)dt
< SV ® = F@)b—a)+ 5 BF (0) - aft @] (b0
and
R
< :tf(wdt—“;bf(“;b)
1

<O =T @b a)+ 5 [ 1)~ af}y (@] b-a).
PROOF. Follows by Lemma 0]1 for the convex functierit) = ¢f (¢). &

COROLLARY 6.3. Let f : [a,b] C (0,00) — R be a differentiable HA-convex function on
the interval[a, b] . Then we have

(6.6) Ogaf(a)anf(b) 1

b
) —b_a/atf(t)dt
Sé[f(b)—f(a)] (b—a)+%[bf’ (0) — af’ (a)] (b - a)
and
b a a
6.7) Ogﬁ/atf(t)dt— ;%( ;b)
<1
=3

70 = F @] (6= a)+ 5 BF0) —of} @] (00
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We remark that froni (6]6) we have

(3a+1b) f (a) - @+ 30)/0) _ % [bf" (b) = af (a)] (b= a)

bia/a tf(t)dt < “f(a)-;bf(b)

(6.8)

<

and from [[6.7) we have

(6.9) a+bf(“;b)< ! /abtf(t)dt

)+ r@le-a
LA 0) —af, @) (b—a).

The following result also holds:

THEOREM 6.4 (Dragomir, 201519]). Let f : [a,b] C (0,00) — R be an HA-convex
function on the interva[la b].

@) Ifbf (b)) —af (a #ff )ds and

(6.10) oy = JoF (9)ds _ BF () —a’f (a) ~2 )y Sf ® ¢ [a, ]

[Psfr(s)yds  bf () —af (a)— [0 f(s

then

(6.11)

(ii) If £ (b) # f (a) and
Jysf'(s)ds _bf (b) —af (@) = [} f (s)

6.12 = =2 = a,b
(612 T e T el
then
b
(6.13) f(8y) > m/ f(s)ds.
(iii) If af (b) #bf (a)and
b) — b
(6.14) vy = 0;; ()b) j;a)()ac)b € [a, b]
then
(6.15) ) > beba / fs 32 .
PROOFR We know that iff : [a,b] C (0,00) — R is anHA-convex function on the interval

la, b] then the functions is differentiable except for at most countably many points. Then, from

(6.1) we have
(6.16) FO =) zsr() (1-2)
for anyt € [a, b] and almost every € (a,b) .
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(i) If we take the Lebesgue integral mean(in (6.16), then we get

(6.17) f it

ds>—/sf ds_tb— szf’(s)ds

for anyt € [a,b].
If we taket = oy in (6.17) then we get the desired inequaljty (6.11).
(i) If we divide the inequality[(6.1)6) by then we get
f(s)
S

Lor (s)

> 7'(5) -

(6.18) -

for anyt € [a, b] and almost every € (a,b) .
If we take the Lebesgue integral mean(in (¢.18), then we get

1 (b1 1 [P f(s)
f<t)b—a/agd8_b—a/a s

that is equivalent to

b
(6.19) szc(f)b) —bia/ fis)ds

L F®—f@ 16 0)—af (@)~ [ (s
- b—a t b—a

for anyt € [a, b]
If we taket = 3, in (6.19) then we get the desired res[ilt (6.13).
(iii) If we divide the inequality [(6.1) by? then we get

L NPIC R U IR

2 T s t
for anyt € [a, b] and almost every € (a,b) .
If we take the Lebesgue integral mean[in (¢.20), then we get

1 [ 1 [P f(s)
f<t)b—a/a§d8_b—a/a 52 ds

which is equivalent to

f(s 1 af(b)=bf(a) 1f(b)—f(a)
ft ab b—a/ d8> b—a ba t b—a

(6.20)

REMARK 6.1. We observe that a sufficient condition for (6.10) and (6.12) to hold isfthat
is increasing ora, b] . If f (a) <0 < f(b), then the inequality (6.14) also holds.

We also have the following result:
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THEOREM 6.5 (Dragomir, 2015[19)). Let f : [a,b] C (0,00) — R be an HA-convex
function on the intervala, b] . Then we have

a+b 1 bf@®) af (a)+bf (b)
(6-21) f( 2 )Slnb—lna a—l—b—tdtS a+b '

a

PROOF Since the functio (t) = ¢ f (¢) is convex, then we have

x+yf (w+y> < zf (x) +yf (y)
2 2 2

foranyz,y € [a,b].
If we divide this inequality byry > 0 we get

(6.22) 1(1+1)f<1‘+y>_1<f(fr)+f(y)>’
foranyz,y € [a,].
If we replacer by (1 —t)a + tb andy by ta + (1 — ¢) bin (6.22), then we get

(6.23) %<(1—t)1a+tb+ta+(i—t)b)f(a;b)

1L/f((1—=t)a+tb) f(ta+(1—1)b)
§§< ot (1—0b | (I—fatth )

foranyt € [0,1] .
Integrating |(6.2B) oif0, 1] overt we get

. 1 1 1 1 a-+b
(6.24) 5(/0 de/O mdt)f( 2 >
f0=ta+t) fltat d—-1)0)
_2(/ o+ (=100 / t)a+tb dt>'

Observe that, by the appropriate change of variable,

! 1 ! 1 Inb—1Ina
——dt = ——dt = ————
o (I—t)a+tb o ta+(1—1t)b b—a

/f 1—ta+tb Yflla+(1—-tb) 1 [ f(u)
du
ta+(1—1t)b (1—-tha+tb b—al, at+b—u

and by [6.244) we get the first mequallty -.21).
From the convexity oh we also have

(1—t)a+1tb) f(1—t)a+th) < (1 —t)af (a) +tbf (b)

and

and
(ta+ (1 —1)b) f(ta+ (1 —1t)b) <taf (a)+ (1 —1t)bf (b)
foranyt € [0,1].
Add these inequalities to get

(I=t)a+th) f(1—=t)a+th)+ (ta+ (1 —1)b) f(ta+ (1 —1)b)
<af(a)+bf(b)
foranyt € [0, 1].
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If we divide this inequality by((1 — t) a + tb) (ta + (1 — t) b) , then we get
F(1—=t)a+1tb) f(ta+(1—t)b)< af (a) +bf (b)
ta+(1—1t)b (I1—t)a+tb — ((1—t)a+1tb)(ta+ (1 —1)b)

foranyt € [0, 1].
If we integrate the inequality (6.25) oveon [0, 1], then we obtain

F(( 1—ta—|—tb /fta+ (1—1)b)
2
(6.26) / (1—1¢)b 1—t)a+th dt

(6.25)

! dt
< laf(a Hbf()]/o (I—t)a+tb)(tat(1—0)b)
Since
! dt 1 b du
/0 ((1—t)a+tb)(ta—|—(1—t)b)_b—a/a u(a+b—u)
and 1 1 /1 1
u(a+b—u):a+b<a+a+b—u)’
then

b du 2
= Inb—1Ina).
/CLu(a—i-b—u) a+b(nb na)
By (6.28) we then have

2 b () p <2[af(a)+bf(b)] Inb—1Ina
b—a), atb—u "= a+b b—a

which proves the second inequality jn (6.24).

a
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CHAPTER 8

Inequalities for HG-Convex Functions

1. SOME PRELIMINARY FACTS

Following [1] (see alsol27]) we say that the functiorf : 7 C R\ {0} — (0,00) is HG-
convexf

Ty 1—t t

@) Mooy ) <P )
forall z,y € I and¢ € [0, 1]. If the inequality in[(1.1L) is reversed, thehis said to beHG-
concave

By the geometric-mean - arithmetic mean inequality we have thaH&vygonvex function
is HA-convex. The converse is obviously not true.

We observe thaf : 7 ¢ R\ {0} — (0,00) is HG-convexif and only if the function
Inf:ICR\{0} — RisHA-convexonl.

We have:

PRoPOSITION1.1 (Dragomir, 201520])). Let f : [a,b] C (0,00) — (0, 00) and define the
associated functionS’; : [, 1] — R defined byG, (t) =1In f (1) andH; : [a,b] C (0,00) —
R defined byH (t) = t1n f (¢) . Then the following statements are equivalent:

(i) The functionf is HG-convex ofa, b) ;

(i) The functionG is convex or 3, 2] ;

(iif) The functionH is convex ora, b) .

In this chapter we present some inequalities of Hermite-Hadamard typdGeronvex
functions defined on positive intervals. Applications for special means are also provided.

2. INEQUALITIES FOR HG-CONVEX FUNCTIONS

The following result holds.

THEOREM 2.1 (Dragomir, 201520Q]). Let f : [a,b] C (0,00) — (0,00) be an HG-convex
function on the intervala, ] . Then for anyA € [0, 1] we have the inequalities

e () <1 2] (s
con (5 [2I0,)

< \/ =) V@ 01 < V@70,
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THEOREM2.2. Let f : [a,b] C (0,00) — (0, 00) be an HG-convex function on the interval
la,b]. Then

2.2) f(L(ab)) < exp (ﬁ /ablnf(t) dt)

(L(a,b)—a)b (b—L(a,b))a
< [f (B)) 079D [f (@) 0=
If we write the classical Hermite-Hadamard inequality for the funcfifythat is convex on
la,b] when f : [a,b] C (0,00) — (0,00) is anHG-convex function orja, b] and perform the
required calculations, we get:
THEOREM 2.3 (Dragomir, 201520])). Let f : [a,b] C (0,00) — (0,00) be an HG-convex
function on the intervala, b] . Then we have

ey |1(5)] T o (74 [ mswa) < Jror v

We have the reverse inequalities as well:

THEOREM 2.4 (Dragomir, 201520Q]). Let f : [a,b] C (0,00) — (0, 00) be an HG-convex
function on the intervala, b] . Then we have

ab blnf(t)
exp (% J, —zdt
(2.4) 1< (i fzab )
f<a+b)

o (L[ 0 L0 (10

L[fo),, fi(a)a®] (b—a
<ew (5 - S (7))
The following related result also holds:

THEOREM 2.5 (Dragomir, 201520Q]). Let f : [a,b] C (0,00) — (0,00) be an HG-convex
function on the intervala, b] . Then we have

VI @ o)

(2.6) 1<

exp (L [t £ (1)
() e oo (- )
: j) L I at)
G
<(F5)" e (g0 (- ).
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From a different perspective we have:

THEOREM 2.6 (Dragomir, 201520Q]). Let f : [a,b] C (0,00) — (0,00) be an HG-convex
function on the intervala, b] . Then

(28) exp (bciba/ 1Ilf ) \/f gglg D) [f (a)] t;((gé:zg

foranyz € [a,b].

If we take in [2.8)x = £t then we get from| (2]8) that

(2.9) exp (b‘ﬁba / b 1“{2(%) < \/f ( . b) U O] [f (@)

In [18], in order to improve Iscan’s inequalit@¥] for HA-convex functionsy : [a,b] C
(0,00) — R,

2ab ab b g (1) g(a)+g(b)
(210) g(a—i—b)gb—a/a 2 dt < 9 )

we obtained the following result:

(2.11) ¢ ( 21%) <=y ((1 EpY) azib(A +1) b) T ((2—3)%)

<5 |7 (o) H - Ve@ 20 0)

where € [0, 1].
Now, if f : [a,b] C (0,00) — (0, 00) is anHG-convex function on the intervéd, b] , then
= In f is HA-convex onja, b] , and by (2.1[L) we get

(2.12) In f( Qibb)

<(1—MNnf ((1 —)\)a2j—b()\—|— 1)b) +Aln f (%)

__ab /lnf()t
“b—a 2
<3 [ms (G ) 0N @ + A )

< lnf(a)—;—lnf(b)’
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that is equivalent to

I f (azibb)
1-X\
Sl“qf((l—»fib@ﬂwﬂ /(=

A
A)a+ /\b)} >
= /b IO g <y [ (2 ) [ @ 1f )
=b—a), £ "= I-Nat+xn)YY
<In+/f(a) f(b),
and by taking the exponential we get the desired rejsulf (2.1).
We have the following result fadA-convex functions19]:
Then

LEMMA 2.7. Letyg : [a,b] C (0,00) — R be an HA-convex function on the interyal b) .

(2.13) ¢ (L(a,b)) < — /g(:c)dx

IN

(L (a,b) — a) bg (b) + (b — L (a, b)) ag (a)

(b—a) L (a,b) '
If f: [a,b] C (0,00) — (0,00) is an HG-convex function on the intervak, b], then

g :=In f is HA-convex on[a, b] , and by [2.1B) we have
b
(2.14) Inf(L(a,b)) < bL/ In f(x)dx

<In([f (B)]FHED [ (a)] EZ:?}E;Z{%;) ,
By taking the exponential ifi (2.14) we get the desired regul} (2.2).

If ¢: [a,b] C (0,00) — R is anHA-convex function on the intervéd, b] , then the function
g:[3,1] =R, g(s)=1¢(%),isconvexon[:,1]
Now, by Lemm4 O.]1 we have

9(3) +9()
(2.15) 0 < 5 b 1

1

Sl
v-\»—k\

g(t)dt

<
and

(2.16) 0 <

Q=

1 3

i 1/ g(t)dt—g<
= — = |1

a b7y

[\
S =
N————

) @16
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and then
/ 1 / 2 / 1 / 2
9\ =~/ (a)a” andg’, 5 =—0_(b)b".
From (2.1%) and (2.16) we have
(2.17) ng(a)—i—ﬁ(b)_ ab /a€<1>ds
2 b—a 1 S
1., > o (b—a
<l wp -t wa (10
and

ab 0 1 2ab
2.1 < - —
e o (2o (22)

< é [0 (b) b — 1, (a) a?] (b;b“> .

If we change the variablé = u, thends = —% and (2.1f) and (2.18) can be written as

l(a)+£(b) ab [P (1)
(219) 0< = —b_a/a ot

and

(2.20) 0 < %/b@dt—K (L“b)

12 a+b

< % [0 (b)b? =, (a) a?] (b;b“> .

If f: [a,b] C (0,00) — (0,00) is anHG-convex function on the intervdk, b] , then

¢ :=1In f isHA-convex ona, b] , and by [2.1p) and (2.20) we have

b n
(2.21) 0<In f(a)f(b)—bciba/ : {Q(t)dt
1[f(b) f*(a)a*] (b—a
<s\Fw’ S (o)
and
ab  ["In f(t) 2ab
(2.22) ogb_a/a - dt—lnf(a+b)

<s| o) (")

and the Theorefn 2.4 is proved.
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If f:[a,b] C (0,00) — (0,00) is anHG-convex function on the intervad, b] , thenH; is
convex onfa, b] and by Lemma 0]1 we have after appropriate calculations

0 <n/[f (@) [f ) - bia/ab““f“)dt
<n(JO)" L (el
o
OSbja/abunfu)dt—ln({f(a;b })
S (JO) L (P it

These inequalities are equivalent to

. ( VIF (@ 1f )] )

T \ew (5 V(1) at)

= [(f(a)
(exp (ﬁ fabtlnf (t) dt))

s
—~

<
N~—

N——
ool

e (50-2 (5 -7 +<<>)))]

[ (220)]"

<u[(78) 7 on oo ()

and by taking the exponential we get the desired regults (2.6] ard (2.7).
The following lemma is of interest in itself:

ool

LEMMA 2.8 (Dragomir, 201520]). Letg : [a,b] C (0,00) — R be a HA-convex function
on the intervala, b] . Then

—x a)b(x —a a b
2y (ML) )5 0 0,
foranyz € [a, b] .

PROOF Sinceh (t) = tg(t) for t € [a,b] is convex, then by the gradient inequality for
convex functions we have

zg(z) —yg (W) > (9 (W) +vg- W) (x—y)

foranyz,y € (a,b).
This is equivalent to

(2.24) zg (x) —xg (y) > yg_ (y) (x —y)
foranyz,y € (a,b).
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From [2.24) we have, by division withy? > 0, that

1 1 9~ (y) Y
Eg(w) - ?g(y) > (1— —)

foranyz,y € (a,b).
Taking the integral mean ovgrwe have

1 *1 1 g (y)
—dy — d
g(af)b_a/a 2 b_a/a 2

that is equivalent to

glx) 1 /bg(y)dy

ab  b—a y?

1 (g() gla) 1 (") 1g(b) —g(a)
_b—a(b_ a>+b a/a W=

foranyx € (a,b) . This can be written as

1 1 b—x r—al g(x) 1 g9 (y)

o —— - > .

2(b—a{g(b) xb +9(a) ax 1—1_ ab)_b—a/a y? @
This is equivalent to the desired res{ilt (2.28).

If f: [a,b] C (0,00) — (0,00) is anHG-convex function on the intervak, b] , then
g :=In f is HA-convex onla, b] , and by (2.2B) we have

% (@(b_x)lnf(bl):z(x—a)lnf(a) —|—xlnf(x))

ab /b In f (y)
dy

“b—a y?
foranyx € [a,b] .
This is clearly equivalent to

(2.25) In (\/[f (B)] 503 [f (a)] 700 f(x)) > ba—ba/ 1H£2(y)dy

foranyz € [a,b].
If we take the exponential if (2.R5), then we get the desired rgsujt (2.8).
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CHAPTER 9

Inequalities for HH-Convex Functions

1. SOME PRELIMINARY FACTS

Following [1] (see also27]) we say that the functiorf : 7 € R\ {0} — R is HA-convexf

1) Mol ) sa-05@+itw

forall z,y € I andt € [0,1]. If the inequality in [(1.]) is reversed, thehis said to beHA-
concave

If I C (0,00) and f is convex and nondecreasing function theis HA-convex and iff is
HA-convex and nonincreasing function théms convex.

If [a,b] C I C (0,00) and if we consider the function : [;, 1] — R, defined byy () =
f (§) . then we can state the following fadi|{

LEMMA 1.1. The functionf is HA-convex (concave) o, b] if and only if g is convex
(concave) in the usual sense on <] .

Therefore, as examples bifA-convex functions we can takg(t) = g (1) , whereg is any
convex function o1, 1] .

In the recent papedpB] we obtained the following characterization result as well:

LEMMA 1.2. Letf,h : [a,b] C (0,00) — R be so thati (t) = tf (t) fort € [a,b]. Thenf
is HA-convex (concave) on the interyal b] if and only if i is convex (concave) dn, b] .

Following [1], we say that the functiori : 7 C R\ {0} — (0, c0) is HH-convexf

Ty f (@) f(y)
(1.2) ! (taj—l— (1-— t)y) = (1=10) f(y) +tf(z)

forall z,y € I andt € [0,1]. If the inequality in[(1.R) is reversed, thehis said to beHH-
concave
We observe that the inequalify (IL.2) is equivalent to

1 1 1
(-9 S W S ()

tz+(1-t)y

forall z,y € I andt € [0, 1].
Therefore we have the following fact:

LEMMA 1.3 (Dragomir, 201521]). The functionf : I C R\ {0} — (0, c0) is HH-convex
(concave) o ifand only ifg : I C R\ {0} — (0,00), g (x) = ﬁ is HA-concave (convex)
on/.

Taking into account the above lemmas, we can state the following result:

PROPOSITION1.4 (Dragomir, 201521]). Let f : [a,b] C (0,00) — (0, 00) and define the
related functions?; : [+, 1] C (0,00) — (0,00), Py (z) = ﬁ andQ; : [a,b] C (0,00) —
(0,00), Qs () = 7. The following statements are equivaltant:
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(i) The functionf is HH-convex (concave) qn bl;
(i) The functionP; is concave (convex) off, 1] ;
(i) The function@) s is concave (convex) dn, b] .

In this chapter we present some inequalities of Hermite-Hadamard typdHeconvex
functions defined on positive intervals. Applications for special means are also provided.

2. INEQUALITIES FOR HH-CONVEX FUNCTIONS

We have the following result that can be obtained by the use of the regular Hermite-Hadamard
inequality:

THEOREM 2.1 (Dragomir, 201521)). Let f : [a,b] C (0,00) — (0,00) be a HH-convex
(concave) function ofu, b] . Then we have

@) 1(25) 207 [ argiz o310
and

= s D@
=2 29 7 O e

PROOF Sincef is HH-convex (concave) o[a, b], then by the Propositidn 1.4 we have that
Py is concave (convex) 0[1,1;, ﬂ . By Hermite-Hadamard inequality fa?; we have

f<1_‘1hl)> Z(S)li% 1if(1;)d5>(<)f(%)+f<%),

1 2
b

which is equivalent to

2ab f(b)+ f(a) f(a)
2. > ( )
(2:3) f(a—l—b) b—a/lly f ds ()=
If we make the change of variable= ¢, thens = 1 andds = — % and from (2.8) we gef (2/1).

Sincef is HH-convex (concave) of, b] , then by the Proposm .4 we also have that
is concave (convex) ofa, b| . By Hermite-Hadamard inequality f@p  we have

b

a+b _a _0
o0 / ) 1@ 75 0
f (a+b — b —a f 2 ’

which is equivalent td (2|2

We have the following reverse inequalities:

THEOREM 2.2 (Dragomir, 201521]). Let f : [a,b] C (0,00) — (0, 00) be a HH-convex
(concave) function ofu, b] . Then we have

a a ’
(2.4) 0> (<) it ; 1) b —ba/ t?fl(t)dt
b2

> (<) (fQ()m) fg—(b)f'_w))w—a),
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b [ b
@5 0= (9;" | tzfl(t)dt—f e

> (9) g (o 1@ - g ) (0= ),

af (b)) +b0f(a) 1 b
@8 0295 Tey v—al, TO™
LI bl ®) [ —afil@)y,
S A I )00
and
Q7)0>()bia f%ﬂt féi)
L0 b ) @) —afs@)),
2 @5 (P ) 6o

PROOF The first part in all inequalitie$ (3.4)-(2.7) follow from Theorgm|2.1.
Now, if we take the derivative of; (=) , then we have

- () - O - () )

Therefore we have

Py (3) =07 0 = o 0
and
P (1) =@ @ = st @

and by the right hand side inequalities in Lemimg 0.1 we get the corresponding inequalities in

(2.4) and[(Z.p).

If we take the derivative of) ;, we have

c%@g:( x)':fwfﬂﬁ%@‘

f(z) 72 ()
Therefore
@ (o) = L 7 <]; D andr ;1) - W

and by the right hand side inequalities in Lemimg 0.1 we get the corresponding inequalities in

(2.6) and[(2.]")a

We have the following result:

THEOREM 2.3 (Dragomir, 201521]). Let f : [a,b] C (0,00) — (0,00) be a HH-convex
(concave) function ofu, b| . Then we have

f(t G?(f (a), f ()
(2.8) b_a/ JW0 4 < T .
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PROOF By the definition oHH-convex (concave) function, we have by integrating®n|
over )\, that

1 ab ! f(a) f (b)
(2.9) / f (m> dA < <2)/0 =N F )+ (@™

Consider the change of variablei; . = t. Then(1 — \) b+a = ¢ and(b — a) d\ = §zdt.
Using this change of variable, we have

! ab ab [P ()
,Af(u—Aw+N)dA_b—al oA

If f(b)=f(a),then
L f@)f®) e
| T e @
f f(b) # f (a), then by the change of variablé — \) f (b) + A f (a) = s, then we have

' ) fo) fla)f() [ ds
L oo @ " @0 ey s
_ fla)f®) G (f(a),f (D)
L(f(a),f®)  L(f(a),f(b)
By making use of] (2]9) we deduce the desired refult (a.8).

We also have:

THEOREM 2.4 (Dragomir, 201521]). Let f : [a,b] C (0,00) — (0,00) be a HH-convex
(concave) function ofu, b] . Then we have

f< zab)g(z)fft%fﬁf(m)df

(2.10)
a+0b fa = ) dt
PrRoOF From the definition oHH-convex (concave) function we have
2ay ) 2f () f ()
2.11 < (>) Ll L
(21 f<w+y _(_)f(l“)Jrf(y)
foranyz,y € [a,].
If we take
. ab B ab € [a.b]
T a-Nbra T T A= Nar
then
2xy  2ab
r+y a+b
and by (2.1]L) we get

f( Qibb) <z (=) £ (i) ,
a (o) + f ()
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which is equivalent to

(2.12) f< 2ol ) [f (Mﬁ) 7 (#bamz))]
o (o) i)
forany\ € [0,1].

If we integrate the inequality overon [0, 1] we get

e () [ (i) o [ () @)

! ab ab
< (> S — S — .
- <_>2/0 f((l—)\)b+/\a>f<(1—)\)a+/\b) ax
Now, we observe that

e [ (5iamm) o= (i)

and

ab
(219 / ( b+)\a)f<(1—)\)a+)\b)d)\
! ab 1
:/0 f((l—A)bJr/\a)f(%Jré_((lA)b+Aa>>d)"

ab

If we change the variable= then we have

ab
(1=X)b+Aa’

1
(219 / < b + /\a) d <% L1 ((1—A)b+)\a)> dA

a ab

_ab b%f(t)f<( abt )dt'

b—a J, t a+b)t—ab
On making use of (2.13) [ (2.116) we deduce the desired résulij (a10).

REMARK 2.1. By Cauchy-Bunyakowsky-Schwarz integral inequality we have

e [ (i) )
i ([ #(res)o)”
:/on( bHa) /
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Now, if f : [a,b] C (0,00) — R is a HH-convex function offu, b] , then by |(2.1D) and (2.17)
we get

f( Qab)éfft%f(t)f(%>dt<f”f2 dt

a+b L0 gy TP

a t2

(2.18)

The following lemma is of interest as well.

LEMMA 2.5 (Dragomir, 201521]). If f : [a,b] C (0,00) — (0, 00) is HH-convex ora, b]
then the associated functid®y : [a,b] C (0,00) — (0,00), Ry (z) = {2 is convex orfa, b] .
The reverse is not true.

PROOF. Leta, 3 > 0with o + § =1 andz,y € [a, b] . By theHH-convexity of f we have

(=)
(2.19) Ry (ax+ fy) = f (ax + By) _ ozt By

arx + By az + By
1 -1
f (az;m;) 2 7ay Y gy 1
_ az+PBy < az+ Py — .
arx+Py T ax+Py oy T P

By the weighted Cauchy-Bunyakowsky-Schwarz inequality we have

(af?x) +Bfg(/y)> <O‘f§cx) ”f(y))

(7 (7))
() () )z

which implies that

1 f@) | ()
. <a + 0
o O~ ® y
foranya, 3 > 0with o« + § =1 andz,y € [a, b] .
By (2.19) we have
flx) . fly) _
Ry ax+ 89) < ol 50—y (@) 4 51y )

foranya, 5 > 0 with o + 5 = 1 andz,y € [a,b], which shows thafk; is convex ona, b] .

Consider the functiorf : [a,b] C (0,00) — (0,00), f (z) = 2P, p # 0. The function
Ry (z) = 2P~ is convex iffp € (—o0,1) U [2,00). Since@; (z) = z'~? which is concave
iff p € (0,1). By Propositior] 1.4 we have that the functign: [a,b] C (0,00) — (0,00),
f () = a? is HH-convex iff ) ; is concave, namely € (0, 1) . ThereforeR; is convex and not
HH-convex ifp € (—o0,0) U [2,00). 1

If we denote byC; [a, b] the class of all positive functiong for which R is convex, then
the class oHH-convex functionsf : [a,b] C (0,00) — (0,00) on[a, b] is strictly enclosed in
C] [a, b] .

We have the following inequalities of Hermite-Hadamard type.
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THEOREM 2.6 (Dragomir, 201521). If f € C; [a, b] then we have

f (%) ft (a)b+ f(b)a
(2.20) ot < b_a/ Jar <1 o ,

f@bri®a 1 r)
(2.21) 0 < o - b_a/a dt
[f’_(b)b—f(b)_fi(a)a—f(a)}

b2 a? (b—a)

and

L, f
(2.22)0§b_a/a ot -

~

)
atb
2

]

LIfL)b—f(O) fi(a)a—f(a)
_g{ 72 — o }(b—a).

PROOF By the Hermite-Hadamard inequalities fB;‘c we have
a+b (b)
f +b / f dt < —
o7 b —a 2
and the inequality (2.20) is proved.

We have ) /
R (1) = (@) BRAGLE0

and then
JL(b)b—f(b)

fi(a)a— [(a)
b2 '

a?

R f(b) =

By Lemm@ we have

fla) f
o< /f
b—ua

andR/, ; (a) =

[f’ b)b—f) fi (a)a—f(a)}

LIfL)b—fb) fi(a)a—f(a)
—é[ s a]<b_a>’
which are equivalent to the desired inequalitjes (2.21) pnd|(2i22).
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