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ABSTRACT. Lie algebra is one of the important types of algebras. Here, we studied lie algebra
and discussed its properties. Moreover, we define the Dihedral homology of lie algebra and
prove some relations among Hochschild, Cyclic and Dihedral homology of lie algebra. Finally,
we prove the Mayer-vetories sequence on Dihedral homology of lie algebra and proved that
HCn(g,M) ∼=− HDn(g,M)

⊕+
HDn(g,M).

Key words and phrases:Lie algebra; Cyclic homology; Dihedral homology.

2010Mathematics Subject Classification.17B55, 17B56.

ISSN (electronic): 1449-5910

c© 2020 Austral Internet Publishing. All rights reserved.

The producer passes on unique gratefulness to the experts for their recognize suggestion and help in the major draft of the present working.

https://ajmaa.org/
mailto: <ala2222000@yahoo.com>
mailto: <hegagi_math@aswu.edu.eg>
mailto:<scientist_samar@yahoo.com>
https://www.ams.org/msc/


2 A. H. NORELDEEN, H. M. ALI , S. ABOQUOTA

1. I NTRODUCTION

The dihedral group is the symmetry group with reflection and rotation. Dihedral groups are
one from the simplest examples of limited group, and they assume an imperative role in geom-
etry, group theory and science. The documentation for the dihedral group contrasts in abstract
algebra and geometry. In algebra, the notation of dihedral group isD2n.The dihedral homol-
ogy and cohomology was studied in [8]. In [1], [2] and [3], Alaa H.N. discussed the dihedral
(co)homology for schemes, dihedral homology of Banach algebras and dihedral homology of
algebra, respectively. And the reflexive and dihedral (co)homology ofZ/2 Graded algebras was
studied in [4].
Now, we illustrate the notation used here. Letg be the lie algebra and[−,−] denotes lie bracket.
Tensor product of lie algebra denoted byg⊗n, the complexC∗(g, V ) is the chevally-Eilenberg
complex andHn(g, M) is thenth-cohomology ofg. HHn(g, M), HCn(g, M), αHDn(g, M)
are Hochschild, Cyclic and dihedral homology ofg, respectively.
In our work we study the dihedral cohomology of lie algebra. The present section, we discussed
the basic definitions of lie algebra. And we used the references([6], [7] and [9]).

Definition 1.1. Let g be a vector space overk with a binary operation[−,−] : g × g −→ g.
Theng is called lie algebra and denoted bygL(k) and[−,−] is called lie bracket since,[x, y] =
xy − yx and satisfy that:
(1) [x, x] = 0
(2) [x, y] = −[y, x]
(3) [x, [y, z]] + [z, [x, y]] + [y, [z, x]] = 0
(4) [ax + by, z] = a[x, z] + b[y, z], [z, ax + by] = a[z, x] + b[z, y].

Remark 1.1. Considerg be an associative lie algebra, then
(1) [a, b] + [b, a] = 0
(2) [a, [b, c]] = [[a, b], c] + [b, [a, c]].

Proposition 1.1. Let f : g1 → g2 is a morphism of lie algebra which is a linear map such that
f [a, b] = [f(a), f(b)] ∀a, b ∈ g1. Then:
(1) ker(f) is an ideal ofg1

(2) im(f) is a subalgebra ofg2

(3) im(f) ∼= g1/ker(f)

Proof. (1) ker(f) = {a ∈ g1 s.h. f(a) = 0}, then we get thatker(f) is an ideal ofg as:
let a ∈ ker(f), b ∈ g1; f [a, b] = [f(a), f(b)] = [0, f(b)] = 0, then[a, b] ∈ ker(f).
(2) ∀a, b ∈ g1∃ c, d ∈ g2 s.h. f(a) = c, f(b) = d. Then
f [a, b] = [f(a), f(b)] = [c, d] ∈ g2 ⇒ im(f) ⊂ g2

(3) ∀a, b ∈ im(f) ⊂ g2∃ á, b́ ∈ g1 s.h. f(á) = a, f(b́) = b, then[a, b] = [f(á), f(b́)] = [á, b́],
since[á, b́] is the pre-image of[a, b]. Then we easily find thatim(f) ∼= g1/ker(f)

Definition 1.2. Let g bea lie algebras and ifa andb are two elements ing. Thena andb are
said to be commute if[a, b] = 0. And if any two elements ofg are commute, theng is said to
be commutative.

Definition 1.3. The tensor product of lie algebra is denoted byg
N

n and given by

(1.1) [(g1, , gn), g] =
∑
i=1

(g1, , [gi, g], , gn)
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And the exterior product of the lie algebra which denoted byΛng is given by

(1.2) [(g1 ∧ ... ∧ gn), g] =
n∑

i=1

(g1 ∧ ... ∧ [gi, g] ∧ ... ∧ gn)

Definition 1.4. Consider the lie algebra g overk andV be ag-module. Then we can define the
chevally-Eilenbrg complexC∗(g, V ) as the form

(1.3) · · · −→ V ⊗ Λng
d→ V ⊗ Λn−1g

d→ · · · d→ V ⊗ Λ1g
d→ V

SinceΛng is thenth-exterior product ofg and the mapd : V ⊗ Λng −→ V ⊗ Λn−1g is defined
as

d(v ⊗ g1 ∧ ... ∧ gn) =
∑

1≤j≤n

(−1)j[v, gj]⊗ g1 ∧ ... ∧ ĝj ∧ ... ∧ gn

(1.4)

+
∑

1≤i≤j≤n

(−1)i−j−1v ⊗ [gi, gj] ∧ g1 ∧ ... ∧ ĝi ∧ ... ∧ ĝj ∧ ... ∧ gn

Whenĝi means thatgi is deleted. Andd2 = 0,(to illustrate see [3] and [5]).

Definition 1.5. Considerg is the lie algebra andM is g-module, then we can define theP -
cochains ong with coefficients inM as

(1.5) Cp(g, M) = Homk(Λ
pg, M)

Since ifp = 0 ⇒ C0(g, M) = M . Then we get the cochain complex(C∗(g, M), d) which is
called the chevally-Eilenberg complex, wheredc ∈ Cp+1(g, M) and defined as
(1.6)

dc(x1, ..., xp+1) =
∑

1≤i≤j≤p+1

(−1)i+jc([xi, xj], x1, ..., x̂i, ..., xp+1)+

p+1∑
i=1

xi·c(x1, ..., x̂i, ..., xp+1)

And we define theP -cocyclesZp(g, M) andP -coboundaryBp(g, M) as

(1.7) Zp(g, M) = {c ∈ Cp(g, M) : dc = 0} = ker d : Cp(g, M) → Cp+1(g, M)

and
(1.8)
Bp(g, M) = {c ∈ Cp(g, M) : ∃ ć ∈ Cp−1(g, M) : c = dć} = imd : Cp−1(g, M) → Cp(g, M)

then the cohomology ofg with coeffients inM as

(1.9) Hp(g, M) = Zp(g, M)/Bp(g, M)

Definition 1.6. Let the exact sequence0 −→ A•
f→ B•

g→ C• −→ 0 with the connected
homomorphisms,∂n : Hn(C•) −→ Hn−1(A•). Then we get the long exact sequence as

(1.10) · · · g−→ Hn+1(C•)
∂−→ Hn(A•)

f−→ Hn(B•)
g−→ Hn(C•)

∂−→ Hn−1(A•)
f−→ · · ·

Similarly, let the exact sequence of cochain complexes is the form

(1.11) 0 −→ A•
f−→ B•

g−→ C• −→ 0

With the connected homomorphisms∂n : Hn(C•) −→ Hn+1(C•), then we get the long exact
sequence

(1.12) · · · g−→ Hn−1(C•)
∂−→ Hn(A•)

f−→ Hn(B•)
g−→ Hn(C•)

∂−→ Hn+1(A•)
f−→ · · ·
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Theorem 1.2. Let g be a lie algebra andM is a bimodule overg, andMr(M) be a module of
matrices of degreer × r. Then the inclusion is defined as

(1.13) inc : Mr(M) −→ Mr+1(M)

as the form

(1.14)

 0
α •

0 • 0 0


Since the trace maptr : Mr(M) −→ M is given bytr(α) =

∑r
i=1 αii.

And we define the generalized trace map

(1.15) tr : Mr(M)⊗Mr(R)⊗n −→ M ⊗R⊗n

As

(1.16) tr(α⊗ β ⊗ ...⊗ η) =
∑

(αi0i1 ⊗ βi1i2 ⊗ ...⊗ ηini0)

Theorem 1.3.Letg be a lie algebra forr ≥ 1, the maps

(1.17) tr∗ : H∗(Mr(g), Mr(M)) −→ H∗(g, M)

And

(1.18) inc∗ : H∗(g, M) −→ H∗(MR(g), Mr(M))

are isomorphisms and both of them is inverse to each other.

Theorem 1.4.Suppose thatg be a lie algebra,A andB are subspaces ofg since whose interiors
is cover ofg. Then we can define the Mayer-vietoris sequence of(g, A,B) as the long exact
sequence which relates the Hocschild homology groups ofg, A,B with the intersectionA ∩B

(1.19) · · · −→ Hn+1(g, M)
∂∗−→ Hn(A ∩B)

(i∗,j∗)−→ Hn(A)⊕Hn(B)
k∗−l∗−→ Hn(g, M)

∂∗→
Hn−1(A ∩B) −→ · · · −→ H0(A)⊕H0(B)

k∗−l∗−→ H0(g, M) −→ 0

Wherei : A ∩B ↪→ A, j : A ∩B ⇀ B, k : A ↪→ g andl : B ↪→ g and⊕ means the direct sum
of abelian group (to illustrate see[11]).

2. CYCLIC AND DIHEDRAL (CO)HOMOLOGY OF LIE ALGEBRA

In the following part, we will give the Cyclic and Dihedral (co)homology of the Lie algebra
and it‘s properties. Here, we use ([8],[9],[10]).

Definition 2.1. If we consider the lie algebrag with unity and it’s coefficients are in module
M , then the homology group of lie algebra can be defined as the homology of the complex
TotCC∗∗(g, M)
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SinceHCn(g, M) = Hn(TotCC∗∗(g, M)) with the bi-complexCC∗∗(g, M) and the vertical
mapsb∗, b̀∗ : CCα β −→ CCα β−1s.h.b =

∑n
i=0(−1)idi andb̀ =

∑n−1
i=0 (−1)idi and horizontal

maps(1− t)∗, N∗ : CCα β −→ CCα−1 β s.h. N =
∑n

i=0 tin , Whereb(1 − t) = (1 − t)b̀ and
b̀N = Nb.

Proposition 2.1. contentIn the bi-complex in definition (2.1), if we define the extra degeneracy
S = Sn+1 : Cn −→ Cn+1; S = (−1)ntnSn andSb̀ + b̀S = id. By applying the composition
between the mapsB = (1− t)SN , we get the bi complex

If we rearrange, we get the bi-complex

Definition 2.2. Sinceg is the lie algebras, andM be a module, then the (co)homology of the
complexC(g, M) with the spaceg(C, δ, σ) is called the Hochschild (co)homology and denoted
by Hn(g, M)(Hn(g, M)).
Similarly, the Cyclic (co)homologyHCn(g, M)(HCn(g, M)) is the (co)homology of the com-
plexCC(g, M) with the spaceg(C, δ, %, τ).
Finally, the Dihedral (co)homologyαHDn(g, M)(αHDn(g, M)) and the Reflexive (co)homology
αHRn(g, M)(αHRn(g, M)) is the (co)homology of the complexg(C, δ, σ, τ , ρ)(g(C, δ, σ, ρ))
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whereα = ±1. Such that the following are satisfied:

(2.1)

δj
n+1δ

i
n = δi

n+1δ
j−1
n if i < j

σj
nσ

i
n+1 = σi

nσ
j−1
n+1 if i ≤ j

σj
nδ

i
n+1 = δi

n−2σ
j−1
n−2 if i < j

σj
nδ

i
n+1 = Id[n] if i = j or j + 1

σj
nδ

i
n+1 = δi−1

n+1σ
j
n if i > j + 1

τnδ
i
n = δi−1

n τn−1 1 ≤ i ≤ n
τnσ

i
n = σj−1

n τn+1 1 ≤ j ≤ n
τn+1

n = Id[n]

ρnδ
i
n = δi−1

n ρn−1 0 ≤ i ≤ n
ρnσ

j
n = σj−1

n ρn+1 0 ≤ j ≤ n
ρ2

n = Id[n], τnρn = ρnτ
−1
n

3. M AIN RESULTS

Lie algebra is one of important types of algebras. After we study the definitions of Hochschild,
Cyclic and Dihedral (co)homology of Lie algebra, we study the relations among them.

Theorem 3.1. Considerg is lie algebra with unity and moduleM , and the complexC(g, M),
then we can relate between the Hochschild homologyHH(g, M) and the Cyclic homology
HC(g, M) in the form;
(3.1)
· · · B−→ HHn+1(g, M)

I−→ HCn+1(g, M)
s−→ HCn−1(g, M)

B−→ HHn(g, M) −→ · · ·

Proof. If CC(g, M){2} be the bi-complex which contains the first two columns ofCC(g, M),
sinceC[2, 0]pq = Cp−2,q.
Then the long exact sequence which we get from the exact sequence

(3.2) 0 −→ CC(g, M)[2, 0] −→ CC(g, M) −→ CC(g, M){2} −→ 0

is the sequence which related between the Hochschild and Cyclic homology of lie group. And
then we get the required.

Theorem 3.2. Let g be the lie algebra with unity and involution, and moduleM , then the
relation between the Cyclic homologyHC(g, M) and the Dihedral homologyHD(g, M) is
defined as the sequence
(3.3)

· · · −→ −HDn+1(g, M) −→ +HDn(g, M)
j∗−→ HCn(g, M)

i∗−→ −HDng, M) −→ · · ·

Proof. We can get the required by getting the long exact sequence
(3.4)

· · · −→ −HDn+1(g, M) −→ +HDn(g, M)
j∗−→ HCn(g, M)

i∗−→ −HDng, M) −→ · · ·
From the short exact sequence

(3.5) 0 −→ Tot−D(g, M) −→ Tot+D(g, M) −→ Tot C(g, M) −→ 0

Theorem 3.3. Sinceg is the lie algebra, with unity and involution, and moduleM . Then
the sequence which related among the Hochschild homologyHH(g, M), Cyclic homology
HC(g, M) and Dihedral homologyHD(g, M) is:
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Proof. By using
(3.6)

· · · −→ −HDn+1(g, M) −→ +HDn(g, M)
j∗−→ HCn(g, M)

i∗−→ −HDng, M) −→ · · ·
and
(3.7)
· · · B−→ HHn+1(g, M)

I−→ HCn+1(g, M)
s−→ HCn−1(g, M)

B−→ HHn(g, M) −→ · · ·
we get the relation amongHD(g, M), HC(g, M) andHH(g, M).

Theorem 3.4. for the dihedral cohomologyHD(g, M) and the cyclic cohomologyHC(g, M),
we get

(3.8) HCn(g, M) ∼= −HDn(g, M)⊕ +HDn(g, M)

Proof. Consider the cyclic spaceg(C, δ, σ, τ) and dihedral lie spaceg(C, δ, σ, τ , ρ) with their
associated lieg-moduleC(g, M) as the diagram

Sinceµ : x −→ x + Rn · x, γ : x −→ x − Rn · x, Rn = (−1)
n(n+1)

2 ρn andl is the natural
imbedding.
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Theorem 3.5. (Mayer-vietories sequence)
Consider the exact sequence

(3.9) · · · −→ Cn+1(g, M)
dn−→ Cn(g, M)

dn−1−→ Cn−1(g, M) −→ · · ·

and we have two subsequencesA andB of C as

(3.10) A : · · · dn+1−→ An+1(g, M)
dn−→ An(g, M)

dn−1−→ An−1(g, M) −→ · · ·

(3.11) B : · · · dn+1−→ Bn+1(g, M)
dn−→ Bn(g, M)

dn−1−→ Bn−1(g, M) −→ · · ·

Then we have the Mayer-vetories sequence as a long exact sequence
(3.12)

· · ·
f∗n+1−→ HDn+1(A⊕B)

g∗n+1−→ HDn+1(A + B)
h∗n+1−→ HDn(A ∩B)

f∗n−→ HDn(A⊕B)
g∗n−→ HDn(A + B)

h∗n−→ HDn−1(A ∩B)
f∗n−1−→ HDn−1(A⊕B)

g∗n−1−→ · · ·

Proof. By studying the long exact sequence which relate the homology of two subcomplexes

(3.13) A : · · · dn+1−→ An+1(g, M)
dn−→ An(g, M)

dn−1−→ An−1(g, M) −→ · · ·

and

(3.14) B : · · · dn+1−→ Bn+1(g, M)
dn−→ Bn(g, M)

dn−1−→ Bn−1(g, M) −→ · · ·

Of the same complex

· · · −→ Cn+1(g, M)
dn−→ Cn(g, M)

dn−1−→ Cn−1(g, M) −→ · · ·

to the homology of their sum and intersection, where the sequence(A+B) is the subsequence
of C with chain group(An+Bn), alsoA∩B is a subsequence ofC with a chain groupAn∩Bn.
Then we get the Mayer-vietories sequence from the long exact sequence

· · ·
f∗n+1−→ HDn+1(A⊕B)

g∗n+1−→ HDn+1(A + B)
h∗n+1−→ HDn(A ∩B)

f∗n−→ HDn(A⊕B)
g∗n−→ HDn(A + B)

h∗n−→ HDn−1(A ∩B)
f∗n−1−→ HDn−1(A⊕B)

g∗n−1−→ · · ·

with the mapsf ∗n such thatfn : Cn(A ∩ B) −→ Cn(A ⊕ B) and defined asfn(a) =
(a,−a), g∗n s.h. gn : Cn(A⊕ B) −→ Cn(A + B) sincegn(x, y) = x + y and the maph∗n from
the homology class ofz to dn(x), sincex ∈ Xn s.h. z − x ∈ Yn.

4. CONCLUSION

We study and prove Some Properties of the (co)homology theory of lie algebra and we get:
1- Then relation between the Hochschild homologyHH(g, M) and the Cyclic homologyHC(g, M)
of lie algebra exists and prove it.
2- The relation between the cylic and dihedral cohomology oh lie algebra exists and proving.
3- We get the Mayer-vietories sequence of the dihedral homology of lie algebra exists and
proved.
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