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ABSTRACT. Lie algebra is one of the important types of algebras. Here, we studied lie algebra
and discussed its properties. Moreover, we define the Dihedral homology of lie algebra and
prove some relations among Hochschild, Cyclic and Dihedral homology of lie algebra. Finally,
we prove the Mayer-vetories sequence on Dihedral homology of lie algebra and proved that
HC"(g,M) =~ HD"(g, M)+ HD" (g, M).
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1. INTRODUCTION

The dihedral group is the symmetry group with reflection and rotation. Dihedral groups are
one from the simplest examples of limited group, and they assume an imperative role in geom-
etry, group theory and science. The documentation for the dihedral group contrasts in abstract
algebra and geometry. In algebra, the notation of dihedral grodj3,jsThe dihedral homol-
ogy and cohomology was studied in [8]. [n [1]] [2] and [3], Alaa H.N. discussed the dihedral
(co)homology for schemes, dihedral homology of Banach algebras and dihedral homology of
algebra, respectively. And the reflexive and dihedral (co)homolody/ ®Graded algebras was
studied in [4].

Now, we illustrate the notation used here. éte the lie algebra and-, —| denotes lie bracket.
Tensor product of lie algebra denoted #y*, the complexC.,(g, V) is the chevally-Eilenberg
complex andH" (g, M) is then'"-cohomology ofg. HH, (g, M), HC,(g, M), “HD,,(g, M)

are Hochschild, Cyclic and dihedral homologygeirespectively.

In our work we study the dihedral cohomology of lie algebra. The present section, we discussed
the basic definitions of lie algebra. And we used the references([6], [7].and [9]).

Definition 1.1. Let g be a vector space ovérwith a binary operation—, —] : g x g — g.
Theng is called lie algebra and denoted p¥(k) and[—, —] is called lie bracket sincl;, y] =
xy — yxr and satisfy that:

(1) [z,2] =0

() [z,y] = —ly, «]

) [z, [y, 2] + [z [z, y]] + [y, [z,2]] = 0

4) [aa: + by, z| = alz, z] + bly, 2], [z, ax + by] = alz, x] + b|z, y].

Remark 1.1. Considerg be an associative lie algebra, then
(1) [a,b] + [b,a] = 0
(2) [aa [b7 CH = HCL, bL C] + [b7 [a7 CH

Proposition 1.1. Let f : g; — g- IS @a morphism of lie algebra which is a linear map such that
fla,b] = [f(a), f(b)] Va,b € g;. Then:

(1) ker(f) is an ideal ofg;

(2) im(f) is a subalgebra of;

() im(f) = g1/ker(f)

Proof. (1) ker(f) = {a € g1 s.h. f(a) = 0}, then we get thater(f) is an ideal ofg as:

leta € ker(f),b € g1; fla,b] = [f(a), f(b)] = [0, f(b)] = 0, then|a, b] € ker(f).

(2)Va,b € g13¢,d € go s.h. f(a) =c, f(b) =d. Then

fla.b] = [f(a), fO)] = [e.d] € g2 = im(f) C g2

(3)Va,b € im(f) C 23 d,b € g1 5.1 f(a) = a, f(D) = b, then[a, b] = [(d), f(D)] = [4, 0],
sinceld, b] is the pre-image ofu, b]. Then we easily find thain(f) = g, /ker(f) n

Definition 1.2. Let g bea lie algebras and it andb are two elements ig. Thena andb are
said to be commute ifz, b] = 0. And if any two elements of are commute, theg is said to
be commutative.

Definition 1.3. The tensor product of lie algebra is denotedg/ and given by

(1.1) (91,5 90), 91 = Y (91, 9:: 9], 9n)

=1
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And the exterior product of the lie algebra which denoted\By is given by

n

(1.2) (g1 A A gn), g) = Z(gl A NGis g N N )

Definition 1.4. Consider the lie algebra g overandV be ag-module. Then we can define the
chevally-Eilenbrg complex’, (g, V') as the form

(1.3) s VAN S VAT S SV A SV
SinceA"g is then!"-exterior product ofy and the mapl : V ® A"g — V ® A" !g is defined
as
dv@g A Ag) = Y (“1[o,g]@a A AGi A Agn
1<j<n
(1.4)
+ Y DT Gl AG A AT A AGEA A gy
1<i<j<n
Wheng; means thay; is deleted. Andi? = 0,(to illustrate se€ 3] and [5]).
Definition 1.5. Considerg is the lie algebra and/ is g-module, then we can define the
cochains ory with coefficients inM as
(15) Cp(g7M) = HOmk(ApguM>

Since ifp = 0 = C%g, M) = M. Then we get the cochain compléX*(g, M), d) which is
called the chevally-Eilenberg complex, whekec C?*(g, M) and defined as
(1.6)

pt1
de(Ty, .oy Tpi1) = Z (—l)zﬂc([xi,xj],xl,...,@,...,xp+1)+2xi-c(x1,...,/x\i,...,mpﬂ)
1<i<j<p+1 P

And we define theP-cocyclesZ?(g, M) and P-coboundaryB? (g, M) as

(1.7)  ZP(g,M) = {ce CP(g,M) :dc=0}=kerd:CP(g, M) — C"™(g, M)

and

(1.8)

BP(g,M)={cecCP(g,M):3¢cCPHg,M):c=dé} =imd: C" (g, M) — C?(g, M)
then the cohomology af with coeffients inM as

(1.9) H"(g, M) = Z*(g, M)/ B*(g, M)

Definition 1.6. Let the exact sequende — A, EN B. % C, — 0 with the connected
homomorphismsy,, : H,,(C.) — H,_1(A.). Then we get the long exact sequence as

(1.10) - % Hoir(C)) -2 Ho(Ad) 5 H(BY) % H(CL) -5 H, (AL -5 -
Similarly, let the exact sequence of cochain complexes is the form
(1.11) 0— A LB, L0, —0

With the connected homomorphisié : H"(C*) — H"*(C*), then we get the long exact
sequence

@L12) .- L a2 Bty LBt <% o et) L artian) L
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Theorem 1.2. Letg be a lie algebra and\/ is a bimodule oveg, and M,.(M) be a module of
matrices of degree x r. Then the inclusion is defined as

(1.13) inc: M.(M) — M, (M)
as the form
0
(1.14) o °
0 ¢ 0 O

Since the trace map- : M, (M) — M is given bytr(a) = >, ai.
And we define the generalized trace map

(1.15) tr: M.(M) ® M,(R)®" — M @ R®"

As

(1.16) tr@®@pf®..0n) = Z(Oéioil ® Biriy ® - ® Niig)
Theorem 1.3. Letg be a lie algebra for- > 1, the maps

(1.17) tr. : H.(M,(g), M.(M)) — H.,(g, M)

And

(1.18) inc, : H.(g, M) — H.(Mg(g), M,(M))

are isomorphisms and both of them is inverse to each other.

Theorem 1.4.Suppose that be a lie algebraA and B are subspaces gfsince whose interiors
is cover ofg. Then we can define the Mayer-vietoris sequenadg,of, B) as the long exact
sequence which relates the Hocschild homology grougs4f B with the intersectiod N B

c— Hop (g, M) 25 H (AN B) ™% H,(A) @ H,(B) =5 H,(g, M) %

Hy 1(ANB) — -+ — Hy(A) & Ho(B) “=% Hy(g, M) — 0

Wherei : ANB— A,j: ANB — B,k: A~ gandl: B — gand® means the direct sum
of abelian group (to illustrate sed.1]).

(1.19)

2. CYCLIC AND DIHEDRAL (CO)HOMOLOGY OF LIE ALGEBRA

In the following part, we will give the Cyclic and Dihedral (co)homology of the Lie algebra
and it's properties. Here, we use!([8],[9]1.[10]).

Definition 2.1. If we consider the lie algebrg with unity and it's coefficients are in module
M, then the homology group of lie algebra can be defined as the homology of the complex
TotCC\.(g, M)

N ~ . Y . ~-
1+ N i

CCoy (g, M) =k CCy3(0, M) CC22(a, M) e CCr3 (g M) o1

b b b

~ W b4 ~JJ
1t N I

CCu M) g ¢, (o M) CCoylaM)gm CCnlaMyge

b b b

T ~J/ ~ L s
1 N I

CCaalg, M) g CCyola M)d— CCaola, M)d— CCalg MI— ---
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SinceHC,,(g, M) = H,(TotCC\.(g, M)) with the bi-complexCC..(g, M) and the vertical
mapsb,, b, : CCp 3 — CCy g_18.h.b =31 (—1)'d; andb = Zﬁz‘ol(—l)’di and horizontal
maps(l —t),,N, : CCpp3 —> CCq153s.h. N ="t , Whereb(l —t) = (1 — t)b and
bN = Nb.

Proposition 2.1. contentln the bi-complex in definition (2.1), if we define the extra degeneracy
S =81 :Cp — Cuiq; S = (—1)",S, and Sb + bS = id. By applying the composition
between the map8 = (1 — ¢)SN, we get the bi complex

v ¥ Y
£ (. M CC 2 (o, M) CC - (. M)
b & b" 8 5

-4 b 4
CCqg, (a. M) ey, Ca. M) ey, (g M)
b\ . B .

B

b ol __‘-j .

CC.::.(“-M:' Eclﬂl:ﬂ-M} CC:;.':‘:I.M]

If we rearrange, we get the bi-complex

=~ ~ \I/

k . B .
Clqa(a. M) giﬁ'ﬂu (o. M) &—CC, (g M)

& &
-4 3

=
CCo (8. M) geme——cc,, (g, M)

&

S =

CCo (. M)

Definition 2.2. Sinceg is the lie algebras, andl/ be a module, then the (co)homology of the
complexC(g, M) with the spaceg(C, ¢, o) is called the Hochschild (co)homology and denoted
by H., (g, M)(H" (g, M)).

Similarly, the Cyclic (co)homolog¥/C',(g, M)(HC" (g, M)) is the (co)homology of the com-
plex CC(g, M) with the spacey(C, 9, o, 7).

Finally, the Dihedral (co)homologyH D,,(g, M )(*H D" (g, M )) and the Reflexive (co)homology
“HR, (g, M)(*HR"(g, M)) is the (co)homology of the complgXC, J, o, 7, p)(a(C, 9,0, p))
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wherea = +1. Such that the following are satisfied:

0710, = 5:14-1551_1 ifi<j
ThO k1 = Thom if i<y
Oh0iy = Ona0n s if i<
0‘%(5;+1:Id[n] ifi=jorj+1
a,jﬁ:’?ﬂ :‘5;1110% ifi>5+1
(2.1) Tn0,, = (5;;17,1,1 1<i<n
Tnail = UZL_lTnH 1<57<n
Tt = Idp,
Puly = 0y Py 0<i<n
PnUZL = O-gl_lpn—i-l 0 S j S n
pr. = Idp, TuPn = PuTn

3. MAIN RESULTS

Lie algebrais one of important types of algebras. After we study the definitions of Hochschild,
Cyclic and Dihedral (co)homology of Lie algebra, we study the relations among them.

Theorem 3.1. Considerg is lie algebra with unity and modul&/, and the complex’(g, M),
then we can relate between the Hochschild homol&gy (g, M) and the Cyclic homology
HC(g, M) in the form;

(3.1)

- HH1(9. M) == HCyii(g, M) = HC,1(g, M) - HH,(g, M) — ---
Proof. If CC(g, M){Q} be the bi-complex which contains the first two columns’ef (g, M),
sinceC(2,0],, = Cp24.

Then the long exact sequence which we get from the exact sequence

(3.2) 0 — CC(g, M)[2,0] — CC(g, M) — CC(g, M) — 0

is the sequence which related between the Hochschild and Cyclic homology of lie group. And
then we get the requireq.

Theorem 3.2. Let g be the lie algebra with unity and involution, and modulg then the
relation between the Cyclic homolodyC|(g, M) and the Dihedral homolog¥ D(g, M) is
defined as the sequence

(3.3

' —>_HD7L+1(97M) —>+HD7I<97M) L)HCTL(gaM) L>_]—‘IDng7]\4) —

Proof. We can get the required by getting the long exact sequence
(3.4)

+— "HD, (g, M) — "HD,(g, M) 2> HC,(g, M) = "HD,g, M) — -+
From the short exact sequence
(3.5) 0 — Tot"D(g,M) — Tot™D(g, M) — Tot C(g, M) — 0
|

Theorem 3.3. Sinceg is the lie algebra, with unity and involution, and modulé. Then
the sequence which related among the Hochschild homalbgl(g, M), Cyclic homology
HC'(g, M) and Dihedral homology? D(g, M) is:
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1 HD, (g M)=t=———2= g __(g,M)

L “HD, (s M)

THD, (3 M) |

\ /r

HC‘,,-;':Q. ."!-f:l' ._.‘:_7 H-D,.—j_(g--M:'

HD(a.M) HH, (a.M)

.’E’.ﬂ-"‘ .-i"'"‘f
HE, (g.M) THD, (M)

“HD, o (3 M) —e HC,.; (9. M)

Y
Jf##ff FF_#—'#+_#ﬂa%*—f
HH, .. (3 M) -____,.-'—"'_'- /?/’

I . .
i [} ]
B . B ¥

Proof. By using
(3.6)

. — "HD, (g, M) — *HD,(g, M) -= HC, (g, M) —= ~HD,.g, M) — - -
and
(3.7)

L HH,\ (g, M) = HC\ 41 (g, M) = HC, (g, M) = HH,,(g, M) — - --

we get the relation among D(g, M), HC(g, M) andH H (g, M). n

Theorem 3.4.for the dihedral cohomolog¥ D(g, M) and the cyclic cohomologyi C(g, M),
we get

(3.8) HC"(g,M)="HD"(g,M)® "HD"(g, M)

Proof. Consider the cyclic spaggC, d, o, 7) and dihedral lie spacg(C, d, o, T, p) with their
associated lig-moduleC(g, M) as the diagram

60 6n—1
0— *HD°(q,M)— *HD(g M)— - *HD" (g, M)— “HD"(g M)~
it Ty iTTu iTTu iTTu
&9 n—-1
0 - HC°(g, M)—»  HC(gM)— -+ - HC" (g, M)—> HC™(g,M)— -
illy il ly il ly illy

n—1

60
0— _HDO(Q,M)—} _HDl(g,M)—} "'*an_l(g,M)—? ch(g}M)—}

n(n+1)

Sincey:x — z+R,-x,v:x — z—R, -z, R, =(—1)" 2 p, andl is the natural
imbedding.n
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Theorem 3.5. (Mayer-vietories sequence)
Consider the exact sequence

n dp—1
(3.9) oo = Cpa(g, M) < Cu(g, M) == Cpua (9, M) — -
and we have two subsequenckand B of C' as
(3.11) B "% Bo(g, M) " Bu(g, M) ™= Byi(g, M) — -

Then we have the Mayer-vetories sequence as a long exact sequence
(3.12)

* * hr n
TS HD, 1 (A® B) ™ HD,y(A+ B) =3 HD, (AN B) £ HD,(A® B)
S HDW(A+B) 2% HD, (AN B) "= HD, ,(Ae B) %= ...

Proof. By studying the long exact sequence which relate the homology of two subcomplexes

dn 1 n dn 1
(3.13) Ave ™5 A (g, M) - Ay(g, M) =5 Ay (g, M) — -+
and

Of the same complex

n dn—l
M n—l—l(gaM)d—)On(gaM)—) n—l(g7M)—>”'

to the homology of their sum and intersection, where the sequehe®) is the subsequence
of C' with chain groug A,,+ B,,), alsoAN B is a subsequence 6fwith a chain groupi,,N B,,.
Then we get the Mayer-vietories sequence from the long exact sequence

--L“HDn+1(A@B)%—+1>HDn+1(A+B) “! HD, (AN B) 2% = HD,(A® B)
I HDy(A+ B) M HD, (AN B) "3 HD, (A B) &2

with the mapsf; such thatf, : C,(AN B) — C,(A @ B) and defined ag,,(a) =
(a,—a), g’ s.h. g, : C,(A® B) — C,(A+ B) sinceg,(z,y) = = + y and the mag from
the homology class of to d,,(x), sincer € X, s.h. z—x € Y,. i

4. CONCLUSION

We study and prove Some Properties of the (co)homology theory of lie algebra and we get:
1- Then relation between the Hochschild homolégif (g, M) and the Cyclic homology/ C'(g, M)
of lie algebra exists and prove it.
2- The relation between the cylic and dihedral cohomology oh lie algebra exists and proving.
3- We get the Mayer-vietories sequence of the dihedral homology of lie algebra exists and
proved.
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