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ABSTRACT. In this paper we develop a new a posteriori error analysis for the Monge-Ampere
equation approximated by conforming finite element method on isotropic meshes in R?. The
approach utilizes a slight variant of the mixed discretization proposed by Gérard Awanou and
Hengguang Li in [4]]. The a posteriori error estimate is based on a suitable evaluation on the
residual of the finite element solution. It is proven that the a posteriori error estimate provided in
this paper is both reliable and efficient.
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2 J. ADETOLA aND K. W. HOUEDANOU AND B. AHOUNOU

1. INTRODUCTION

The adaptive techniques have become indispensable tools and unavoidable in the field of
study behavior of the error committed during solving partial differential equations (PDE). A
posteriori error estimators are computable quantities, expressed in terms of the discrete solution
and of the data that measure the actual discrete errors without the knowledge of the exact so-
lution. They are essential to design adaptive mesh refinement algorithms which equi-distribute
the computational effort and optimize the approximation efficiency. Since the pioneering work
of Babuska and Rheinboldt [8, [7], adaptive finite element methods based on a posteriori error
estimates have been extensively investigated. Several a-posteriori error analysis methods for
PDE have been developed in the last five decades (24, 23} |1, 3, 5,16, 9, 10, 11}, 28, 16, 19} 2, 21]].

We consider the Monge-Ampere equation on a convex domain of R? with a smooth solu-
tion and our approach utilizes a slight variant of the mixed discretization proposed by Gérard
Awanou and Hengguang Li in [4]. The purpose of these works is to determine to which extend
the general framework for adaptivity for non linear problems of Gatica and his collaborators in
[15) 19] can be applied to the Monge-Ampere equation. More precisely, we attempt to deter-
mine to which extent one can prove results analogous to the ones of Houédanou, Adetola and
Ahounou [20]. Indeed, in [4] Gérard Awanou and Li study the mixed method for this equation
and they gave a priori error estimator under the assumption of regularity for the solution of con-
tinuous problem. Omar Lakkis in his presentation of July 15, 2014, presents a family of reliable
error indicators for a primal formulation [22]. However, to our best knowledge, they didn’t
talk about adaptative method for this mixed formulation. In this case our main objective is to
perform an a posteriori error analysis by constructing reliable and efficiency indicators errors.

In [4]] Gerard and Li have introduced a mixed finite element method formulation for the el-
liptic Monge-Ampere equation by puting ¢ = D?u. The new unknowns in the formulation
are u and o which have been approached respectively by the discrete polynomials spaces of
Lagrange. Finally, they give a result of error priori analysis with some numerical tests confirm-
ing the convergence rates. In this paper, we obtain a new family of a local indicator error O x
(see Definition [3.1] eq. [3.16) and global O (eq. efficiency and reliability for the mixed
method of Monge-Ampere model. We prove that our indicators error are efficient and reliable,
and then, are optimal. The global inf-sup condition is the main tool yielding the reliability. In
turn, The local efficiency result is derived using the technique of bubble function introduced by
R. Verfiirth [25] and used in similar context by C. Carstensen [13}[12].

The paper is organized as follows. Some preliminaries and notation are given in section[2] In
section |3} the a posteriori error estimates are derived. We offer our conclusion and the further
works in Section 4l

2. PRELIMINARIES AND NOTATION

2.1. Model. Let €2 be a convex polygonal domain of R_Q with boundary 0f). We consider the
following problem : find the unique strictly convex C*(€) solution u (when it exists) of
det(D?*u) = finQ

. u = gonOf.

The given function f € C*(Q) is assumed to satisfy f > 0 and the function g € C(92) is also

given and assumed to extend to a C3(Q) function. Here det(D?u) denotes the determinant of
the Hessian matrix D?*u = (8%u/(dx;0x;)), 1o

2.2. Modified continuous mixed weak formulation. We begin this subsection by introducing
some useful notations. If W is a bounded domain of R? and m is a non negative integer, the
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Sobolev space H™ (W) = W™2(W) is defined in the usual way with the usual norm || - ||, w
and semi-norm |.|,, w. In particular, H°(W) = L*(W) and we write || - |lw for || - |lo.w-
Similarly we denote by (-, )y the L2(W), [L2(W)]? or [L*(W)]**? inner product. Now, we
recall the continuous mixed weak formulation introduce by Gérard et al. [4]. The mixed weak
formulation of (2.1 is : find (o, u) € H'(Q2)**? x H?(Q2) such that

(Uaﬂ)ﬂ + (V "y DU)Q_ < Dua,un o0 = 07 Vu € HI(Q)2X2
2.2) (det o, ) = (f,v)a, Yo € HA(Q)

u = g ondf).

When we introduce the Lagrange multiplier A = |y, the modified mixed weak formulation
of @) is: find (o, u, \) € H(Q)>*? x H?(Q) x HY?(9Q) such that

(o, 1) + (V- p, Du)g — (Du, pn),, = 0, Vp € HY(Q)**2
(2.3) (det o, v)q = (f,v)q, Yv € Hj(Q)

(A, i)og = (g, )on Y € HY2(0Q).

Lemma 2.1. (ref. [4]) The problem [2.2)) is well defined, and if u is a smooth solution of (2.1)),
then (u, D*u) solves (2.2).

Remark 2.1. In this formulation the boundary condition © = g on 0f2 viewed as constraints
and imposed via Lagrange multiplier.

We end this section with some notation. Let P, be the space of polynomials of total degree
not larger than k. In order to avoid excessive use of constants, the abbreviations = < y and
x ~ y stand for x < cy and c;x < y < cox, respectively, with positive constants independent
of z, y or T, (meshes).

2.3. Modified discrete formulation. Let {2 be an open convex bounded subset of R? with
boundary 0f2 and let 7, denote a triangulation of €2 into simplices K. We denote by hy the

diameter of the element K and h = max hy. We make the assumption that the triangulation is
S

conforming and satisfies the usual shape regularity condition, i.e. there exists a constant o > 0
such that: Z—K < o, for all K € 7T;, where p, denotes the radius of the largest ball inside K.

(See Figs. E],K@@

(p

) diam(K) = hx ]

Figure 1: Isotropic element K

R Figure 2: Example of conform-  Figure 3: Example of noncon-
in R~

ing mesh in R? forming mesh in R?

To be able to use global inverse estimates, c.f. (2.2) and (2.3) of [4], we require the trian-
gulation to be also quasi-uniform, i.e. there is a constant C' > 0 such that h < Chg for all
K eT,.
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For any K € Ty, we denote by &, (K) (resp. Nj,(K)) the set of its edges (resp. vertices) and
set &, = U E(K), Ny = U N (K). For A C Q we define:

KeTy, KeTy,
8h<A):{EESh2EC.A}.

Let V}, denote the standard Lagrange finite element space of degree £ > 3 and X = V,f”;
that is we consider the following discrete spaces :

(2.4) Vi, i={v, € C°(Q) : v € P(K) VK €T, k>3},

—\72X%X2

(2.5) Sp=A{rn € [C°Q)]7 i Tk € [PR(K)]*?* VK €T, k>3}
The discrete formulation of (2.2) is given by : find (up, 0) € V), x X, such that
(O’h,Th) -+ (V 'Th,Duh) — (Duh,rhn) = 0 Vrped,

(2.6) (det op,,vp,) = (f,un) Yo, €V,

Up = gn On 89,

We recall that H}(Q) is the subset of H'(Q) of elements with vanishing trace on ). Let
I, denote the standard Lagrangian interpolation operator from C°(952) into the space L, :=
{vnjaq : vn € Vi}. The modified discrete formulation of (2.3) is given by find : For p > 0, we
define by : (op, up, An) € Vi, X 3 X Ly, such that

(O'h, Th)Q + (V “Th, D'LLh)Q — (Duh, Thn>ag = 0 VTh € Xy
(2.7) (det CTh,’Uh)Q = (f, Uh)Q Vvh € Vh

(Ans 1) o0 = (gn, oo Vp € Ly,
with
gn = Ing.
Now, we define
Bi(p) = {(n, wn) € T x Vi, llwn — Ll < p, 0y, = Tnoll2 < h7'p}
and

Bi(p) = Bi(p) N Zn,
where

Zn = {(wn,ny,) € Hp X Qp, wp, = gn on 99,
(np, 7h) + (V- 71, Dwp) — (Dwy, mim) =0 V75, € Qn}-
By simple calculations, the problem is logically equivalent to (2.6) and we have the result:
Lemma 2.2. (cf. [4]) The problem (2.7) as unique solution in By(p).

Theorem 2.3. [4] Let (u,0) € H*(Q) x H*(Q)?*2 be the convex solution of non linear
problem (2.2) with k > 3. The discrete non linear problem has a unique solution (uy, oy,)
in By(p) C Vi, X X Moreover the following estimate holds.

(2.8) |u — up | g1 < Ch*.

(2.9) o — onlle < CRFL
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3. A-POSTERIORI ERROR ANALYSIS

In order to solve Monge-Ampere problem by efficient adaptive finite element methods, re-
liable and efficient a posteriori error analysis is important to provide appropriated indicators.
In this section, first the local and global indicators are defined then the lower and upper error
bounds are derived.

3.1. Residual Error Estimators. The general philosophy of residual error estimators is to
estimate an appropriate norm of the correct residual by terms that can be evaluated easier, and
that involves the data at hand.

Let U= (0,u,\) and W = (7, v, 11). We define the operator B by

(B(U),W) := (0,7)q + (V- 7,Du)g— < Du,mn >9q —(det o,v)q + (A, 1)sq,
and
(F, W) = (=f,v)a + (9. W)oa-

We also define by H = H'(Q)2*2 x H?(Q) x H'Y?(092) and M = H'(Q)>*? x H'(Q) x
H'/2(0%2). Then, the continuous problem (2.3)) is equivalent to : find U € H, such that

3.1) (B(U),W) = (F,W), YWeM

We define the discrete version in the same way.
Then, let U, = (op, up, A\n) and W = (7, v, u). We define by:

B(Un),W) = (on.p)a+ (V- p, Dup)o— < Duy, pn >pq

(3.2) + (det o, v) + (A, o
and
(33) <~F7 W> = (.fa U)Q + (gh7 M)aﬁ

We also define by H, = V), x ¥;, X L. The discrete problem (2.7)) is equivalent
to : find U;, € H,,, such that,

(3.4) (B(Up),W) = (F,W), Y WecH,.
We recall the following Lemma

Lemma 3.1. (c¢f. [4, Section 3.1]) : Fréchet derivate of the determinant. For F'(v) = det D2,
we have F'(v)(u) = (cof D*v) : D*u.

By using the Lemma 3.1} we deduce that, the operator B is differentiable and for all U =
(o,u,\) e W = (1,v,1) € Mand V = (7,0, /') € M, its differential at V = (77, v/, it/) is
given by:

(DvB(U),W) = (0,7)a+ (V- -7,Du)o— < Du,mn >sq
(3.5 + (cof D*v' : D*u,v) + (A, 11) o0

We deduce the existence of a positive constant C',,, independent of £ € H and the continuous
and discrete solutions, such that the following global inf-sup condition holds:

(3.6) Crllélln < sup | (DBy(§), W) |
wem(op  [[Wiu

We have the following lemma:
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Lemma 3.2. There exists a positive constant C' independent of the mesh sizes such that:

(3.7) U — Unlln

C (HRHH"*’H]C — det Op — A: D2uhHL2(Q)) ,

where R is the residual functional defined by R(W) = [F — B(U,,), W] VYW € M, which

satisfies:

Proof. LetU = (o,u, \), W =

(DvB(U), W)

and

R(Wh) =0 VYW, e H,.

(1,0,u) and V = (7,0, /'), we have

(0, 7)o+ (V-1,Du)q
< Du,™n >aq —(cof D*v' : D*u,v) + (A, it)aq

(DvB(U - U,),W) = (0,7)a+ (V-7,Du)q

Particularly for V = U, we have

(DvB(U - U), W)

+
_|_

where A := cof D*u. Therefore,

<DVB<U - Uh)a W>

(3.8)

< Du,mn >5q —(cof D*v' : D*u,v)
+ (Ao
— [(on, 7)o+ (V- 7, Duy)q
— < Duy, ™ >a9 +(cof D*v' : D*uy, v)
+  {An, oo

<‘F7 W> - [(O-haT)Q
(V -7, Dup)o— < Dup, ™0 >0 +(A : Dy, v)
(det o, v) — (det op,v) + (det o, v) + (An, )aql,

(F —B(Uy), W) + (f —detoy,v) — (A: D*up,v)
(F—B(U,),W) + (f —deto, — A: D*uy,v)
R(W) + (f —detoy, — A: D*uy,v)

Using Cauchy-Schwarz inequality and the inequality (3.6)), the result follows. §

Now we define the residual equation:
R(W) = [F - B(Ux), W],

3.9
hence,
R(W)= =

(fv U)Q
— (A: D’up,v)q — (An, t)oc
(f — A: D*up,v)q — (oh, 7)o — (V7, Dup)g

(9, )oa — (on, 7)o — (VT, Dup)q + (T, Duy,)

+ (1, Dun)oa + (9 — An, )
By integrating by parts, we obtain for W = (v, 7, u) € M, the equation:
R(W) = Ri(v) + Ry(7) + Rs(p),

(3.10)

where:
Ry (v)
Ry ()
R3()

AJMAA, Vol. 17 (2020), No. 2, Art. 8, 12 pp.
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In this way, it follows that:
(.11 [Bllve < CH B [0+ | B[l [ Bsl[ 17200 }

and hence our next purpose is to derive suitable upper bounds for each one of the terms on the
right hand side of (3.11]). We start with the following lemma, which is a direct consequence of
the Cauchy-Schwarz inequality.

Lemma 3.3. There exist C, Cy and C3 > 0, independent of the mesh sizes, such that:

1/2
(3.12) [ Rl < Ch { > (Ilfa—A: D*uplfi+If - fh||§<)}
KeTh
and
1/2
(3.13) | Rollsr < Co { > llow - DQuhlli} :
KeTh
In addition there holds
1/2
(3.14) IRsl|g-1209p< Cs > Mg = Ml
Ee&, (09)

Lemma 3.4. There exist a positive constant C, such that

1/2 1/2
@3.15) |[Rlw=sC (ZHfh_A3D2uhH%{> + (ZH%—DQWH?{) +

KeTy, KeTy,
1/2

1/2
> g = Mllz +(Z!\fh—f||§<>

EE&,(09) KETh

Proof. By using (3.11)),(3.12),(3.13),(3.14) and Cauchy-Schwarz inequality, the result follows. §

3.1.1. A-posteriori error indicators. Now, we define the error indicators:

Definition 3.1 (A-posteriori error indicators). Let U, = (o, un, \,) € Hj, be the finite
element solution. Then, the residual error estimator is locally defined by:

0% (Un) = |fo—A: D*up|i+llon — Dulli
(3.16) + | fn —deto, — A D?uy|%
+ > lgn — Mallz
Ee&),(KnoQ)

The global residual error estimator is given by:

> 0% (Uy)

KeTh

1/2

(3.17) o(U,) =

Furthermore, we denote the local and global approximation terms by:

Go= = hlkt D -l

Ee&,(KNof)

AJMAA, Vol. 17 (2020), No. 2, Art. 8, 12 pp. AJMAA
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and

C:(Zci)m.

KEeTh
3.1.2. Reliability of ©. The first main result is given by the following theorem.

Theorem 3.5 (Reliability of the a-posteriori error estimator). Let U = (0, u, \) € H be the
exact solution and Uy, = (op, up, \p) € Hy, be the finite element solution. Then, there exist a
positive constant C,..; such that:

(3.18) U =-Usllg < CalOW) +].

Proof. By using Lemma and the estimate (3.15]), the result follows. g

3.1.3. Efficiency of ©. The second main result of this paper is the efficiency of the a poste-
riori error estimator ©. In order to derive the local lower bounds, we proceed similarly as in
[12, 20, [14] (see also [18]]), by applying inverse inequalities, and the localization technique
based on simplex-bubble and face-bubble functions. To this end, we recall some notation and
introduce further preliminary results. Given K € Ty, and E € &,(K), we let bx and by be the
usual simplex-bubble and face-bubble functions respectively (see (1.5) and (1.6) in [27]). In
particular, by satisfies b € P*(K), supp(bx) C K, b = 0on 9K, and 0 < bx < 1on K.
Similarly, by € P?(K), supp(bp) C wg := {K' € Tp: E € &,(K')}, bgp = 0ondK \ E
and 0 < by < linwpg. We also recall from [26] that, given k£ € N, there exists an extension
operator L : C(E) — C(K) that satisfies L(p) € P*(K) and L(p);z = p,Vp € P¥(E). A
corresponding vectorial version of L, that is, the component wise application of L, is denoted
by L. Additional properties of bx, br and L are collected in the following lemma (see [26l]):

Lemma 3.6. Given k € N, there exist positive constants depending only on k and shape-
regularity of the triangulations (minimum angle condition), such that for each simplexe K and
E € &,(K) the following holds

(3.19) lallx < Ilabi® xSl a . Ve € PH(K)
(3.20) lgbilie S hi |l ¢ lli, Vg € PF(K)
(3.21) Iplle S 1162 leSlp e Vo € PE(E)
(3.22) I L) & +helL@o)ix < R | p s Yo € PE(E).

To this end, we recall some notation. We define the error respect to o, v and \ respectively
by e, =0 — op, €, = u — up and ey, = A — \p,. Then we recall the global error defined by

1U = Unllui= (lleo I o+ leall3 o+ leal200)
To prove local efficiency for w C €2, let us denote:
1/2
IV = [ D (o B+ 7l6x+ D lrlls , where V.= (7,0, 1) € H.
KCw Ee&,(K)
The main result of this subsection can be given as follows:

Theorem 3.7. Ler f € L*(2), g € L*(00). Let (o, u, \) be the unique solution of the continu-
ous problem and (o, up, \) be the unique solution of discrete problem. Then, the local error
estimator O i satisfies:

(3.23) Or S ll(eoewen)llhax + Y. Ck VK €T,

K'Cog
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where W is a finite union of neighbouring elements of K.

Proof. To establish the lower error bound (3.23), we will make extensive use of the original
system of equations given by (2.I) and (2.3), which is recovered from the mixed formulation
(2.6) by choosing suitable test functions and integrating by parts backwardly the corresponding
equations. Thereby, we bound each term of the residual separately.

(1) Residual element  (f, — A : D%uy,) :
Let us define by vx = (fi, — A : D?uy,)by where by is the bubble function defined
in the Section[3.1.31 We have

(324) (fh —A: D2uh, ’UK)K = / (fh —A: D2uh).vK
K

Introduce f and use the modified continuous formulation (2.3) to get:

(ﬁ—A;WmmmK—¢$ﬂ1MwK—AphD%QmpﬁLM%ﬂmK
= [ (= font [ (4000~ [ (A D)o

K

= [ =i+ [ A (%) = (D))

Using Cauchy-Schwarz inequality we obtain

1
(3.25) 1(fn — A D*up)vi|| < C(f = fullllvrll+lleallz e lvgll x) -
Using an inverses inequalities we have
(3.26) Ifn = A+ D*uplli Slleullx + Ce
Thus,
(3.27) 1fn—=A:D*unlle S Nl(eoseus ex)lnag + Cie-
(2) Residual element (o), — D?uy,) : Let K € T,. We have
on— D*u, = (o, —0)+ (0 — D*up)
= Op— 0+ (DQu — D2uh)
= e, + (D%,).

The triangular inequality leads to
lon—D*up llx Sl eollx + Il ewllox -
Hence,
(3.28) lon—D*up |l < ll(eos ew ex)llnax + Cx-

(3) Residual element (f;,+det 0y, —A : D*uy,): From the residual equation of differential
form (3.8), we obtain for W = (7, v, u):

(f —detoy, — A : D*up,,v) = (DyB(U — Uy,), W) — R(W)
and we deduce for W = (0, v,0):
(fn —detoy, — A: D*up,v)g = —(A: D*u,v) + (A: D*up,v)g — R(W) — (f — fn,0)k
—(A: D*(u—up),v)x — (f = Az D*up, )i = (f = fn, )i
—(A: D?ey,v)k — (fn — A D?up,v) — 2(f — fn0)k

AJMAA, Vol. 17 (2020), No. 2, Art. 8, 12 pp. AJMAA
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Using Cauchy Schwarz inequality, we obtain

[(fn —deto, —A: D?up,v)k| S (lewlox+ | fo—A: D?up |l + | f = fu llx) | v [I&
Hence, from (3.27]), we have,

—detoy, — A DZU , U
wp 1= deton O et e i+
veHL(K) H v HK

S o lew llzx +Ck-
Thus,
(3.29) | fo—deton, —A:D?uy |k S | ew llox +Ck-

~Y

(4) Residual element (g, — A\,): Foreach K € T, and E € &,(K N 0S2), we have
g = = (gn—A) + (A=)
= (gn—9g) +ex
Thus,
lgn=Mnlle < lgn—glle+lexle
We sum up over all (boundary) faces £ € &,(K N J2) and obtain,

(3.30) Z H Gn — An ”E S./ H(eaa Cu;s e)\)HhﬂDK + CK'
Ee&, (KNoK)

The estimates (3.27)), (3.28), (3.29) and (3.30) provide the desired local lower error bound. i

4. SUMMARY

In this paper, we have proposed and rigorously analyzed a new a posteriori residual type er-
ror estimators for the Monge-Ampere equation on isotropic meshes. Our investigations cover
conforming discretization in R?. The residual type a posteriori error estimator is provided. It is
proven that the a posteriori error estimate provided in this paper is both reliable and efficient.
Many issues remain to be addressed in this area, let us mention other types of a posteriori er-
ror estimators or implementation and convergence analysis of adaptive finite element methods.
Also, we intend use the technical used by [17] where the adaptative technical was used for a
nonlinear problem. Indeed [17] apply the Brezzi-Rappaz-Raviart theorem for implicitly obtain
an inf-sup condition. In the same way, we will like to use this approach for Monge-Ampere
problem in order to build our error indicator.
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