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ABSTRACT. Inthis paper we are interested in the numerical approximation of a two-dimensional
solute transport equation in heterogeneous porous media having periodic structures. Itis a class
of problems which has been the subject of various works in the literature, where different meth-
ods are proposed for the determination of the so-called homogenized problem. We are interested
in this paper, in the direct resolution of the problem, and we use the method of lines with a finite
volume approach to discretize this equation. This discretization leads to an ordinary differential
equation (ODE) that we discretize by the Euler implicit scheme. Numerical experiments com-
paring the obtained solution and the homogenized problem solution are presented. They show
that the precision and robustness of this method depend on the ratio between, the mesh size and
the parameter involved in the periodic homogenization.
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1. INTRODUCTION

There are many practical computational problems with highly oscillatory solutions e.g. com-
putation of flow in heterogeneous porous media for petroleum and groundwater reservoir simu-
lation (see, e.g..[9] and the bibliographies therein). If a porous medium with a periodic structure
is considered, with the size of the period is small enough compared to the size of the reservoir,
and denoting their ratio by an asymptotic analysis, as— 0, can be used.

In this paper we consider a two-dimensional parabolic equation modeling a diffusion process
(for example, a solute diffusion process ) in a periodic medium (for example, an heterogeneous
domain obtained by mixing periodically two different phases, one being the matrix and the other
the inclusions).

To fix ideas, the periodic domain is call€f a bounded polygonal convex domainRA, with

a smooth boundary. Its periode (a positive number wich is assumed to be very small in com-
parison with size of the domain), and the rescaled unit periodidtell (0, 1).

For a final timeT" > 0, a source terns, and an initial condition:°, we consider the Cauchy
problem:

s 85 —div(K* (z) Vi) = s(z,t) inQx (0,7T),
(Fe) w(z,t) = 0 onT x (0,7),
u(z,0) = u(z) inQ.

In flow in porous medium®¢ denotes, the medium porositi® its absolute permeabilities
tensor, and:° denotes the solute concentration. We will make the following assumptions:

( Ke(z) =K (f) , K'is a second order and symetric matrix with
£

KijELOO(Y) 1<4,5 <2
(A) { VEERPA|EP<<K@)&E>< p|é]? aer €Q,0< A< pu< +o0,

oc(x) =D (g) , ® is a bounded positiveY -periodic function with

[ 0< P < P(y) < DT < +o0,ands € L* (2 x (0,T)), u’ € L*(Q).

< .,. > denotes the standard inner productRn Under(A4) assumptions, it is a well-known
result that there exists a unique solutignof P..

Using the homogenization tools (see, e.gl, [3], [6]-[7], [91/[101,/[11],/ [12],/ [18]) the original
equation describing this problem can be replaced by an effective or homogenized following
problem modeling some average quantity without the oscillations.

o+ % —div(K* () Vu) = s(z,t) inQx(0,7),
(1.1) u = 0 onl x (0,7),
uw(z,0) = u’(z) inQ,

where the entries of the matriX* are given by resolution of the so-called or cell problems and
¢* = / O (y)dy.
Y
We should notice thak™ is still symmetric and positive definite but in general cases, even with

K¢ isotropic, we may havé<™* anisotropic. One can refer e.g., to [1] and![10] for numerical
computation off*.
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Whenever homogenized equations are applicable they are very useful for computational pur-
poses. However there are many situations for whick not sufficiently small, similarly it is
difficult to know a priori, for any matrix® and any functionb®, from which valueg can be
considered small enough, so that the homogenized solution correctly reproduces the behavior of
the solution of problentP.). In this cases we would like to approximate the original equation
directly.

Numerical approximation of partial differential equations with highly oscillating coefficients
has been a problem of interest for many years. Elliptic equations case is the most studied
and many methods have been developed (see, l€.g., [2], [5],[114]-[17], and the bibliographies
therein).

Parabolic equations case (in particulary Cauchy problem) have however been fairly widely ap-
proached for the determination of the homogenized equations (see,le.q. [3], [12], [18], and the
bibliographies therein) but works addressing the numerical resolution, of the original problem
are difficult to find out in the literature, and in_[14] the problem was approached only in the
monodimensional case with discontinuous coefficients.

In this paper we study the two-dimensional problem with continuous coefficients by using the
method of lines with finite-volume approach to discretize the problem. This discretization leads
to an ordinary differential equation that we discretize by a Euler implicit numerical scheme.
The outlines of the remainder of this paper is as follows. In Se€iion 2, a description of used
methods is presented. Sectjgn 3 is devoted to numerical simulations. Lastly, some concluding
remarks are presented in Section 4.

2. METHODS
2.1. Variational problem. We define space
W={u:uelL?(0,T;Hy(Q) ,ueH (0,T;H"(Q)}.

Variational problem of(P.) is to seeku®(z,t) € W, for almost everyt € (0,7), u®(.,t) €
H} (Q2) such that:

(2.1) o)
. Ous(t
<o 5

Proposition 2.1. Letu® € L? () ands € C ([0,T], L*(Q)) . Then, for the solution®(¢) of
[2.] the following estimate holds:

v >+ < K°Vus, Vo >=< 5,0 >, Yo € Hy (), t € (0,T) andu®(0) = u°.

A=)
e P~ Cq Cl/y7
L2(Q)

s(v)

ot ¢
@2 Ol < e T [ |5

where\ and®~ are the constants given in the assumptioAs andCy, is a constant depending
only to€.

Proof. The proof of this proposition is inspired by (J13], page 307). Thus, the following
equations are valid almost everywherdnT’). Settingv = u*(t),[2.1 reads as

< P auaft),us(t) >+ < K7V, Vur(t) >=< fus(t) > .
Using the relations
13 t 1
<o P () s 20 <@ttt 0t () > + < KV V(D) > 2 A (1)
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and using the assumptiofnd) on the functiond®, it follows that

e 0 :
O™ [u (D)l 20y 7 1w (Ol 2o M Ol < < Fruf(t) >

Now, from Poincaré inequality

Hue(t)”LZ(Q) < Cq Hus(t)”Hg(Q) ;
and Cauchy-Schwarz inequality

< s, ut(t) > < [l 2o e (Ol 2y »

yield after division by||u®(?)]| 2o, the estimate

0 AL
e lu(t )HL2<Q)+C—QHH Ol 2 < sl 2y -

At
Multipling this relation bye*~“« | the relation
0
ot

leads to 5
At At
= (e Wl ay) < 07 1520 -

Integrating ove(0, ¢), and taking into consideration the initial condition, we get:

At B t Xy
e Wl ~ 0 [y < [ IOy T € 0,0

At
T3-Cq

Multipling this by

_ A=)
e * Cady. U
L2(©)
2.2. Semi-discretization. For simplification reasons, we limit ourselves in this paper to the
case of a diagonat” matrix, and we considée = (0,1) x (0, 1). We are interested in the case
where K has continuous coefficients (the non-diagonal, and discontinuous coefficients cases
are being processed in [4])P.) can, so be simply written as follows:

Qr ={0<z<1,0<y<1,0<t<TY},

O (, y)u; — (K5yu5), — (Kiyup) | = s(x,y,1) in Qr,

us(0,y,t) = u(x,0,t) = u(1,y,t) =u(x,1,t) =0, ¢t €0, T],

uf(z,y,0) = u(x,y), (z,y) €]0,1[x]0, 1[.

By semi-discretization we mean discretization only in space, not in time. This approach is also
called method of lines.

We now introduce the grid for the cell-centered finite volume scheme for which we partition
2= (0,1) x (0,1) in thez andy directions as

Ozx%<x1<x%<x2< <x1/<xl<scN+1_1

Y
Hus(t)HL2(Q) S HUOHLQ(Q)e <"Ca +

s(7)
-

(2.3)

OZy% <Y <yYs <Y <. <Y1 <Y <Yyyl =1.
We then define the cells (finite volumes) to be the square:

Vti,j = (xz laszr ) X (yj7%7yj+%> 1= 17"'7N7j = 17'-'7N7
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with the centefz;, y;) and nodes of half indices. Let
(2.4)
h=rip—2i=yjm—yp 1< S N=L h=x1 -2, 1 =y 01—y, 1, 1 <4, <N

The discrete cell-centered finite volume scheme uniform riksis then defined as follows:
(2.5) U ={ Vij, 1<4,j <N},

In this paper, we construct the scheme and derive the analysis on a square uniform mesh for
simplicity. Some modifications are required to extend the approach to rectangular or non-
rectangular meshes.

We next discretize the proble(f.3)) by the finite volume scheme, only in space, not in time. In
cell-centered finite volume method the unknowns approximate the average of the solution over
a grid cell. More precisely, we let b€ ;(t) the approximation

1
(2.6) ug ;(t) = h2/ u(z,y, t)dxdy.

74]

To enforce the boundary conditions across the outer boundaries, we define the fictitious bound-
ary cells where the ghost values:

{uaj(t), Uiy (0), 5=1, ...N}, and {Uf,o(t)7 uS Ny (£), i =1, ..., N} are defined.
We set:

‘/07] = < —%71%> X (yj—%ayj-q-%) ) VN+1J = <xN+%7xN+%> X <yj—%7yj+%>7

wherel <i, 7 < N and

T 1=, T3 =2-Ty 1, Y L= Y8, Yngs =2 Yyl
Let
(2.7 Fui;(t) = %/ O u(x,y, t)dxdy,
where
(2.8) @5 := % (24, y;) , andug; is given by(2.6).

Using the divergence theorem to integrate the first equatign gf over "volume"V; ;, dividing
by h? and using[(2]7) we get:
(2.9)

duz;(t) 1 [Y%+} 1 [Y%+3
(bf] djt = ﬁ\/y ) Kfl<xz+%’y)u;(xz+%7?/at>d _ﬁ/y Kfl(l'z_%,y)Ui(l’l_%,y,t)d?/
-3 j

+ﬁ . KSZ(xaijr%) (SE y]+17t)dx h2/z K§2<x7yj7%)u;<x7yj—%at)dx

1 i1
i—5 =5
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The last term of the right hand side can be approximated by) = s (z;,y;, 1) .
We're only going to approximate the first integral on the right hand sidg i (2.9) , the others
terms can be treat by the same way.

(2.10)
Yith € e Yits € u’ (xi+17yvt> —u’ (xmy:t)
/ K11($i+%>y)uz(%+%ayat)dy %/ K11<xz‘+%7 ) ( A dy
vl Y1

~ Khi(2;,1,95) (ui; —ui;), oninterior cells(2 < i,j < N —1).
Note that we have made two approximations at this step. Firstly, a piecewise constant approx-
imation to they—dependence oK¥, (z,y). Along each volume boundary we have replaced
Kfl(xi+%,y) by the midpoint (iny) value Kfl(xi%,yj). Secondly, we have made a linear
approximation to the—dependence af¢. By similar reasoning, we get, on interior cells:

y]+% (3 3 (3 £ £
(2.11) / Ku(%—%a y)ux($i—%7ya t)dy ~ K11(5Uz'—%, Yj) (U” - ui—Lj) )

V-1

(2.12) / K3y (, yj-i—%)u;(xv yj—i—%?t)dx ~ Koy (i, ?Jj+§) (uf,jﬂ - uza])

.1
2

xi+% € € € £ €
(2.13) / K3y (, yj—%)uz(xi—%ayvt)dw ~ K22(:Ei7yj—%) (uz] - ui,j—l) .
xi_%
Using (2.9){2.1B), we get :

dus;(t) Kt (xi-‘r%a Y;) Kfl(xi—%ayj)

(2.14) T DEh2 (U§+1,j - Ufg) - e 12 (Ufg - U?—l,j)
1] v
K§2<xi>yj+%) ( R e ) B K2€2($i’yjf%) ( e e ) Sij(t)
T ez \Yignr T W) T T g e Wi T Mg e
1 ¥ i
After grouping simular terms in (2.1L4) we get, on interior cells(i,j < N — 1) :
(2.15)
dus (1) Ky (-1, 5) K§2<$iayj_l) K§2(xi7yj+l) Kiy (21, 95)
- = 2 us 1 R S T 1—|-—2u§4 1—|-—2u‘? 14
dt oz hz M @rhr T oz hz T (R

Kfl(xi-l—%?yj) + Kfl(%—%a y;) + K§2($i’y]‘+%) + KSQ(xhyj—%) . sii(t)

e RCAE T
To enforce the boundary conditions, a standard approach is to make use of ghost cells with
ghost values defined as (like in{([8])):

e __ € € __ € e . E 5 € ..
(2.16) Ugy = —Urj Uip = U1 Uny1; = “Unys Uyngr = U N 1<4,5 <N

To complete the schemg (2]15), we need update formula also for the boundary cells by using
(2.18). For: = 1, the formula[(2.1p) becomes:

2.17
(dujj()t) _ Kfl(ﬂfl—%ﬂj)us ‘+K§2($1’yj—%)ua ‘ +K§2(£E1,yj+%)u? +Kf1(x1+%,yj)ua A
dt o5.p2 os.p2 os.p2 M os.p2
_Kfl(muéyyj) + Kfl(xp%; yj) + K262(x17yj+%) + K5 (@1, yjfé)us N s1,5(t)
D5 h? AT
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So, using[(2.16)F(2.17), we get :

(2.18) 2ia®) _ 2Ky 00) + 2K5 @0 0y) + Ki(oy m) + Ka(en i)
dt o5, h? "
K)o Kby o sa)
o522 O 9,

(2.19) dus ;(t) B _Kf1($1+%7yj) + 2Kfl(x1—%7yj> + K262(‘r17yj+%) + K2€2($17?/j—%) .
' dt e 12 g
Kf1($1+l,yj) KQEQ(xbyj—l) KSQ(x17yj+l) S1 (t)

5J y

(2.20)

duiN(t) o _ZKfl(%_%ayN) + 2K§2(1’17?/N+%> + Kfl(xu%,l/N) + K5, (21, 3/]\/—%)uE
a 5 yh? .
KSQ(:E1>?JN—%) c Kfl(xl—f—%ayl\/) c SlyN(t)

€ u 1t € u ) € :
Pih? R i h? 2V gy
Fori: = N, the formula[(2.1p) becomes:

du?\[d(t) Klal(xN—%uyj) K252($N7yj—%)

2.21 = N1 N
( ) dt @?thg Un_1,; T (D?ij UN,j-1
_Kf1($N+%7yj) + Kfl(xN—%’ Yy;) + Ky, yj+é) + K5 (xn, yj—%)ua . snj(t)
iy h? Y
KZEQ(vaij,-%) . Ki:l(xN—l—%?yj) -
iju]\,’j_ﬂ + —qijth UN41,5:
So, using[(2.16), we get :
(2.22)
duj(t) 2Kf1(371\7+%:y1) + 2K§2(xN,3/17%> + Kfl(fo%’ ) + K§2(xN’y1+%) €
dt Py, h? !
Ky (1, ?Jl)wE KN, yiel) o syt
USVRYE N gy 12 2 DY,
(2.23)
dusy n(t)  2K5 (N, yni) + 2K (Tyy 1 un) + i (en o1, un) + RSy (ov, 1)
d Py h? o
Kﬁ(i’?z\f_%,?/N)uE n K§2<xNayN—%)ua n sy (t)
Oy Nh? ALy Py h? ML ey
(2.24)
dufy ;(t) 2Kf1(l‘N+%7yj) + Kfl(xif%vyﬂ + K§2(xvaj+é) + Kg?(xN’yJ'*%) e
at o512 o
Nj
kil(xN_%,yj)ue | KQEZ(OCN,?JJ-_%)UE | kSQ(OCN,ijr%)uE | +3N,j(t) 29<j<N-1
—cp?vth N—-1;5T7 @;:thQ N,j—1 @ﬁvth N,j+1 (P?Vj ) >7] > .
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forj=1land2 <i< N -1

dus (t) K@) + Ky (s, mn) + Ky (@, yi1) + 2K5, (2,5, 1)

2.25 b e
(223) = e tot
K (xi—%a Y1) . K5y (i, y1+%) . Kn (xz'—i—%? Y1) . si1(t)

U + Uy T Y, :
13 2 Zilyl 1> 2 Z72 1> 2 7,+1,1 13
éilh éllh ®llh q)il

forj=Nand2<i< N -1
(2.26)
dus o (t)  Kh(@es,yn) + Kf(z_1, yn) + 2k5 (2 Yy 1) + K5y (i, yy_1)

_ €

= Ui N
dt s\ h?

13 £ 13
kll(xz;%ayN) . K22(xiany%) . k11<xi+§ayN> . sin(t)
£ 2 1/_17N [ 2 Z7N_1 13 2 7'+1,N 3
ih Dinh inh iy

from (2.1%), (2.1B),[(2.19)] (2.20),(2122), (2123), (2.25) dnd (2.26), we get the following ODE

) feehyh(t) + s () in Q
(2.27) { 7 (t) (t) h
u(0) = u°
where
B 8171(t)
_ i} oy
Ui,l(t)
8271(15)
“3,1(t) 35,
(2.28) u(t) = : , sT(t) = :
uiy_(t) sn-1,8 (1)
QYN
U?V,N@)
SN’N(t)
[ DLy

K*¢"is a square matrix of orde¥?, given as follows:
We count all the celld/; ;(1 < i,j < N) in a counterclockwise direction. Ifdenotes the one
or the other cells number, then we have< [ < N2, and the coefficients;" of the matrix
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K&" are given as follows:

(2.29)
( _2Kf1(xl7%ayl)+2K§2(xlay17%)+Kfl<xl+%ayl)+K§2<x17yl+%> 11
(I)lath 9 — 9
K 1 + Kf (2,1, + K5, (x;, + KSo(x;,y._1
_ iz yj) i (z i+3 y]) 5o Yjri 1) 5 Y; 2),2§i,j§N—1,
<I>%h2
Ku( 791)+K11( i+l»yl)+K§2(1?i7y1+1)+2K22(%,y1 1)
— 2 2 ,2<1 <N -1,
o< h?
Ku( 7?JN)+K11< z+layN>+K22(xuyN )+2K22(x27yN+ ) )
_ 2<i<N-1,
_K11($1+%»yj) +2K11(5’31—%>yj) +K22(3317?Jj+%) +K22(931>yj_%)’2 ci<N_1.

D0
2K, ('TN+%7 yi) + Kiy (o

%,yj) + KZ‘EZ(SL’N, yj+%) + KSQ(‘TN’ yjfl)

- 2<j<N-—-1,

@?thz
2KF, (v, 7%) + 2K5, (i, Yj+l 1) + Kﬂ(i’f’”%, ;) + K;Q(xi,yjfé) _ .
- (I)é;h2 72217]:N7
2K (z z+1ayy)+2K22($uyJ 1) + Kf (z %,y1)+K§2(xi,yj+%) ,
- @5]12 b - N?] - 17
ij
2K§2(~’17i7yj+%) + 2Kf1($i+%>?/j) + Kﬁ(%_%, y;) + Kgg(xi,yj_%) . ‘
- (DshQ 7Z:N7.]:N7
\ ij
( Ka’h . Kfl(mlJr%?yl) e,h K§2($15y1+%)
12 = W, 114N = W,
K5y (2 1,) K(21,9,,1)
Kil' = —— 2 Kily=——"7"% =N\,
o7 )
K§y(7_1,91) Kfl(xurlvyl)
Keh = —— 277 geho o T T 9 < N1
1l-1 q)leth 1i+1 — (I)?lh2 4 >0 )
K262(xlay1+l)
Keh == "7 9 < N-1
(2.30) R
' Kfy (7, 1,yn) Ki(z; 1, yn)
K&t :—KEh — 2 92<i<N-1
-1 (I)ZENhZ li+1 — (I)hoQ RS A )
KSQ(xiayN—l)
Ky = ——""""20 9<i<N-1,
1I-N OF 2
K282(x17y'77) K§2(‘rlyy'+l>
K&t :—j Keh — 20 T 9 i< N
1-N ‘I)ith U+N — ‘I)‘ijhz RIS S )
Kf1($1+l,yj)
l11+1 ¢i7h2 ) >7 > )
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II-N (I)‘}:th2 ) lI+N (I)fvth 4 S < ,
Kfl(‘rN—layj)
geh NI 5 N
KE (‘ri—lﬁy')
Kfi::%ﬂﬂi,jél\/—l, N+2<[I<N?-1,
ij
K7 (xz l7,!/')
Kfiﬁlz%, 2<i,j<N-1, N+2<I<N?2-1,
ij
(231 h Ky (ri,y; 1)
KfifNZTQHQSi,jSN—L N+2<I<N?2-1,
ij
K3 (%‘ay- 1)
ij
L Ve L 1% L S
-N 5 ) ll+1 — = , =1, — ,
Cbijhz @ijhz
KE,h _ K;Q(xN7yN—%) Ka’h _ Kfl(xN—%7yN)
N2N2_-N (I)§V7Nh2 3 N2 N2-1 (I);:VNhQ
\

2.3. Full discretization. The system[(2.27) can be solved by different methods. In this paper
. : . . T
we examine the numerical scheme corresponding to implicit Euler scheme. WAzn@teM

(M > 0), the time step. The discretization of (2.27) by the implicit Euler scheme is given by
the relation:

(2.32)

ush = ush+ At [Kahuiil + sffjrl} Cust = uth (), st A st(t,), th = nAt,n=0,..., M.

n

Which equals:
(2.33) (I — AtK=") ush ) = ush + Atssh .

n

Proposition 2.2. The implicit Euler schemg (2.33)is° (endowed with the discrete norsayble.

Proof. We write the schemé (2.B2) in the following form for the inner poits{( i, ; <
N —1) by using[2.1p):

ui j(n+1) —ui;(n) Kfl(%;%,yj)

| K5y (i y;-1
(2.34) SOURY

At D¢, h? J ®: h? j

Ko (i, Z/j+l) K5 (241, 95)
TQQU%H(" +1) + Théufﬂ,j (n+1)
1) )

Kf ('Tz ;,y-)+Kfl(:vi,;,y-)+K§2(xi,y< ;)—FK;Q(IQ,Q-?;)
Wb Y 295 i+3 i—3 uf,j(n—l—l)%—

e
(2.35)
At g g € 3 g
[1 T o (Kll(mwéayj) + KTy (251, y5) + Koo, yy00) + K22(xi7yjé)>:| u; ;(n+1)
ij

Si’j(n + 1)
Pe. '
ij
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Kiu(w g u) At K5y (i, y; A

a d<.h? Ui+ 1) - Pe 12 Uija(n+1)
ij ij
K3 (%79 l)At K¢ (ZEZ l/{l/)At At
_ 22 J+3 us (TL + 1) . 11 +379) uf+1’j(n + 1) _ uij(n) + _Sn+1

i,j+1 i
05 12 J 5 12 o5,
2<i,j<N-—1.

We are going to prove that:

n—1 p
St
. € < € A
(2.36) fax u; ;(n) < fax u; ;(0) + At > Jax, (@%) :
and
n—1 p
(2.37) min_ u ;(n) > min u; .(0) + Atz I
' 1<ig<nN 707 T agkig<n Y — 1<ij<N \ D '
Letio andjjo such asi;, ; (n+1) = b 02X us ;(n+1).
Thenu; , (n+1) —us; > 0,fori =i, £ 1andj = jo + 1. So, from (2.3p), we have
At
u;?o,jo(n + 1) < ufmjo(n) + e io—j_j%)'
20J0
In particular
sntl
. € < € Y] .
(2.38) 2gir,5'121)\<7_1 ui ;(n+1) < 2S{I]12])\<[_1 ug ;(n) + At 2;%%\)[(_1 oc
By recurrence and from (2.B8) we get
n Spj
. € < e LIV
(2.39) 2§i{?§1}§—1u”(n) - 235'121}&—1%’”(0) + At - 233[?2%—1 ((I)%)
p:

By adopting the same approach with border cells (by using relationship§ Tike (2.17) ad (2.21)
and using[(2.39), we g€t (2]36). The proof|of (2.37) can be done by simular way. Herlce the
stability of the scheme¢ (2.83) is proven.

Remark 2.1. One can easily show that the matfik — At K=") of the linear systen] (2.83) is
invertible. It suffices in fact to show that the kernel of the associated linear application is zero.

3. NUMERICAL SIMUMLATIONS

In this section, we are going to present numerical experiments obtained by using the implicit
scheme[(2.33), and compare them with the homogenized problem solutipn (1.1). Two test
examples are considered and the source functiong) are chosen so as to have an analytical
solution of the homogenized problem.
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3.1. Test Problem 1. The first test problem involves simulations with the coefficients:
Kll ((L’,y) - K22 (C(],y) = (2 + sin(27rx)) (4 + Sln<2ﬂ—y)) ’ ((L’,y) € ]07 1[ X ]O’ 1[7

1
) -
(#.9) = A0 55m@re)) (0 + 05 5m(@ry))
K =4V3, K}, =2V15, K}, =0, and ®* ~ 1.3333.
considerl’ = 1 and the following homogenized solution(x, y, t) = sin (7t/2) sin(7x) sin(7y).

. So

The source function and initial are respectivelyt, y, t) = *(0.5) cos(0.57t) () sin(rz) sin(7y)+
K7, sin(0.57t) sin(7z) (7)? sin(my) + K3, sin(0.57t) sin(7z) ()% sin(7y) and u®(z, y) = 0.

Below, in Figurdg L we represent the coefficients of the malfixand the porosityb*, for
e = 981074

1

. 1
- - . (27 . lnx 1 (. y) Le=9810""
Ki{z,y) = Kilo,y) = | 24sin [ — Lbsin [ == | ). e=U810"" = — ’ 2nx Im 32
R ( J”“( D( +‘“( )) T (l-Hl.rla:lL(—_J)) (1+u.rm-zn(—">) :

(I | ' [ | [ ' | (| '
0 0.1 02 03 04 05 08 07 08 08 1 0 0.1 02 03 04 05 08
=

07 08 08 1

T

Figure 1: Test Problem 1: Coefficients® and ®©.

In the two error tables below (Takfle B.1 dnd]3.2), and also the four graphs in Higure$ 2 and 3
we show a convergence of the numerical solution towards the homogenized solutions when
is fixed and that tends towards zero, with however a better convergence wherf810—*.

Figure[4 is an example which confirms the stability of Euler’s implicit schéme](2.33) for a fixed
E.

e=9810" At=01] hA=0125 h=00625 h=0.03125 h=0.015625

[ =], 1.594223e-01 7.615822e-02 7.607865e-02 2.032251e-02
[[us — ul|,, 7.232259e-02 2.365037e-02 2.227364e-02 5.864612e-03
[u" —ul| ., 1.133885e-02 2.059973e-03 3.286629e-04 9.301633e-04
Ju" —ul|,, 5.893743e-03 1.039978e-03 1.647280e-04 4.653619e-04

Table 3.1: Test Problem 1: Error table at the final tifiE = 1) for a "small* value of.
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u(T): e = 08107, k= 0015625, At =01, T= L ule, . T): b= 0015625, At =01, T=1

Figure 2: Test Problem 1: Numerical solutieii® (x, 3, T') and exact homogenized solutiete, y, T).

e=98102 At=01] h=0125 h=0.0625 h=0.03125 h=0.015625
s =], 2.046393e-01 1.926291e-01 1.988044e-01 2.007435e-01
| — |, , 6.957719e-02 6.814815e-02 6.782822e-02 6.774657e-02

Table 3.2: Test Problem 1: Error table at the final tifiE = 1) for a "large" value ofe.

U= 98107 b= 0015625, At =01, T= 1 wH(T): e = 107VE = 0015625, Af =01, T= 1

Figure 3: Test Problem 1: Numerical solutiari” (z, y, T') for two differents’s values.

Whenh is fixed, the numerical solution tends towards the homogenized solution,ateeds
towards 0, as shown in Talile B.3.
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dHT) = 0918, b= 003125, At = 00625, T=1. (1) : e = 0918, h=0.031%5. At = 003125, T=1

0 0.1 02 03 04 05 08 07 08 08 1 0
=

0.1 02 03 04 05 068 07 08 08 1
T

Figure 4: Test Problem 1: Numerical solutiai” (x, y, T') for two differentAt’s values.

h=0.015625, At =0.1]| e=10"'v/2 e=10"°V2 e=10"192
s =, 6.437710e-02 4.638636e-02 2.333415€-02
| —wl|, , 1.845973e-02 1.227500e-02 6.023618e-03

Table 3.3: Test Problem 1: Error table at the final tirfiE = 1) whene decreases.

3.2. Test Problem 2. The second test problem involves simulations with the coefficients:

K1 (z,y) = Ky (z,y) = 2.1+ 2sin(27(x — y)), (z,y) €]0,1[ x]0,1[,
O (z,y) = (1+0.5sin(27x)) (1 4+ 0.5sin(27y)). So

Ki = Kb, = (0.64+21)/2., K& =—(0.64—21)/2., and ®* = 1.

We considefl’ = 1 and the following homogenized solution(z, y,t) = (t + 1)(z — 1)(y —
1)zy. The source function and initial are respectively:

andu’(z,y) = (z — 1)(y — 1)zy.

Below, in Figurg b we represent the coefficients of the malfixand the porosityb, for

e=10"1/2.
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(- 2 7,
Kij(.y) = Klz.y) (2.1 + 2sin (LUJ)) Le= 1072,k % B(z,y) (1 + 0.5 sin ( )) (l +10. mn( U)). e= 1072,k %

o o e
I T

07| I E ||

Figure 5: Test Problem 2: Coefficients and ®©.

The four below graphs (see Figufgs 6 &hd 7 ) and also the[table 3.4 confirm the fact that when
¢ is not "small enough”, the original problem solution can be strongly oscillating and therefore
completely different from the homogenized solution.

eI e = 10712, k=001, At =01, T= 1 ulry ) h=001, A= 0.0, T= 1

Figure 6: Test Problem 2: Numerical solutiari” (z, y, T') and exact homogenized solutiotw, y, T').

e=10"'V2 h= 4 h=4 h=g h= g h =15
s =], |7 5755106-02 6.5471296-02 5.6798816-02 5.1818716-02 5.095292€-02
| —ul|,, || 3.457312e-02 2.885146e-02 2.503560e-02 2.242630e-02 2.179972e-02
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Table 3.4: Test Problem 2: Error table at the final tiriE = 1) withe = 10~1v/2, At = 0.1.

WM e =05, k=001, At =01, T=1 o H(T): =025, h=00L At =01, T=1.

Figure 7: Test Problem 2: Numerical solutiai” (x, y, T') for two differents’s values.

The following last graphic (FigurEl 8) shows that WhE%ris a positive integer the numerical
solution coincides with the false solution (solution obtained par rempla&ingand K, by

2.1). This resultat was alredy proved in the monodimensional cas on elliptic problems (see,
[16]-[17] ) for finite element methods.

1

iy
u M) e Tk

1 -
" [il'Ai 01, 7=1 False solution : i = 0.015625, Af = 0.1, T=1.

Figure 8: Test Problem 2: Numerical solutian” (z, y, T) Wheng =m € N*,
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4. CONCLUDING REMARKS

The purpose of this paper was to apply the method of lines with a finite volumes approach
for numerical approximation of a class of parabolic equations with continuous and oscillating
coefficients. We used a cell-centered finite volumes scheme with an uniform grid and an implicit
Euler scheme, for solving the obtained ODE. After proving that the implicit schenié®is
stable, we presented numerical results, showing that this approach is well adapted for this class

of problems under the condition thgt;é m € N*. This condition is well known for elliptic

problems, with continuous and osgillating coefficients on others methods, like finite element
methods (see e.qgl[2], [16]-[17]). The obtained results remain true if one use a rectangular grid
or/and an another numerical scheme to solve this ODE. The numerical approximation of the
problem, in discontinuous coefficients case is underway (see [4]).
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