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ABSTRACT. In this paper, we prove that supercyclic operators are subspace-supercyclic and
by this we give a positive answer to a question posed in ( L. Zhang, Z. H. Zhou, Notes about
subspace-supercyclic operatodsin. Funct. Anal.6 (2015), pp. 60-68). We give examples of
subspace-supercyclic operators that are not subspace-hypercyclic. We stat€ thairifinvert-

ible supercyclic operator thefi” andT~" is subspace-supercyclic for any positive integer

We give two subspace-supercyclicity criteria. Surprisingly, we show that subspace-supercyclic
operators exist on finite-dimensional spaces.
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1. INTRODUCTION AND PRELIMINARIES

Let X be a Banach space. In this paper, we use the symp¥l) for the bounded linear operator

on X and briefly we call its elements as operators. We say an opé&ratoB (X ) is hypercyclic,

if there existse € X such thavrb(T, z) is dense inX, whereorb(T', z) = {z, Tz, ..., T"x, ...}.
Hypercyclic operators are interesting for mathematicians because they are related to wellknown
invariant closed subspace problem. You can see [3] @nd [6] for more information. Another
interesting matter in dynamical systems is supercyclicity. The concept of supercyclic operators
was introduced by Hilden and Wallen in [8]. We say an operates B(X) is supercyclic if

there exists € X such thatf Az, \T'z, ..., \T"z, ... : A € C} is dense inX. In other words

{AN"z:n>0,AeC} =C.orb(T,z)=X.

It is clear by definition that hypercyclic operators are supercyclic.

We say an operatdr’ is R*-supercyclic if there isc € X such that{t7T"z : n > 0,t >
0} is dense inX. It is obvious thatR"-supercyclic operators are supercyclic but there are
supercyclic operators that are rRt -supercyclic([4]). Leon-Saavedra and Muller proved in
[10] that supercyclicity an@&*-supercyclicity are equivalent whesg(7T*) = ¢, whereo,(T™)
is the point spectrum df™.

Theorem 1.1. ([10]) Let T" € B(X) be such that,(7*) = ¢ and letz € X. Thenx is
supercyclic forT" if and only if the se{tT™z : n > 0,¢ > 0} is dense inX.

In 2011, Madore and Martinez-Avendano defined the concept of subspace-hypercyclicity.
We say an operator is subspace-hypercyclic with respect to a closed and non-zero stibspace
of X, if there isx € X such thatorb(T,z) N M is dense inM ([11]). They make exam-
ples of subspace-hypercyclic operators that are not hypercyclic. Also, they proved in [11] that
subspace-hypercyclic operators do not exist on finite-dimensional spaces.

Zhao, Shu and Zhou in [17] defined subspace-supercyclic operators. We say an operator is
subspace-supercyclic with respect to a closed and non-zero subldpaic& if there isx € X
such that

C.orb(T,z) N M = M.

It is clear that subspace-hypercyclic operators are subspace-supercyclic. Authofs in [17] men-
tioned some sufficient conditions for subspace-supercyclicity and a subspace-supercyclicity cri-
teria. The following theorem is one of their theorems.

Theorem 1.2.([17]) LetT € B(X) and letM be a non-zero and closed subspaceofif for
any pair of non-empty and open sétsC M andV C M, there exists: € N and\ € C such
that (\T")"'(U) NV # ¢ andT™(M) C M, thenT is subspace-supercyclic with respect to
M.

Authors in [17] presented examples of subspace-supercyclic operators. For example, if
X — X is a supercyclic operator, théhd [ : X & X — X ¢ X is a subspace-supercyclic
but not a supercyclic operator. They also, showed that an operator may be subspace-supercyclic
with respect to a finite-dimensional subspade

One can see [15] for more information about subspace-supercyclic operators.

Zhang and Zhou in_[16] ask question(Question 2.14) thaf is a supercyclic operator,
is there a non-trivial subspace such that T isM/-supercyclic? In Section] 2 of this paper,
we prove that the answer to their question is positive and we show that supercyclic operators
are subspace-supercyclic. We give examples of subspace-supercyclic operators that are not
subspace-hypercyclic. We present conditions that under themibatid 7! are subspace-
supercyclic. We prove that i’ is an invertible supercyclic operator th@ and 7" are
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subspace-supercyclic for any positive integeand by this we give partial answer to Question

1.2 of [16]. In Section 3, we give some subspace-supercyclicity criteria and make some exam-
ples of subspace-supercyclic operators by using these criteria. Surprisingly, we show in Section
[4, that subspace-supercyclic operators exist on finite-dimensional spaces.

2. SUPERCYCLIC OPERATORS ARE SUBSPACE-SUPERCYCLIC

Zhang and Zhou asked this question in/ [16, Question 2.14] thaisfa supercyclic operator,
is there a closed and non-trivial subspddeof X such thatl’ is subspace-supercyclic with
respect to it? In the following, we prove that the answer to their question is positive. First, we
recall a theorem from [2].

Theorem 2.1.If A is a dense subset of a Banach spacethen there is a non-trivial closed
subspacel/ of X such thatA N M is dense inM/.

Now we state our main theorem.

Theorem 2.2.LetT € B(X) be a supercyclic operator. Théhis subspace-supercyclic with
respect to a closed and non-trivial subspadeof X.

Proof. By hypothesis]' is supercyclic. Sothere existss X suchthaf \T"z :n > 0,\ € C} =
X. If we considerd := {\T"z : n > 0, A € C} then by Theorerp 2|1, there exists a closed
and non-trivial subspac&/ of X such thatA " M = M. In the other words]" is subspace-
supercyclic with respect td/. 1

Now, we give an example of a subspace-supercyclic operator with a dense set of subspace-
supercyclic vectors that is not a subspace-hypercyclic operator.

Example 2.1. Let B be the unilateral backward shift oif, 1 < p < oo, that defined by
B(e,) = e,—1 and B(eg) = 0, where(e,,),>¢ is the canonical basis df. Rolewiecz proved in
[13] that AB is hypercyclic for any\ with |A| > 1. Hence,B is supercyclic and by Theorém P.2,
is subspace-supercyclic. AlsB, has a dense set of subspace-supercyclic vecto#s iSince
for an arbitrary A\ with |\| > 1, AB is hypercyclic and hence has a dense set of hypercyclic
vectors in/?. Itis not hard to see that any hypercyclic vector /B is a subspace-supercyclic
vector forB.

But B is not hypercyclic nor subspace-hypercyclic since it is a contradiction.

We say an operatdf is M-transitive if for any non-empty relatively open sétsC M and

V' C M, there exists a non-negative integesuch thatl’"~"U N V' is non-empty and™ (M) C

M([11]). Subspace-transitive operators are subspace-supercyclic, since as it praved in [11,
Theorem 3.5] subspace-transitive operators are subspace-hypercyclic. In the next example, we
give an example of a subspace-supercyclic operator that is not subspace-transitive.

Example 2.2. Let B be the backward shift off, p > 1 and let{n;}, and{m,}:>, be two
strictly increasing sequences of positive integers such#hat m;, < n, + 1. Let M be
the closed linear subspace that is generated{by: n, < j < my,k > 1}, where{e,} is
the canonical basis fol’. Le showed iff9, Lemma 2.8 and Lemma 2.8%hat 7T = 2B is an
M-hypercyclic operator but it is not ai/-transitive operator.

So,T is M-supercyclic and is nat/-transitive.

Hence, there are subspace-supercyclic operators that are not subspace-transitive.
Ansari proved inl[L, Theorem 2] that if a vectoris supercyclic forT’, thenz is also a
supercyclic vector foffl™ for anyn > 1. By this fact and Theorefn 3.1, we can extend our

theorem as follows.
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Theorem 2.3.Let T € B(X). If = is a supercyclic vector fofl", thenx is a subspace-
supercyclic vector fo™ for anyn > 1.

Proof. Let x be a supercyclic vector fdr. ThenC.orb(T,z) = X. Letn be a positive integer.
By what is said before the theorefd,orb(7T", r) = X. Now, by Theorel, there exists a

closed and non-trivial subspadé, of X such thatC.orb(T",z) N M,, = M,. Hencez is an
M,,-supercyclic vector fo ™ and this completes the proaf.

We can rewrite Theorefn 2.3, as follows.

Corollary 2.4. LetT € B(X) be a supercyclic operator. Théli" is subspace-supercyclic for
anyn > 1.

Example 2.3. Let By, be a weighted backward shift dA(N) with a bounded and positive
weight sequenceu,,),>1, that defined by

By (en) = wpen—1(n >1) and Bw(eg) =0.

ThenByy is supercyclif3, Example 1.15]Hence( By, )" is subspace-supercyclic for any> 1
by Corollary[2.4.
Theorenj 2.3 and Corollafy 2.4 lead us to the following question.

Question 1. LetT be a subspace-supercyclic operator with respect to a closed and non-trivial
subspacé//. Can we deduce th&t" is M-supercyclic for any positive integer?

Zhang and Zhou asked this questionlini[16] that iis invertible and subspace-supercyclic,
can we deduce th&t~! is subspace-supercyclic too? In the following, we give partial answers
to this question. First, we recall a corollary from [14].

Corollary 2.5. ([14]) LetT € B(X) be an invertible operator. If' € B(X) is supercyclic,
thenT—! is supercyclic.

The proof of the next corollary is not hard by using Corollary 2.5 and Theprgm 2.2.

Corollary 2.6. LetT € B(X) be an invertible and supercyclic operator. Then bétand 7!
are subspace- supercyclic.

Also, by Corollary 2.4, we can state that/ifis an invertible supercyclic operator, théft
and7 " are subspace-supercyclic for amy N.

In the next theorem, we give conditions that under them, Hothnd 7! are subspace-
supercyclic.

Theorem 2.7.Let M be a closed and non-zero subspaceofLetT € B(X) be an invertible
operator such that, for any pair of non-empty and open &ets M andV C M, there exists
n € Nand A € C such that \T")"Y(U) NV # ¢, T"(M) € M andT~"(M) C M. Then,
both7 and7T~! are M-supercyclic.

Proof. By Theorenf 1.7 is M-supercyclic. It remains that we show tfat! is M-supercyclic.
LetU € M andV C M be non-empty open subsets/af. By hypothesis, there existse N
and\ € C such that \T")" (V)N U # ¢, T"(M) C M andT~"(M) C M. So, there exists
a vectorz such thatr € (A\T™)~'(V) N U. Hencex € U andx € (\T™)~!(V). Therefore,

_ L. .
Fy e Vie =" y) = 3T ().
So, we can writey = T"(\z) = X\"T"x. Thereforey € (5-7-")~'(U) N V. Hence, there
existsy € C such thatf{u7—")"1(U) NV # ¢. By hypothesis7 " (M) C M and this shows
that7T—! is M-supercyclic.
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We can also, state the following corollary.

Corollary 2.8. LetT € B(X) be such that,(T*) = ¢. If {tT"x : n > 0,t > 0} is dense in
X, thenz is a subspace-supercyclic vector for

Proof. By Theorenj 1L{\T"z : n > 0, X € C} is dense inX. So, there exists a non-trivial
and closed subspadéd of X such tha{\7"z : n > 0,\ € C} N M is dense inM. Therefore
x is a subspace-supercyclic vector forn

3. SUPERCYCLIC -SUPERCYCLICITY CRITERIA

Zhao, Shu and Zhou state a subspace-supercyclicity criteria_in [17]. In this section, we
present two subspace-supercyclicity criteria. The idea of first criteria is given from supercyclic-
ity criteria in [12, Theorem 2.4] and the idea of the second criteria is given from [3, Theorem
1.14].

Theorem 3.1. (Subspace-supercyclicity Criteria) L&t € B(X) and letM be a closed and
non-zero subspace &f. Suppose that there exists a strictly increasing sequéngpsuch that
T (M) C M. Consider there is an strictly increasing sequefiag, } of positive integers and
there exist dense subséfsandY of A/ and a mapping : Y — Y such that:
(i) [|An,T™z|| — 0foranyz € Z.

(i) HﬁS”’CyH — 0 foranyy €Y.

(i) 7S'=TIony.
ThenT is M-supercyclic.

Proof. First, note that byiii) and induction we can conclude thHatS™ = I onY". Since we
haveT'S = I onY and if we considef”S* = I onY, then for anyy € Y,

THS* (y) = T*TSS (y) = T'TS(S*(y)) = T*S*(y) = v.
Now, letU C M andV C M be two open and non-empty sets. By hypothe8igndY are

dense inM. So, there exist € Z NV andu € Y NU. SinceV andU are open, we can find
e > 0 such that

(3.1) B(v,e)nM CV and B(u,e)nNM CU.

Also, by conditiong:), (i¢) and(éi7) we can find large enough, such that
1

(3.2) 1A, T | < g I5—5mull < g and T S" (u) = u.

Considerw = v + %Snku. It is not hard to see that € M, sincev € M andS™u € M.
g

Also, by (3.2)

1 €
— = ||[—S™uy|| < =.
||w — ]| Hknk ul| <3

So, we can deduce frorn (3.1) thate V. Hence, by[(3.2)
1 1
T w =T"%v + )\—T”kS”’“(u) =T"y + —u.

A
Nk s
We have\,, T w = A, T™v + u. Therefore another by (3.2),
P T"w — ul] = |2, T < £

So,\,, T w € U by (3.1). Hencev € (A, T")~1(U)NV. Also, we know that (M) C M.
Therefore by Theorein 1.7; is subspace-supercyclic with respectito
|

AJMAA Vol. 17(2020), No. 2, Art. 4, 8 pp. AIMAA


https://ajmaa.org

6 M. MOOSAPOOR

By Theorenj 3.1, we can say the following example.

Example 3.1.Let B be the backward shift oif and let
M= {{a,}>, € a3 =0 foral Fk}.

Then B is subspace-supercyclic with respecttb by Theoreny 3]1. Since it is sufficient to
considern; = 3k and considelS be the forward shift oi®. Also, it is sufficien{\,, } be any
strictly increasing sequence of positive integers tending to infinity.

Now, we state our second subspace-supercyclicity criteria as follows.

Theorem 3.2.Let X be a Banach space and I&étc B(X). Let M be a closed and non-zero
subspace oK. Suppose that there exist a strictly increasing sequéngé of positive integers
and two dense subsefsandY of M and a sequence of mags, : Y — Y such that

() [|T™z||||Sn,y|] — Oforanyx € Z and anyy € Y.
(i) 7S, y — yforanyy € Y.
(iiiy 7™ (M) C M.
Then,T is subspace-supercyclic with respectith
Proof. LetU C M andV C M be two non-empty open sets. By hypothe&igndY are dense

in M. Sothereexist € ZNV andy € Y NU. SinceU andV are open, we can find > 0
such that

(3.3) B(z,e)n M CV and B(y,e)NM CU.
For anyk € N we define); as follows.
177 (@) 72| Snell2, i T () # 0 and  Sny #0;
Me = < 28|S0, 1l if T (z) =0;
27K T ()] 7Y, if S,y =0.
It is not hard by definition of to see that

1
NI — 0 and —S,y—0.

Ak
So, we can find: large enough such that
1 € " 3
(3.4) H/\_kSnkH <3 and || \Tz|] < 3

If we considerw := x + iSnky, thenw € M sincex € M andS,, .y € M. Now, by ),

w € V sincew — x = 3-S5, and by),||i5nk|| <t
Also,

1

A

= NI (x) + TS, (y)

—Y

Hence, we can find large enough such that
n €
AT () = yl] < 5.
So, A\, T (w) € U by (3.3) and thenw € (A7)~ (U). Thereforew € (\T™) 1 (U)N V.
Now, condition(ii¢) and Theorerh 1|2 complete the proof.
1
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Now, the following question arises.

Question 2. Are the two subspace-supercyclicity criteria that stated in this paper(Thgorém 3.1
and Theorem 3]2) are equivalent? Are these theorems equivalent to subspace-supercyclicity
criteria that is stated iff17]?

In the next example, we make ar-supercyclic operator’ that does not satisfy condition
T (M) C M of subspace-supercyclicity criteria. So, conditibt (M) C M is a sufficient
condition but not a necessary condition for subspace-supercyclicity.

Example 3.2. Let B be the backward shift off. Madore and Martinez-Avendano showed in
[11, Example 3.8that A B is subspace-hypercyclic with respect to

M :={{a,}2,€l:a,=0 for n<ml.

Hence,B is subspace-supercyclic with respectito
It is not hard to see that™ (M) is not a subspace d¥ff for anyn € N.

This example arises a question as follows.

Question 3. Is there an operator that satisfies conditig and (i) of Theoreni 3]2 and not be
subspace-supercyclic with respectit?

4. FINITE -DIMENTIONAL SPACES

Madore and Martinez-Avendano proved|in|[11, Theorem 4.10] thatjsfan M -hypercyclic
operator, then\/ can not be finite-dimensional. But it is shown in[17] that an operator can be
subspace-supercyclic with respect to a finite-dimensional subgpace

Also, it is proved in[[11, Theorem 4.9] that there are not any subspace-hypercyclic operator
on a finite-dimensional Banach spake But we prove in this section that subspace-supercyclic
operators exist on finite-dimensional Banach spaces. First, we recall a theoremlfrom [7].

Theorem 4.1.Let X be areal separable Banach space. An operdtar B(X) has supercyclic
vectors if and only itlim X € {0,1,2} or dimX = oco.

Similarly, for a complex separable Banach space, an operator has supercyclic vectors if and
only if dimX € {0, 1} or dimX = oo([[7]).

By Theorenij 4.]L, we can state our theorem about existence of subspace-supercyclic operators
on finite-dimensional spaces.

Theorem 4.2. Subspace-supercyclic operators exist on finite-dimensional spaces.

Proof. As we mentioned above, subspace-supercyclic operators exist on finite-dimensional spaces.
Let 7" be a supercyclic operator on a finite-dimensional Banach sjaaed letz be a super-

cyclic vector forT. So A := {A\T"z : n > 0,A € C} is dense inX. By Theoren{ 2/1,

there exists a non-trivial and closed subspat®f X such thatd " M = M. Hencez is an

M -supercyclic vector fofl". 1

In the next example, we present a subspace-supercyclic operator on a finite-dimensional
space.

Example 4.1. An example of subspace-supercyclic operators on finite-dimensional spaces are
irrational rotations. A rotation?” is defined as follows:

T:T—T, z-—e%,

whereT = {z € C: |z| = 1} anda € [0, 27). Irrational rotations are supercyclif®]). Hence,
there are subspace-supercyclic by Theorem 2.2.
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